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Abstract— This paper formulates the power allocation pol-
icy that maximizes the region of ergodic mutual informations
achievable in multiuser downlink OFDM channels known only
statistically by the base station. Arbitrary partitioning of the
available tones among users and arbitrary modulation formats,
possibly different for every user, are considered. The derivation
relies on the nexus between the mutual information of Gaussian
channels and the minimum mean-square error incurred in the
nonlinear estimation of the transmit constellation points given
their noisy receive observations.

I. INTRODUCTION

OFDM (orthogonal frequency-division multiplexing) has
been adopted for the downlink of nascent wireless systems
such as IEEE 802.16 [1]. It is also the multiplexing scheme of
choice for the long-term evolution of 3rd Generation UMTS
[2] and for most other 4th Generation proposals [3]. Being
an orthogonal multiplexing technique, OFDM is particularly
enticing in mobile systems where instantaneous CSIT (channel
state information at the transmitter) may be unreliable or
wholly unavailable. Moreover, OFDM is naturally well suited
to deal with frequency selectivity [4]. With the sustained
increase in signalling bandwidths, these features have justifi-
ably positioned OFDM as a chief ingredient of most wireless
systems in the making.

The present paper formulates the optimum (in the sense of
maximizing the region of achievable ergodic mutual informa-
tions) power allocation policy for multiuser OFDM downlinks
with statistical CSIT. The formulation places no constraints
on either the partitioning of the available tones among users
or on their modulation formats, which are not limited to
ideal Gaussian signals. The counterpart of this problem with
instantaneous CSIT is analyzed in [5]–[7] under various
performance criteria. When the performance criterion is the
mutual information, the optimal solution with instantaneous
CSIT adopts the form of a multiuser mercury/waterfilling [8]
that generalizes the single-user result given in [9], [10] (see
also [11]). As we will see, however, with only statistical CSIT
the mercury/waterfilling interpretation is lost.

II. MODELS AND DEFINITIONS

A. Multiuser OFDM

Consider a downlink channel whose bandwidth is parti-
tioned into n orthogonal tones, sized such that each expe-
riences (approximately) frequency-flat fading. A scalar signal

is transmitted on every tone. A scheduler at the base station
assigns each tone to one of k users, determines the signalling
constellation to be used by each user on its assigned tones, and
establishes user priorities from the nonnegative set {wj}k

j=1

such that
k∑

j=1

wj = 1. (1)

The number of tones per user and the corresponding priorities
may be assigned on the basis on the requirements of the
respective types of traffic (rate, latency, etc).

Denoting by nj the number of tones assigned to user j, the
input-output relationship on the ith tone of the jth user is

Yi,j = hi,jXi,j + Wi,j i = 1, . . . , nj j = 1, . . . , k
(2)

where hi,j is a complex gain while the noise Wi,j is a
zero-mean unit-variance complex Gaussian random variable
independent of the noise on the other tones. Noting that the
tones assigned to a given user may be nonadjacent, we define

βj =
nj

n
(3)

as the fraction of the total bandwidth assigned to user j.
Since there is no instantaneous CSIT, the values of {wj}k

j=1

and {βj}k
j=1 cannot depend on the realization of {hi,j} but

only on their distribution.
The complex signals {Xi,j}, zero-mean and mutually inde-

pendent, must satisfy the power constraint

1
n

k∑
j=1

nj∑
i=1

E
[|Xi,j |2

] ≤ P (4)

where P is not a function of time. It is convenient to introduce
normalized unit-power signals

Si,j =
Xi,j√

E [|Xi,j |2]
, (5)

whose distribution is dictated by the modulation scheme used
by the corresponding user, and a normalized power allocation

pi,j =
E

[|Xi,j |2
]

P
. (6)

We can then define, for each tone, the channel state

γi,j = P |hi,j |2 (7)
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which represents the receive signal-to-noise ratio on the ith
tone of the jth user when the power allocation is uniform,
i.e., pi,j = 1 ∀i, j. (More generally, the receive signal-to-noise
ratio is pi,jγi,j .)

B. Fading Channels and Statistical CSIT

For every user j, the channel states {γi,j}nj

i=1 on the tones
assigned to that user have an arbitrary joint distribution but the
same marginal distribution, determined by the location of that
particular user, and are known by its receiver. In particular,

γ̄j = E [γi,j ] i = 1, . . . , nj (8)

where γ̄j is a measure of the local-average signal-to-noise ratio
at the location of user j.

Because of their different locations, the channel states of
different users are independent.

