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The design of joint source-channel encoders and decoders to obtain low block error rate is considered in this
paper. Linear encoders based on various low-density structures, and in particular the new class of Lotus codes
are considered along with belief propagation decoders. We extend the schemes we recently introduced to design
universal linear data compressors for sources with memory to the case of transmission through a noisy channel. The
resulting encoders and decoders have linear complexity in the length of the source block and are particularly effective
in the moderate blocklength regime relative to the conventional separate source-channel encoding approach. The
availability of a modicum of feedback can be very beneficial to simplify the complexity and blocklength required
to achieve a predetermined reliability level. Several new feedback schemes tailored to belief propagation decoding

are proposed.

1 Introduction

In 1948, Shannon {1] showed that arbitrary reliability
can be achieved if the source entropy is less than
the channel capacity by separating the encoder into
a (channel-independent) source encoder followed by
a (source-independent) channel encoder and likewise
for the decoder.” The proof that separation of source
compression and channel coding entails no loss of op-
timality while achieving arbitrary reliability for asymp-
totically long blocklength had to await the discovery
of Fano’s inequality. Known to hold in wide generality
for sources and channels with memory, the “separation
principle” is known to fail in certain situations when the
source and the channel are nonstationary [2], as well
as in multiterminal networks.

While important practical systems (such as facsimile

and dialup modem standards) adhere to the separation

principle, state-of-the-art packet-based high-speed data
third-generation wireless systems do not. In fact, these

systems incur in severe loss of inefficiency as data -

is sent uncompressed. This pragmatic design choice
is made because transmission in packets of moderate
fixed length is ill-suited to existing data compression
algorithms which are sensitive to error propagation.
Among the several motivations for adopting a joint
approach to source-channel coding rather than the
conventional separated approach is the hope that it
may offer a more favorable performance-delay trade-
off in the nonasymptotic regime. Despite this widely
recognized target of opportunity, except for sources
with very simple statistics, to date no approach is
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known to effectively compete with the conventional
separation-based approach. Existing data compression
approaches based on either parsing (LZ) or arithmetic
coding (PPM,CTW) require causal delay-free recovery
of the data for decompression, which is cumbersome
in the context of joint source/channel decoding. Works
that build in some resilience to errors on one of those
standard data compression algorithms include [3], [4],
[51. Instead our approach is different and follows the
paradigm of linear encoding which is known to achieve
the Shannon limit (e.g. [6]).

In many data transmission applications it is desired
that the data be recovered almost noiselessly (i.e. with
very low block error rate) despite the presence of a
noisy channel. However, most of the work in the area
of joint source/channel coding has focused on lossy
recovery of the signal (where a nonvanishing per-letter
distortion is allowed). In this work, our performance
measure is block error rate. Note that in the lossy
setting, joint linear encoding is no longer capable of
achieving the Shannon limit asymptotically [7].

Maximum likelihood decoders do not give the most
probable decisions when the messages fed to the chan-
nel encoder are not equiprobable. As noted by Shannon
[1], if the input to the channel encoder has residual re-
dundancy because data compression has been inexistent
or incomplete, and its distribution is known at the de-
coder, then it is possible to take the source distribution
into account in order to improve block error proba-
bility or bit error rate performance, and consequently
achieve reliable communication exceeding the rate that
the decoder would support for equiprobable messages.
For some decoding algorithms it is straightforward to



incorporate source distribution information:

o Viterbi decoding: Nonequiprobable marginals, or
even Markov dependence in the source symbols,
can be incorporated in the computation of the path
metrics as noted by Forney [8] and Hagenauer
[9] in the context of hard and soft decisions,
respectively.

Turbo decoding: The bias of a binary memoryless
source is taken into account in [10], {111, [12],
[13]. A nonbinary first-order Markov chain model
is incorporated in the decoder in [14], [15] and
[16]. Moreover, the iterative nature of the decoder
enables the progressive refinement of the assumed
source statistics {17] and marginal distributions
[18].

Belief Propagation: Prior information about the
marginal distributions is easily incorporated in
the Belief Propagation (BP) decoder. The prior
information may derive from the availability at the
decoder of a correlated source [19], {20], or from
a model description communicated to the decoder
by the encoder [21]. The incorporation of source
memory in the algorithm is also possible (e.g.
[22]). If the source has memory in the structure
of a Markov chain, then it can be captured by
a graphical model which can be adjoined to the
Tanner graph of the code similarly to the case
of Turbo decoding. A shoricoming of the latter
approach is that the decoding complexity grows
exponentially with the source Markov order.

