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[. ABSTRACT

In a series of recent papers (5] (2] {9] [4] (6] [10] {11] (3] (7]
[8} the concept of so-called parallel-concatenated codes has
been proposed and analyzed. Foremost among that class of
codes, the Turbo codes proposed in {5} were shown to exhibit
a verv favorable complexity-performance tradeoff, closely ap-
proaching the Shannon theoretic performance limit. Although
based on important existing insights on paralle] concatenated
codes and iterated decoding, the discovery of Turbo codes
was largely experimental. A flurry of activity is now under
way directed towards the understanding of those codes. A
number of coding theoretic explanations of the structure and
performance of Turbo codes have recently been put forth re-
cently in the foregoing references and other recent work. It is
natural to inquire whether Shannon theory offers any expla-
nation for the unexpectedly excellent performance of Turbo
codes. Although, complexity questions are generally outside
the purview of Shannon theory, we have found and analyzed
a simple information theoretic model which lends itseif to an
interpretation of the good performance of Turbo codes. Qur
basic model and analysis were given in [13] and [12]

Consider a communication system where two independent
channels operate in parallel. If the inputs to both channels
were allowed to be encaded, then Shannon’s coding theorem
tells us that the source is reliably transmissible provided its
entropy rate is below the sum C) +C: of the channel capacities;
conversely, if the source entropy rate exceeds C; + C2 then
reliable transmission is not possible. The new twist in the
model of [12] is that the information going through channel
2 is not encoded. A number of practical scenarios fit into
this model. Of particular interest to the present paper is the
case where a single channel is time-multiplexed into several
independent subchannels.

The main result in [212] states

Theorem 1 {12]. The saurce can be transmitted reliably
provided that its conditional entropy raie given the output of
the uncoded channel, H(X|Z), is below the capacity Ci of
channel I, and, conversely, it cannot be transmitted reliably
if the conditional entropy rate ezceeds C\.

This result suggests that we view the information rate
of the source as split into two nonoverlapping components,
H(X) = H(X{Z) + I(X;Z). Even though the information
quantified by the second term is transmitted uncoded, the
source is reproducible with arbitrary reliability at the output.
1f, furthermore, the source is matched to the uncoded channel
in the semse that it maximizes its input/output mutual in-
formation, then it is possibie to transmit information at rate
C) +C2 even though no coding is provided for the information
going through one of the channels. This implies that the sum
of the capacities of K independent parallel binary symmetric
channels can be achieved even if only one of them is encoded.
This observation is most striking when the encoded BSC has
very poor crossover probability.

Parallel-Concatenated codes, and in particular Turbo codes

{5], can be cast within our side-information model by consider-
ing a single-channel time-multiplexed into several independent
subchannels. For example, one subchannel transmits the un-
coded raw data (the Turbo codes are systematic), and two
parallel channels are driven by partial encoders which can be
viewed as joint source-channel encoders driven by a redundant
source. A practically appealing way to ensure that the infor-
mation encoded by the partial encoders is nonoverlapping is
by prepending a sufficiently long interleaver at the input of
one of the encoders. This setup is more attractive than sim-
ply multiplexing the source because of the complexity reduc-
tions of combined source/channel coding with high compres-
sion ratios. Good component codes in Parallel-Concatenated
schemes are able to trade to some extent the traditional role
of reducing the uncertainty of the source given the channel
outputs for the easier goal of preserving mutual information.
The channel is an additive Gaussian channel with binary in-
puts, whose capacity is denoted by Co{SNR), and for rate-1/2
codes, SNR = EyfNp. The goal in [5] is to obtain a bit-error-
rate of 10™°; rate-distortion theory establishes that the allow-
able rate is 1-h(10sup—5) == 0.9998 times the rate required for
arbitrarily reliable communication. C{0.7dB) = 0.54 bits per
channel use. Since the source puts out 0.5 bits per channel use,
we conclude that it is indeed transmissible through the chan-
nel. (We note incidentally that the cutoff rate at this SNR
is 0.36 bits per channel use.) The safety margin between 0.5
and (.54 bits per channel use is equal to [pq4p = —0.24 dB,
where I'sy g is defined via:

% = Cy(T'snrSNR).

We will consider two different ways of time-multiplexing
the channel (the first in three branches, and the second in
two branches). With each partition we will develop several
complementary insights.

