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Abstract—We study the minimum energy per bit required
for communicating a message to all the destination nodes in a
wireless network. The physical layer is modeled as an additive
white Gaussian noise channel affected by circularly symmetric
fading. The fading coefficients are known at neither transmitters
nor receivers.

We provide an information-theoretic lower bound on the en-
ergy requirement of multicasting in arbitrary wireless networks
as the solution of a linear program.

We study the broadcast performance ofdecode-and-forward
operating in the non-coherent wideband scenario, and compare
it with the lower bounds. For arbitrary networks with k nodes,
the energy requirement of decode-and-forward is within a factor
of k − 1 of the lower bound regardless of the magnitude of
channel gains. We also show that decode-and-forward achieves
the minimum energy per bit in networks that can be represented
as directed acyclic graphs, thus establishing the exact minimum
energy per bit for this class of networks. We also studyregular
networks where the area is divided into cells, each cell containing
at least k and at most k̄ nodes placed arbitrarily within the cell.
A path loss model (with path loss exponentα > 2) dictates
the channel gains between the nodes. It is shown that the
ratio between the upper bound using decode-and-forward based
flooding, and the lower bound is at most a constant times̄kα+2/k.

I. INTRODUCTION

Multicasting, i.e., the task of communicating the same
message to multiple destinations in a communication network
is an important and well studied problem. For wireline net-
works, the problem of energy efficient communication can be
formulated as the well-knownminimum cost spanning tree
problem. However, in wireless networks, not only is there an
inherentwireless multicast advantage[16] that allows all the
nodes within the coverage range to receive the message at
no additional cost (see also [2], [11]), but even distant nodes
are able to hear low power, unreliable transmissions which
can be used to decrease the transmission energy costs in the
network. This has been termedcooperative wireless advantage
in [6]. Therefore, the physical layer can offer energy efficiency
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benefits which need to be properly studied and exploited. This
is especially important in those wireless networks, such as
sensor networks [1], where the energy budget is a paramount
constraint.

Prior work [6], [13], [12], [8] has shown improvement in
the energy efficiency for wireless multicasting by proposing
multi-hop decode-and-forward schemes which let nodes accu-
mulate the message energy by overhearing several low power
transmissions. The question of optimal performance of such
schemes can be formulated asoptimal cooperative broadcast
problem [6], [13] or accumulative broadcastproblem [12].
In these formulations, first an optimal transmission order for
the nodes is chosen. Given such an order, total transmission
power is minimized by solving a linear program for the power
distribution over nodes, under the condition that the total
power at each destination node exceeds a threshold.

Minimum energy per bit is a fundamental information-
theoretic concept that quantifies the minimum cost of reliably
transmitting a large message over a noisy communication
channel. In our system model, we use ‘energy’ to refer to
the sum total of the transmission energies at various nodes.
Therefore, minimum energy per bit is the total energy cost
incurred in communicating a message to all the destination
nodes in the network, normalized by the size of the message.
For a simple point-to-point channel with additive Gaussian
noise with or without fading and with coherent or non-coherent
reception, the minimum energy per bit is given by [14]

Ebmin =
N0 loge 2

G
(1)

whereN0 is the noise spectral density andG is the “channel
gain” or the power gain. Attaining minimum energy per bit
requires infinite bandwidth (or vanishing spectral efficiency).

In this work, we study the minimum energy per bit for
multicasting in wireless networks using the description ofthe
network at the physical layer only. No restriction is placedon
the nature or complexity of communication strategies that the
nodes might use, and the nodes can act as relays for each other.
In fact, as is shown later, clever cooperation between nodesis
crucial to improve the energy efficiency of the network. We use
information-theoretic techniques to give both upper and lower
bounds on the minimum possible energy consumption. Our
aim is to compare the broadcasting performance of decode-
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and-forward operating in the non-coherent wideband scenario,
with the lower bound.

In [8] (see also [9] for details), another lower bound on
the minimum energy per bit for multicasting is provided in
terms of theeffective network radius, for a similar system
model. This lower bound takes the same form as the right
hand side of (1) withG replaced by the effective radius of the
network. The bound in this paper is stronger than the effective
network radius bound. In fact, the effective network radius
bound can be directly derived from our bound (see Remark
3). Furthermore, most of the lower bounds given in this paper
cannot be directly obtained from the effective radius bound.

Another difference from [8] is that in this work, we en-
compass networks of arbitrary size. In particular, we compare
the performance of decode-and-forward with the lower bound
for the following three different cases of wireless networks:
arbitrary networks, directed acyclic graphs, and regular net-
works. The case of arbitrary networks illustrates the fact that
decode-and-forward is not arbitrarily worse than the optimal
communication scheme for any wireless network. In fact,
decode-and-forward is an optimal communication scheme for
a wide class of wireless networks, i.e., those networks which
can be represented as directed acyclic graphs. Examples of
such networks are relay networks, broadcast channels, and
layered networks. Finally, by showing the (almost) order
optimality of decode-and-forward in regular networks, we
make the case that decode-and-forward can be feasible in many
real-world networks.

In Section II, we introduce the channel model which is
similar to the one used in [8]. The description of the model
used for the physical layer is given in Section II-A while the
notion of minimum energy per bit is defined in Section II-B. In
Section III, a lower bound is given on the minimum energy per
bit for multicasting in arbitrary networks. This lower bound
holds for arbitrary destination sets of nodes, and is formulated
as a linear program. Furthermore, the bound is shown to
depend only on the channel gains between different node pairs,
and not on any other property of fading distribution.