Another scenario where the dependence among the
bits fed to the channel encoder has been studied is
when the encoder follows a variable-length source
encoder. The fact that the outputs of the variable-length
encoder are not equally likely {since some variable-
length output sequences are forbidden) can be taken
care at the decoder (of, typically, a convolutional or
turbo channel code) by modelling the source encoder
with a finite-state machine {23], [24], [25], [26], {27].

When channel-encoding redundant sources, it is nat-
ural to ask how the source statistics should drive the
choice of the encoder. A necessary condition that can
be directly imported from information theory is that the
empirical distributions of the code outputs should look
like the mutual-information maximizing inputs [28].
Thus, systematic error-correcting codes are usually poor
choices in the presence of source redundancy. Most
binary nonsystematic codes achieve nearly equiproba-
ble first-order marginals that are optimal for symmetric
channels. The choice of constituent encoders in Turbo
codes to improve performance for biased memoryless
sources has been addressed in [11], [13]. Taking into
account the redundancy in the source at the decoder
enables to achieve higher rates by simply puncturing
the encoder outputs. In. [10] both the systematic bits
and a fixed fraction of the parity-check bits of a turbo
encoder are discarded.
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Fig. 1. Compression/Decompression Scheme for Noiseless Channel

Our approach to exploiting the memory redundancy
of the source at the decoder is rather different from the
previous approaches, and was presented in the context
of data compression (noiseless channel) in [29], [30}.
With a noiseless channel, the scheme is given in Figure
1. The block-sorting transform shown in Figure 1 is
a one-to-one transformation, also called the Burrows-
Wheeler transform (BWT) [31] which performs the
following operation: after adding a special End-of-file
symbol, it generates all cyclic shifts of the given data
string and sorts them lexicographically. The last column
of the resulting matrix is the BWT output from which
the original data string can be recovered.

The BWT shifts redundancy in the memory to re-
dundancy in the marginal distributions. The redundancy
in the marginal distributions is then much easier to
exploit at the decoder as the decoding complexity is
independent of the complexity of the source model (in
particular, the number of states for Markov sources). It
is shown in [32] that the output of the BWT (as the
blocklength grows) is asymptotically piecewise i.i.d.
For stationary ergodic tree sources the length, loca-
tion, and distribution of the i.i.d. segments depend on
the statistics of the source. The universal BWT-based
methods for data compression all hinge on the idea of
compression for a memoryless source with an adaptive
procedure which learns implicitly the local distribution
of the piecewise i.i.d. segments, while forgetting the
effect of distant symbols.

In the data compression algorithm of [29], [30], the
compression is carried out by multiplication of the
Burrows-Wheeler Transform of the source string with
the parity-check matrix of an error correcting code.
Of particular interest are LDPC codes whose Belief
Propagation decoder is able to incorporate the time-
varying marginals at the output of the BWT in a very
natural way. The unequal marginals produced at the
output of the BWT have a synergistic e¢ffect with the
Belief Propagation algorithm which is able to iteratively
exploit imbalances in the reliability of variable nodes.
The universal implementation of the algorithm where
the encoder identifies the source segmentation and
describes it to the decompressor is discussed in [21].

An important ingredient in the compression scheme
of [29], [301, [21] is the ability to do decompression at
the compressor. This enables to tune the choice of the




codebook to the source realization and more impor-
tantly it enables the use of the Closed-Loop Iterative
Doping (CLID) algorithm of [29]. This is an effective
algorithm which enables zero-error data compression
with performance which is very competitive with that
of standard data compression algorithms.

The current availability of channel codes that achieve
rates close to channel capacity while using the linear-
complexity BP decoder, coupled with the availability
of universal data compressors/decompressors following
the same paradigm [29], [30], [21] present a synergistic
opportunity to design joint source-channel encoders
and decoders with favorable performance-complexity.
In this paper we emphasize the new ingredients that
come into play because of the presence of the noisy
channel. Aspects such as universality to the source
statistics and dealing with the source memory through
the BWT are not emphasized since they are identical to
the way we handled them in the pure data compression
scenario [29], [30], {21].

