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Abstract—We study the minimum energy per bit required benefits which need to be properly studied and exploiteds Thi
for communicating a message to all the destination nodes in a is especially important in those wireless networks, such as

wireless network. The physical layer is modeled as an additive gangor networks [1], where the energy budget is a paramount
white Gaussian noise channel affected by circularly symmetric constraint ’

fading. The fading coefficients are known at neither transmitters : ) )
nor receivers. Prior work [6], [13], [12], [8] has shown improvement in

We provide an information-theoretic lower bound on the en- the energy efficiency for wireless multicasting by propgsin
ergy requirement of multicasting in arbitrary wireless networks multi-hop decode-and-forward schemes which let nodes-accu

as the solution of a linear program. .
We study the broadcast performance ofdecode-and-forward mulate the message energy by overhearing several low power

operating in the non-coherent wideband scenario, and compare transmissions. The question of optimal performance of such
it with the lower bounds. For arbitrary networks with %k nodes, schemes can be formulated @stimal cooperative broadcast

the energy requirement of decode-and-forward is within a factor problem [6], [13] oraccumulative broadcasproblem [12].
of k — 1 of the lower bound regardless of the magnitude of |, these formulations, first an optimal transmission oraer f

channel gains. We also show that decode-and-forward achieves . . L
the minimum energy per bit in networks that can be represented the nodes is chosen. Given such an order, total transmission

as directed acyclic graphs, thus establishing the exact minimum POwer is minimized by solving a linear program for the power
energy per bit for this class of networks. We also studyregular ~ distribution over nodes, under the condition that the total

networks where the area is divided into cells, each cell containing power at each destination node exceeds a threshold.

at least k£ and at most k£ nodes placed arbitrarily within the cell. - PP : :
A path loss model (with pathploss exponent)(/x > 2) dictates Mlnlmum energy per blt.l.s a fund_amental |nf0rmat|_on-
the channel gains between the nodes. It is shown that the theoretic concept that quantifies the minimum cost of rgfiab
ratio between the upper bound using decode-and-forward based transmitting a large message over a noisy communication
flooding, and the lower bound is at most a constant times®*2/k.  channel. In our system model, we use ‘energy’ to refer to
the sum total of the transmission energies at various nodes.
Therefore, minimum energy per bit is the total energy cost
) ) ) o incurred in communicating a message to all the destination
Multicasting, i.e., the task of communicating the samgyqes in the network, normalized by the size of the message.
message to multiple destinations in a communication nétwogt,, 4 simple point-to-point channel with additive Gaussian

is an important and well studied problem. For wireline nef;5ise with or without fading and with coherent or non-coneére
works, the problem of energy efficient communication can k?@ception, the minimum energy per bit is given by [14]
formulated as the well-knowminimum cost spanning tree

problem. However, in wireless networks, not only is there an Epin = No log, 2 1)
inherentwireless multicast advantadd6] that allows all the G
nodes within the coverage range to receive the messagevhere N, is the noise spectral density addis the “channel
no additional cost (see also [2], [11]), but even distantesodgain” or the power gain. Attaining minimum energy per bit
are able to hear low power, unreliable transmissions whicaquires infinite bandwidth (or vanishing spectral efficign
can be used to decrease the transmission energy costs in the this work, we study the minimum energy per bit for
network. This has been termedoperative wireless advantagemulticasting in wireless networks using the descriptiorihef
in [6]. Therefore, the physical layer can offer energy effidy network at the physical layer only. No restriction is placed

_ _ , the nature or complexity of communication strategies that t
e 8 e ey NOGeS might use, and the nodes can act a relays for each offer
grant number W911NF-07-1-0185, and through collaborativeigiaation  IN fact, as is shown later, clever cooperation between niles
in the Communications and Networks Consortium sponsored byWs. crucial to improve the energy efficiency of the network. We us
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notwithstanding any copyright notation thereon. aim is to compare the broadcasting performance of decode-
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and-forward operating in the non-coherent wideband soégnaithe cells. A path loss model is imposed on the channel gains
with the lower bound. between two nodes separated by a distance stich that the
In [8] (see also [9] for details), another lower bound oghannel gain falls off liker—* for « > 2 for large enough
the minimum energy per bit for multicasting is provided in. In order to prevent the gains from being unbounded as
terms of theeffective network radiysfor a similar system r — 0, a restriction is imposed on the maximum gain possible.
model. This lower bound takes the same form as the rights shown that a decode-and-forward based flooding scheme
hand side of (1) with replaced by the effective radius of thehas an achievable energy per bit which is within a constant
network. The bound in this paper is stronger than the effectifactor of k**2/k of the lower bound given in Section lIl.
network radius bound. In fact, the effective network radiug/hen the number of nodes within each cell is a constant, this
bound can be directly derived from our bound (see Remanhkultiplicative gap is at most a constant that does not depend
3). Furthermore, most of the lower bounds given in this paptre total number of nodes or the size of a cell. The gap is poly-
cannot be directly obtained from the effective radius boundlogarithmic (in the total number of nodes) for large random
Another difference from [8] is that in this work, we en-networks. The case of regular networks serves to illustrege
compass networks of arbitrary size. In particular, we campafact that the lower bounds and the decode-and-forward based
the performance of decode-and-forward with the lower bourdhievable bounds are close to each other for many networks
for the following three different cases of wireless netvgork of practical interest.
arbitrary networks, directed acyclic graphs, and reguktr n
works. The case of arbitrary networks illustrates the fhaet t
decode-and-forward is not arbitrarily worse than the optimA. Channel model

