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Abstract: Demodulation of data streams transmitted synchronously
by several users over a Gaussian multiple access channel is con-
sidered. Each user modulates a different signal from a linearly
independent signal set. The asymptotic efficiency criterion is used
to evaluate the perfomance of different detection rules. The two
currently most important detectors are presented and compared:
the optimum multiuser detector whose complexity is exponential
in the number of users and the single user detector whose perfor-
mance degrades very rapidly as the multiuser interference energy
increases. In contrast, a memoryless linear transformation on the
matched filter outputs of the receiver is proposed, which is shown
to guarantee a high lower bound on the asymptotic efficiency,
which is independent of signal energies, while the time-complexity
per bit is linear in the number of users. An algorithm which finds
the best linear transformation is given, along with sufficient condi-
tions on the signal energies and crosscorrelations to ensure
optimum asymptotic efficiency of the proposed detector.

1. Introduction

K users are transmitting simultaneously over a multiple-access chan-
nel perturbed by additive white Gaussian noise. To this end each user
modulates a different signal waveform. In this paper we will assume that
the transmissions occur symbol-synchronously, in which case the waveform
received in the ** symbol interval has the form:

K
r(8)=3z(i)a(t=iT)+n(t), ¢ €[iT,jT+T) (L1)

=
where 2z, 8(t) are the transmitted symbol and the signal waveform
corresponding to user ¢. If the modulating signals are mutually orthogonal,
the problem reduces to K single-user problems. It is well-known that the
optimal detector is linear in this case: a bank of matched filters followed by
thresholds. Unfortunately, bandwidth limitations prevent the usage of
orthogonal signal waveforms for a large number of users. In this case, even
for low signal crosscorrelations, it is far from optimal to continue using
single-user detectors, neglecting the lack of orthogonality of the signal set
([1])- As shown in the sequel, the performance of the single-user detector
degrades monotonically with increasing relative energy of the interfering
users. The maximum likelihood multiuser detector is nonlinear and has
been shown ([2]) to be NP-complete, that is, there is no corresponding deci-
sion algorithm which is polynomial in the number of users, unless NP=P.
However, the performance of the optimum detector is considerably superior

to that of the conventional single-user detector.

The purpose of this paper is to derive and analyze linear multiuser
detection schemes, in order to improve the error rate in comparison to the
bank of single-user detectors used in practice, while maintaining approxi-
mately the same ease of computation. We insert a linear memoryless
transformation between the matched filters and the thresholds and investi-
gate which linear transformation of the matched-filter outputs has the best
performance with respect to bit error rate, and how close this performance
gets to that of the optimal receiver. The performance criterion used is the
asymptotic efficiency, which is a good measure of the performance loss due
to other active users on the channel, in the high SNR region. The k* user
asymptotic efficiency 7; of a detector whose k,, user bit error rate is equal
to P, has been defined in (1] as
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M = sup {0 <r<, A/e)=0(Q ((rw:.)‘/z/o))} (1.2)

where w; is the energy of user k and Q(x) is the complement of the Gaus-
sian cumulative distribution function. Since in the absence of other users
the probability of bit error for user k is equal to Q(\/w, /), n; is equal to
the limit as 0—0 of the ratio between the effective energy (that required by
a single user to achieve the same error probability) and w,, the actual
energy of the k* user.

To illustrate the concept of effective energy, consider the maximum
likelihood, i.e. optimum detector for the binary antipodal synchronous K-
user problem, with independent noise in each component. This is known to
be the detector which, from the 2% hypotheses, picks the one which has the
minimum Euclidean distance with respect to L, norm distance to the
received signal. Asymptotically, as the signal-to-noise ratio increases, the bit
error probability for the k* user is determined by the distance between the
closest pair of possible hypotheses differing in the k** bit. Thus the effective
k™ user energy is that of a single user decision between the pair of closest
K -user hypotheses differing in the k* bit.

This paper is structured as follows. In Section 2, and 4 the two most
important detectors are presented and their asymptotic performance is
derived, as measured by the asymptotic efficiency : the single-user detector,
which is currently used in practice for multiuser communication systems,
and the optimum detector, the maximum likelihood detector. The most per-
tinent results available are presented. It is shown that k* user efficiency of
the single-user detector degrades to zero with growing energy of other users,
while on the other hand the computational overhead of the optimal detector
is exponential in the number of users, which precludes its use in practical
situations where, say, K > 15.

Motivated by the wide gap between the performances of the optimum
and conventional systems, we present in Section 3 another detector, the
decorrelating detector, which decouples the matched filter outputs by multi-
plication with the inverse crosscorrelation matrix. It is shown to have an
asymptotic efficiency which is independent of the energy of other users,
while exhibiting a linear time complexity per bit.

