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Abstract

Using the theory of lattices of non-crossing partitions,
an explicit expression for the asymptotic moments of cer-
tain infinite random matrices is obtained and extended to
several cases. By using this explicit expression, we obtain
a self-contained proof of the Tse-Hanly formula for the out-
put signal-to-interference-plus-noise ratio of MMSE mul-
tiuser detector. The asymptotic moment results are used to
design a low-complexity polynomial approximation of lin-
ear multiuser detector. Analytical and numerical results of
their performance analysis are also given.

1 Introduction

In order to gain insight into the performance of re-
ceivers in a DS-CDMA system with large processing
gain and many users, much work has been devoted to
the asymptotic analysis for synchronous DS-CDMA
with random spreading [8, 6].

In Section 2, using the theory of lattices of
non-crossing partitions, explicit expressions for the
asymptotic eigenvalue moments of several classes of
infinite random matrices are obtained.

There are several motivations and applications for
these results. In Section 3, the large-system limit
of the optimal weights for the reduced-rank MMSE
receiver and the reduced-rank Linear-Conjugate
MMSE receiver (LCM) [7] are obtained in six environ-
ments from the explicit expression of the moments.
The desirable feature of using the asymptotic limit of
the optimal weights instead of the optimal weights
themselves is that the asymptotic limit does not de-
pend on the realizations of the spreading sequences,
which is particularly useful when the CDMA system
uses long sequences. The asymptotic performance of
the full-rank receivers in the environments, consid-
ered in Section 3, is given and the asymptotic equiv-
alence of them is established. In Section 4, we briefly
describe how to derive the fixed point equation satis-
fied by the asymptotic output SINR of the MMSE re-
ceiver based on the asymptotic moments. The equa-
tion is originally derived in [6] by means of the Sil-
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verstein and Bai theorem [5]. Section 5 contains our
numerical results.

2 Asymptotic Eigenvalue Moments

If V, is a self-adjoint matrix, the asymptotic eigen-
value distribution of V, is the function F()) described
by [9]:

/ A™dF()) £ lim lE[mbce{v,’;‘}]
n—oo N

where limp_;00 2E[Trace{V]'}] is the m-th asymp-
totic moment of V. It is easy to see that [9]:

FQ\) = lim E[Fn(3)]

where Fy, () is the empirical distribution of the eigen-
values of V, [9].

Let us introduce here the necessary notation used
in the following results: suppose a vector of % inte-
gers (ma,... ,my) is partitioned into n equivalence
classes under the equivalence relation a = b, and the
cardinalities of the equivalence classes are given by
fiseoo, fa, then f(my,...,mg) £ f1!-- fa!l. For ex-
ample, f(1,1,4,2,1,2) = 3!.2!. 1l In the follow-
ing sections we give six propositions; for their proofs
please refer to [3].

2.1 LLD. Sequences

Proposition 1: Suppose the N x K matrix S consists
of iid. zero-mean random variables with variance 1/N,
Disa K x K diagonal matrix with non-negative diagonal
elements with empirical eigenvalue distribution converg-
ing in distribution to a non-random limit function. Then
the mth moment )\, of SDS™ as K, N go to infinity with
K/N =fis:

Am =385 > c(m,...,mp)E[A™]- - E[A™]

k=1 mi+--+mr=m
M
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where A is a nonnegative random variable whose distribu-
tion is the non-random limit distribution of D, and

m!
(m—k+ 1) f(my,... ,mg)

, @

c(mla‘ . amk) =

with f(my, ... ,my) as defined above.

2.2 Repeated Sequences with Block LLD.
Phases
Proposition 2: Let N=LN'. Let t;
Uk, --- ,Uk‘NI)T (1 € k < K), where Us,; (1<k<K
1<j<N') are real- valued iid. zero-mean random
variables with unit variance. Let S = (sy,... ,sk) where

1 . _
s = —==(t7 e/, . t]efPes)T

and ¢y (1<k<K, 1<I<L) are iid. random variables
uniformly distributed on [0,2r) (U ~ (0,27)). D is as
defined in Proposition 1. Then the m*® moment A\, of
SDS* is given by (1).
2.3 Conjugate Sequences

Proposition 3: Let N=2N'. Let ty
Uk,--- ,Uk‘NI)T (1 € k < K), where Us,j (1<k<K
1<j<N') are real- valued iid. zero-mean random
variables with unit variance. Let S = (s, ... ,Sk) where