communication scheme for any wireless network. In fact, We deal with a discrete-time complex additive Gaussian

decode-and-forward is an optimal communication scheme for.c hannel with fading. Suppose that theodes in the
a wide class of wireless networks, i.e., those networks fvhi %Work are numberet] k Let nodei € {1 k} transmit

. _ e
canhbe ;eprisented als directed kacyghc (_(:jjraphs. hExamlpIesxio € R at timet, and lety;, € C be the received signal at
such networks are relay networks, broadcast channels, other nodej € {1,....,i — 1,4 + 1,...,k}. The relation
layered networks. Finally, by showing the (almost) ord

Eﬁetweemsi andy,; is given b
optimality of decode-and-forward in regular networks, we i Yit 159 y

Il. SYSTEM MODEL

make the case that decode-and-forward can be feasible iy man k
real-world networks. Yjt = Z hijatiz + 2z (2)
In Section Il, we introduce the channel model which is i=1

similar to the one used in [8]. The description of the modeVhere,z; , is circularly symmetric complex additive Gaussian
used for the physical layer is given in Section Il-A while theoise at the receivef, distributed according t@A\ (0, No).
notion of minimum energy per bit is defined in Section II-B. InThe noise terms are independent for different receivers as
Section I, a lower bound is given on the minimum energy pavell as for different times. The fading between any two
bit for multicasting in arbitrary networks. This lower balin distinct nodes andj is modeled by complex-valued circularly
holds for arbitrary destination sets of nodes, and is foatedl symmetric random variables;; ; which are i.i.d. for different
as a linear program. Furthermore, the bound is shown times. We also assume that;; = 0 for all nodes: and
depend only on the channel gains between different nods,paéll times t. Also, for all (¢,5) # (¢, m), the pairh;;; and
and not on any other property of fading distribution. hem ¢ 1s independent for all times Absence of channel state
In Section IV, we focus on broadcasting rather than ttisformation at a transmitteg implies thatz; ; is independent
general multicast setting. We analyze decode-and-forwantithe channel state realizatidm; ; = (hi1¢, hizt, -, ikt
based wideband communication schemes. Similar to the-poifiom node: to all other nodesChannel state information
to-point case, these communication schemes also require @h a receiver ¢ implies that the channel state realization
limited bandwidth to achieve minimum energy per bit but NG+, hoi..., hiit) IS available at receivei at time ¢. The

knowledge of the channel states at the receivers. quantity g;; = E[|h;;|?] is referred to as thehannel gain
In Section IV-A, we show that in any network withnodes between nodes and j.
the energy requirement of decode-and-forward is at rhest In a network withk nodes, let node 1 be the source node.

times the minimum energy per bit. Note that this factor dbuppose that only a subsetC {2, ..., k} (thedestination set
k — 1 is independent of the magnitude of the channel gaié the non-source nodes is interested in receiving the rgessa
between nodes. In Section IV-B, we show that decode-arfdom the source node. In @ulticastsetting, R contains two
forward achieves the lower bound on the minimum energy more nodes. Whefk consists of all non-source nodes, it
per bit for the class of networks that can be represented iasalled abroadcastsetting.
directed acyclic graphsCooperation between nodes is crucial o i
to attain maximal energy efficiency. B. Minimum energy per bit

Section IV-C studiegegular networks in which the geo-  All the nodes in the network can act as relays and cooperate
graphical area is divided into square cells with side length with each other in order to communicate a common message to
Each cell is restricted to contain at leastnd at mosk nodes, the destination nodes. A network-wide error is declaredrwhe
otherwise the nodes are free to be placed anywhere witleiver a destination node fails to decode the message cgrrectl



by the end of the protocol. The energy consumption of trdestination set of size = |R|. A cut, sayu, is a subset of
network is the sum of average transmission energy expendeaties that contains the source node such that at least one of
at all the nodes. The condition of reliable communicatiothe nodes inR does not belong ta, i.e., v C {1,2,...,k}
requires that the probability of error goes to zero for largeuch thatl € v and R ¢ w.

message sizes. Let the collection of all such cuts Hé = {uy, ua, ..., ujy| },
Consider a code for the network with block lengthThe where|U| = 2¥—"=1(2" — 1). Based onl/, construct a matrix
codeword at any nodeis n symbols long, denoted by = L of size|U| x k as follows. The(i, j)" coefficient of L is