In Section 4 the best linear detector is found. The 2-user case is
analyzed in detail, then an algorithm is given which finds the best linear
detector for the K-user case. Interestingly enough, there is a region of signal
energies and crosscorrelations for which the performance of the optimal
detector is achieved. Sufficient conditions are given for this case, which are
necessary for the 2-user case. Outside this region, the decorrelating detector
gives a lower bound on achievable performance, which is tight for another
region of signal energies and crosscorrelations. We give sufficient conditions
for this case. These conditions are also necessary in the 2-user case. While
the maximization procedure given in part 4.2 is exponential, it has to be
performed only once, when initially finding the best linear detector. After-
wards, the overall real-time computational effort is quadratic in the number
of users.

Notation: K users transmit over a synchronous Gaussian multiple access

channel, modulating antipodally a set of signal waveforms

&(t),t € [0,T),k=L,..,K. It is assumed that the signal set is linearly

indepen’((ient. The signal transmitted in the ( F+1)* symbol interval is

s(t) =N z;8;(t—5T) , t € jT,jT+T] where z; is the symbol sent by
1

(-
user 1 and T is the duration of one symbol interval. On the channel the sig-
nal is perturbed by additive white Gaussian noise with power spectral den-
sity 0. The k™ matched filter output is

JT+T K
w= f r(t)e(t—3T)dt = Y 7 Ry +ny = (Rx); + my (1.3)
T il
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where
T
Ry = I-’;(t)ﬂk(‘)'“ (1.4)
0

is the crosscorrelation between signals { and k& and the received signal is
r(t) = s(t) + n(t). In vector notation the matched filter output vector y
is y=Rx+n . The assumption of linear independence of the signal set
guarantees positive definiteness of the symmetric crosscorrelation matrix R
(ie. for all x>0 xTRx > 0). Let r; be the columns of R, and let B denote
its inverse (symmetric and positive definite), with columns b; i=1,.. K. If

w; denotes the energy of the signal s;, w;= f s%(t)dt, the elements of the

crosscorrelation matrix R can be expressed as R;,, =\/w; V1w Ry where R
is the correlation coefficient of signals ¢ and k.

2. The Conventional Single-User Detector
In practice single-user detection is applied to a multiuser environment,.
A threshold decision is performed on each matched filter output yg, i.e.
& = agn( (Rx)k + ng ) (21)

¥y >0 and for z;= —1 else. This approach is not optimal due to the
interference term 22‘ Ry.

Proposition 1: The k™ user asymptotic efficiency of the conventional

detector is

- : }
3 2 J
7 = max® 10,1 — ; l 2.2
[ ink VW ( )

Proof: The k* user probability of error is given by:

Py = P(#=1]5=—1)= P((Re)e+ m > 0]z=~1)
= P(n, >Ry~ Ri;2;)
Ik

Y, P(m>Ru— ZRk i)
x€{~1,1}¥ 5 (2.3)

2 =—]

= oIk

Since the random variable #; is Gaussian with zero mean and variance
equal to w, 0%, the sum in (2.2) is dominated as 6—0 by the term

2 Q( (Ru—gklﬁ'u DieVu )

Hence the #* user asymptotic eﬂ'lciency of the single-user receiver is equal
to zero if RH‘(E |Ry; |. Otherwise it is equal to the square of the ratio of

the argument of the foregoing Q—functlon and the argument corresponding
to the single-user probability of error Q(\Vw;/¢), i.e.

78 = (Ru—3Y Ry 1)/ wi
Fhk

= (1 =Y Vu;/w |Ry; |} (2.4)

ik .

Note that the k** user asymptotic efficiency of the conventional detector is

equal to zero for sufficiently high signal-to-noise ratio of any user not

orthogonal to the lc”‘ user. In particular in the case of two active users
Vw;/wy > 1/ Ry | results ingf =0 .

3. The Decorrelating Detector

In the absence of noise the matched filter output is y = Rx, so the
optimal strategy to follow is to premultiply y by the inverse crosscorrela-
tion matrix B. Then £ = By = x . The detector & = agn ( By ) will be
called a decorrelator, and Proposition 2 quantifies its performance in the
presence of noise. In [6] is was erroneously shown (cf.{3]) that this detector
is optimum in terms of bit-error rate.

Proposition 2: The k™ user asymptotic efficiency of the decorrelating
detector is given by

né=1/(RMu , (3.1)

Thus the k** user asymptotic efficiency of the decorrelating detector ts
independent of the energy of other users .

Proof : We have
i = sgn ( By )i = agn ( z; + (Bn);) (3.2)

The k** user error probability is, by symmetry (for equally likely transmit-
ted sy mbols)

P,=P (% =1|5=-1)=P((Bn), > 1)

Again, (Bn), is Gaussian, with variance equal to the k** diagonal element
of
= Bs’RBT =¢’B

E[(Bn)Bn)' ] =B E(nn”) BT

Thus

V ﬂl;wlr 7)