In Section IV, we focus on broadcasting rather than the
general multicast setting. We analyze decode-and-forward
based wideband communication schemes. Similar to the point-
to-point case, these communication schemes also require un-
limited bandwidth to achieve minimum energy per bit but no
knowledge of the channel states at the receivers.

In Section IV-A, we show that in any network withk nodes
the energy requirement of decode-and-forward is at mostk−1
times the minimum energy per bit. Note that this factor of
k − 1 is independent of the magnitude of the channel gains
between nodes. In Section IV-B, we show that decode-and-
forward achieves the lower bound on the minimum energy
per bit for the class of networks that can be represented as
directed acyclic graphs. Cooperation between nodes is crucial
to attain maximal energy efficiency.

Section IV-C studiesregular networks, in which the geo-
graphical area is divided into square cells with side lengths.
Each cell is restricted to contain at leastk and at most̄k nodes,
otherwise the nodes are free to be placed anywhere within

the cells. A path loss model is imposed on the channel gains
between two nodes separated by a distance ofr, such that the
channel gain falls off liker−α for α > 2 for large enough
r. In order to prevent the gains from being unbounded as
r → 0, a restriction is imposed on the maximum gain possible.
It is shown that a decode-and-forward based flooding scheme
has an achievable energy per bit which is within a constant
factor of k̄α+2/k of the lower bound given in Section III.
When the number of nodes within each cell is a constant, this
multiplicative gap is at most a constant that does not dependon
the total number of nodes or the size of a cell. The gap is poly-
logarithmic (in the total number of nodes) for large random
networks. The case of regular networks serves to illustratethe
fact that the lower bounds and the decode-and-forward based
achievable bounds are close to each other for many networks
of practical interest.

II. SYSTEM MODEL

A. Channel model

We deal with a discrete-time complex additive Gaussian
noise channel with fading. Suppose that thek nodes in the
network are numbered1, ..., k. Let nodei ∈ {1, ..., k} transmit
xi,t ∈ R at time t, and letyj,t ∈ C be the received signal at
any other nodej ∈ {1, ..., i − 1, i + 1, ..., k}. The relation
betweenxi,t andyj,t is given by

yj,t =
k
∑

i=1

hij,txi,t + zj,t (2)

where,zj,t is circularly symmetric complex additive Gaussian
noise at the receiverj, distributed according toCN (0, N0).
The noise terms are independent for different receivers as
well as for different times. The fading between any two
distinct nodesi andj is modeled by complex-valued circularly
symmetric random variableshij,t which are i.i.d. for different
times. We also assume thathii,t = 0 for all nodes i and
all times t. Also, for all (i, j) 6= (ℓ,m), the pairhij,t and
hℓm,t is independent for all timest. Absence of channel state
information at a transmitteri implies thatxi,t is independent
of the channel state realizationhi,t = (hi1,t, hi2,t, ..., hik,t)
from node i to all other nodes.Channel state information
at a receiver i implies that the channel state realization
(h1i,t, h2i,t..., hki,t) is available at receiveri at time t. The
quantity gij , E[|hij |2] is referred to as thechannel gain
between nodesi and j.

In a network withk nodes, let node 1 be the source node.
Suppose that only a subsetR ⊆ {2, ..., k} (thedestination set)
of the non-source nodes is interested in receiving the message
from the source node. In amulticastsetting,R contains two
or more nodes. WhenR consists of all non-source nodes, it
is called abroadcastsetting.

B. Minimum energy per bit

All the nodes in the network can act as relays and cooperate
with each other in order to communicate a common message to
the destination nodes. A network-wide error is declared when-
ever a destination node fails to decode the message correctly
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by the end of the protocol. The energy consumption of the
network is the sum of average transmission energy expended
at all the nodes. The condition of reliable communication
requires that the probability of error goes to zero for large
message sizes.

Consider a code for the network with block lengthn. The
codeword at any nodei is n symbols long, denoted byx(n)

i =
(xi,1, xi,2, ..., xi,n) ∈ C

n. If the message set at the source
node isM = {1, 2, ...,M}, then the codewordx(n)

1 (m) at
node1 is determined by the messagem chosen equiprobably
from the message setM. At any other nodei, the codeword
x

(n)
i is a function of the firstt − 1 inputs at the node, i.e.,

xi,t = xi,t(yi,1, ..., yi,t−1). At each non-source nodei, there
may be adecoding function(depending on whether the node is
interested in receiving the message) which decodes a message
m̂i ∈ M based on then channel outputs(yi,1, ..., yi,n) at the
node. The probability of error of the code is defined as

Pe ,
1

M

∑

m∈M
P [∃i ∈ R : m̂i 6= m|m is the message] (3)

Next, we define the energy per bit of the code. LetEtotal

be the expected total energy expenditure (for all nodes) of the
code, i.e.,

Etotal , E

[

k
∑

i=1

n
∑

t=1

|xi,t|2
]

(4)

The energy per bit of the code is defined to beEb ,

Etotal/log2 M . Note that the expectation in (4) is over the
set of messages at the source node, and the noise and fading
realizations which affect the channel outputs (and hence, the
channel inputs) at all the non-source nodes.

An (n,M,Etotal, ǫ) code is a code overn channel uses,
with M messages at the source node, expected total energy
consumption at mostEtotal and a probability of error at most
0 ≤ ǫ < 1.