(i1, @2, -, %in) € C". If the message set at the sourceefined to b&)_,. . gj¢ if j € u; and0 if j ¢ w;. Further, let
node isM = {1,2,..., M}, then the codeword:%”) (m) at 1 and0; be column vectors of sizecontaining all 1 and all

nodel is determined by the message chosen equiprobably O entries respectively.

frg:’)n the message seil. At any other node, the codeword Theorem 1. The minimum energy per bit for multicasting
z; " is a function of the first — 1 inputs at the node, i.e., js lower bounded by the valu&, of the following linear

Tit = i t(Yi1, - Yi—1). At each non-source node there program.

may be adecoding functiorfdepending on whether the node is

i i ivi i Ey £ min 1{q::
interested in receiving the message) which decodes a neessag 1 4

ERF
m; € M based on the channel output$y; 1, ..., v:.,) at the 4
node. The probability of error of the code is defined as Lq > (Nolog, 2) 1) ©)
q > 0

1 .
P2 i > P[3i € R:1n; # m|m is the message (3)
meM

To prove Theorem 1, we need Lemma 1 below, but first we
introduce some notation. For a subset of nodes {1, ..., k},

Next, we define the energy per bit of the code. [®§a  we usey, € C* to denote the observation vector at the nodes
be the expected total energy expenditure (for all nodesh@f thelonging tou, i.e., thei element ofy,, is given by

code, i.e., .
kK n oy oy ficu
3 |xi,t21 @) () = { 0 ifid¢u

=1 t=1

Etotal £ E

Similarly, we usex, € C* to denote the transmission random
The energy per bitof the code is defined to bdl, = vector at the set of nodes Without subscriptsy andx denote
Fiotal/log, M. Note that the expectation in (4) is over thehe observations and transmissions at all the nodesHLbe
set of messages at the source node, and the noise and fathiegrandom matrix formed by the fading coefficients, for
realizations which affect the channel outputs (and herte, ,j = 1,...,k. The (,7)" coefficient of the fading random

channel inputs) at all the non-source nodes. matrix H,, is given by
An (n, M, Eia, €) code is a code oven channel uses, he i icu
with M messages at the source node, expected total energy (hu);; = { 0” otfierwise

consumption at moskiqg and a probability of error at most

0<e<l. Dropping the time indices, we can rewrite (2) to give the
Definition: (c.f. [15]) Given0 < ¢ < 1, E € R, is ane- observation vector at the set = {1,...k} \ u as

achievable energy per bit if for evety> 0 and all sufficiently Vue = HL.X + 7,0 6)

large M, an (n, M, (E + §)log, M, €) code exists.E, is an “ ue “

achievable energy per bit if it is-achievable energy per bitwherez,. is the noise vector denoting noise only at the set

for all 0 < e < 1, and theminimum energy per bif,,;, is of nodesu, i.e., (zyc); = 0 if i ¢ u®.

the infimum of all the achievable energy per bit values.
When energy consumption (rather than bandwidth) is

primary concern in wireless network#;,,.;, iS a sensible

Lemma 1. The minimum energy per bit for multicasting is
18wer bounded by

measure of how much energy is required to transmit a givenE2 5 inf max Zf:l Di @)
(large enough message). pzl,l;..,pk,zo; weU sup Py I(xXy; Yue |Xue, H)
i—1Pi>0 Ef|z;|*]<p;
IIl. LOWERBOUND ON THEMINIMUM ENERGY PERBIT for i=1,...,k

In Theorem 1, we present an information-theoretic lower Ee_:cfagse_f(_)f gpacfe “T'tatlons’l in lieu |Of pgro?_f, we oflfer
bound on the minimum energy per bit for arbitrary Wirelesa% ne Ju.St' ication for emma (see also [9, Lemma 1]).
networks with an arbitrary destination set. Theorem 1 hold&" the given power constrainis, p, ..., pr, choose any cut
whenever the channel states are not known at the transsnitt r< U. By the ”.‘ax'f'OW mm-cybo_und [5, Theorem 15.10.1],
regardless of the channel state knowledge at the receiv e rate of rellab.le communication from the source to any
This bound is a generalization of the lower bound given i estination node in the sef cannot exceed
[8, Theorem 1] (see also, [9, Theorem 1]). Cu(prypr) = sup  I(Xy; Yue|Xue, H) (8)

As before, consider a network with the node §gt2, ..., k} Py

2
where node 1 is the source node aRdcC {2,...,k} is the E[,llel]gpk



bits per channel use. Therefore, the number of channel u3d®refore, all the constraints of (5) are satisfiechipy. Also,
per bit is1/C,, which implies that the total energy spent pethe values of the objective functions in (5) and (13) coircid
bit in communicating to one or more destination node(s) @t yp*. Therefore, for every value of the objective function
u® is at Ieasthzlpi/Cu. This is clearly a lower bound on (13), the objective function (5) can take the same values Thi
the minimum energy per bit for multicasting to all nodes ifmplies that 1 < Fs5. Thus, E; is a lower bound on the

R, since the set of destination nodesufis a subset ofR.  minimum energy per bit. [ ]
Proof of Theorem 11t is sufficient to show thaty; < Es. Remark 1:The lower bound given in Theorem 1 has the

To do so, we first need to simplify (7) according to our channéllowing interpretation. Take any cut in the network which

model. separates the source node from at least one of the destinatio

Fix the power constraintgy,...,pr. > 0, such that nodes. The total transmission energy of the nodes on theeour
Zlepi > 0, and also fix a cut: € U. For a given probability side of the cut should be such that the total received energy p
distribution ofx (independent ofl), we can bound the mutual bit at all the nodes on the destination side of the cut exceeds
information in (7) by Ny log, 2. Program (5) simply minimizes the energy sum given
this constraint for each cut.

