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In the worst case (over signature waveforms), solving for the minimum Moreover, in the case wheh< 1, the same resultis obtained
in (3) is an NP-hard combinatorial optimization problem in the number  without the condition on the uniform boundednessAqf/ A,
of users [5]. from above.

In direct-sequence spread-spectrum systems with spreading/gain
the signature waveform of usekiis a linear combination oV orthog-
onal chip waveforms with enerd..||*> = 1/N

It is worthwhile highlighting that the large-system analysis of
asymptotic efficiency of the various receivers above involves taking
two limits to the log bit-error rate (cf. (2)) first with respect 4oand

N then with respect td. The question is whether the limits commute.
sk(t) = Z Snktn(t)- (4) Suppose that, for fixed, a certain multiuser detector achieves error
n=1 probability P..(s), then its multiuser efficiency is defined by [1, p.
Then 121p
1 & : ot 2
pPij = NZsman. W(U): Tf(Q (Pk(U))) . (10)

n=1
In the usual random spreading model It is known that the decorrelator achieves [1]
{s;pon=1..NK=1,...K} Jim (o) =11 -4" (11)

are drawn randomly and independently from a given symmetric dil%gardless of and the received amplitudes.

tribution with zero mean and unit second moment [1]. This is a simple To state the corresponding results for the single-user matched filter
model which lends itself to analysis and is relevant to COMA with longind the MMSE linear filter, it is convenient to denote a random vari-
signature sequences. A number of recent works [1], [6]-[19] have argie A whose distribution is the limit of the empirical distribution of
lyzed the asymptotic performance of direct-sequence spread spectium, . .. A }. From the results of [14], [13], and [20] it easily follows
with random antipodal spreading in therge-system limjtwhen the that

number of userd grows without bound and the ratio of the number

. . . 2 —1
of users to the spreading gai is kept fixed to rhm ne(o) = <1 +3 E([ﬁ ]) (12)
I—‘ = 4. (5)
N and that
More specifically, under that asymptotic regime, [13] has found the
Shannon capacity achievable by the maximum-likelihood decoder, the Aim 0y’ (o) = 2 (o) 13)

single-user matched filter, the decorrelating detector, and the minimum
mean square error (MMSE) multiuser detector, for systems with perfedberex, (o) is the positive solution to
power control; and [14] has investigated the signal-to-interference ratio )
of the single-user matched filter, the decorrelating detector, and the v+ 8E { A } -1 (14)
MMSE multiuser detector without assuming equal received powers. ’ A%z 402

Under the foregoing random spreading model, the followin
behavior is known for the asymptotic efficiency of the single-us
matched filtem“, decorrelatorn", and linear MMSE detectof™, as
K — ccandK/N =3

&is easy to recover the results in (6) and (8) letting~ 0 in (12) and
G'(14), respectively.

Thus the limits with respect @ — 0 and X" — oc commute for all
the three linear receivers.
7" — 0 (6) At present, we do not have any corresponding results on the large-
system limit of theoptimunmultiuser efficiency for a fixed background

' = [1-p]" 7 _ ) .
o noises, and hence we do not make any claims regarding the commu-
n" =1 = 0] ®) tativity of the limits in Theorem I.1.
where (6), (7), and (8) can be found in [1, Problem 3.39, Problem 5.27,
and eq. (6.62), respectively]. Thus for all linear multiuser detectors, Il. PROOF
the asymptotic efficiency decreases as the systemddadreases and  Focusing on user 1, the optimum asymptotic efficiency is given as
vanishes fo3 > 1. in (3):
In this correspondence, we study the asymptotic efficiency of the
optimumdetector in the same large-system limit. In sharp <_:ontrast to = min 12vI'ARAv. (15)
the performance of the linear detectors, we have the following result. ve{-1,01}% Aj
vi=1
Theorem 1.1: Assume
1) E[lsni] <ooon=1,....N.k=1,....K; To simplify notation, we shall consider without loss of generality the
2) there exist positive constangsand v such that for all. = cased, = 1, since both (15) and the conditions on the amplitudes are
2,3,... invariant to scaling of all amplitudes by, .
Let C be the setof alb € {~1,0,1}" with vy = 1 andv, # 0
9 < Ax < 9) for somej > 1. Let Ex be the event that” ARAv < 1 for some
Al v € C'x. In what follows, we shall show that
but A4, As, ... are otherwise arbitrary constants. Prob[Ex] — 0 (16)