Definition: (c.f. [15]) Given 0 ≤ ǫ < 1, E ∈ R+ is an ǫ-
achievable energy per bit if for everyδ > 0 and all sufficiently
large M , an (n,M, (E + δ) log2 M, ǫ) code exists.Eb is an
achievable energy per bit if it isǫ-achievable energy per bit
for all 0 < ǫ < 1, and theminimum energy per bitEbmin is
the infimum of all the achievable energy per bit values.

When energy consumption (rather than bandwidth) is a
primary concern in wireless networks,Ebmin is a sensible
measure of how much energy is required to transmit a given
(large enough message).

III. L OWER BOUND ON THE M INIMUM ENERGY PERBIT

In Theorem 1, we present an information-theoretic lower
bound on the minimum energy per bit for arbitrary wireless
networks with an arbitrary destination set. Theorem 1 holds
whenever the channel states are not known at the transmitters,
regardless of the channel state knowledge at the receivers.
This bound is a generalization of the lower bound given in
[8, Theorem 1] (see also, [9, Theorem 1]).

As before, consider a network with the node set{1, 2, ..., k}
where node 1 is the source node andR ⊂ {2, ..., k} is the

destination set of sizer = |R|. A cut, say u, is a subset of
nodes that contains the source node such that at least one of
the nodes inR does not belong tou, i.e., u ⊂ {1, 2, ..., k}
such that1 ∈ u andR 6⊂ u.

Let the collection of all such cuts beU = {u1, u2, ..., u|U |},
where|U | = 2k−r−1(2r − 1). Based onU , construct a matrix
L of size |U | × k as follows. The(i, j)th coefficient ofL is
defined to be

∑

ℓ∈uc

i

gjℓ if j ∈ ui and0 if j /∈ ui. Further, let
1l and0l be column vectors of sizel containing all 1 and all
0 entries respectively.

Theorem 1. The minimum energy per bit for multicasting
is lower bounded by the valueE1 of the following linear
program.

E1 , min
q∈Rk

1T
k q :

Lq ≥ (N0 loge 2) 1|U | (5)

q ≥ 0k

To prove Theorem 1, we need Lemma 1 below, but first we
introduce some notation. For a subset of nodesu ⊂ {1, ..., k},
we useyu ∈ C

k to denote the observation vector at the nodes
belonging tou, i.e., theith element ofyu is given by

(yu)i =

{

yi if i ∈ u
0 if i /∈ u

Similarly, we usexu ∈ C
k to denote the transmission random

vector at the set of nodesu. Without subscripts,y andx denote
the observations and transmissions at all the nodes. LetH be
the random matrix formed by the fading coefficientshij , for
i, j = 1, ..., k. The (i, j)th coefficient of the fading random
matrix Hu is given by

(hu)ij =

{

hij if j ∈ u
0 otherwise

Dropping the time indices, we can rewrite (2) to give the
observation vector at the setuc , {1, ..., k} \ u as

yuc = HT
ucx + zuc (6)

wherezuc is the noise vector denoting noise only at the set
of nodesuc, i.e., (zuc)i = 0 if i /∈ uc.

Lemma 1. The minimum energy per bit for multicasting is
lower bounded by

E2 , inf
p1,...,pk≥0:
P

k

i=1
pi>0

max
u∈U

∑k
i=1 pi

sup Px:
E[|xi|2]≤pi

for i=1,...,k

I(xu;yuc |xuc ,H)
(7)

Because of space limitations, in lieu of proof, we offer
a brief justification for Lemma 1 (see also [9, Lemma 1]).
For the given power constraintsp1, p2, ..., pk, choose any cut
u ∈ U . By themax-flow min-cutbound [5, Theorem 15.10.1],
the rate of reliable communication from the source to any
destination node in the setuc cannot exceed

Cu(p1, ..., pk) , sup
Px:

E[|xi|2]≤pi

for i=1,...,k

I(xu;yuc |xuc ,H) (8)
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bits per channel use. Therefore, the number of channel uses
per bit is1/Cu which implies that the total energy spent per
bit in communicating to one or more destination node(s) in
uc is at least

∑k
i=1 pi/Cu. This is clearly a lower bound on

the minimum energy per bit for multicasting to all nodes in
R, since the set of destination nodes inuc is a subset ofR.

Proof of Theorem 1:It is sufficient to show thatE1 ≤ E2.
To do so, we first need to simplify (7) according to our channel
model.

Fix the power constraintsp1, ..., pk ≥ 0, such that
∑k

i=1 pi > 0, and also fix a cutu ∈ U . For a given probability
distribution ofx (independent ofH), we can bound the mutual
information in (7) by

I(xu;HT
ucx + zuc |xuc ,H) = I(xu;HT

ucxu + zuc |xuc ,H)

≤ E

[

log2 det

(

I +
1

N0
cov(HT

ucxu|xuc ,H)

)]

(9)

≤ log2 e

N0
E
[

tr
(

cov(HT
ucxu|xuc ,H)

)]

(10)

=
log2 e

N0

∑

j∈uc

E





∣

∣

∣

∣

∣

∑

i∈u

hijxi

∣

∣

∣

∣

∣

2


 (11)

≤ log2 e

N0

∑

i∈u

∑

j∈uc

gijpi (12)

where (9) is an upper bound on the mutual information under
AWGN; (10) is due to Hadamard’s inequality and to the fact
log(1 + x) ≤ x; and, (12) is obtained by maximizing the
right hand side of (11) among allx independent ofhj =
(hj1, hj2, ..., hjk) such thatE[|xi|2] ≤ pi, taking into account
that the channel coefficients are independent with zero mean.