Remark 2:The lower bound given in [8, Theorem 1] was

<E {logz det (I + 1C0V(chxu|xuc7H)>} ) deriv_ed l_Jsing themax-flov_v min-cuboun_d [4, Theorem 4] by
No considering cuts separating each destination node frothell

I(xy; chx + Zye|Xye, H) = T(xy; H?:Cxu + Zye|Xye, H)

log, e T remaining nodes. In Theorem 1, we generalize this idea by
< N E [tr (COV(HHCX”X“C’H))} (10) considering all possible cuts separating each destinatoie
2 from the source node. In fact, as shown below in Corollary

(11) 1 and the remarks following it, the effective network radius
based bound of [8, Theorem 1] is a direct consequence of

log, ¢ Theorem 1. The result of Corollary 1 can be thoqght (_)f as an

< TQ SN gipi (12) improvement on [8, Theorem 1] due to the following different
O icujeur definition (17) of effective network radius.

where (9) is an upper bound on the mutual information underD€fine acluster 5 in R to be a subset of the destination
AWGN:; (10) is due to Hadamard's inequality and to the facget of nodes, and eluster setto be a collection of disjoint
log(1 + #) < z; and, (12) is obtained by maximizing theClusters inR. Note that the nodes in a cluster set may not

right hand side of (11) among ak independent ofh; = exhaustr. _ .
(hj1, hjas ... hyi) such thatE[|z;|?] < p;, taking into account Define theeffective network radiués for a cluster setS as

Z h”.’EZ

1EU

jEu’

log, e
= —= E
N, 2

that the channel coefficients are independent with zero mean a1
Substituting (12) in (7) we geE, > E3, where G(S) = S| ieg?fk}sgigi(s) (17)
k
. Ny log, 2 h
E; & inf Di . d where
s p}gi,m;f:;%o <§ ) Miluer Y icy D jeue JigPi gi(S) = Zgié (18)
i=1 (13) Les

Note thatE; is a lower bound on the minimum energy pefnd the cluster sef \ i denotes the subset of the cluster set
bit. Although it can be shown that the formulations (5) and obtained by removing the cluster containing nad# such
(13) are essentially the same, i.&;, = Es, in order to prove @ cluster exists.

Theorem 1, we only need to shaoly < FEj.

Note from (13) that multiplyingp = (p1,...,pr) by an
arbitrary real numbery > 0 does not change the value o
the right hand side of (13). Hence, the rangepofcan be By, _ Nolog,2 (19)
constrained to lie within a compact set. Therefore, the infim Nomin — G(S)
in (13) can be'replaced by a minimum. Suppose the optimyg} any cluster set in R.
power vector in (13) that achieveS; is p* = (pj, ..., D)

Corollary 1. The minimum energy per bit required to transmit
fa message reliably to all the nodes # satisfies

Define Proof sketch: Appendix A. |
u* £ argmin, ., Z Z 9iiD; (14) Remark 3From Corollary 1, we can recover [8, Theorem 1]
icu jeuc by constructing a cluster sét such that each cluster consists
of a single node fronRR and the clusters exhaust all the nodes
Next, set . . . T
N Nolog, 2 in R. In this case, effective network radius is given by
S Je(wr)* 9iiPi G = % ) max Z Y9ij (20)
Therefore, for allu € U, IRl iettkd ) 2ty
Z Z 9i;(7p}) > Nolog, 2 (16) The usefulness of Corollary 1 will be evident in Section

icu jcuc IV-C where a lower based on the definition (20) of effective



network radius is not good enough to provide the bounds thatALGORITHM 1: Determinej(¢) and g; )
we seek. 1) SetS(1)=¢, j(1)=1andg = (k—1)q.
2) For slotst = 2, ..., k, update
IV. DECODE-AND-FORWARD IN WIDEBAND e S)=St-1U{E -1} )
o J(t) = argmaXec .y k3\s(t) Zeesu) qe gej
By decode-and-forward, we mean any scheme in which|a o Gjy = (k=) g

node reliably decodes the common message before it trans-
mits anything. In the discussion on decode-and-forward it
assumed that neither the receivers nor the transmitter& kno
the channel states. However, the transmitters do need t@ kno
the power at which they transmit.