Then, for any3 > 0,asN, K — oc andK/N — 3, the
optimum asymptotic multiuser efficiency for user 1 converges to 1¢(.) is the complementary cumulative distribution function (cdf) of the
1 almost surely. N(0,1) random variabley = Q=(z) if = = [ (exp[—t?/2]/V2n) dt.
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exponentially inV asN — oo. This together with an application of the where X ;.’s are i.i.d. random variables having the same distribution as
Borel-Cantelli Lemma yields the desired conclusion thatonverges s;,. Denote
to 1 almost surely.

By the union bound AT () € sup [u"‘ —logE (exp (I'Z(m)))] (22)
” r<0
Prob[Ex] < E Prob[v” ARAv < 1] o . i
wEC whereA = (Ay...., Ay ). We now find a lower bound on 5 (1)

uniform for all Ax’s such that
= Y Probp"ARAv < 1] §

vEC i, w(v)<Mg

Ap > 6%
+ > Probp"ARAv<1] (17) ; b=
veC g, w(v)>Mg

. We may assume this condition as a result of the assumption on the
whereM, > 2 is a constant and the number of nonzero componerﬁﬁlform lower bound in (9).

inv € {—1,0,1}" is denoted by We observe that

K
w(v) = S x| B(2) =143 48 >1 23)
k=2

so by the strict concavity of the rate function, it follows that

We will show below that for any choice of the constait, the first A" (1) > 0. Furthermore A7 (1) is a continuous function of

sum in the right side of (17) goes to zero exponentiall¥irMoreover, 7 one can, therefore, choosg, > 0, such that\” (1) > e,
for sufficiently large (but fixed)M,, the second sum in the right side '

of (17) will also be shown to go to zero exponentiallylih uniformly in A within the compact set with alt;,’s bounded by and

S, Af > 6% If there isAy > 2, then let
A. Step 1: First Sum def

. . r = max Ay
Fix v € C'x and define 2<k<m

K 2 which satisfie2 < = < ~. Now we can lower-bound (22) by
Sn1 + kaAksnk . ‘
k=2 m A 2
- .2 k oy
Note thaft;, are independent and identically distributed (i.i.d.) random ma(1) = e log Eq exp |z Z Nk
variables with expectation k=1

def
Y, =

X 1
K = Am i <7>
ElYa] =14 |uk] A7 (18) AN
k=2 2 Ajn A <i)
According to (9), for every € Cx with w(v) < My *
where we have used the fact that the function in (22) is decreasing for

146° < B[Y,] < 14 Moy®. (19) ", < 1. Sinced/x now lies in a compact set, by the above argument,
The reason we are interestedih is that there exists,, > 0 such that\* (A )(1/4) > 6, forall A. Thus
for all A
_ L, = v  ARAv (20)
and Hence there exists
N
1
Prob[v” ARAv < 1] = Prob [T ZY" < 1} =(Mp) < min min{e.., 8.} > 0
N & 2<m <My
< exp[~NAL(L)] @D forallv € O andw(v) < Mo

where

A1) > e(My).
AL e uplur — log E(exp rY,))
(1) 7~<Io[u B Elexp (r1)) Hence the first term in (17) decays exponentiallyNnfor any fixed

is the large deviations rate function for the sum of i.i.d. random van”“

ablesY},’s. Inequality (21) follows from the Chernoff bound.
For a fixed My, the number of terms in the first sum of (17) grow§3' Step 2: Second Sum

polynomially in N. Hence, the first sum decays exponentiallyNinif We now bound the second sum in (17), corresponding to those terms

there is a positive lower bound axi;(1) uniform for allv € C'x and  in which the number of nonzera.’s is “large.” For these terms, we

w(v) < My, for all A;’s satisfying (9) and for allX'. To that end, approximate the distribution af, by that of ay-squared random vari-

define the random variable able. We first need to invoke the Berry—Esseen refinement of the Cen-