The rest of the paper is organized as follows. Section
2 proposes three different linear coding schemes for
joint source-channel encoding. Section 3 is devoted

to the Quenched Belief Propagation (QBP) scheme

which is effective in order to increase the resilience to
channel errors/erasures for low-noise channels. Section
4 examines the capabilities of joint source-channel
encoding/decoding when some degree of feedback is
available. Because of space limitations the paper fo-
cuses on the description of the new codes rather than
on numerical experimentation.

2 Joint Source-Channel Encoding

We consider three classes of encoding structures, for all
of which the source is first passed through a BWT and
joint BP decoding is performed prior to inverse BWT.
These codes are universal in that they are not tuned to
the source in any way other than they use a rate (ratio
of input to output bits) which is known to be below the
ratio of channel capacity to source entropy.

2.1 Two LDPCs

The first approach builds an n-to-m encoder by adjoin-
ing the Tanner graphs of two LDPC codes as shown in
Figure 2.

The block source encoder outputs a block of ¢
bits using an (£ x n) matrix H,. Then we apply the
resulting £-block to a (£ x m) generator matrix G..
of an LDPC with a low-density parity check matrix
{(m—£€) x m) H,. To that end, we can use the (almost)
linear encoding algorithm [33], which takes an arbi-
trary parity check matrix and generates an associated
systematic generator matrix. As a byproduct of the
algorithm, it identifies a linearly-independent subset of
¢ variable nodes in the original ((m—£)xm) H, parity-
check matrix. Now H,s becomes the systematic input,
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Fig. 2. LDPC for separate source-channel encoding.

Fig. 3. LDPC for joint source-channel encoding.

and the remaining m — £ channel inputs are simply
the nonsystematic symbols generated by the generator
matrix of the channel code. The graph of the channel
parity matrix is just a permuted version of the graph
that would be obtained with the original parity check
matrix H,. The m black variable nodes correspond to
the channel outputs. The choice of £ (i.e. the source and
channel coding rates) is a free design parameter. Note
that with a joint belief-propagation decoder there is
indeed some performance advantage in not letting £/7
come down to close to the entropy since the residual
redundancy of the source can be very beneficial for the
convergence of the iterations.

2.2 Single LDPC

The second class of encoding designs we analyze con-
sist of a single systematic LDPC of rate e C—fH—;
we apply the BWT output to the systematic part and
send through the channel the nonsystematic part of the
codeword. See Figure 3 where the variable nodes have
been rearranged so that the nodes {1,...n} correspond



to the systematic patt. In the source coding problem
the approach we introduced in [29], [30] in which we
encoded by multiplying the source vector with an mxn
parity-check matrix H is a special case of the current
approach where the parity check matrix of the rate
n/(n + m) code is the matrix [H - 1J.

2.3 Lotus Codes

In the classical parallel concatenated convolutional
code (turbo-code) the source n-sequence s is fed in
the natural ordering to a recursive convolutional en-
coder RSCC1 and in the interleaved order (sII, where
IT denotes the permutation matrix corresponding to
the interleaver) to the recursive convolutional encoder
RSCC?2. Denoting by x; and xz the outputs of RSCC1
and RSCC2, the turbo-encoded codeword is formed
by the. concatenation x = [s,x;,X2} (we include
possible puncturing of the symbols output by RSCCl
and RSCC2 as part of the convolutional encoders). The
Tanner graph of the corresponding regular turbo-code
is shown in Fig. 4. We call this structure “regular” since
every information bit-node has the same degree (two, in
this case). For simplicity, we assume that the encoders
RSCC1 and RSCC2 are identical.

s
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Fig. 4. Tanner graph of a classical mrbo-code.

We derive the Tanner graph for the family of Lotus
codes! by modifying the Tanner graph of Fig. 4. First,
we join the two trellis sections corresponding to RSCC1
and-RSCC2 by letting the initial state of the trellis of
RSCC2 coincide with the final state of the trellis of
RSCC1. Then, we notice that the sequence ¢ = [s, sII]

at the input of the common recursive convolutional en-

coder (from now on denoted by RSCC) is obtained via
a linear encoding operation, with generator matrix G =
(I, 1] of rate 1/2, where the corresponding linear code
is isomorphic to the Cartesian product of n repetition