In [14], it was shown that Gaussian point-to-point channe
achieving minimum energy per bit require vanishing spéctr
efficiency. Likewise, in this section, we assume availapili Lemma 2. For the given decode-and-forward scheme with
of arbitrarily large bandwidth. In particular, we assigrclea j(¢) and q as determined by Algorithm 1, the following holds

transmitter its own wide frequency band that is orthogonal 1y tha setfi(1) (2 SV forms a permutation of
to the bands of other transmitters. All receiver nodes fiste ) (1,2 /%( ),3(2), 3 (k)} P

to transmissions over all the bands. Wideband broadcasts ar2) S G < (k-1 "

not affected by interference from other transmissions.dsw 3 t=1%t = i=1 -
shown in [14] that knowledge of the channel states does not

reduce the minimum energy per bit requirements. Various

Fig. 1. The algorithm to determine the parametg§ andg; )

Since the choice of > 0 is arbitrary, we have an achievable
ghergy per bith:1 G:- The conclusion of Theorem 2 is now
5nmediate from (22) and Lemma 2. ]

) Nodej(t) can decode the message by the end of time
slot (¢t — 1) with vanishing probability of error, for =

wideband communication schemes can be constructed which 2,0
let a receiver decode the message reliably as soon as the Proof: Appendix B. ]
accumulated energy per bit at the receiver exce€ghg, 2 Remark 4:When k = 2, i.e., for point-to-point channels,
regardless of the knowledge of channel states of the receiVEheorem 2 gives tight results [14], i.€5,pr = Eppin. Of
Here, we assume the use of one such scheme. course, decode-and-forward is trivial in this case.

In this section, we assume the broadcast setup where alRemark 5:The result of Theorem 2 is consistent with the
non-source nodes are destination nodes. result for the three-terminal network considered in [7] véhe

the energy per bit achievable by decode-and-forward scheme
A. Performance of decode-and-forward in arbitrary netwsorkwas shown to be always within a factor of 2 of the lower
bound.

Remark 6The scheme proposed here is not the best decode-
and-forward scheme possible. In [12], [6], [13], optimal
decode-and-forward schemes are proposed (see the d@tussi
in Section 1).

Proof: We prove Theorem 2 by constructing a decode-
and-forward scheme that has an energy per bit which is withfh Decode-and-Forward for Directed Acyclic Graphs (DAGs)

a factor ofk — 1 of the lower bognd given by Theorem 1. Take a directed graph (ordigraph) G = (V, E), whereV’
Suppose that the energy poliey = (g1, ...,qx) achieves g the set of vertices and (edges) is a set of ordered pairs
the minimum value of the linear program (5) for the givefyom 1. We denote a directed edge from nad® node; by

Theorem 2. In an arbitrary network withk nodes, decode-
and-forward has an achievable energy per Wy that
satisfies

EbDF S (k - 1)E‘bmin (21)

network, i.e., (i,7). A directed graph iscyclic if there are no loops in it,
Ey > Zq' 22) i.e., for every node € V there is no directed path from node
Nomin — = ! i to itself.

i li h hat h A given wireless network can be represented by a directed
Vsing no |cyq;€we row consiruct a scneme tat nas an Ener@¥yclic graphG(V;, E) if there is a one-to-one correspondence
policy q € R’. The scheme involves communication OVefsay. given by the identity mapping) between nodies.. k in

k — 1 time slots, each slot consisting of transmission by OffKe network and the vertex set— {1. ... k! such that
of the nodes which has already decoded the message. T’ie (Lo b}

transmission power levels at the nodes is determined.by (1,j) ¢ E<=¢;; =0 (23)

ﬁhOOS‘? ?de ¢ i 0.‘ Thﬁ Ergrzosted deiodg]—and—fomard].hus, there is no path from a node to itself that is over $yrict
sgtheme IS the 1o (cj)ytvmg. odg(t) ran.sm;.s eI I;ntesfsagepositive channel gain links only. For a meaningful discossi
with energy expenditure per bili) + ¢ in time slotz, for we assume that for every non-source node there is a path that

t =1, ,lf _thl- Ifdnoﬁ.J(t) :;t_n?t able to qe?d? thgtakes us from the source node to it. This also implies that no
message by the end of time s , an error is declare edge points into the source.

and the algorithm terminates. The parametgg and g; ;)
are recursively defined by Algorithm 1 in Fig. 1. Note thaTheorem 3. For a wireless network represented by a directed
;) = 0, SO no transmission is required in the stot acyclic graph G, the minimum energy per bit,,;,, for



broadcasting is given by the valug, of the linear program | FLOOD(Ey,, Ev,) [8]
(5). Let T be the total number of time slots, depending on the

network parameters.

Proof: The converse part is directly from Theorem 1, 1) The source node transmits only in th& time slot with
Let the minimum value of the linear program (5) be achieved energy per bit; .
by the energy policyy = (g1, ..., ¢&x). Next, we show how to 2) At the beginning of time slot = 2,...,T, each node

achieve the minimum energy per bit using decode-and-fatwar (except the source node) executes the following
with the energy policyy. « If the node was able to decode a message sucdess-

fully for the first time in the previous time slot, then

Every DAG admits @opological sort(see, e.g., [3, Chapter it retransmits the same message in the current tjime
22.4]), which is simply an ordering of nodes from left to righ slot with energy per bitZys.
such that every edge is directed from left to right. For graph « Else, keep quiet.