Substituting (12) in (7) we getE2 ≥ E3, where

E3 , inf
p1,p2,...,pk≥0

:
P

k

i=1
pi>0

(

k
∑

i=1

pi

)

N0 loge 2

minu∈U

∑

i∈u

∑

j∈uc gijpi

(13)
Note thatE3 is a lower bound on the minimum energy per
bit. Although it can be shown that the formulations (5) and
(13) are essentially the same, i.e.,E1 = E3, in order to prove
Theorem 1, we only need to showE1 ≤ E3.

Note from (13) that multiplyingp = (p1, ..., pk) by an
arbitrary real numberγ > 0 does not change the value of
the right hand side of (13). Hence, the range ofp can be
constrained to lie within a compact set. Therefore, the infimum
in (13) can be replaced by a minimum. Suppose the optimum
power vector in (13) that achievesE3 is p∗ = (p∗1, ..., p

∗
k).

Define
u∗ , argminu∈U

∑

i∈u

∑

j∈uc

gijp
∗
i (14)

Next, set

γ ,
N0 loge 2

∑

i∈u∗

∑

j∈(u∗)c gijp∗i
> 0 (15)

Therefore, for allu ∈ U ,
∑

i∈u

∑

j∈uc

gij(γp∗i ) ≥ N0 loge 2 (16)

Therefore, all the constraints of (5) are satisfied byγp∗. Also,
the values of the objective functions in (5) and (13) coincide
at γp∗. Therefore, for every value of the objective function
(13), the objective function (5) can take the same value. This
implies thatE1 ≤ E3. Thus, E1 is a lower bound on the
minimum energy per bit.

Remark 1:The lower bound given in Theorem 1 has the
following interpretation. Take any cut in the network which
separates the source node from at least one of the destination
nodes. The total transmission energy of the nodes on the source
side of the cut should be such that the total received energy per
bit at all the nodes on the destination side of the cut exceeds
N0 loge 2. Program (5) simply minimizes the energy sum given
this constraint for each cut.

Remark 2:The lower bound given in [8, Theorem 1] was
derived using themax-flow min-cutbound [4, Theorem 4] by
considering cuts separating each destination node from allthe
remaining nodes. In Theorem 1, we generalize this idea by
considering all possible cuts separating each destinationnode
from the source node. In fact, as shown below in Corollary
1 and the remarks following it, the effective network radius
based bound of [8, Theorem 1] is a direct consequence of
Theorem 1. The result of Corollary 1 can be thought of as an
improvement on [8, Theorem 1] due to the following different
definition (17) of effective network radius.

Define acluster S in R to be a subset of the destination
set of nodes, and acluster setto be a collection of disjoint
clusters inR. Note that the nodes in a cluster set may not
exhaustR.

Define theeffective network radiusG for a cluster setS as

G(S) ,
1

|S| max
i∈{1,...,k}

∑

S∈S\i

gi(S) (17)

where
gi(S) ,

∑

ℓ∈S

giℓ (18)

and the cluster setS \ i denotes the subset of the cluster set
S obtained by removing the cluster containing nodei, if such
a cluster exists.

Corollary 1. The minimum energy per bit required to transmit
a message reliably to all the nodes inR satisfies

Eb

N0 min

≥ N0 loge 2

G(S)
(19)

for any cluster setS in R.

Proof sketch: Appendix A.
Remark 3:From Corollary 1, we can recover [8, Theorem 1]

by constructing a cluster setS such that each cluster consists
of a single node fromR and the clusters exhaust all the nodes
in R. In this case, effective network radius is given by

G =
1

|R| max
i∈{1,...,k}

∑

j∈R\{i}
gij (20)

The usefulness of Corollary 1 will be evident in Section
IV-C where a lower based on the definition (20) of effective
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network radius is not good enough to provide the bounds that
we seek.

IV. D ECODE-AND-FORWARD IN WIDEBAND

By decode-and-forward, we mean any scheme in which a
node reliably decodes the common message before it trans-
mits anything. In the discussion on decode-and-forward, itis
assumed that neither the receivers nor the transmitters know
the channel states. However, the transmitters do need to know
the power at which they transmit.

In [14], it was shown that Gaussian point-to-point channels
achieving minimum energy per bit require vanishing spectral
efficiency. Likewise, in this section, we assume availability
of arbitrarily large bandwidth. In particular, we assign each
transmitter its own wide frequency band that is orthogonal
to the bands of other transmitters. All receiver nodes listen
to transmissions over all the bands. Wideband broadcasts are
not affected by interference from other transmissions. It was
shown in [14] that knowledge of the channel states does not
reduce the minimum energy per bit requirements. Various
wideband communication schemes can be constructed which
let a receiver decode the message reliably as soon as the
accumulated energy per bit at the receiver exceedsN0 loge 2
regardless of the knowledge of channel states of the receiver.
Here, we assume the use of one such scheme.

In this section, we assume the broadcast setup where all
non-source nodes are destination nodes.

A. Performance of decode-and-forward in arbitrary networks

Theorem 2. In an arbitrary network withk nodes, decode-
and-forward has an achievable energy per bitEbDF that
satisfies

EbDF ≤ (k − 1)Ebmin (21)

Proof: We prove Theorem 2 by constructing a decode-
and-forward scheme that has an energy per bit which is within
a factor ofk − 1 of the lower bound given by Theorem 1.

Suppose that the energy policyq = (q1, ..., qk) achieves
the minimum value of the linear program (5) for the given
network, i.e.,

Eb

N0 min

≥
k
∑

i=1

qi (22)

Using policyq, we now construct a scheme that has an energy
policy q̃ ∈ R

k
+. The scheme involves communication over

k − 1 time slots, each slot consisting of transmission by one
of the nodes which has already decoded the message. The
transmission power levels at the nodes is determined byq̃.