2 tral Limit Theorem, which gives a uniform upper bound on the error of
Z(m) def <X1 n Z Aka> the Gaussian approximation to the cdf of a sum of independent but not
necessarily identical random variables.
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Lemma 1 [21, Theorem 7.4.1]tet Wy,..., W, be independent where the last inequality follows from (27). By direct evaluation of the
zero-mean random variables, anddét= E(W?),v; = E( moment-generating function
Let )
o Elexp(rY)] = NS
5= 7 = Zw .
<—n (29)

T /1= 2r62w(v)

N where (29) follows from (9) and the fact that< 0. Substituting (29)
3(z)| < Bo 2z Vi into (28) and lettinge = —1, we get

{LLU}

and F's be the cdf ofS. Then

sup |Fs(z) —
Probv” ARAv < 1]
where® is the unit normal cdf andy is a universal constant.

N 1 Bl
Now, let X,,..., Xx be iid. random variables having the same < “XP [_‘\ {_1 - 1°g< 1+ 26%uw(v) + \/w(—v)> H

distribution ass;;. For a fixedv andr < 0, define
<exp|: N {—1+1og<m>H (30)
B,

K
= [l 4o~ <X1 + 24¥>

k=2 for some universal constaii®,. Hence, the second sum in (17) is
K ? o bounded by
Y=|X:1+ Z'UkAka = ||AU||ZSZ
k=2 > Prob[v” ARAv < 1]
U = exp(rY). vEC 1, w(v)>Mq
S . , w(v)
Now, let F's and Fi; be the cdf’s ofS andU, respectively. < Z exp|—N< —1+1log B
veC i, w(v)>My 2
.l y
Elexp(rY)] = / [l — Fu(u)]du < |Cx]| e*{p|: { 1410 <\/Bé\,[0 ) }:|
0 2

_ [ . log u ) Vi

-/ {1 e <r||Av||ﬂ o <3 exp {_N {_Hk’g( B)H

_ -l log u , \/T
_/0 |:1—2f1‘J <7||Av||):| du —exp|: 1\{ 1—FBlog3+log < Bao)}:|'

1 log u log u
+2/ [‘P< ”Z ”) Fs < Hi ”H du. (24) Hence, for sufficiently largélZ,, this sum goes to zero exponentially
in N. Combining this with Step 1 completes the proof of the main
theorem.

If we let Y be ax? random variable with the same meanlaqi.e.,
Y =Y if s1; is Gaussian), then (24) results in C. Special Case of < 1

For the case of < 1, we can slightly strengthen the above result by

Efexp(rY)] = Efexp(rY)]] doing away with the uniform upper bound condition on the amplitudes

‘ / { < log u ) Fs < log u )} du‘ Ay’s. We observe that in the above proof, we only use the upper bound
7| Av|| r||Av]| condition in Step 2, while in Step 1 we only need the uniform lower
Ells11]?] (1 + Z |vk|3A§1) bound. Thus we can relax the upper bound condition if we can show
< 2B, (25) thatforg < 1,there exists and, such that for allV, »* (the argument
{1 T T 42} that minimizes (15)) satisfies (v*) < M.
To that end, lef\ y (>0) be the smallest (random) eigenvalue of the
< 2B, —E[|s:913||*|]~|,ri‘3||v||~ (26) crosscorrelation matriR. Then for any vector
v
__B @7 v’ ARAv > \y||Av|)® > An6 w(v) (31)
w(v)

where the lastinequality follows from the lower bound condition on the
for some constanB;, where (25) follows from Lemma 1, and (26)amplitudes. By definition of the asymptotic efficiency, the minimizing
follows from (9). Now we can use (27) in conjunction with the Chernof¢’x in (3) must satisfy
bound, for allr < 0
v  ARAvy < 1.