In the case of Rayleigh fading, which shall be invoked in
many of our examples, every γi,j has the exponential density

fγi,j
(ξ) =

e−ξ/γ̄j

γ̄j
i = 1, . . . , nj . (9)

Without instantaneous CSIT, the power allocation cannot
depend on channel states but only on their distribution. Fur-
thermore, since the fading distribution is identical on tones
assigned to a given user, the constellation format on those
tones must be equal and the power allocation must be uniform
thereon. We emphasize the lack of instantaneous channel
dependence on the power allocation by writing

p̄j = pi,j i = 1, . . . , nj . (10)

With that, (2) under coherent reception becomes equivalent to

Yi,j =
√

γi,j p̄j Si,j + Wi,j (11)

subject to
k∑

j=1

βj p̄j ≤ 1. (12)

Note that the total power allocated to user j on its assigned
tones equals nj p̄j .

III. MUTUAL INFORMATION AND MMSE

Our measure of performance is the mutual information,
which specifies the maximum spectral efficiency achievable
with arbitrary reliability for a given modulation format. Given
a scalar Gaussian-noise channel Y =

√
ρ S + W , we denote

its mutual information by I(ρ) = I(S;
√

ρ S + W ) which is
maximized when S is Gaussian, for which I(ρ) = log(1 + ρ)
where the base of the logarithm determines the information
units. While ideal, Gaussian signals cannot be realized in
practice because of their continuous and unbounded support.
Rather, signals usually conform to discrete constellations with
limited peak-to-average ratios. For a discrete constellation (m-
QAM, m-PSK, etc) consisting of m points, {s�}m

�=1, taken
with probabilities {q�}m

�=1 such that
∑m

�=1 q� = 1,

I(ρ) = − log(πe) −
∫

fm(y, ρ) log fm(y, ρ) dy (13)

where the integration extends to the complex plane while

fm(y, ρ) =
1
π

m∑
�=1

q� e−|y−√
ρ s�|2 . (14)

A defining feature of any discrete constellation is the
minimum distance between any two of its points, which we
indicate by

d = min
k,�
k �=�

|sk − s�|. (15)

For square m-QAM specifically,

d =

√
6

m − 1
(16)

which gives d =
√

2 in the case of QPSK and d =
√

2/5 in
the case of 16-QAM. For BPSK, in turn, d = 2.

The fact that, for non-Gaussian signals, the mutual in-
formation cannot in general be expressed in closed form
greatly complicates optimization procedures that entail its
differentiation. Propitiously, a recently unveiled relationship
[12] affirms that, regardless of the distribution of the signal S,

d

dρ
I(ρ) = MMSE(ρ) (17)

where I(·) is in nats/s/Hz and the function MMSE(·) returns
the minimum mean-square error in estimating S by observing
Y . As it is well known, this minimum mean-square error is
achieved by the conditional-mean estimator

Ŝ(y, ρ) = E [S|√ρ S + W = y; ρ] (18)

which is, in general, a nonlinear function of the observation
y. (It becomes linear if S is Gaussian.) Therefore,

MMSE(ρ) = E

[∣∣∣S − Ŝ(
√

ρ S + W,ρ)
∣∣∣2] (19)

with expectation over both S and W . Since S is unit power,
MMSE(·) ∈ [0, 1]. The inverse of MMSE(·) with respect to the
composition of functions is denoted by MMSE−1(·) ∈ [0,∞).

For a Gaussian signal, (18) becomes

Ŝ(y, ρ) =
√

ρ

1 + ρ
y (20)

leading to MMSE(ρ) = 1/(1 + ρ) and, in turn, to

MMSE
−1(ζ) =

1
ζ
− 1. (21)

For discrete constellations, (18) yields

Ŝ(y, ρ) =
∑m

�=1 q� s� e−|y−√
ρ s�|2∑m

�=1 q� e−|y−√
ρ s�|2 (22)

from which the MMSE(·) follows via (19), which can be easily
implemented as a low-pass filter driven by the estimation error
|S−Ŝ|2. Alternatively, the MMSE(·) can be tabulated and stored
in memory for each of the constellations in use.
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IV. OPTIMUM ERGODIC POWER ALLOCATION

We consider the channel states to vary ergodically over the
codeword span. Note that, in general, codewords may extend to
all of the tones assigned to a given user and thus the codewords
have span in both time and frequency (and possibly in space if
antenna diversity is used). Ergodic conditions are encountered
under various operational situations:

• Fast fading, induced in the time domain by user motion
and complemented by the use of hybrid ARQ (automatic
repeat request).

• Frequency selectivity, induced by delay spread and rein-
forced by assigning non-adjacent tones to each user.

• Transmit and/or receive antenna diversity, which is not
part of our formulation but could be easily incorporated.