P, = P((Bn), > 1)= Q(l/a B )

by definition of ¢ . Therefore, by monotonicity of Q(.),

7¢ = min { 1, 1/wBy }

Next we show that By w, > 1. Since w; = Ry, we prove that R, By, > 1

for all pairs of symmetrlc positive definite matrices R and B inverse to each

other. Since R is symmetric it can be represented as R = TATT with A

=> Et,,, tiy = bj.
=

Let ); be the ¢** eigenvalue of R. Since R is positive deﬁmte its eigenvalues

are stnctly positive. Then, B = TA™'TT and, with t,f the ¥** row of T,

the diagonal matrix of eigenvalues of R and TTT =

RuBy = (At )t

(Ztlk—

V=l

K
A7) = (;ti

b
ZZ‘.H;&N —_ = —EEt.;t,k

(o]j=1 l-l;-l

)’ >
E s..
——

2—222‘.1:‘,1:— 2‘.& =

V] g -] fm]

We used the fact that x + 1/x > 2 for x > 0 and the property of TTT =1
given above. We now have that ¢ =1/wBy. Let C;;(M) be the cofactor
of element 15 of the matrix M. Then

Cu(R) Wy W Wy T Wy CM(R) | P
= — R )

tR . K
de detR Ty b ¢
1

By =

4. The Optimum Multiuser Detector

We now turn our attention to the optimal multiuser detector under
the maximum likelihood criterion. This is the detector which decides for the
transmitted vector x which is most likely to have produced the received sig-
nal y = Rx+n. We seek

% =garg max Ply=Rx +n
Wit ) (4.1)
Taking into account the Gaussian noise statistics, a few equivalence
transformations of the above yield:

% =grg min (x"Rx - 2xTy) (4.2)
x€{—-1,1}¥

It has been shown recently {2] that the combinatorial minimization
problem in (4.2) is NP-complete. This is a key result which provides the
impetus to seek suboptimal detection schemes which offer both acceptable
perfomance and computational ease. As a performance measure for subop-
timal detectors we would like to have a closed form expression for the
optimum k' user asymptotic efficiency, which is an upper bound on the

2095



asymptotic performance. Unfortunately a recent analysis, [2], has shown
that the computation of the optimum k* user asymptotic efficiency is also
an NP-complete combinatorial problem. Because of its interest we will state
this basic result obtained in [2]. The optimal k* user asymptotic efficiency
for antipodal modulation can be expressed as follows:

T 2
. 1 . X1, 1 .
Ny = —— min —(4' — b2)s;(t)| dt = — min €TRe
*~ Ru 8182 ‘({[.-{312( (1) Ry cef{-101)¥
k

b lmb 2 =

(4.3)

Proposition 3: The following problem is NP-hard.

Given K € Z, k € {1, -+ ,K}, and a positive definite matrix R € Z¥*¥K,

find the kth user asymptotic efficiency 7, = L min  e’Re

R cef{-101)%
ck;AO

However, even though general closed-form expressions for the K-user case
do not exist, an explicit formula for the 2-user asymptotic efficiency in the
general asynchronous case is given in [2]. Its particularization to the syn-
chronous case yields the following expression.

Proposition 4 : The 2-user asymptotic efficiency of the maximum likeli-
hood detector is given by

7]}: =1 — max {07 2 %l él?l - %—} ’ (Irk) e{ (112)’(271) } (4'6)

While the asymptotic efficiency of the decorrelating detector has been
shown to be independent of the energy of the interfering users, this is not
the case for the optimum multi-user detector. In environments where the
signal energies vary dynamically over a broad range (e.g. near-far problem),
it is important to assess the worst case asymptotic efficiency with respect to
the energies of the interfering users.

Proposition 5: The worst-case asymptotic efficiency of the maximum
likelihood detector, taken over all possible energies of the interfering users,
equals the asymptotic efficiency of the decorrelating detector:
. . P
mn g =
Vu >0

Proof: Using expression (4.3) for the asymptotic efficiency of the optimum
multiuser detector, we have:

. . . 1
min n; = min min — ¢TRe
;>0 w, >0 ¢€{-1,0,1} 1wy
70
. . 1 ~
=min min —[gVw, - g Vg R Vw;, - - e Vg |T
w,>0 €€{~1,01} wy
€ #0
. 1 =~
= min —z'Rsz
zeER  wy (4.7)
2,70

with the obvious substitution z = ¢,V w;. R is, as previously defined, the
normalized crosscorrelation matrix. Letting M be the matrix obtained from
R by removal of the k" row and column, a be the k* column of R
without the k™ element and & be the vector g without the k™ element,
equation {4.7) can be expanded as:

. . . 1 ) - - -
min 7y = min —(22 + 22,27 a + T Mz)
© >0 ier X1 W

2 #0

This is a straightforward continuous minimization problem with solution:
Thmn= 1 —-a’Mla (4.8)
for
E=—-z M'a (4.9)

We have used the equality z? = w; and the fact that the matrix M, being
identical to the matrix R for users {1,.k-1k+1,.K} is positive definite,
hence invertible. Remains to show that the expression obtained in (4.8)
equals 8.
nd = 1 detR _ detR _ detR
= —= s = _ =

R (adjR)g cofactor(Ry) detM

After 2(K—k—1) row and column flips the numerator can be computed as:

detR = det [ M ‘1’} = detM (1 — a”M'a)
where the last equality follows from the expression for the determinant of a
block matrix {eg.[7],pg 650).