Problv" ARAv < 1
roblv v <] Combining this with inequality (31), we get for evely

N
1
—Prob |~ SV, <1 ..
ro [N > } Anbw(vy) < L.

n=1

< exp[—N{r — log Elexp(rY
< exp[=N{r ~log Elexp(ri)]}] Now, it is proved in [22] that almost surely

. B,
<exp|—N<r —log| Elexp(rY — 28
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Thus almost surely
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then the effective background noise level is increased. Note thatin some

models this could introduce a coupling betwd€rando .
1 It is an open problem whether or not the limiting behavior of min-

1. 3 " *7 < . —— 32
) < G 7 >

imum error probability under high SNR and large number of users com-

mutes. A more ambitious and interesting open problem is the behavior

of the bit-error rate for fixed SNR a&” and V'

Setting M, to be the right-hand side constant yields the desired con-
clusion.

Ill. CONCLUSION

The proof of convergence to unit asymptotic efficiency has relied
on an application of the Berry—Esseen refinement of the Central Limit
Theorem, in addition to the Chernoff large deviations bounds. (1]

The sufficient condition on the nature of the direct-sequence spread-
spectrum format, namely, that chips are modulated by a random vari-[Z]
able whose absolute third moment exists, encompasses all cases ?j]
practical interest. If the amplitudes are not subject to any restrictions,
then optimum asymptotic efficiency does not converge to unity. This
is because the worst case optimum asymptotic efficiency taken over all
amplitudes (allowing them to depend on the choice of signature wave g
forms) is the optimum near—far resistance, and this is the same as the
asymptotic efficiency of the decorrelator, which approadiies 3] " [6]
asN — oo. Theorem |.1 states that, provided huge disparities on the
amplitudes are avoided and the amplitudes are not chosen as a functi 1
of the signature waveforms, the optimum asymptotic efficiency con-

verges tal. For example, the following cases satisfy (9):
[8
* Ay = ... Ax = A(K), i.e., equal received amplitudes which
may depend on the number of users.
 There exists a positive constansuch thatd; /A, < u for all i [
andk.

10]

Theorem |.1 shows the surprising result that even if the number 0%
users is a large multiple of the spreading gain, the odds are that the
nearest neighbor to each of the transmitted signals is at the same d[&1]
tance asif no interferers were presentin the channel. Thus in the asymp-
totic setting of largel” and high SNR, the typical way for an error to 1,
occur in maximume-likelihood multiuser detection is for all users but
one to be detected correctly. Naturally, as the number of users per de-
gree of freedon® increases we expect that the number of nearby neighL13]
bors increases, and accordingly, the asymptotic efficiency is represen-
tative of the low-noise behavior only for increasingly higher SNR.  [14]

Unlike uncoded bit-error rate, the highest achievable rate using error
control codes is indeed a function®f For example, in the special case
of equal received amplitude$, = ... Ax = A, the asymptotic ca-
pacity (per degree of freedom) with average power constrained trans-
mitters is equal to [13, eq.(9)] [16]

5 1 ,
5h@<1+SNR—ZfTSNR”ﬂ> .

loge
8SNR

F(SNR. )
(33)

+ 1 log <1—|—SN R3—

: 1f@NRﬁ0_

4 [18]

[19]
whereSNR = 4% /42 and

(20]

def

Fle.2) S (a4 V22 41— fa1 - V22 + 102
[21]
The result of this correspondence applies to a receiver which tak%§2]
into account all active users. If the structure of the multiaccess inter-
ference caused by some users (e.g., out-of-cell interferers) is neglected,

grow.
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