Under such ergodic conditions, the key information-theoretic
performance measure is the k-dimensional region containing
the feasible k-tuples {R̄1, . . . , R̄k} where

R̄j(p̄j) =
1
nj

nj∑
i=1

E [Ij(p̄jγi,j)] (23)

= E [Ij(p̄jγi,j)] (24)

is the ergodic mutual information attained by user j on its
assigned tones and the index i in (24) corresponds to any of
those tones. We thus seek the power allocation {p̄�

j} that solves

{p̄�
j} = arg max

{p̄j}:
∑

j
βj p̄j≤1

k∑
j=1

wjE [Ij(p̄jγi,j)] . (25)

for all feasible {wj}k
j=1 thereby yielding the optimum bound-

ary
{R̄�

1, . . . , R̄�
k

}
.

Theorem 1: The unique power allocation {p̄�
j} that solves

(25) satisfies the necessary and sufficient conditions

p̄�
j = 0 γ̄j ≤ βj

wj
η (26)

E
[
γi,jMMSEj

(
p̄�

jγi,j

)]
=

βj

wj
η γ̄j >

βj

wj
η (27)

with η such that
k∑

j=1

βj p̄�
j = 1. (28)

The strategy spelled by Theorem 1 is as follows. No power
is allocated to the tones of users whose average channel state
is below a threshold, (βj/wj)η, which is directly proportional
to the bandwidth fraction of the corresponding user and
inversely proportional to its priority. Active tones, in turn,
are allocated the exact amount of power needed to equalize
E[γi,jMMSEj(p̄�

jγi,j)] for any of the tones i = 1, . . . , nj at the
threshold of the corresponding user j.

Computationally, finding {p̄�
j} requires solving a system of

k nonlinear equations. This can be readily performed, e.g., via
Broyden’s method [13].

It is interesting to contrast Theorem 1 with its counterpart
in the case that instantaneous CSIT is available, which adopts

the form of a multiuser mercury/waterfilling [8]. Because
of the expectations involved in the optimality conditions,
when the CSIT is statistical rather than instantaneous the
mercury/waterfilling interpretation (cf. [9]) is lost. Neither
does the solution with statistical CSIT admit a waterfilling
interpretation in the special case of ideal Gaussian signals, al-
though in that case it is possible to manipulate the expressions
into an alternative fixed-point form that is worth noting.

Corollary 1: With Gaussian signals,

p̄�
j = 0 γ̄j ≤ βj

wj
η

p̄�
j =

wj

βj

1 − MMSEj(p̄�
j )∑k

κ=1 wκ (1 − MMSEκ(p̄�
κ))

γ̄j >
βj

wj
η

where

MMSEj(p̄�
j ) = E

[
1

1 + p̄�
jγi,j

]
. (29)

is the minimum mean-square error corresponding to a Gaus-
sian signal, averaged over the fading distribution.

If the fading is Rayleigh distributed, we can use (9) to
further express MMSEj(·) as

MMSEj(p̄�
j ) =

exp
{

1
p̄�

j
γ̄j

}
E1

(
1

p̄�
j
γ̄j

)
p̄�

j γ̄j
(30)

where

E1(ζ) =
∫ ∞

1

t−1e−ζtdt (31)

is an exponential integral.

Example 1: Consider an access point serving k = 2 users
over Rayleigh-faded channels with equal bandwidth assigned
to each user (i.e., β1 = β2 = 1/2) and with1 γ̄1|dB = γ̄2|dB =
10. The optimum ergodic power allocation, as function of
the priority w1, is depicted in Fig. 1 parameterized by the
constellation used by both users. The corresponding ergodic
mutual information region boundaries are shown in Fig. 2.

Example 2: Consider the same scenario of Example 1,
except with γ̄1|dB = 10 and γ̄2|dB = 0. The optimum ergodic
power allocation and the ergodic mutual information region
boundaries are shown in Figs. 3 and 4, respectively.

V. LIMITING POWER REGIMES

A. Low-power regime

In the low-power regime, the optimum ergodic power al-
location behaves as follows for quadrature-symmetric signals,
a class that encompasses ideal Gaussian signals as well as
discrete constellations such as m-QAM and m-PSK [14].

Proposition 1: For P → 0, the optimum policy with
statistical CSIT is to allocate power only to the tones assigned
to the user(s) with the largest factor wj γ̄j/βj . If several users
share the largest such product and the corresponding signals
are quadrature symmetric, then power is uniformly distributed
thereupon.

1x|dB = 10 log10 x.
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Fig. 1. Ergodic optimum power allocation with statistical CSIT, as function
of the priority w1, for k = 2 users having γ̄1|dB = γ̄2|dB = 10. Both
channels are frequency-flat Rayleigh-faded with bandwidth partitioning β1 =
β2 = 1/2. Continuous lines correspond to discrete constellations (QPSK and
16-QAM) while the dashed line corresponds to a Gaussian signal.