In the first partition we examine the systematic part is as-
signed to Channel 3; and the output of each convolutional
encoder (comsisting of parity check bits only) is assigned to
Channel 1 and 2, respectively. In this case, Channel 3 is un-
encoded. Therefore, according to Theorem 1, the net rate to
be reliably transmitted over the combination of both partially
coded channels is the conditional entropy of the source given
the output of Channel 3:

H(X|z) = % - %Cb(SNR)

where we have taken into account that Channel 3 is used once
every two time units, and its input /output mutual information
is equal to its capacity because it is driven by a Bernoulli(1/2)
source. For SNR = 0.7dB, H(X]|Z) = 0.23 bits per time unit.
Since the Turbo code apportions this rate equaliy to Channels
1 and 2, the effective rate to be transmitted over Channel 1
(or Channel 2) is equal to 0.115 bits per time unit, with both
encoders being fed information at the rate of 0.5 bits per time
unit. Since each of those channels are used once every four

uses of the original channel, their capacity is equal to 0.135
bits per time unit. A calculation analogous to the foregoing
reveals that the safety margin is now 1.2dB. To achieve this,
the effective information transmitted through both channels
must be nonoverlapping. In the Turbo code, both encoders are
identical, but one of them is preceded by ap interleaver which
makes the information streams at the input of both encoders
independent (relative to decoding horizon). The crucial role
of the interleaver can also be seen from the classical angle
lthan dictates long constraint lengths to approach the Shannon
1omt.

Consider now an alternative partitioning which multiplexes
the original channel into Channels 1 and 2, such that the 8ys-
tematic part and the output of convolutional encoder A are
assigned to Channel 2, while the output of convolutional en-
coder B (parity check stream) is assigned to Channe! 1. Thus
Channel 1 fresp. 2] is used once [resp. thrice] every four uses of
the original channel. Instead of considering both of the chan-
nels as being partially coded, we will return to our origina!
setting where Channel 2 is used unencoded by simply view-
ing it as the cascade of encoder and the actual binary-input
channel. The equivalent unencoded changel is no longer mem-
oryless, but in view of the generality of Theorem 1, we will
apply its conclusions to this case. Denote the capacity (in
bits per time units) of the equivalent combined Channel 2 by
1Cc(SNR) (every 4 time units this equivalent channel is used
three times). The conditional entropy of the source given the
output of Channel 2 is now

1
H(XIZ) = 3 - 3C,T5nnSNR)

where I'syp quantifies the degradation in capacity due to
the presence of the encoder in the equivalent Channel 2.
The capacity in bits per time unit of Channel 1 is equal to
1/4Co(SNR). The transmissibility condition of Theorem 1 is
aow:

1 3 c
5~ 3 Cu{TSnaSNR) < % Cy(SNR)

which gives a lower bound on the information degradation
that each encoder (from source to parity check) is allowed to
incur:

T6.748 >= -0.7dB
pointing to the fact that the information loss of the component
encoders in the Turbo code is remarkably small.

The foregoing observations apply whenever an optimum
maximum likelihood decoder (or a near-optimum decoder) is
used. The optimum decoder consists of a decoder for Channel
1 which is fed the conditional probability of the sourcewords
given the lower channel outputs. The computational complex-
ity of an optimum decoder for Channel 1 which uses nonuni-
form probabilities for the sourcewords is high. Likewise, once
the encoder for the lower channel is introduced, the genera-
tion of the conditional probability of the sourcewords given the
Channel 2 output words is nontrivial. A practical, but subop-
Fima], approach adopted in the decoding of Turbo codes is an
ltfrative scheme, whereby the symbolwise conditional proba-
bilities are computed in lieu of the desired sourceword condi-
tional probabilities. The rationale for this is the availability
of relatively efficient backward-forward dynamic programmir;g
algerithms [1) and [14] to carry out that computation. Soft-
decoding of Channel 1 using that information leads to the

consideration of the reversal of the roles of both channels and
to an iterative scheme where the quality of the estimates of
the source symbols is improved.
We summarize some of our main conclusions:
o Based on fundamental Shannon theoretic arguments we
conclude that Paralle] Concatenated codes are an ap-
pealing structure to achieve rates close to capacity.

¢ Slepian-Wolf source coding, while not necessarily past of
actual (suboptimal) codes, provides a key to the usder-
standing of Parallel Concatenated codes. Furthermore,
the optimal structure Slepian-Wolf encoder-Chaanel 1
encoder boils down to a linear encoder for binary-input
syminetric memoryless channels.

® Good component codes in a Parallel Concatenated
scheme are able to trade (to some extent) the traditional
role of reducing the uncertainty of the source given the
channel outputs for the easier goal of conserving infor-
mation (in a mutual information sense). Systematic re-
cursive convolutional codes are particularly appealing in
that respect, especially when iterative decoding is used.

» Good complexity-performance tradeoffs are achieved by
parallel partial encoders each of which has the task of
conveying a fraction of the source information. The
key to these gains is that rather than multiplexing the
source into independent channels, interleavers achieve
the goal of generating nonoverlapping information at
the encoder outputs, while preserving a high compres-
sion ratio (beneficial for reduced complexity) for each
of the individua! encoders.
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