There is a nice geometric explanation for the equality of 7, n;, and ng.
In fact, by computing the appropriate metrics in the geometric setting given
below (easy in the two-user case), all the previous formulas can be obtained.
For the sake of clarity let us consider the two-user case. Recall that the
received signal y satisfies: y = Rx + n and that the noise autocovariance
matrix is R. It is convenient to work in the R™"/% domain - call it domain
S -, where the hypotheses are at the points R!/%x, with x€{—1,1}, and
where the noise is spherically symmetric. Therefore the decision regions of
the maximum likelihood detector, determined by the minimum Euclidean
distance rule, are given by the perpendicular bisectors of the segments
between the different hypotheses. Recall that the k™ user asymptotic
efficiency corresponds to the square of half the minimum distance between
distinct hypotheses differing in the k** bit ( Q(dmin/20) = Q(\/r]_'/a))

The decision regions of the decorrelating detector are cones with a ver-
tex at the origin, such that application of R~ maps them to the coordinate
axes. Thus in domain S the decision cones pass through the points R!/%e,
with e the unit vectors in R % It is interesting to observe that these points
are at the center of the sides of the parallelogram formed by the
hypotheses, because the unit vectors can be represented as half the sum of
adjacent hypotheses. So, the decorrelating detector decision boundaries are
parallel to the parallelogram sides and intersect it at the centers of its sides.
As a consequence of this property a geometric interpretation of the k* user
asymptotic efficiency of the decorrelating detector can be found as follows:
recall that in order to find the k¥* user asymptotic efficiency of a detector,
we have to approximate its probability of k** bit error by a Q-function, in
the low noise region.The k'* bit error probability -by symmetry we can
assume that the transmitted bit was 1- is the sum of two integrals -one for
each possibility for the remaining bit- of the noise density function over the
region in which the k* bit is decoded as -1. In our case the k** bit error
probability can be easily computed by taking advantage of the properties
presented above. To this end we rotate the coordinate system to let the y-
axis coincide with the k*-bit decision boundary and use the equal distance
property of the decision boundary to the hypotheses, to observe that the
two integrals are equal, and then use the spherical symmetry of the noise to
identify each integral as Q-function of the distance of the hypothesis to the
decision boundary. Hence the k" user asymptotic efficiency of the decorre-
lating detector ts equal to the square of the distance of any hypothesis to the
k** bit decision boundary.

Thus, in figure 1\,}1’]1. is the length of the shortest of the segments
AM,AO and DO, and /75 is the length of AP. The result of proposition 5
can now be interpreted as follows: since ” appears as the hypothenuse and
n? as the kathete of a right angled triangle, 7" is lower bounded by the
energy independent 5¢. However, since the triangle angles vary with
increasing energy of the interfering user, there is a particular energy ratio
for which the triangle degenerates into a line segment. This is the point
when 7" reaches its minimum, which is geometrically identical with 7¢. For
the parallelogram formed by the hypotheses in domain S this is the case
when a diagonal is perpendicular on a side (eg. AP perpendicular on CD).

Fig. 1. Hypotheses and decision regions in domain S
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The result of Proposition 5 is of special importance in a near-far
environment, where the received signals have different energies, and where
the energy ratios may vary continuously over a broad scale, if the positions
of the users evolve dynamically. In this environment, if worst-case perfor-
mance is considered, the decorrelating detector, with its linear time-
complexity per bit, offers the same performance as the NP-complete
optimum multiuser detector.

5. The Optimum Linear Multiuser Detector

We now study the improvement obtained by a linear transformation
on the matched filter outputs prior to sign detection and seek the optimal
linear detector. This has been seen to be an important problem, since the
optimal detector is exponential in the number of users, and the performance
of the computationally eflicient single-user detector degrades to zero with
growing energy of other users. First we give the form of the general linear
detector, second we find the linear detector which maximizes the asy mptotic
efficiency (or equivalently minimizes the probability of bit error) and third
we compare the achieved asymptotic efficiency to the ones reached by the
conventional and optimal detectors. Thus we ask what mapping T :

RX— R¥ will minimize the probability of bit error for the decision
scheme
%x=sgn (Ty)=sgn (TRx + Tn) (5.1)

In terms of decision regions the problem interprets as follows : what is the
optimal way to partition the K-dimensional hypotheses space into K
decision-cones with vertices at the origin? The surfaces of these cones deter-
mine the columns of the inverse T~ of the sought mapping. Application of
T on the cone configuration will map the cones on quadrants, after which a
sign detector is used.

The bit error probability of the k™ user under this detection scheme is,
(same derivation as for the conventional sign detector) :

Py =P(H=1|5=—-1)=P((TRx + Tn); > 0|z = —1)

P((Tn)e > (TR)u—D (TR} z;)

i#k

27K 3 P((Tn) > (TR)u—(TR)y %)
x€{~1,1}¥¢ J#E (5~2)
z=—1
Since the random variable (Tn & is Gaussian with zero mean and variance
equal to (TRTT),,0?, the sum in (5.2) is dominated as —0 by the term

2% Q( ((TR),,,,—E"I(TR),,,- D/eV{ TRTT )y ) (5.3)
i

The asymptotic efficiency of the best linear detector is bounded away from
zero by that of the decorelating detector (which has T =1I). Hence it is
equal to the square of the ratio of the argument of the foregoing Q-function
and the argument corresponding to the single-user probability of error

QVug /o), ie.