B. High-power Regime

When the signals are ideal Gaussian, the leading term
in the high-power expansion of the optimum ergodic power
allocation depends only on the priority and bandwidth fraction
of each user.

Proposition 2: If the signals are Gaussian, then for P → ∞

p̄�
j =

wj

βj
+ O(

log P

P
). (32)

This limiting behavior is already evident in Fig. 1, where
despite the power level being only modestly high, the power
allocation for Gaussian signals closely follows (32).

Although the corresponding behavior with discrete constel-
lations is difficult to assess in full generality, for Rayleigh
fading specifically the corresponding limit can be compactly
characterized. To that end, let us define

γ̃j = E[|hi,j |2] i = 1, . . . , nj (33)

which, from (7) and (8), is tantamount to γ̃j = γ̄j/P .

Proposition 3: If all the user signals conform to the same
discrete constellation and the channels are Rayleigh-faded,
then for P → ∞

p̄�
j = α

√
wj

βj γ̃j
+ O(

1
P 2

) (34)

with
1
α

=
k∑

j=1

√
wjβj

γ̃j
. (35)

Example 3: Let k = 2 with γ̄1|dB = γ̄2|dB − 6, with
priorities w1 = 2/3 and w2 = 1/3, and with equal bandwidth
assigned to each user (i.e., β1 = β2 = 1/2). Both users signal
with the same constellation (either QPSK or 16-QAM). Shown

.
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Fig. 2. Ergodic mutual information region with statistical CSIT for k =
2 users having γ̄1|dB = γ̄2|dB = 10. Both channels are frequency-flat
Rayleigh-faded with bandwidth partitioning β1 = β2 = 1/2. Continuous
lines correspond to discrete constellations (QPSK and 16-QAM) while the
dashed line corresponds to a Gaussian signal.

TABLE I

LIMITING HIGH-POWER ALLOCATION IN EXAMPLE 4.

User (j) (γ̄j/γ̄1)|dB p̄�
j

1 0 0.43
2 −6 0.86
3 −12 1.71

in Fig. 5 are p̄�
1 and p̄�

2, obtained from Theorem 1, as function
of γ̄1. For P → ∞, the power allocation converges rapidly
to its limit which, from Proposition 3, equals p̄�

1 = 1.48 and
p̄�
2 = 0.52.

Note that the limiting values do not depend on the constel-
lation cardinalities but the convergence does. (Naturally, with
constellations of smaller cardinality the high-power behaviors
are evidenced at lower power levels.) Notwithstanding such
difference, in Example 3 the limit is closely approached at
very modest power levels for both QPSK and 16-QAM.

Example 4: Consider k = 3 users with equal priorities
and bandwidth fractions (i.e., w1 = w2 = w3 = 1/3 and
β1 = β2 = β3 = 1/3) and whose signals conform to the
same discrete constellation. The fading of the first user is, on
average, 6 dB stronger than that of the second and 12 dB
stronger than that of the third. The limiting power allocation
for P → ∞ is listed in Table I. Note the high nonuniformity of
this allocation: the first user is allocated 3 dB less power than
the second and 6 dB less power than the third. If the users
where employing ideal Gaussian signals instead of discrete
constellations, in contrast, the limiting power allocation would
be uniform.

VI. SUMMARY

We have formulated the optimum (in the sense of max-
imizing the region of ergodic mutual informations for any
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Fig. 3. Ergodic optimum power allocation with statistical CSIT, as function
of the priority w1, for k = 2 users having γ̄1|dB = 0 and γ̄2|dB = 10. Both
channels are frequency-flat Rayleigh-faded. Continuous lines correspond to
discrete constellations (QPSK and 16-QAM) while the dashed line corre-
sponds to a Gaussian signal.

QPSK 16-QAM

*

*

Gaussian
  Discrete Constellations

2=0 dB

1
=10 dB

0

1

2

3

4

0 1 2 3 4

R 1  (bits/s/Hz)

R
2 

 (b
its

/s
/H

z)

Fig. 4. Ergodic mutual information region with statistical CSIT for k = 2
users having γ̄1|dB = 0 and γ̄2|dB = 10. Both channels are frequency-flat
Rayleigh-faded. Continuous lines correspond to discrete constellations (QPSK
and 16-QAM) while the dashed line corresponds to a Gaussian signal.

partitioning of the available tones) power allocation policy for
multiuser OFDM downlinks with statistical CSIT. This policy
holds for arbitrary modulation formats, possibly different for
every user. It further holds, except for a periodic re-mapping
of the tone indices, if frequency hopping is used to randomize
the tone assignments.
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