Choose anyǫ > 0. The proposed decode-and-forward
scheme is the following. Nodej(t) transmits the message
with energy expenditure per bit̃qj(t) + ǫ in time slot t, for
t = 1, ..., k − 1. If node j(t) is not able to decode the
message by the end of time slott − 1, an error is declared
and the algorithm terminates. The parametersj(t) and q̃j(t)

are recursively defined by Algorithm 1 in Fig. 1. Note that
q̃j(k) = 0, so no transmission is required in the slotk.

ALGORITHM 1: Determinej(t) and q̃j(t)

1) SetS(1) = φ, j(1) = 1 and q̃1 = (k − 1) q1.
2) For slotst = 2, ..., k, update

• S(t) = S(t − 1)
S

{j(t − 1)}
• j(t) = argmaxj∈{1,...,k}\S(t)

P

ℓ∈S(t) q̃ℓ gℓj

• q̃j(t) = (k − t) qj(t)

Fig. 1. The algorithm to determine the parametersj(t) and q̃j(t)

Since the choice ofǫ > 0 is arbitrary, we have an achievable
energy per bit

∑k
t=1 q̃t. The conclusion of Theorem 2 is now

immediate from (22) and Lemma 2.

Lemma 2. For the given decode-and-forward scheme with
j(t) and q̃ as determined by Algorithm 1, the following holds

1) The set{j(1), j(2), ..., j(k)} forms a permutation of
{1, 2, ..., k}.

2)
∑k

t=1 q̃t ≤ (k − 1)
∑k

t=1 qt.
3) Node j(t) can decode the message by the end of time

slot (t − 1) with vanishing probability of error, fort =
2, ..., k.

Proof: Appendix B.
Remark 4:When k = 2, i.e., for point-to-point channels,

Theorem 2 gives tight results [14], i.e.,EbDF = Ebmin. Of
course, decode-and-forward is trivial in this case.

Remark 5:The result of Theorem 2 is consistent with the
result for the three-terminal network considered in [7] where
the energy per bit achievable by decode-and-forward scheme
was shown to be always within a factor of 2 of the lower
bound.

Remark 6:The scheme proposed here is not the best decode-
and-forward scheme possible. In [12], [6], [13], optimal
decode-and-forward schemes are proposed (see the discussion
in Section I).

B. Decode-and-Forward for Directed Acyclic Graphs (DAGs)

Take a directed graph (or adigraph) G = (V,E), whereV
is the set of vertices andE (edges) is a set of ordered pairs
from V . We denote a directed edge from nodei to nodej by
(i, j). A directed graph isacyclic if there are no loops in it,
i.e., for every nodei ∈ V there is no directed path from node
i to itself.

A given wireless network can be represented by a directed
acyclic graphG(V,E) if there is a one-to-one correspondence
(say, given by the identity mapping) between nodes1, ..., k in
the network and the vertex setV = {1, ..., k} such that

(i, j) /∈ E ⇐⇒ gij = 0 (23)

Thus, there is no path from a node to itself that is over strictly
positive channel gain links only. For a meaningful discussion,
we assume that for every non-source node there is a path that
takes us from the source node to it. This also implies that no
edge points into the source.

Theorem 3. For a wireless network represented by a directed
acyclic graph G, the minimum energy per bitEbmin for
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broadcasting is given by the valueE1 of the linear program
(5).

Proof: The converse part is directly from Theorem 1.
Let the minimum value of the linear program (5) be achieved
by the energy policyq = (q1, ..., qk). Next, we show how to
achieve the minimum energy per bit using decode-and-forward
with the energy policyq.

Every DAG admits atopological sort(see, e.g., [3, Chapter
22.4]), which is simply an ordering of nodes from left to right
such that every edge is directed from left to right. For graph
G, since node 1 has edges only directed away from it, it is
possible to start the sort with node 1. For the sake of simplicity,
we assume that all the nodes inG are already topologically
sorted (i.e., for every directed edge(i, j) ∈ E, i < j).

Choose anǫ > 0. Consider the following simple decode-
and-forward scheme according to the power policyq. Nodet
transmits the message with energy expenditure per bitqt + ǫ
in time slot t, for t = 1, ..., k − 1. If node t is not able to
decode the message by the end of time slott − 1, an error is
declared and the algorithm terminates.

Lemma 3 shows that the probability of error is arbitrarily
small. Note that since the choice ofǫ > 0 is arbitrary,
we can have an achievable energy per bit of

∑k
i=1 qi. This

immediately implies that the value of the program (5) is
achievable.

Lemma 3. For the described decode-and-forward scheme, and
for every1 ≤ t ≤ k − 1, nodet + 1 successfully decodes the
message by the end of time slott with vanishing probability
of error.

Proof: Appendix C.

C. Regular Networks

In a regular network,k ≥ 2 nodes are placed within a
square network area under the following restrictions. If we
divide the network area inton2 square cells of side lengths,
then each such cell contains at mostk̄ non-source nodes and
at leastk ≥ 1 non-source nodes. The nodes can be placed
arbitrarily within cells. Let the network area be a square with
the diagonal coordinates(0, 0) and(n s, n s). The source node,
node1, is placed at the origin. LetC denote the set of cells
in the network. We useC(x, y) ∈ C for x, y = 0, 1, ..., n − 1,
to denote the cell with its lower left corner at the coordinates
(x s, y s). For simplicity, we restrict our attention to the case
whenn is a multiple of3. Note that

k

k̄
≤ n2 ≤ k

k
(24)

The channel gain between any pair of nodes, sayi and j,
is determined solely by the distancerij between the nodes
through a monotonically decreasingpath loss functiong(r) :
R+ → R+, i.e., gij = g(rij), which satisfies for allr ≥ r0

g(r) = r−α (25)

where r0 > 0 and α > 2 are constants of the model. We
impose an additional restriction on the path loss function that

FLOOD(Eb1 , Eb2) [8]
Let T be the total number of time slots, depending on the
network parameters.