1
f=—@~N=3 eV P VR (5.4)
Wy 7otk

In order to minimize P,, we have to maximize the argument of the Q- func-
tion, and equivalently maximize the asymptotic efficiency nf, with respect
to the components of the vector v. Note that r/,ﬁ is invariant with respect
to scaling of v.

First we consider the two user case for which explicit expressions of
the maximum linear asymptotic efficiency are obtainable.

5.1. The Two-User Case

Proposition 6 : The k* user optimal linear transformation Ty (y) = vTy

on the matched filter outputs prior to threshold detection is :
¥ = (1 ~sgnktiy min (1, |Rug |(y /) JI (k) € (12,21} (55)

Equivalently,

o7 1 —sgnf?m] , (wi/wk)l/2§ |}§12| (5.6)
V= bl , otherwise (decorrelating detector) ’

Proof : Without loss of generality, we will consider user 1. We have

wy Vw woRig
Vwwallyy w2 ’

vi= 1 ;v (57)
T
1 rv-irv ] :
= 5.
" Ve Verhe 52)

1+ Rig(wy/wi)'? vy — | Ruglwa/w )2 + (wo/wy)vy |
VI + 2R ws/w)) oy + (wo/w))vd

We want to maximize \/Hwith respect to ve. Introduce an indicator func-
tion for the absolute value term :

1, Rig + (wo/w)) v, >0
I'=19-1 s R]Q + (wg/wl)‘/zvg <0 (5‘9)

, else
Then
(1~ 9122 ) (wo/wy)

LAVER
=— - (I +v 5.10
dvy (14 2Ry, (wg/wl)l/2 vy + (wo/wy) vi & ' 2 )

Therefore we should take vy, = —I when this is consistent with the
definition of I as a function of v,. Thus,

vo=1 if] = -1 <=> (wy/w)'/? < — Ry, (possibleif Ry, < 0)

vo=—1 if I =1 <=> (wy/w,)'/? < Ry, (possibleil R, > 0)(5.11)

As can easily be seen, both values correspond to maxima. If neither of these
conditions is met, the derivative does not have a zero. The optimal value
for v, can be determined from a closer look at the behavior of d\/_/dvz,
in figure 2.

For both I =1 and I = —1, the derivative of \/7, is positive for v,
smaller than the abscissa of the zero of the derivative { -1 respectively 1 ),
and negative afterwards. Due to the nonlinearity of 1 the derivative has
the form corresponding to [ = —1 for vy < — Ry (1112/11)1)1/2 and the form
corresponding to [ =1 afterwards. Since the second branch (for I =1)
turns negative before the first one, we have to take the largest value of v,
yielding a posmve derivative on the first branch. It can easily be seen that
in the "no-zero” case, —1 < —Rg(we/w))’? < 1, this is the point of
discontinuity, i.e. vy = —R o(we/w, )% .

Note that for Rz =0 we get ¥7 = [1 0], the identity transformation, as
expected, since then the users are decoupled and a single-user detector is
optimal. By taking the inverse of R we also see that in the "no-zero" case
the optimal transformation vector is exactly the corresponding row of the
inverse correlation matrix.

Proposition 7 :  The k" user asymptotic efficiency of the optimal linear
two-user detector equals :
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1= 2 Ry lowi/we) /2 + wijwye , i (w;/w)/? < |Ry, |
i = (5.12)
1-R%, otherwise

for (¢,k) € {(1,2),(2,1)}.
Proof : Substitution of the optimal linear transfomation found in Propo-
sition 6 in the expression for asymptotic efficiency. .

The asymptotic efficiency obtained in the range (wo/w))'/? < |Ryo| equals
the optimum attainable asymptotic efficiency, that of the maximum likeli-
hood detector. Even outside the region of optimality, the best linear detec-
tor shows a far better performance than the conventional single user detec-
tor, since 17,, is independent of the energy of other users (Proposmon 3),
whereas 7§ goes to zero (Corollary to Proposition 1). There is an intuitive
interpretation of the discontinuity of the best linear detector and of the
boundary point (wg/w;)'/? = |R,,|. The input to the threshold device
corresponding to the first user, z; = v’ Rx, has three components:

2= wy (1= RY) + RigfR 1z + volwa/w))V?)] 2, (5.15)
+ wif(wa/w) (R + vo(we/w))"?)] 2,
4+
where @ is  Gaussian noise of power spectral _ density

w10? [(1 = RE) + (Rig + va(wa/w)/2)?). F°r (wo/w))? > |Ry5|, the

second term outweighs the second part of the first term, so the best one can
do is to eliminate it, by choosing vy = —Rm(u;2/wl)l/2 (the decorrelatmg
detector). Since this minimizes the noise variance at the same time, it is the
best strategy in this region. If, however (w,/w,)l/ < |R12| and if addi-
tionally the term Bo(R; + vz(wz/wl) %) is positive, it is a better policy to
allow interference from user 2, which is compensated by the second part in
the first term, and use the residual positive contribution in the first term to
increase the SNR compared to the decorrelating case. We have seen that
this strategy leads to the same performance as the more complicated max-
imum likelihood detector.