1 T 4 ;
sk = —=(tL el t7e=i%)T,
k \/N( k s Uk )

and ¢i (1 < k < K) arei.i.d. random variables uniformly
distributed on [0,2r), and 1/V/N is the normalizing fac-
tor. D is as defined in Proposition 1. Then the m*h moment

Am of SDS™ is given by (1).
2.4 Repeated Sequences with Conjugate
Block LI.D. Phases

Proposition 4:  Let N=2LN’. Let t;
(Uk,l,-‘- ,Uk’N:)T 1<k< K), where Uk,j (1<k<K
1<j<N') are real- valued iid. zero-mean random
variables with unit variance. Let S = (s1,... ,sk) where

Sk = j_ﬁ(Vg"vf)T
v = (tTeiea, . ¢TeibneT,

and ¢r; (1<k<K, 1<I<L) are iid. random variables
U ~ (0,27). D is as defined in Proposition 1. Then the
mth moment A\, of SDSH is given by (1).
2.5 Repeated Sequences with Linearly In-
creasing Phases
Proposition” 5: Let N=LN'. Let t;
Uk, UeN)T (1 < k < K), where Uy, (1<k<K
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1<j<N") are real- valued iid. zero-mean random

variables with unit variance. Let S = (s1,... ,sg) where
1 7 . .
sk = —=(tTer% tTe¥% . tTeldon)T
k \/IV( k k k )

and ¢, (1 < k < K) are i.id. random variables U ~
(0,27). D is as defined in Proposition 1. Then the mth
moment Ay, of SDSH is given by (1).

2.6 Repeated Sequences with Conjugate Lin-
early Increasing Phases
Proposition 6:  Let N=2LN'. Let ¢t
(Uka,--- Uen)T (1 € k < K), where Uy ; (1<k<K
1<j<N') are real- valued iid. zero-mean random
variables with unit variance. Let S = (sy, ... ,sg) where
Sk = ‘\/lﬁ(vg”vlg)j‘

vi = (tTed® .. tTelitn)T

and ¢, (1 < k < K) arei.id. random variables U ~
(0,27). D is as defined in Proposition 1. Then the mt"
moment A, of SDSH is given by (1).

3 Asymptotic Reduced-Rank Receiver

Expressions for the asymptotic moments can be
used to implement the asymptotic reduced-rank
MMSE/LCM receivers. In what follows, we con-
sider a synchronous DS-CDMA with K active users
and processing gain N, analyzed in six different en-
vironments: (1) reduced-rank single antenna MMSE
receiver; (2) reduced-rank multiantenna MMSE re-
ceiver; (3) reduced-rank single antenna LCM re-
ceiver; (4) reduced-rank multiantenna LCM receiver;
(5) reduced-rank multiantenna MMSE receiver in
line-of-sight transmission; (6) reduced-rank multi-
antenna LCM receiver in line-of-sight transmission.
These situations correspond to applications of Propo-
sitions 1-6, respectively. In what follows, Ay is the re-
ceived amplitude of user k, by € {£1} is the bit trans-
mitted by user k, and s, is the spreading sequence
of user k. The phase of the complex fading coeffi-
cient of user k at the I** antenna element is e/¢+(),
The phases ¢y (1) are modelled as ii.d. random vari-
ables uniformly distributed on [0,27). The spread-
ing sequences and the fading channel coefficients are
assumed known at the receiver. n; is the noise vec-
tor at [th receiver antenna modelled as additive white
Gaussian noise with covariance matrix ¢21. s; is the
unitary energy spreading sequences of the k** user
modelled as random vector with i.i.d zero-mean en-
tries with variance 1/v/N.



3.1 Reduced-Rank multi-antenna MMSE Re-
ceiver
The output of the chip-matched filter at the I** an-
tenna element is

K
=Y A4 Obsp +ny I=1,...,L (3

k=1

In the equation above, we assume that, for each
user, the received amplitudes at different antenna el-
ements are the same for simplicity. This is valid if
the antenna elements are close enough to each other
so that for a given user, the received powers at dif-
ferent antenna elements vary little. However, the re-
ceived phases still vary considerably because differ-
ent propagation paths have a much greater impact
on the received phases due to the usually high car-
rier frequency and can be modelled U ~ (0,2). In
matrix form

F=SAb+m, @)
where t = (17,. S = (81,...,8k), 8k =
(STeJ¢k(1) Te.7¢k([§)T A = d g{Al, AK}’
b = (by,... bK) ,and @ = (nf,... nL)T The