'We christen this family of codes as LOTUS codes as a reflection
that they include both LOw-density parity check and TUrbo codes
as special cases. In mythology, lotus is an all-encompassing symbol
of creation, birth and dawn.
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codes of length 2. We generalize the encoder by letting
G be an arbitrary generator matrix. In particular, we are
interested in the class of low-density generator mairices
defined by the degree sequences A(z) = >, Miz'™!
and p(z) = 3_; piz*~1, where A; (resp., p;) denote the
fractions of edges of left (resp., right) degree 4 in the
Tanner graph representation of the code defined by G.
The Tanner graph of a Lotus code is shown in Fig. 5.
For future use, the nodes corresponding to information
bits are referred to as the *“‘source nodes”, the nodes
corresponding to the modulo-2 sums are referred to as
the “check nodes” (even if strictly speaking they are not
parity-check constraints) and the nodes corresponding
to the inputs of the RSCC encoder are referred to as
the “parity bit nodes™.

2084

e

Fig. 5. Tanner graph of a Lotus code.

The ensemble of Lotus codes with input block length
n, degree sequences A(z), p(z) and convolutional com-
ponent RSCC is formed by all Tanner graphs of the
type represented in Fig. 5 where the edge left and right
connections are defined by a permutation 7 of e
n/ fol Mz)dx elements ? selected with uniform proba-
bility over the set of all e-elements permutations. A Lo-
tus ensemble with given degree sequences and convo-
lutional component will be denoted by C(X, p, RSCC)
in the following, where “RSCC” is a placeholder in-
dicating the recursive convolutional code components
(e.g., we can use the generators of the binary encoder in
octal notation in conjunction with some ad-hoc notation
indicating the puncturing pattern). Note that in the spe-
cial case where the RSCC consists of two autonomous
copies of the same recursive convolutional encoder, the
left degree is equal to 2 and the right degree is equal to
1, we obtain the classical turbo codes [34]; since LDPC
codes have low density generator matrices, the Gallager
codes [35] and the irregular LDPC codes [36] are also
special cases of Lotus codes taking the RSCC to be the
identity; when the left and right degrees are constant
and the RSCC is an accumulator the structure reduces
to the Repeat-Accumulate codes of [37]; dropping the
restriction that the left degree is constant (while keeping
a constant right degree) leads to the Irregular Repeat-
Accumulate codes of [38]; and if in that structure

2Here e denotes the number of edges, assumed to be an integer.
In practice, for finite . some integer rounding is needed.



we fix a right degree of one and allow a general
recursive systematic convolutional code (instead of an
accumulator) we obtain the irregular Turbo codes of
{39]. Even though here we have limited the description
of the class of Lotus codes to a front-end ensemble
which is characterized like a standard irregular LDPC
ensemble with a left and right degree distribution, we
note that as far a complexity-performance is concerned
it is advantageous to consider yet a more general
structure encompassing the so-called mulri-edge type
LDPCs.? In that case edges are colored and a variable-
node vector distribution dictates the number of edges
of each color emanating from each variable node, and
likewise for the check nodes. This generalization is
particularly useful in order to incorporate knowledge at
the encoder of time-varying source distributions such as
we would have in a non-universal setting at the output
of the BWT. It also can encompass the use of precoding
which is beneficial to bootstrap good block ervor rate
performance from good bit error rate performance (see
Figure 8.)

2.3.1 Design of Lotus codes based on EXIT functions

In our joint source-channel coding scheme we apply

the source sequence s to the Lotus encoder, obtaining
the encoded sequence x (see Fig. 5) transmitted over
the channel. At the receiver we apply standard BP
decoding based on the channel output y corresponding
to the input x, taking into account the a priori marginal
probabilities on the source bitnodes s.

It can be easily shown that this BP algorithm corre-
sponds to the standard BP algorithm for the case where
the source symbols have uniform prior probability, but
the additional observation (side “systematic channel”)
v = s + z is available at the receiver, where the BSC
noise z has the same marginals of the original source
sequence. Hence, the design of Lotus codes for joint
source-channel coding reduces to the design of Lotus
codes for standard channel coding where the systematic
bits (corresponding to the source nodes) are sent via
a (possibly time-varying) BSC with independent noise
with the same marginal probabilities of the source,
and the convolutionally encoded parity bits (output
by the RSCC component) are sent through the actual
transmission channel.