G, since node 1 has edges only directed away from it, it is

possible to start the sort with node 1. For the sake of sintplic

we assume that all the nodes ¢hare already topologically

sorted (i.e., for every dwepted edge ;) G.E’ L 7)- g(0) < g for some constang > 0 to ensure that the gain
Choose are > 0. Con&dey the following S|mple deCOde'between any two nodes is not arbitrarily large.

and-for_ward scheme acco_rdlng to the power pol:qcy\lod_et For the converse results on minimum energy per bit in

transmits the message with energy expenditure peg;bit e regular networks, we use Corollary 1. On the other hand,

in time slotz, for ¢ = 1,...,k — 1. If nodet is not able t_o achievability is demonstrated using a decode-and-forward
decode the message b.y the end. of time sletl, an error is scheme which is also a flooding algorithm at the network
declared and the algorithm terminates. _ . layer (Algorithm FLOOD given in Fig. 2). We operate under
Lemma 3 shows that the probability of error is arbitrarily,e minimal information frameworkof [8] which restricts any
small. Note that since the choice af > 0 is arbitrary, |4cation or channel state information at the receiversoAtlise
we can have an achievable energy per bityaf_, ¢;. This ‘nodes do not follow any transmission schedule and trangmit a
immediately implies that the value of the program (5) i§ pre-decided energy per bit within their own wideband once
achievable. ®  they decode a message.

Lemma 3. For the described decode-and-forward scheme, aRgheorem 4. In a regular network, the minimum energy per

for everyl < ¢ <k — 1, nodet + 1 successfully decodes theyjt 17, . and the achievable energy per il oq 0f FLOOD
message by the end of time slotwith vanishing probability satisfy

Fig. 2. FLOCD(Ebl s Eb2)

of error. E fot2
biiood k (26)
Proof: Appendix C. ] Epmin k
where,c € R, is some constant depending only on the path
C. Regular Networks loss model.

In a regular networkk > 2 nodes are placed within a gefore getting into the proof, we do some elementary
square network area under the following restrictions. If Weynstructions. Divide each cell itk + 1) x (9% + 1)
divide the network area inta” square cells of side lengt)  squaresubcells Also, partition the whole network intsu-
then each such cell contains at méshon-source nodes andpercelis consisting of 9 cells each. Each supercell consists
at leastk > 1 non-source nodes. The nodes can be placgfl 5 |eader cell of the form C(3my + 1,3ms + 1) for
arbitrarily within cells. Let the network area be a squaré i, ,,, — 0,1, ..., (n/3)—1, and the 8 cellsgubordinate cells
the diagonal coordinates, 0) and(n s, n s). The source node, that are geographically tangent with the leader cell. Nbé t
nodel, is placed at the origin. Lef denote the set of cells there aren2/9 supercells in the network. (See Fig. 3).
in the network. We us€’(z,y) € Cfora,y =0,1,...n— 1, Next, with each leader cell, sa(3m; + 1, 3my + 1), we
to denote the cell with its lower left corner at the coordesat gssociate a clustef,, ,,, of nodes constructed by Algorithm
(x s,y s). For simplicity, we restrict our attention to the case given in Fig. 4. v
whenn is a multiple of3. Note that Applying Algorithm 2 to each leader cell gives us a cluster
5 setS = {Smym, : m1,m2 € {0,...,(n/3) — 1}}. A few
(24) observations about the clusters and the cluster set are gjive
Lemma 4 without proof.

<n®<

Il
[o]

The channel gain between any pair of nodes, sand j,
is determined solely by the distaneg; between the nodeslLemma 4. For the cluster setS generated by Algorithm 2,
through a monotonically decreasipgth loss functiomy(r) :  the following hold

Ry — Ry, i.e., gi; = g(ri;), which satisfies for alk > rq 1) For any cluster, the minimum distance between a node in
g(r) = r—° (25) the cluster and any node not in the clustesjg9k +_1).
2) The clusterS,,, », is a subset of nodes belonging to
whererog > 0 and o > 2 are constants of the model. We the supercell with the leader cell(3mq + 1, 3mq + 1).

impose an additional restriction on the path loss functimatt  3) |S| = n?/9.



Subcell

Cell
C(1,1)

Origin

Fig. 3. A regular network with 36 cells, 25 subcells withirckaell, and 4
supercells each consisting of 9 cells.

ALGORITHM 2: Construction of ClusteS,, ,m,
1) Initialize Simymoa
{All nodes in the leader cell’(3m; + 1,3m2 + 1)}.
« If there are nodes in any subcell adjacent (vertica
horizontally or diagonally) to the subcell to which
node inS,,, m, belongs, then include those nod
in Sm,,m,. Repeat step 2.
« Else, returnS,,, .., and terminate.

