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1. Introduction

Several authors (Denardo (6], Karp and Held [18], and Bertsekas [3])
have proposed abstract dynamic programming models encompassing a
wide variety of sequential optimization problems. The unifying purpose
of these models is to impose sufficient conditions on the recursive
definition of the objective function to guarantee the validity of the solu-
tion of the optimization problem by a dynamic programming iteration.
In this paper we propose a general dynamic programming operator model
that includes, but is not restricted to, optimization problems. Any func-
tional satisfying a certain commutativity condition (which reduces to
the principle of optimality in extremization problems - see Section 2, B2)
with the generating operator of the objective recursive function, results
in a sequential problem solvable by a dynamic programming iteration.
Examples of sequential nonextremization problems fitting this frame-
work are the derivation of marginal distributions in arbitrary probabil-
ity spaces, iterative computation of stage-separated functions defined on
general algebraic systems such as additive commutative semi-groups
with distributive products, generation of symbolic transfer functions,
and the Chapman-Kolmogorov equations.

Another feature of our operator framework, not shared by previous
works, is the ability to formulate forward models completely symmetric
to the backward ones. This enables the analysis of open-loop problems
(such as those of Propositions 2.1, 2.2 and 2.4) by either approach under
the same kind of restrictions (see Sect. 3) and, more significantly, it
allows for the formulation of the general back ward-forward model.

The backward-forward model presented in this paper is devoted to
the simultaneous solution of a collection of interrelated sequential prob-
lems based on the independent computation of a cost-to-arrive function
and a cost-to-go function. To fix ideas, consider the following simple
example of this method. In a layered network, the shortest path contain-
ing a particular arc can obviously be obtained by deleting all other arcs
in the same layer and solving for the shortest route by either forward or
backward dynamic programming; however, if the problem must be
solved for each arc in the network, then, rather than repeating the above
process, it is more efficient to compute simply the distances of each node
from the source and to the destination. As is shown in Section 4, the use
of the backward-forward model with nonextremization operators results
in interesting applications such as fixed-interval minimum error proba-
bility detection in data communications (as discussed in Chapter 2) and
the computation of the unconditional transition probabilities of a Mar-
kov process.

In Section 2 we present the abstract operator model for finite-
horizon backward and forward problems, and several sufficient condi-
tions are shown to ensure the validity of the dynamic programming
iteration. In particular, the sufficient condition given by Proposition 2
entails the commutativity of a pair of operators over a certain subset of
functions; when applied to infimization problems, this commutativity
condition is weaker and not more difficult to check in specific problems
than the sufficient conditions previously imposed ({4, Ch. 6D on the
generating operator of the objective recursive function. The use of the
proposed operator model is briefly illustrated in Section 2 for optimum
stochastic control problems, and in Section 3 for several deterministic
problems with extremization and nonextremization operators. The for-
mulation and analysis of the abstract back ward-forward operator model
are presented in Section 4 along with its application to minimum
probability-of-error detection in a general setting.
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2. Abstract Finite-Horizon Dynamic Programming Operator
Model

let Q0 and T ¢ be arbitrary sets. Consider an operator
V:Q7—Q, and denote the image of the function {gq,,t €T} by
Vgr €Q. Let S;,A; denote "state” and "action” spaces respectively at stage
i, and let M; be a set of functions ("admissible policies”) that map S; to
A;. Suppose that given {L#M:Fo,zv €Mgyy)! a family of functions

mapping So to the set (, and a collection of operators
V,:0M—Q,i=0,.N, the objective is to find
VO_NLMM,(X) for every x € S,. ¢))

In order to solve the above problem via dynamic programming, the
following assumptions will be used:
B1. Backward Decomposability of the Objective Function

There exists a collection of operators H ‘:QS’ —=Q%-1i=1,..N
(mapping functions of states to functions of actions) such that for all
oy €Moy,

Luy =L%, @

Li—l

KN

(x) =H"LL,N(#,-_,(x)),x €S_;i=1,..N, 3)
and

Li, ,:8:2Q; i=0,..N

B2. Backward Commutativity of Operators (VH = HV)
VinH'Liy,, =H'ViyLiy,,, i=1.N. (4)?
We then may state the following proposition.