;‘ 1: optimal multiuser detector 3: optimal linwar detector
c 2: decorrelating detector 4: single user detector
..
M
H
1
1
1,3
2 2,3
4
4
spivd/vy)
Fig.3 Asymptotic efliciencies in the two-user case

Note that in the two user case the signal energies and crosscorellations can’t
be picked such as to allow both users optimal performance at the same
time :

for user 1 need (wy/w )% < |Rpp| < 1
1

1z

for user 2 need (w,/w,)2 < [Ryp| => (wo/w))Y? > >1

The two cases are mutually exclusive. Nevertheless this is not a substantial
shortcoming, since for small values of R, the decorrelating detector has an
asymptotic efficiency close to unity.

5.2. The K-User Case

Proposition 8 :  The k* user asymptotic efficiency of the best linear

detector equals:

7t = max L172 (¢) with g5(e)= max v Rv
e,e(—m} Wy veRrK
ek TRy =1 (5.18)
LA rITv 20
Ik

—e ik

where the i** component of v, is equal to (v,); = { ik
=

Then the maximum #(e) is achieved for ¥ such that

v, + ): Ajeuy

; 7
1 V= Ehaud . = { T
( ) v (VoTRVo T V,R 2 N, EJUJ)I/Q ’ (UJ)| 1 ,i=3 (5.17)
(2) erf¥ >0 for ik
(3) rfv#0 => =
@) A 20 sk
Proof : Let
={xeRX : rfx2>0} {5.18)
Si={xeRf . r[x<0}
Then, since 5} = (rifv — hy lr v [)/VvT ]’we seek
vk
1 T, T,
max rlv - riv |
Jmax, 7=vTRv( i J% lefv 1)
1 T, T,
= max max rpv— riv
ey ooy VATRy ,Z# v ) (5.19)
ok 55
1
= ax , nle) = max v — rfv
° gl(‘l'l) ne), ole) vens’ W(rk E v D (5-20)
Ik ;7

From the defintion of v, we see that the term in parentheses equals v Rv.
Now v € r]S;’ <=> e,—r,-Tv > 1, 7%k and recall that g} is invariant to

scaling of Iv, 50 that maximization of the given functional over R¥ is
equivalent to minimization over the ellipsoid v/ Rv = 1.

This proves the first part of Proposition 9. We now have a sequence of two
maximizations to perform, where the second one has the explicit form of an
exhaustive search.We turn our attention to the inner maximization.

Claim: n(e) = max vJRv= max vJRv
veRrK verk
vTRv =1 vTRy <1 (521)
e]rlrvzﬂ e,rITVZD
ik k
Proof : We will obtain the above rmult by consndermg an equivalence

transformation on n(e). Let y = RY v, - = ;% row of R/
rfv=rfB%y =]y
VIRV = yT

vIRv =yTy = Iy I?

ne)= max yly = max ly,llylcose
n" y € RK
ly I.vl-l (5.22)
<5 zTy >0 2 Ty >0
:'#k :‘#

where a is the angle between the vectors yo and y. We know that there is
at least one feasible v such that vJRv is strictly positive: With
v =B;/\/By we have already shown ;decorrelating detector) that

n(e) = 1/By, >0. This v is feasible, since rjv =0, for all j#k, and v is
scaled such that vTRv = 1. Therefore the maximum over all feasible vec-
tors is strictly positive. So the optimal cos ¢ is positive. Since the inequal-
ity constraints are linear and partition the space into convex cones with
vertex at the origin, the optimal angle « is independent of |y |. Thus the
maximum of n(e) over the convex set |y | < 1 is attained for |y | maxi-
mal, i.e. [y ]| = 1, which completes the proof of the claim.

We now have to consider the following problem:

ne)= max vIRv= min - vIRv
veRK veERK
vTRv <1 vIRv -1 <0 (5~23)
‘I'IT"ZU —e,T; <o
Frk i
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Since this is a minimization problem of a convex functional on a convex set,

we know it achieves a minimum on the set, and that a local minimum is a
global minimum.Since all the functions are differentiable, we can apply the

Kuhn-Tucker conditions * e.g. [4], to get : from condition (1) :

—Rv, + 2, 2Rv - ZX ejr; =0
jk
- 1
So v= 2T( Vo — oAUy ) (5.24)
° ik

with u; the 5% unit vector, as defined above. Conditions (2),(3) are exactly
the corresponding Kuhn-Tucker conditions, condition (4) expresses the non-
neganvny requ1rement for the ;. There is one more constraint to satisfy,
which is VRV =1 :