2) Y,

£S

Fig. 4. The algorithm to construct cluste$$,, m,

4) Each cluster has at leagt nodes and at mosik.

Proof sketch for Theorem 4Knowing S from Algorithm
2, the converse is obtained by applying Corollary 1. In order
to do so, we need to upper bound the following quantity for

alli=1,...k
> 9

Ses\i

(27)

which is the sum of gains from nodeo all the nodes which
are part of some cluster not containing nodeSince each

get the bound or@7(S) as

729 2 s Vi/a-l
a&) <™ g((9%+1)>+ > eolae-1y

(28)

The proof is divided into three cases:

o Case 1lins/(9k +1) < rg
The condition of this case implies that the whole network
can be enclosed within a box of sidek + 1)ry. Thus,
the following single shot transmission scheme

Nolog, 2 )
—_——— + 61, 0
9(V2(9% + 1)ro)

for anye; > 0, works well. Note that, in this casé&, = 1

in the algorithmFLOOD.

On the other hand, since the gain to a node cannot exceed
g, the effective network radius (in the sense of [8, The-
orem 1]) does not exceegl Therefore, by [8, Theorem

1], Epmin > Nolog, 2/g. Using (25) and the fact that
the energy consumptioftyq.q Of FLOOD(E} 1, Eys) IS

at mostEy,; + (k— 1) Ey,, we can evaluate th&jq..q for

(29) which gives

FLOOD < (29)

Ebfiood

< erke (30)

bmin
for some positive constart .
Case 2:rg < s/(9k + 1)
Under this condition, all the distances of interest in (28)
are greater than,. Using (25), we can bound(S) as

720Kk% | (9k +1)0 & ‘
GS) < k 5@ * EZ:; 3ol —1)>s
1.00+2
<ot (31)
kse

for some positive constanmt, where, in deriving (31) we
have made use of the facts thia(¢ — 1)~ < 29/~ for
¢ > 2, and that)_,°, ¢!~ < co sincea > 2. So, from

cluster has a one-to-one correspondence to leader cells and Corollary 1, Ej,.;, > (Nolog, 2) ks®/(c2k®t?).

supercells, instead of summing over the clusters the gyanti

(27) can be summed over the corresponding supercells. Node

1 belongs to a supercell, say. Consider the supercells at
¢ steps (horizontal, vertical or diagonal) away fram for
¢=0,1,...,(n/3) — 1. The supercell at a step distance (of

is C itself. So, nodei is either a part of the cluster af' or

it is at a distance of at leasy/ (9% + 1) from all nodes in the
cluster. Similarly, nodeé is at leasts/(9% + 1) distance away
from any node in the clusters corresponding to the supsrcell
surroundingC. For ¢ > 2, there are at least/ — 1) whole
supercells separating noddrom a cluster in the supercell
steps away, thus giving the minimum separation betweerethos
clusters and nodéto be3(¢—1)s. Furthermore, from Lemma
4, there are at mostk nodes in any cluster. Also, there are at
most 8¢ clusters at a step distance &fThus, using (17) we

Next,
Nplog, 2

ot g ta) @

for anye; > 0, can reach all the nodes. To see this, note
that the first transmission, by the source, is enough to
reach all the nodes within a distance2af2s. Thereafter,

if all the nodes (at leask in number) in a cell have
already decoded a message, then their transmissions
according to (32) ensure that all the nodes in an adja-
cent (horizontally, vertically or diagonally) cell receiv
enough energy> Ny log, 2) to decode the message with
arbitrarily small probability of error. Note that, for this
case,I’ = n in the algorithmFLOOD.

Since2v/2s > r( for this case Fynooq < 8725 (1+ (k—

Ny log,, 2
€1,

FL(II)(



1)/k)Nglog, 2. Therefore, nodes in a network which are placed randomly uniformly
and independently over a square area of sigg If the

1.0+2
Ettood < c?,k (33) network area is divided into square cells of sizg =
Ebmin k V34, log, (k —1)/vE —1, thenk > 1 andk < 3elog, (k —
for some positive constant. ~ 1) almost surely, a& — oo [10, Claim 3.1]. Therefore, for
o Case 3is/(9k + 1) <rg <ns/(9% +1) random placement of nodes, by Theorem 4, we get
Define . (91% n 1)7“0 FEbfiood -0 ((log k)a+2) (38)
R o

S

Next, G can be bounded as
V. CONCLUSION

720k |L(L+1)_ ¢
G(S) < 2 ( 5 )9+ Z W We have studied the maximum possible energy efficiency
B (=L+1 in wireless networks using only the physical layer desiipt
k4 An information-theoretic lower bound on the minimum energy

=Are (34) per bit for multicasting in arbitrary networks is derived.
for some positive constant,. The details of derivation ~We have also proposed a wideband communication scheme

of (34) are omitted in the interest of space, but are alof@sed on decode-and-forward. We have shown that this com-
the lines of (31) taking care of the fact that fér< munication scheme is worse than the lower bound by a factor

L, the supercellg steps away may lie in the near-fieldof at mostk — 1 for broadcasting in arbitrary networks, where
of fading. So, from Corollary 1, (34) gives Us,,;, > & is the total number of nodes in the network. This result

(Nolog, 2) ks®/(csk*). Furthermore, implies that the performance of decode-and-forward cahaot
arbitrarily worse than that of the optimal scheme. Furthaem
FLOD Ny log, 2 No log, 2 te the gap is not too large for smaller networks, especiallgesin
g(2v/2sL) ng . Lg(2+/2s0) it is unaffected by the magnitude of the channel gains.