In order to optimize the Lotus ensemble
€(A, p, RSCC) for given source and channel statistics,
we make use of the by-now standard approach of EXIT
functions and Gaussian approximations [40], [41].
This method aims at optimizing the average mutual
information flow over the graph representing the code,
under the assumptions that the graph is cycle free
and that the messages exchanged by the graph nodes
follow a symmetric Gaussian distribution (see [40]).
The symmetry condition for Gaussian distributions
imposes that the variance is equal to twice the mean.

3Due to T. Richardson and R. Urbanke, work in progress.

Let X be a binary random variable, Y some observation
about it, and L = log P(X = 0|Y)/P(X = 1]Y)
denote its posterior log-likelihood ratio. The mutual
information I{X; L) assuming that £ is conditionally
distributed as N(u, 2} given X = 0 is given by the
function

J(p)y=1- L /+00 e~ lo (1 + e‘z\/‘_“_") dz

PR VE L 5 ’
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For any desired RSCC component and any memoryless
stationary transmission channel (e.g., for the BSC), we
can compute by Monte Carlo simulation the Extrinsic
Information Transfer (EXIT) function of RSCC assum-
ing that the messages from the parity nodes to the trellis
are Gaussian symmetric, with mean value 4 satisfying
© = J~1(v). By letting v varying from 0 to 1, we obtain
the EXIT function u = f(v,C), where u denotes the
mutual information between the parity nodes and the
corresponding leftbound messages received from the
trellis and C denotes the capacity of the transmission
channel.

We let x denote the mutual information between
the source symbols and the comesponding rightbound
messages (sent from the source nodes to the check
nodes) and y denote the mutual information between
the source symbols and the corresponding leftbound
messages (sent from the check nodes to the source
nodes). Moreover, for a given degree sequence a(z) =
3., a;:z*~! we define the function

Fo(z,y) = ZaiJ G-I o)+ 77 w) @

From standard arguments [40], under the cycle-free
and Gaussian approximation assumptions we have the
following (approximate) relations

= Fi(y,1- H(S))
1— Fy(1=x1—u)
1— Fy (1 —x,0)
= f(V,C)

where H(S) denotes the entropy of the source (as-
suming it is independent possibly non-stationary), and
where f p is a short-hand notation for the degree
sequence [, p(z)dz/ fol p(2)dz. By eliminating y,u
and v, we obtain the fixed-point equation for x

£ < < x
{l

x = Fy (1—F,, (l—x,l—f(l-—Ffp(l—x,O),C)),1~H(S)>

It is easily seen that the right side of (3), for each given
value of x € [0, 1], is a linear function of the coefficients
{A:}. Hence, we can set-up a joint source-channel
optimization procedure such that, for each desired value
of C and H(S), each desired guess for the RSCC
component, and each desired guess for the right degree
sequence p(x), we find the optimal A(z) such that the
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EXIT diagram, RSCC57, H=0.1, G=0.5, R=4.2826
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Fig. 6. EXIT diagram for an optimized Lotus ensemble with
RSCC57, Bemnoulli source with H(S) = 0.1 and BSC with C =
0.5.
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source-channel coding rate

Jo A(z)dz
fol p(2)dz

is maximum subject to the constraint that (3) has the
unique fixed point x = 1. Since both the constraint and
the objective function are linear in {);}, we can solve
numerically this optimization problem by standard lin-
ear programming by sampling the interval x € [0, 1]
on a fine grid. For each value of x we obtain a linear
constraint. Moreover, it is easy to show that the only the
values of x in the open interval (1 — H(S), 1) generate
“biting” constraints.

The approximated mutual information evolution for
an optimized Lotus ensemble can be visualized on the
EXIT diagram. For a set of optimized coefficients, we
plot the functions x = Fi(y,1 — H(S)) and y
1-Fp(1—x,1—f(1—Fy ,(1~x,0),C)). Intersections
between these curves corresponds to fixed point of (3).
Fig. 6 shows the EXIT diagram for C = 0.5 and
H(S) = 0.1, a Bernoulli i.i.d. source and a BSC trans-
mission channel, for the convolutional component with
generators (5,7) (octal notation), denoted by RSCC57,
with rate 1 and encoder transfer function G(D) =
(1+ D2?)/(1 + D+ D?), of rate Rysc = 1. Despite the
fact that the room left between the two curves is very
small, the achieved source-channel coding rate is only
R = 4.2826 source symbols per channel use, while the
asymptotically optimal Shannon limit is C/H(S) = 5.