Tr=
v, RV
1=vTRv = ——(v TRV — Y\ e;0f%) = — (5.25)
5wk 2 X,
We used condition (3) to get the last equality. So
27, = vIRV (5.26)
and since
+ Yxerfv, )
ik
we get
X, = (vIRv, + vIR 3% ¢;u; )2 (5.27)
F#k

Together with equation (5.24) this completes the proof of Proposition 8. &

We would now like to have an explicit procedure to find the maximiz-
ing vector ¥ given implicitly by Proposition 8. Next we give an algorithm
which solves this problem. The idea is the following: condition (4) states
that if the maximizing vector ¥ lies in the intersection of n of the delimit-
ing hyperplanes with equations rTQ =0,5 €5,,n =0,...,K—1, with §, the
index set of the specific hyperplanes only the X\; , 5 € S, are possibly
nonzero and enter into the expression defining ¥. Thus we have |S, | equa-
tions with |S, | unknowns, which we can solve to get the X;, and then ¥.
First some notation.

Definition 1: Let S, be an index set {j; s, ...,74}, 0<n < K-1,

with 71, ..., Js € {1, - - ,K} — {k}, labeled in increasing order. Define

T,

TV, Ty - - - Ty

T

R T T

Ve Tiu 19

Dg (j) = det (5.28)

T

Yo Tiiy v - Tid,

Definition 2: We introduce an indicator for the second Kuhn-Tucker

condition:

I ¢; D} (7) >0 then Cf (j)=yes , else Cf (j)=mno (5.29)

Definition 3 :
all i €85,

An n-tuple S, of {1,2,...

Jk=1,k+1,...,
C,'::](;) () = no.

K} is matched if for

Proposition 9 : The following algorithm finds a vector ¥ which achieves
the maximum in Proposition 8 :

[A]  Search for the index set with least cardinality S, , » € {1,2,...
for which X\;, 1 € S,, are possibly nonzero

K1},

2 Kuhn-Tucker conditions for minimum of differentiable convex function F(x), subject
to the set of differentiable convex constraints f | (x) <=0, i=1,..K : x is a minimum of F(x)
if there exist nonnegative X i=1,. K such that (1) VvV F(x) + E

XlVfl(x)=0,(2)fi(x)SO,alli,(x,feasible),((i)fl(x)#O,—5X|=04

n:=20
a]l n-tuples := untried C, := matched
whilen < K-1
while there is still an untried matched n-tuple
pick untried matched n-tuple := S,
for all j&/§, do
ife; D} () > 0 then C8 (5) = yes
else 0§ ()= no
if for all y¢/S, %3 (7) = yes, return S,, stop

else 5, = tried
return
n = n+l1
return

print "decorrelating detector is optimal”, stop

[B] Solve the |S,| equations in the |S, | unknowns X; ,f € S,
r¥"=0,i€8,.

[C]
v, + 3 e
- VES,
v =
(v,TRv, +vIR b )\,-e,-l.l,-)lh
i€S,
Comment : Recall that this procedure has to be repeated for all the

different { ¢; } in search of the maximal n(e) value, until either the eﬁcnency

n(e) reaches the upper bound given by the optlmal detector, or all 2% possi-
bilities have been exhausted. Prior to running the algorithm, the sufficient
conditions given in Propositions 10 and 11 should be checked.

Proof: Conditions (1) and (3; are obviously satisfied by construction of ¥ v

in [C], and the requirement r;¥ = 0 for the possibly nonzero ), in (B].

prove conditions (2) and (4), consider the system of |5, ] linear equations in

| S, | unknowns, with §; = {j} 7g,...,Ja }- Sn is the set returned by step [A],

hence it is matched, and satisfies a3 (7) = yes for allj#k,7&S,. We have

to show:

a) X, 20, foralli=1.2..,n

b) 08 (j)=yes for allj#k,7€'S, is equivalent to ( or implies ) condi-
tion (2).

In step [B) we solve r,{i' =0,alliin {1,2,..n}:

T o e —
TiVe + Xjejrig + + X675, =0 (5.30)

T e Tr i =
TV, + X,-le,-lr,-zjl + + X,ne,nrjz,_ =0

T . et . =
TV, + X‘,-lc‘,-lr‘,“]1 + + X,nc,‘r,”,l =0

Denote by Ds the determinant of the coefficient matrix of the Aj,- Since
this is exactly the crosscorrelation matrix of the subset S, of the users, it
has the same properties as the full matrix, specifically, it is positive definite.
Hence its determinant is strictly positive. Then, by Cramer's rule,
— ¢ Ds ;3 (5i)
A= — 5.31

Z Ds, (5.31)
The numerator is obtained by i row flips and i column flips in order to get
J; into position (1,1). Since the set S, is matched, the numerator is nonne-
gative. As obtained above, the denominator is positive, hence X,-‘ >0 for
all i = 1,...,n. All the remaining \ are zero, by definition and construction
of the index set S;. This completes the proof of a).
With the obtained values for A compute the " feasibility " expressions :

Ty = e T. e us
e;F Vv =¢; (Tiv, + ) 3 or Aj.eju;, )
i, €S,

=D3Zy (5)

C’- (r].Tv“ + Z -5 Tjj )
i€s, D, '

D (rl v, DS - Z DS -{:) (Jr) 755, )= — D-‘?, () (5~32)
s, i, €S, Ds,

The last equality is obtained by expanding along the first row of Dg (7).
This completes the proof of b).