35) On the other hand, decode-and-forward is shown to attain
for any e; > 0, reaches all the nodes. To see this, notle exact minimum energy per bit in directed acyclic graphs.
that after the first transmission by the source, the messaljee optimal energy efficiency is attained by cooperation be-
is successfully received by all the nodes lying within theveen the nodes, where the nodes collect energy over naultipl
set of cellsS;, where time slots and the nodes that have decoded the message then

A . retransmit it for the benefit of their peers.

Si ={C(,y) s max{e,y}h < (L—1) +1} (36) Though the gap between the upper and lower bounds can
for 1 < t < n — L. Assuming that all the nodes inbe large in arbitrary networks, if the number of nodes within
the cell S, decode the message by the end of timeach cell is fixed, then the gap is independent of the network
slot ¢, it can be verified that all the nodes in the cellsize. Furthermore, regular networks can be used to study
Si+1 \ S¢ would have received enough energy from thiarge random networks to show that the gap is at most a
nodes (transmitting according to (35)) in the ceffs poly-logarithmic factor in the number of nodes. Thus, regul
in order to decode the message with arbitrarily smatletworks demonstrate the utility of the given lower bound an
probability of error. We have used the fact that for evergimple decode-and-forward schemes in many practical setup
1 < ¢ < L, each cell inS;1; \ S; has ¢ or more of interest.
distinct cells inS; which are exactly vertical, horizontal
or diagonal steps away. By induction, algorithm (35) is APPENDIXA
good enough to reach all the nodes in the network. From PROOF SKETCH OF COROLLARY 1
(36), it is clear thatl’ = n — L + 1 for this case.

Finally, the energy consumption of (35) can be shown to  Proof sketch: The proof proceeds by modifying the linear
be Eyfiood < (No log, 2) csks?k>~2/k for some positive program (5) so that the number of constraints is reduced. In

constantcs. Therefore, particular, we choose to retain those rowd.ofto form a new
Lat2 matrix L) that correspond to the ciit® for all S; € S. Since
Ebfiood k : :
4C5 (37) the constraints are reduced, the value of the linear progBm

with L replaced byL is less than the value of linear program
The final statement is now |mmed|ate by combining all thg) with L. Then, consider the dual of the resulting program

cases. B and evaluate its value at the specific admissible vepTdn‘ S|
Remark 7:According to Theorem 4, if we bound thewhere
maximum number of nodes in each cglby a constant, the V= max Z Zgw (39)

ratio of Epooq aNd Epin 1S at most a constant which does Ses\ites

not depend on the number or size of cells in the network. This provides the requisite lower bound on the minimum
Remark 8: Suppose that there aré& — 1 non-source energy per bit. [ ]



APPENDIXB the cut which isolates node+ 1, i.e., the cut{1,2,...,¢t, ¢t +

PROOF OFLEMMA 2 2,...,k}. This is a valid cut which appears as some rown
Proof: The first part of Lemma 2 is true singg1) = 1 N (5). Therefore,
and each of the remaining— 1 updates in Algorithm 1 sets k
a value ofj which has not been considered before. Z i Ji¢t+1) > Nolog, 2 (46)
The second part of Lemma 2 follows directly from Algo- i=1
rithm 1 since, _ e _
@i < (k= 1) gj) (40) Since we have the topological sort on the set of nodes,
gi(t+1) = 0 for i >t + 1. Thus, (46) is equivalent to
fort=1,...,k.
Now for the third part of Lemma 2. First, note that according !
to Algorithm 1,S(¢) is nothing but the set of nodes which have Z %i Gi(r+1) = Nolog, 2 (47)
transmitted by the end of time slot 1, i.e.,S(t) = Ui_} 7(0). =1

Fort =1, j(t) = 1 which is the source node and already haSince the nodes, 2, ...,¢ have already decoded the message
the message. Note tha&t(2) = {1}. For anyt > 2, suppose and transmitted by the end of time slotaccording to the
that the nodes i$(¢) have all decoded the message. We clai®nergy policyq (plus ane > 0), nodet + 1 receives enough
that nodej(¢) has gathered enough energy (Vo log, 2) by energy per bit £ Nglog,2) to decode the message with
the end of slott — 1 for it to decode the message reliablyvanishing probability of error by the end of slat n
Suppose not, i.e., for ajl € S(¢t)¢ = {1,...,k}\ S(t) we have
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