MMSE receiver for user 1 is
c = (5,D;5) +0%1)~ 15, ®)

where S;=(83, ... ,5k), and D; = diag{4%,...,4%}.
The rank D (D < LN) reduced-rank MMSE receiver
for user 1is

D-1 " m
cp = Z W (§1D1§1 + 0'21) s1. 6)

m=0

where the weight vector w = (wo, . .. ,wp-1)¥ is cho-
sen to maximize the output SINR and is given by
[47]

wl = [Ho...Hp_1]T (M7, )

where the (i, j)-entry of the matrix M is (M);; =
Hivjo1 + AiH;1H;_y and

H,n = 57 (slnls1 +o I) 5. ®)

We can see that w depends on the realizations of
the spreading sequences. Therefore, in a system
using long sequences, they need to be computed
and updated symbol to symbol, which hampers real-
time implementation. The large system limit of the
weights seems to be a promising solution to this prob-
lem. The large system limit is taken as V and K go

to infinity with K/N = . By using the theory of non
crossing partitions [3], it can be shown that HZ con-
verges in probability to:

Hg & lm sl (slnls1 + 021) 5
{{,=ﬂ
- N%@m %E[’I‘race{ (§1D1§f + azl)m}]
=8
= Lm+1202m 2nN1}‘IEmEV—E['I‘r { (§1D1§{1)TE
n=0 K=5
- ;LWH ( T: )‘u;oo 2m—2n (9)

where ., is the asymptotic moments of the LN x
K dimensional matrix §;D,S, with S; = §;/VL.
Proposition 2 can be applied to find H and there-
fore the asymptotic weights.
3.2 Reduced-Rank multi-antenna LCM Re-
ceiver

Similar to the single antenna case, the multi-

antenna LCM receiver for user 1 is

- _ -1
¢=F (S1D:55, +0°1) 5, (10)
where F = [I;ny 0], and
- _ §1 = _ §2 e §K
Sla—[-s-;],sln—-[g; _S-;(] (11)

The rank D (D < 2LN) reduced-rank LCM receiver
for user 1is

D~-1 ' m
o= Y wnF (§10D1§ﬁ + 021) 5., (12)

m=0

The weights are again given by (7) where (M); ; =
Hiyj1 with

3 =5, (S1.D157, + 1) s (13)

To calculate HS, we notice that the energy (defined
by E{|| - ||?}) of 81, and every column of Si, is 2L.
By using again the theory of non-crossing partition
and following similar arguments in Section (3.1), it is
easily shown that 3 converges in probability to::

1 = o?
0 m+1y; H
HE - (2L) Ml]l(l’l‘lw ——2NLE[Tr {(SMD S; 2L ) H
f=p
m

— Z2n+1Ln+1 ( 1:: ) T:oa2m—2n (14)

n=0
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where 7, is the asymptotic n** moment of the 2LN x

~ ~H ~
K matrix S;,D:S;, with S;, = S1,/v2L. Proposi-
tion 4 can be applied to find HZ and the asymptotic
weight vector w™

3.3 All other cases
a) Reduced-rank single-antenna MMSE and LCM
receivers. Both receivers can be obtained as
a special case of reduced-rank multi-antenna
MMSE receiver and reduced-rank multi-antenna
LCM receiver respectively when L=1. The
asymptotic weight of Reduced-rank single-an-
tenna MMSE and LCM receivers are given by (9)
and (14) respectively where p&° is the n** mo-
ments of S;D;S¥ whose moments explicit ex-
pression can be computed by Proposition 1, and
2 is the n’* moments of N x K dimensional

= =H
matrix S;,14 S, , with L = 1 whose moments ex-
plicit expression can be computes by Proposition
3.

Reduced-rank multi-antenna MMSE Receiver
in Line-of-Sight Transmission. In a line-of-sight
transmission DS-CDMA system with multiple
receive antennas, the received vector is given by
(3) where ¢ (1) = 2ndcosaxl/A = ¢l with d the
distance between two adjacent antennas, a;, the
incident angle of user k, and A the wavelength.
Due to the randomness in the geographic distri-
bution of users, it is reasonable to assume that
¢ are iid. random variables uniformly dis-
tributed in {0, 27). As a consequence the asymp-
totic weight of the reduced-rank multi-antenna
MMSE receivers in LoST are again glven by (9)

b)

In this case u, is the nt* moment of lelsl
with ¢x(l) = ¢il. Its moments explicit expres-
sion can be computed using Proposition 5.