By construction the algorithm terminates after at most K steps.
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In part [A] of the algorithm notice that n = 0 corresponds to a solution in
the interior of the feasible conme, with all X\ equal to zero, and
v=v,/VvIRv,. The corresponding asymptotic. 'ef.’ficiency
n%(e)*/we = vIRv,/w, = n", which is equal to the asymptotic efficiency of
the maximum likelihood detector. Call this case "the optimality case ". On

the other hand, n = 1 corresponds to a solution on exactly one of the del-
imiting hyperplanes, with exactly one X nonzero (let it be X;), and
T.
riv
§= v, - 2y (5.33)
n(e) i
and
(rJ'TVa )i

7*(e) = vIRv, — (5.34)

Tii
The asymptotic efficiency achieved in this case is bounded above by the one

for n=0, since the second term is nonnegative. If the matrix R does not
have a Jot of structure, which is to be expected in practical applications,
this is the most probable case. For increasing n the computational effort
grows fast, but in most cases the algorithm will terminate for very small n.
We also have explicit solutions for the terminal case n = K, which
correspond to the decorrelating detector case. Then ¥ = By /V/ By , and
n{e) = 1/Bu.

Proposition 10 : The following are sufficient conditions on the signal
energies and crosscorrelations for the best linear detector to achieve optimal
k™ user asymptotic efficiency:

Ve > _max (——l——-z\/_w_.' |2 | )

= 5.35
i=1,...K llel § 7k ( )

Proof : In the optimality case the optimality conditions cer»Tv,, > 0 are
satisfied for all j#k. If we introduce ¢, = 1 they have to be satisfied also
for j = k, else we get negative asymptotic efficiency. Rewrite these condi-

tions as :
DRD (-1 -1 --- 1 ----1)T >0

where D is the diagonal matrix with i** diagonal element equal to ¢;. By
expanding one gets :

-1
LA €i1€2M2 - - C1Tik 16K K L
€1€2T2) To2 .. oTok €2€x T22
>0 (5.36)
16K TK1 CK €2TK2 - CKTKE - - TKK -1

We now see that a sufficient condition for the above inequality to hold is
fra 1> X2 lri | 5 =1K
iRk

Proposition 10 follows by replacing r;; by V w; V wjé,-]- ..
Note that this condition is in fact necessary for K = 2. Also, parallel to the
case K = 2, the above condition is satisfiable only for one user, since

Vo, > > Vw;/ {Ry; | > Vu; , for allj since | Ry | < 1.

Proposition 11 : The following condition is sufficient for the decorrelat-
ing detector to be the best k** user linear detector for a given set of signal
energies and crosscorrelations :

B | < Bu , forall jwk (5.37)
Proof : We have
(B): 1
v = = — v, + 3 Neu;)
VBa ~ IRby B e e
or
1 T
2y, = [(xl—1)e,...1.4.(x,(—1)e,<
By
s0
Xj =1+ C,'Bjk/Bkk >0 (538)

It is clear that the condition given in Proposition 11 is suficient to ensure
X; 2 O regardless of {e; , 17k} .

For K = 2 the above condition is necessary and reduces to the condition in
Proposition 6. '

8. Conclusions

The main contribution of this paper is to have found that an
appropriately chosen memoryless linear transformation on the matched
filter outputs of a multiuser receiver structure will exhibit substantially
higher asymptotic efficiencies than the conventional single user detector,
while maintaining a comparable ease of computation (a sign decision is per-
formed on each output of the K-dimensional linear transformation).

An algorithm is derived which finds the best linear transformation in
the general case. One of the most interesting results of this paper is that
there is a region of signal energies and crosscorrelations in which application
of this linear transformation ensures optimal asymptotic efficiency.
Sufficient conditions to lie in this region are given. Another main result is a
lower bound on the asymptotic efficiency achievable by insertion of the best
linear transformation. This lower bound is achieved by the decorrelating
detector and ensures an asymptotic efficiency which is independent of the
energy of the interfering users. Moreover this lower bound equals the
minimum of the asymptotic efficiency of the (energy dependent) optimal
multiuser detector, taken over the energies of the interfering users. This
result makes the decorelating detector particularly attractive in a near-far
environment where the energies of the interfering users vary continuously in
a range containing the minimum: then as far as worst case performance is
concerned the optimum multiuser detector and the decorelating detector are
equivalent, while in terms of time complexity per bit the decorelating detec-
tor is far superior.

The main interest of this work is that it constitutes a prelude to the
study of asynchronous linear decision rules. Due to the fact that in the
asynchronous case the channel has memory a K-input K-output linear
discrete-time filter will replace the memoryless linear transformation studied
in this paper.
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