1) The source node transmits only in the1st time slot with
energy per bitEb1.

2) At the beginning of time slott = 2, ..., T , each node
(except the source node) executes the following

• If the node was able to decode a message success-
fully for the first time in the previous time slot, then
it retransmits the same message in the current time
slot with energy per bitEb2.

• Else, keep quiet.

Fig. 2. FLOOD(Eb1 , Eb2 )

g(0) ≤ ḡ for some constant̄g > 0 to ensure that the gain
between any two nodes is not arbitrarily large.

For the converse results on minimum energy per bit in
regular networks, we use Corollary 1. On the other hand,
achievability is demonstrated using a decode-and-forward
scheme which is also a flooding algorithm at the network
layer (AlgorithmFLOOD given in Fig. 2). We operate under
the minimal information frameworkof [8] which restricts any
location or channel state information at the receivers. Also, the
nodes do not follow any transmission schedule and transmit at
a pre-decided energy per bit within their own wideband once
they decode a message.

Theorem 4. In a regular network, the minimum energy per
bit Ebmin and the achievable energy per bitEbflood of FLOOD
satisfy

Ebflood

Ebmin
≤ c

k̄α+2

k
(26)

where,c ∈ R+ is some constant depending only on the path
loss model.

Before getting into the proof, we do some elementary
constructions. Divide each cell into(9k̄ + 1) × (9k̄ + 1)
squaresubcells. Also, partition the whole network intosu-
percells consisting of 9 cells each. Each supercell consists
of a leader cell of the form C(3m1 + 1, 3m2 + 1) for
m1,m2 = 0, 1, ..., (n/3)−1, and the 8 cells (subordinate cells)
that are geographically tangent with the leader cell. Note that
there aren2/9 supercells in the network. (See Fig. 3).

Next, with each leader cell, sayC(3m1 + 1, 3m2 + 1), we
associate a clusterSm1,m2

of nodes constructed by Algorithm
2 given in Fig. 4.

Applying Algorithm 2 to each leader cell gives us a cluster
set S = {Sm1,m2

: m1,m2 ∈ {0, ..., (n/3) − 1}}. A few
observations about the clusters and the cluster set are given in
Lemma 4 without proof.

Lemma 4. For the cluster setS generated by Algorithm 2,
the following hold

1) For any cluster, the minimum distance between a node in
the cluster and any node not in the cluster iss/(9k̄+1).

2) The clusterSm1,m2
is a subset of nodes belonging to

the supercell with the leader cellC(3m1 +1, 3m2 +1).
3) |S| = n2/9.
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Fig. 3. A regular network with 36 cells, 25 subcells within each cell, and 4
supercells each consisting of 9 cells.

ALGORITHM 2: Construction of ClusterSm1,m2

1) Initialize Sm1,m2
=

{All nodes in the leader cellC(3m1 + 1, 3m2 + 1)}.
2) • If there are nodes in any subcell adjacent (vertically,

horizontally or diagonally) to the subcell to which a
node inSm1,m2

belongs, then include those nodes
in Sm1,m2

. Repeat step 2.
• Else, returnSm1,m2

and terminate.

Fig. 4. The algorithm to construct clustersSm1,m2

4) Each cluster has at leastk nodes and at most9k̄.

Proof sketch for Theorem 4:KnowingS from Algorithm
2, the converse is obtained by applying Corollary 1. In order
to do so, we need to upper bound the following quantity for
all i = 1, ..., k

∑

S∈S\i

gi(S) (27)

which is the sum of gains from nodei to all the nodes which
are part of some cluster not containing nodei. Since each
cluster has a one-to-one correspondence to leader cells and
supercells, instead of summing over the clusters the quantity in
(27) can be summed over the corresponding supercells. Node
i belongs to a supercell, sayC. Consider the supercells at
ℓ steps (horizontal, vertical or diagonal) away fromC, for
ℓ = 0, 1, ..., (n/3) − 1. The supercell at a step distance of0
is C itself. So, nodei is either a part of the cluster ofC or
it is at a distance of at leasts/(9k̄ + 1) from all nodes in the
cluster. Similarly, nodei is at leasts/(9k̄ + 1) distance away
from any node in the clusters corresponding to the supercells
surroundingC. For ℓ ≥ 2, there are at least(ℓ − 1) whole
supercells separating nodei from a cluster in the supercellℓ
steps away, thus giving the minimum separation between those
clusters and nodei to be3(ℓ−1)s. Furthermore, from Lemma
4, there are at most9k̄ nodes in any cluster. Also, there are at
most 8ℓ clusters at a step distance ofℓ. Thus, using (17) we

get the bound onG(S) as

G(S) ≤ 729 k̄2

k



g

(

s

(9k̄ + 1)

)

+

√
n/3−1
∑

ℓ=2

ℓ g (3(ℓ − 1)s)





(28)

The proof is divided into three cases:

• Case 1:ns/(9k̄ + 1) < r0

The condition of this case implies that the whole network
can be enclosed within a box of side(9k̄ + 1)r0. Thus,
the following single shot transmission scheme