R=_"=R
™m

@

TSce

3 QBP decoding

In the case of low-noise channels where errors or
erasures occur with small probability, we propose an
effective modification to the pure data compression
scheme which we refer to as Quenched Belief Prop-
agation (QBP). The rationale of this scheme is that

" equal to n
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for those high capacity channels it is only necessary to
slightly increase the compression rate in order to obtain
good bit error rate with the LDPC-based compression
scheme on [29] using the CLID algorithm. Since the
encoder no longer has an exact copy of the decoder
input because of channel noise it is necessary to modify
the scheme in order to obtain good block error rate. We
explain the QBP scheme in the particular case of the
binary erasure channel:

1) Iterate the BP by deleting the parity-check equa-
tions corresponding to erased syndrome symbols.
Quench erased syndrome bits after ¢ iterations,
making a hard decision treated henceforth as the
true (recovered) syndrome bits.

Apply d iterations of BP using all the parity-
check equations (including the value of the re-
covered erased syndrome bits) and using the
doping bits. If the doping bits contain more than a
fixed number g of erasures, then the current hard
decisions made by the standard BP algorithm are
declared. Otherwise all possible combinations of
the erased doped bits are tried and the algorithm
stops as soon as all the parity-check equations are
verified in exactly d iterations.

2)

3)

Figure 7 shows the result of an experiment with a
biased coin source transmitted through a binary erasure
channel with erasure rate ¢ = 10~3, A library of
8 codes drawn from an irregular LDPC ensemble of
rate 1/2 is chosen. In Figure 7, the blocklength is
: 3000, and d = 200 doping bits are
sent. The number of iterations prior to quenching is
equal to ¢ 200, and the maximum number of
allowed erased doping bits is equal to 4. We see the
very different resilience against channel errors of this
scheme compared to arithmetic coding as a function of
the source bias p, represented in the z-axis as the “rate

redundancy”
2h(p)

1—e’

1

4 Feedback Schemes

Even in purely channel coding, very low block error
rates require either very long codewords or chan-
nel feedback. Since (at least for well-behaved sta-
tionary sources and channels) the rationale for joint
source/channel coding disappears in the regime of
asymptotically long blocklengths and since in many
of the practical applications where blocklengths are
moderate, feedback is available by using a portion
of the payload of reverse channels, it is of consid-
erable interest to develop joint source/channel encod-
ing/decoding schemes which can use feedback infor-
mation effectively. In fact, third-generation wireless
systems achieve good block error rate with moderate
blocklengths thanks to feedback in the form of ARQ-
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Fig. 7. Arithmetic coding vs QBP decoded LDPC scheme in the

presence of erasures.
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Constructive schemes for joint source/channel coding
with feedback have received some attention in the
literature. Pragmatic schemes for lossy coding with
feedback have been proposed in [42], [43]. In almost-
lossless coding with full noiseless causal feedback,

back to [45], to obtain a variable-length scheme that
attains the optimum exponential asymptotic decrease in
error probability. Although the fundamental Shannon
limit does not improve with feedback if the channel
is memoryless, the error exponent does improve rather
dramatically. However, full noiseless feedback as intro-
duced by Shannon in [46] is too demanding of reverse
channel bandwidth to be of relevance to most practical
problems.

Here we propose several feedback schemes tailored
to a BP decoder. These schemes require far less
feedback than in the Shannon paradigm and prove
to be quite effective in lowering the block error rate
when used in conjunction with our joint source/channel
schemes. In general, for a given desired block error
rate there is a tradeoff between the number of feedback
symbols and the required feedforward blocklength.

A key insight is to request additional information
about the source from the encoder as a function of the
state of the BP (reliabilities of the source symbols).

Consider the following schemes®:

1) At certain preselected iterations, the BP identifies

the group of source symbols with the lowest
reliability. The cardinality of this group can be

" . [44] elaborates on a channel coding scheme dating

preagreed or may depend on how many symbols.

have reliability below a certain threshold. (Note
that if symbols are requested that have already
appreciable reliability, there is nonnegligible loss
of optimality.) Communicating the location of a

4In each case we assume that the feedback information and
subsequent feedforward transmission are protected against channel
noise by sufficient redundancy.
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2)

3)

4)

group of L symbols among the n source sym-
bols takes [logy (7)] bits. Upon receipt of that
information, the encoder sends the uncompressed
L source symbols whose locations have been
specified by the decoder. Note that in the extreme
case of L = 1 this is equivalent to the CLID
algorithm for pure data compression [29].