Proposition 1(B)
Define the functions B': §; =#Q, i =0,...N , through the recursion:

BY =VyL{,, (5.2)
and
B x)=V,_H'B'(M;,_(x)) i=1..N. (5)
Then, under assumptions B1 and B2, we have
Von Lasg, = B (6)
[m}
“The notation i j =(y.,v,...,#j),M,<.j =M,;

Xt XMV, =V,

?The dependence of the functions of actions and states on their arguments is omitte}i
for convenjence. However, from the definition of V, i =0,..,/N , it is ciear that the appli-
cation of these operators to () -valued functions is always pointwise.

. Vj, is employed.

CH2093-3/84/0000-1081 $1.00 © 1984 [EEE



Proof -

Straightforward induction shows that

B =V,yLij,, i=0..N. (7
o

The fact that the recursions (3) and (5) are defined backwards is
only due to the ordering of the operators V in (1). Mere reversal of the
stage indices results in a forward solution of Vi oLy, (x), x € Sy. The
corrresponding decomposability and commutativity assumptions are, in
this case,

F1. Forward Decomposability of the Objective Function

Liow = Uiy >
where

Lt ()= HLL, (3D, x €841, i=0,.N —1, 39
and

Li‘c,z T Si —#Q ; i :(),__"N. Hi: Qsl _,QAI-H; i =0,...,N _1'
F2. Forward Commutativity of Operators

Vo H Ly =H'Vo, Ly, i=0.,N-1. @)

We then have

Proposition 1(F)
Define the functions ¥': S; »Q, i =0,..,N through the recursion:

FO=VoLy, (527
and
Fi*W(x)=V, , H'F(M, (x)) i=0,.,N-1 (5.)
Then, under assumptions F1 and F2,
Vyolng, =F". (6"
O

If either pair of assumptions is satisfied for a particular problem,
the other one is trivially satisfied for the time-reversed problem. Hence,
it is only meaningful to distinguish between the Forward and Backward
versions with respect to the state evolution of the original problem.
Rather than presenting only one of the versions and fitting every partic-
ular example by possibly reversing the stage indices, we choose to main-
tain always the original indices and present both the Forward and the
Backward formulations. This is due both to the fact that some problems
are solved by Forward and Backward recursions concurrently (Section
4), and because we are interested in recursions which evolve in the direc-
tion of the system (for real-time applications, e.g., the Viterbi algorithm).

When this general framework is applied to specific operators H
and V, the verification of the commutativity property B2 (or F2) often
requires an inductive proof which is common to most problems. Based
on such an induction, the next result provides a sufficient condition for
B2 (analogously for F2) that entails the verification of the commuta-
tivity of H with a single operator V.

Proposition 2

Define the functions LL‘JJ 28, ~Q, u;; €M, ,1SISjEN
through the recursions:
Li7(x)=V,unLlim,,, ®) (7a)
and
Lo ) =HILy (py(x)). (7v)

Suppose that, for 1<i £ j SN, we have

VjH‘L',;};,J =H’VJL’;;};,,),for almeM,; . (8)

Then condition B2 is satisfied.

Proof

Since LJ:N =LJ , particularizing (8) for i=j=N results in
ViHYL{ =HNVy Ly}, (condition B2 for i=N). Now suppose
that (4) is satisfied for k +1,...,N. We will show that under condition
(8), we have V, yH* Ly, » =H"V,yLjs .. The proof will be
divided in two stages:

a) If Vj_NHfLI(:JM, =H'V;yLf , and condition (8) holds, then
VL34, =L~ for 1€i<j and for all 7 € M, ).
b) If for k < j €N and for all 7 € M, =1 VL%, = L%7~' and (8)
' " 7
holds, then VkﬂHkLﬁ,k_A, = H‘VL-,NLMM-

Relationship a) can be proved by induction: Let i= Jj=1, then for all
x €S§; and m € M, we have