Reduced-rank multi-antenna LCM Receiver in
Line-of-Sight Transmission. Again in this case
the received vector is given by (3) where ¢ (1) =
¢rl. The asymptotic weight of the reduced-rank
multi-antenna LCM receivers in LoST are again
given by (14) where, in this case 7, is the n** mo-

= =~H
ment of S1,D,8,, with ¢;(I) = ¢! whose mo-
ments explicit expression can be computed using
Proposition 6.

)

Notice that from the equality of the asymptotic mo-
ments in Propositions 1 and 4, it is easy to see that the
asymptotic output SINR of the single antenna MMSE
receiver with (K, 2LN, 02 /2) is the same as that of the
multi-antenna LCM receiver with (K, N, o?). Similar
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results hold for the multi-antenna MMSE receiver, the
single antenna LCM receiver, and the MMSE/LCM
receivers in line-of-sight transmission. We note that
the results on the multi-antenna MMSE receiver and
the single-antenna LCM receiver were originally ob-
tained in 2] and [7], respectively, by using free prob-
ability theory.

4 Deriving the Tse-Hanly Formula by
Means of the Moments

By using the Silverstein-Bai theorem [5], it is
shown in [6] that the asymptotic output SINR « of the
MMSE receiver in a DS-CDMA system with random
spreading satisfies the following fixed point equa-
tion (without loss of generality, the desired user is re-
ceived with unit power)

1

i dF

v= (15)

o2+ [ (P)’
where F(P) is the limit of the empirical distribution
of P,,...,Px as K goes to infinity. We point out
that the fixed-point equation can also be proved by
means of the asymptotic moments. Specifically, we
reduce (15) to a combinatorial equality involving the
asymptotic moments. Then we prove the equality by
using the combinatorial convolution defined on the
incidence algebra of non-crossing partitions. For de-
tails, please refer to [3].

5 Numerical Results

. Reduced-Rank MMSE
L | ——  Asymplotic Reduced-Rank

—

slgin¢-N::-m{;) ;‘
Figure 1: Output SINR vs. input signal-to-noise ratio
for two reduced-rank single-antenna receivers.

In all numerical results, N = 32, K = 25, L = 2
(number of receive antenna elements), D = 5 (num-
ber of stages of the reduced-rank receiver) are used.
The received powers of the interfering users are equal
and 5 dB above the desired user (power-controlled
interferers). The horizontal axis represents the input



signal-to-noise ratio P, /o2 in dB. For brevity, we do
not analize all cases (for more detatils please refer to
[3D-

Fig. 1 shows the performance of two reduced-rank
single-antenna MMSE receivers. The upper curve is
the output SINR of the reduced-rank MMSE receiver
that uses exact optimal weights, and the lower curve
is for the asymptotic reduced-rank receiver that uses
asymptotic weights. From the figure we can see that
the latter lies within 1 dB of the former. We found (not
shown in the figure) that if N > 80, the performance
loss due to using asymptotic weights will be less than
0.5 dB.

Equivaient MMSE
Full-Rank LCM
Reduced-Rank LCM
Asymp. Reduced-Rank
Reduced-Rank MMSE

“ 18 " 20

Sina-lo-Note Rato (@)
Figure 2: Output SINR vs. input signal-to-noise ratio
for single-antenna LCM receivers.

Fig. 2 illustrates the performance of the single-
antenna LCM receivers. We observe that the penalty
due to using asymptotic weights is within 1.25 dB. As
predicted, performance of the full-rank LCM receiver
is very close to that of the asymptotically equivalent
MMSE receiver (i.e. single-antenna case (L=1) with
processing gain 2N and noise level ¢2/2). We found
(not shown in the figure) that if N > 60, the per-
formance loss due to using asymptotic weights will
be less than 0.5 dB, and if D > 8, the performance
gap between the reduced- rank receiver and the full-
rank one will be less than 0.5 dB. For comparison pur-
poses, the output SINR of the reduced-rank MMSE
receiver in Fig. 1 is also shown here. We can see the
significant performance gain obtained by LCM pro-
cessing.

6 Conclusion

In this paper, we have obtained explicit expres-
sions for the asymptotic eigenvalue moments of sev-
eral classes of infinite random matrices that arise in
multiuser detection in DS-CDMA system with ran-
dom spreading. The results are useful in the design of
the asymptotic reduced-rank MMSE/LCM receivers
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that use the asymptotic values of the optimal weights.
Numerical results show that the penalty in the output
SINR due to using the asymptotic weights in place of
the exact optimal weights is acceptable for reasonably
large processing gain. Finally a self-contained proof
of the Tse-Hanly formula has been obtained.
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