FLOOD

(

N0 loge 2

g(
√

2(9k̄ + 1)r0)
+ ǫ1, 0

)

(29)

for anyǫ1 > 0, works well. Note that, in this case,T = 1
in the algorithmFLOOD.
On the other hand, since the gain to a node cannot exceed
ḡ, the effective network radius (in the sense of [8, The-
orem 1]) does not exceed̄g. Therefore, by [8, Theorem
1], Ebmin ≥ N0 loge 2/ḡ. Using (25) and the fact that
the energy consumptionEbflood of FLOOD(Eb1, Eb2) is
at mostEb1 +(k−1)Eb2, we can evaluate theEbflood for
(29) which gives

Ebflood

Ebmin

≤ c1k̄
α (30)

for some positive constantc1.
• Case 2:r0 < s/(9k̄ + 1)

Under this condition, all the distances of interest in (28)
are greater thanr0. Using (25), we can boundG(S) as

G(S) ≤ 729 k̄2

k

[

(9k̄ + 1)α

sα
+

∞
∑

ℓ=2

ℓ

3α(ℓ − 1)αsα

]

≤ c2
k̄α+2

ksα
(31)

for some positive constantc2, where, in deriving (31) we
have made use of the facts thatℓ/(ℓ− 1)α ≤ 2αl1−α for
ℓ ≥ 2, and that

∑∞
ℓ=1 ℓ1−α < ∞ sinceα > 2. So, from

Corollary 1,Ebmin ≥ (N0 loge 2) ksα/(c2k̄
α+2).

Next,

FLOOD

(

N0 loge 2

g(2
√

2s)
+ ǫ1,

N0 loge 2

kg(2
√

2s)
+ ǫ1

)

(32)

for any ǫ1 > 0, can reach all the nodes. To see this, note
that the first transmission, by the source, is enough to
reach all the nodes within a distance of2

√
2s. Thereafter,

if all the nodes (at leastk in number) in a cell have
already decoded a message, then their transmissions
according to (32) ensure that all the nodes in an adja-
cent (horizontally, vertically or diagonally) cell receive
enough energy (> N0 loge 2) to decode the message with
arbitrarily small probability of error. Note that, for this
case,T = n in the algorithmFLOOD.
Since2

√
2s > r0 for this case,Ebflood ≤ 8α/2sα(1+(k−
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1)/k̄)N0 loge 2. Therefore,

Ebflood

Ebmin
≤ c3

k̄α+2

k
(33)

for some positive constantc3.
• Case 3:s/(9k̄ + 1) ≤ r0 ≤ ns/(9k̄ + 1)

Define

L ,
⌊ (9k̄ + 1)r0

s

⌋

≥ 1

Next, G can be bounded as

G(S) ≤ 729 k̄2

k

[

L(L + 1)

2
ḡ +

∞
∑

ℓ=L+1

ℓ

3α(ℓ − 1)αsα

]

≤ c4
k̄4

k s2
(34)

for some positive constantc4. The details of derivation
of (34) are omitted in the interest of space, but are along
the lines of (31) taking care of the fact that forℓ ≤
L, the supercellsℓ steps away may lie in the near-field
of fading. So, from Corollary 1, (34) gives usEbmin ≥
(N0 loge 2) ks2/(c4k̄

4). Furthermore,

FLOOD

(

N0 loge 2

g(2
√

2sL)
+ ǫ1,

N0 loge 2

k
∑L

ℓ=1 ℓg(2
√

2sℓ)
+ ǫ1

)

(35)
for any ǫ1 > 0, reaches all the nodes. To see this, note
that after the first transmission by the source, the message
is successfully received by all the nodes lying within the
set of cellsS1, where

St , {C(x, y) : max{x, y} ≤ (L − 1) + t} (36)

for 1 ≤ t ≤ n − L. Assuming that all the nodes in
the cell St decode the message by the end of time
slot t, it can be verified that all the nodes in the cells
St+1 \ St would have received enough energy from the
nodes (transmitting according to (35)) in the cellsSt

in order to decode the message with arbitrarily small
probability of error. We have used the fact that for every
1 ≤ ℓ ≤ L, each cell inSt+1 \ St has ℓ or more
distinct cells inSt which are exactlyℓ vertical, horizontal
or diagonal steps away. By induction, algorithm (35) is
good enough to reach all the nodes in the network. From
(36), it is clear thatT = n − L + 1 for this case.
Finally, the energy consumption of (35) can be shown to
be Ebflood ≤ (N0 loge 2) c5ks2k̄α−2/k for some positive
constantc5. Therefore,

Ebflood

Ebmin
≤ c4c5

k̄α+2

k
(37)

The final statement is now immediate by combining all the
cases.

Remark 7: According to Theorem 4, if we bound the
maximum number of nodes in each cellk̄ by a constant, the
ratio of Ebflood and Ebmin is at most a constant which does
not depend on the number or size of cells in the network.

Remark 8: Suppose that there arek − 1 non-source

nodes in a network which are placed randomly uniformly
and independently over a square area of sizeAk. If the
network area is divided into square cells of sizesk =
√

3Ak loge(k − 1)/
√

k − 1, thenk ≥ 1 and k̄ ≤ 3e loge(k −
1) almost surely, ask → ∞ [10, Claim 3.1]. Therefore, for
random placement of nodes, by Theorem 4, we get

Ebflood

Ebmin
= O

(

(log k)α+2
)

(38)

V. CONCLUSION

We have studied the maximum possible energy efficiency
in wireless networks using only the physical layer description.
An information-theoretic lower bound on the minimum energy
per bit for multicasting in arbitrary networks is derived.