The n source bits are evenly partitioned into s
subsets in a manner preagreed by encoder and
decoder. After a certain number of iterations the
BP selects the subsets of the lowest reliabiliey
symbols increasing in reliability until ¢ subsets
have been selected. Note that it is possible that-
some of the selected subsets will contain more
than one low-reliability symbol. Using [log, (3)]
feedback bits, it then identifies the group of ¢
subsets containing one or more unreliable bits.
Unlike the previous case in which the symbols
are directly communicated to the decompressor,
here the encoder communicates ¢ symbols each
of which is the result of the addition (parity-
check) of the symbols in its corresponding subset.
The decompressor then uses the new parity check
equations in further iterations of the BP. If at later
stages the same procedure is repeated, a different
grouping of the source symbols is used every
time.

Suppose that we construct a finite geometry where
“points” take the role of source bits and “lines”
take the role of codes [47], so that any bit
participates in M codes and any two codes have
at most one bit in common, Then, for a small
number of residual errors it is likely that we find
some codes containing only one bit in error, by
requesting the parity bits of these codes, we can
correct residual errors. The BP selects the codes
in which one and only one bit has low reliability.
Low block error probability can be bootstrapped
from low bit error probability by adding a rela-
tively small amount of redundancy in the form of
the parity checks generated by a expander code
[48]. In the conventional approach without feed-
back, this can be viewed as a form of precoding
which is then decoded jointly with the LDPC by
BP iterations on a three-layered Tanner graph.
Feedback opens up the possibility that instead
of selecting an expander code beforehand, the
code is chosen, from among a given preselected
library of 2° expander codebooks, as a function
of the source and channel realization. To that end,
for any given snapshot of symbol reliabilities,
we can compute a score for each codebook and
communicate to the encoder using c¢ feedback
bits the identity of ‘most valuable’ codebook.
In principle, a desirable codebook is the one
that maximizes the mutual information between
its parity checks and the input symbols (whose



distributions are fixed at the values determined by
their reliabilities). Since this involves too much
computation a pragmatic way to compute the
score of a codebook for a given snapshot of
symbol reliabilities is to compute the probabil-
ities of the parity-check equations (using the BP
equations) and then their corresponding entropies.
Approximating the parity-check values to be in-
dependent (in keeping with the BP philosophy),
the score is then the sum of the individual parity-
check entropies. Once the parity-checks of the se-
lected codebook are received the BP incorporates
the corresponding new equations into the graph
and proceeds with its iterations starting with the
last snapshot of reliabilities.

In Figure 8 we show the effect on both source-symbol-
error rate (lower set of curves) and block-error rate
(upper set of curves) of precoding and feedback for
blocklength equal to 10,000 source symbols. The base-
line Lotus code has rate 4.28 source symbols per
channel use and uses the convolutional code RSCC57
analyzed in Fig. 6. No attempt is made to optimize the
code graph. The abscissa is the normalized gap from the
separation limit, defined as 1 — R/(C/H(S}). Channel
capacity is C = 0.51 bit and the entropy of the source
ranges from 0.06 to 0.09 bits per source symbol.

The curves labelled “precoded ensemble average”
refer to the insertion of a systematic precoder drawn
randomly from a (3, 117) regular LDPC ensemble, with

256 checknodes and rate Rprec = 1—3/117 = 0.9744. -

At the BP decoder, the parity checks produced by the
code are assumed to be equiprobable.

The feedback scheme tested in 8 is a hybrid of
the general schemes presented above. It uses again a
(different) (3, 117) regular LDPC graph, with 256 chec-
knodes. Instead of transmitting the checknodes, they are
randomly partitioned into 64 subsets of 4 checknodes
each in a manner preagreed by encoder and decoder.
After a fixed number of iterations the BP algorithm
sends a feedback message of 6g bits requesting the
checksums corresponding to the subcodes that cover
the g least reliable source nodes. After several more
iterations the process can be repeated by requesting the
checknodes of subcodes that have not been requested
before. The curves labelled “feedback” in Figure 6
consider the case ¢ = 1 and are parametrized with
the number of feedback rounds (from O to 40), duly
incorporating the feedforward traffic in the computation
of the overall encoding rate.
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