LG =V, 5Ly, (x)= V,wHLfy  (m(x))
=H'V, Ly, (mx) = HIV,Lip/(w(x) =V, H I Li/(:

=V,;Ly, (x),

where the second through sixth equalities follow from (3), (4), (7a), (8),

and (7b), respectively. Now suppose that VL3 = Li¥b/=1 for all
+ . 7

mTE€M, . ;—1andi<j—1,then, forall x €S; and n € M,,

VL, (1) = VH LA (p(x)
=H'"W LY (u(x)

= HiMLMI (0(x)) = L1 (x),

s

where the second equation follows from (8). In order to prove b) it is
enough to show that

VyH* Ly, =H'VyLty,  forall me My 5_,, (9

and

VijVM_NL';,MM = H'IVJ-J,,L’;,M}N forall m e M, ;_, 409),

Equation (9) follows directly from condition (8). To show (10), note
that the assumption in b) implies that

k
VianL

= Lk.J
T M L,,k.j for all m, ; €M, iy

So, it suffices to show that

ViH Lyt = H*V, 5Ly .

but this readily follows from (7) and (8).
w]
The source of much of the impetus for the above general operator
framework is the nice setting due to Bertsekas [3], [4, Part Il We can

underline three main differences between the approach of Bertsekas and
that presented here, namely,

i) We do not restrict attention to the case V.qr = inf g, or sug q,.
1 el 1 e

Although, of course, this is the most important case, it is both useful
(as illustrated below by several applications) and interesting from an
analytical viewpoint to consider nonextremization operators. Note
also that since we do not require the operators V, to coincide at each
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stage, we can deal, for example, with extremization problems where
inf and sup operators occur successively (e.g., dynamic two-person
zero-sum games, where computational schemes based on dynamic
programming principles are well-known, cf. [1}, [2]).

ii) Our operator H maps functions of states into functions of actions as
in Dynkin-Yushkevich [8]. However, we carry the duality between
states and actions one step further by defining the admissible policies
as mappings from the state space to the action space rather than to its
fibers. The stochastic control formulation of Bertsekas [3] is
equivalent to the special case in which the action space is
A; = §; X U,;, where U, is a control space and the admissible policies,
W € M, are restricted to satisfy3

plx)) = x,forall x €85;.

Besides its notational convenience, the versatility of the use of gen-
eral action spaces and action-valued policy functions affords a nice
parallelism (e.g., see Section 3.1) between forward and backward
problems.

~

In {4, Prop. 6.1] several sufficient conditions on the dependence of H
on the function of states are shown to guarantee (7) and, hence, the
validity of the dynamic programming algorithm in minimization
problems satisfying such conditions. Rather, our sufficient condition
for the validity of B2, and therefore (7), is the commutativity of the
operators V ; and H', X j, as given by Proposition 2. In general, it is
not -more difficult to check commutativity directly. Let us focus
attention on the special case:

il

Q = {—oo) U R U {+oo],Vl-qT = :uelfT q,, i=0,..N,

and consider the following conditions:

C1) H' is monotone in the function of states; (in minimization problems,
in order to be able to guarantee our commutativity property, it is
natural - although not necessary - to impose the monotonicity condi-
tion. This is done by Bertsekas [3] and Denardo {6), and appears to
have been stated explicitly for the first time by Mitten [17]), and for
every €>0, there exists u € M ; such that

HLij —H'V,Li; <e

C2) There exists a sequence of policies u* € M ; k =0,1,.., such that

L lui?]{l Ly and H Ly L HY 'AflL‘;;ﬁ.

2 HEM,

Conditions C1 and C2 are both implied by the assumptions in {4, Prop.
6.1] and it is elementary to show that (8) follows from either C1 or C2.

In stochastic control problems the key to the existence of uf and
{#* } with the above properties is the fact that the dependence of L/(x)
on u is only through u(x). Therefore, for every 8>0 there exists a uni-
formly S-optimum policy u®e€ Af’ (not necessarily M ;) such that for
allx €S;

V,Lg,;(x) +8& if Vjo;jlf(x) > —oo

1 (an

Ly(x) <
if V,Lip/(x) = —oo.