We have also proposed a wideband communication scheme
based on decode-and-forward. We have shown that this com-
munication scheme is worse than the lower bound by a factor
of at mostk−1 for broadcasting in arbitrary networks, where
k is the total number of nodes in the network. This result
implies that the performance of decode-and-forward cannotbe
arbitrarily worse than that of the optimal scheme. Furthermore,
the gap is not too large for smaller networks, especially since
it is unaffected by the magnitude of the channel gains.

On the other hand, decode-and-forward is shown to attain
the exact minimum energy per bit in directed acyclic graphs.
The optimal energy efficiency is attained by cooperation be-
tween the nodes, where the nodes collect energy over multiple
time slots and the nodes that have decoded the message then
retransmit it for the benefit of their peers.

Though the gap between the upper and lower bounds can
be large in arbitrary networks, if the number of nodes within
each cell is fixed, then the gap is independent of the network
size. Furthermore, regular networks can be used to study
large random networks to show that the gap is at most a
poly-logarithmic factor in the number of nodes. Thus, regular
networks demonstrate the utility of the given lower bound and
simple decode-and-forward schemes in many practical setups
of interest.

APPENDIX A
PROOFSKETCH OF COROLLARY 1

Proof sketch:The proof proceeds by modifying the linear
program (5) so that the number of constraints is reduced. In
particular, we choose to retain those rows ofL (to form a new
matrix L̃) that correspond to the cutSc

i for all Si ∈ S. Since
the constraints are reduced, the value of the linear program(5)
with L replaced bỹL is less than the value of linear program
(5) with L. Then, consider the dual of the resulting program
and evaluate its value at the specific admissible vectorγ−11|S|
where

γ = max
i=1,...,k

∑

S∈S\i

∑

ℓ∈S

giℓ (39)

This provides the requisite lower bound on the minimum
energy per bit.
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APPENDIX B
PROOF OFLEMMA 2

Proof: The first part of Lemma 2 is true sincej(1) = 1
and each of the remainingk − 1 updates in Algorithm 1 sets
a value ofj which has not been considered before.

The second part of Lemma 2 follows directly from Algo-
rithm 1 since,

q̃j(t) ≤ (k − 1) qj(t) (40)

for t = 1, ..., k.
Now for the third part of Lemma 2. First, note that according

to Algorithm 1,S(t) is nothing but the set of nodes which have
transmitted by the end of time slott−1, i.e.,S(t) =

⋃t−1
ℓ=1 j(ℓ).

For t = 1, j(t) = 1 which is the source node and already has
the message. Note thatS(2) = {1}. For anyt ≥ 2, suppose
that the nodes inS(t) have all decoded the message. We claim
that nodej(t) has gathered enough energy (≥ N0 loge 2) by
the end of slott − 1 for it to decode the message reliably.
Suppose not, i.e., for allj ∈ S(t)c , {1, ..., k}\S(t) we have

∑

ℓ∈S(t)

q̃ℓ gℓj < N0 loge 2 (41)

This implies,
∑

j∈S(t)c

∑

ℓ∈S(t)

q̃ℓ gℓj < (k − t + 1)N0 loge 2 (42)

However, by our update rule for̃qj(t), for all ℓ ∈ S(t), q̃ℓ ≥
(k − t + 1) qℓ. Therefore,

∑

j∈S(t)c

∑

ℓ∈S(t)

qℓ gℓj < N0 loge 2 (43)

Recall thatq satisfies the constraints laid out in (5). Consider
the row inG corresponding to the cutu = S(t). The constraint
due tou dictates that

∑

ℓ∈S(t)

qℓ

∑

j∈S(t)c

gℓj ≥ N0 loge 2 (44)

which directly contradicts (43). Therefore, there does exist a
node inS(t)c for which the total received energy per bit from
the nodes inS(t) is sufficient to decode the message reliably.
By our choice ofj(t) in Algorithm 1, we are sure to pick one
such node. Finally, by induction, the third part of Lemma 2 is
true for all t = 2, ..., k.

APPENDIX C
PROOF OFLEMMA 3

Proof: By induction. In the first time slot, only node 1
transmits the message with energy per bitq1. Consider the cut
isolating node 2, i.e., the cut{1, 3, 4, ..., k}. Since this cut is
valid, its corresponding constraint in (5) dictates that

g12 q1 ≥ N0 loge 2 (45)

sincegi2 is zero fori = 2, 3, ..., k. Thus, the received energy
per bit at node 2 is enough for it to reliably decode the message
by the end of time slot 1.

Now, for 2 ≤ t ≤ k − 1, suppose that nodes2, ..., t decode
the message successfully by the end of time slott−1. Consider

the cut which isolates nodet + 1, i.e., the cut{1, 2, ..., t, t +
2, ..., k}. This is a valid cut which appears as some row inG
in (5). Therefore,

k
∑

i=1
i6=t+1

qi gi(t+1) ≥ N0 loge 2 (46)

Since we have the topological sort on the set of nodes,
gi(t+1) = 0 for i > t + 1. Thus, (46) is equivalent to

t
∑

i=1

qi gi(t+1) ≥ N0 loge 2 (47)

Since the nodes1, 2, ..., t have already decoded the message
and transmitted by the end of time slott according to the
energy policyq (plus anǫ > 0), nodet + 1 receives enough
energy per bit (> N0 loge 2) to decode the message with
vanishing probability of error by the end of slott.
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