8

In particular cases, such u® can be shown to belong to M ; and mild res-
trictions on the cost-per-stages guarantee that C1 and C2 are satisfied.
For example, consider a controlled Markov process problem with additive
cost-per-stages:

3The progctions of a
i X X o XX, 22X,
P 1

cartesian product are depoted by

H'L(a)=g;_fa)+ fL(w)Pi_l(dwla),a €A;_,
S

L**Ux) =r(x), x €Sy 41

If A, €S, XU, and all admissible policies ue€ M, satisfy
pux)) = x, for all x €5,, then it is easy to see that LEM (x) is the
expected value of the cost of using uoy € M, .~ When the initial state is
x €8¢ Toshow the existence of u® € M, satisfying (11,) it is enough to
assume that the state and control spaces are Borel; A; k =0,...N are ana-
lytic sets, the costs-per-stage g; : A; = R k=0,..N and the terminal cost
r:8x 41 R are lower semi-analytic, the transition functions are Borel
measurable and M, = {u € AJS" such that p,(u(x)) =x,x €S, and u is
universally measurable} (see {5, Cor. 32] and [4, Prop. 50)).

Now, if V, x Ly . (x) > —oo for all x €8, then for every €>0
we can choose uf € M ; such that C1 is satisfied. On the other hand, if
there exists u € M, such that H'L%/(a) < +oo for all a € A,_,, then
using (11) we can select {u* } such that C2 is satisfied. Other stochastic
control problems such as those with worst—case, rather than average,
objective function and multiplicative and nonnegative, rather than addi-

tive costs-per-stage can be shown to satisfy commutativity via conditions
C1-C2.

3. Application to Classes of Backward and Forward Problems

Once we have illustrated briefly the application of the back ward
dynamic programming framework and associated commutativity condi-
tions to a class of stochastic control problems, in this section we show the
application of the general framework of Section 2 to classes of backward
and forward problems. Because of the causality relation among the state
spaces, the utility of the forward formulation is restricted to open-loop
problems. The main purpose of the first specific model to be presented (a
deterministic optimum control problem) is to illustrate the svmmetry
achievable between the backward and forward formulations, thanks to
the versatility of the action spaces and action-valued policies. In Section
3.2 we present applications of nonextremization operators in a very gen-
eral algebraic setting which includes the conventional finite state-space
dynamic programming models. Another example of a nonextremization
operator is the Lebesgue integral, which is used in Section 3.3 to derive
backward and forward versions of the Chapman-Kolmogorov equations.
In this case, the cost-to-go and cost-to-arrive functions are random vari-
ables and probability measures, respectively. The corresponding recur-
sions are employed in Section 4 to find the unconditional state transition
probabilities of a Markov process using a backward-forward recursion.

3.1. Additive-Cost Deterministic Optimum Control

It is easy to fit the framework of Section 2 to the problem of
additivecost  optimum  control of a deterministic  system
X 01= oty ) € Sp 4y, uy €Uy, k=0,.,N; x4. It is noteworthy that
the dynamic programming formulation presented here allows for a dual-
ity between the forward and backward formulations that, unlike previ-
ous works (see {11] and [12]), does not impose any restrictions on the sys-
tem in order to be able to define the forward dynamic programming
recursion. For the backward formulation, we make the following
identifications:

A =8 xXU;

HiLa)=g _ya)+ L(f,_a))
and

M, = lp € A% such that p,(u(x)) = x forall x €8, ).

On defining L’ through the recursion (3) - with L¥*! =0 -, it is clear
that

inf Lo (x)= inf

x
, 2 gk(xk-uA)
Mo € Moar ugn €U gn + =0

S.t.
K= p G dia o=

In the forward case, we define
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A =8, XU,

HiL(@)=g;,(a)+ L(p(a))

and

M, = {u e A’ such that Siofp(x) =x forall x €8S;}.

If L is defined through (3*) - with L® = 0 -, then it can be checked that

inf LY+ (x) = inf

"
N1 €M Ny 1V

N
. 3 g (i),
“on €Uon £=0

s.t.
K= Sy Ry =

and in both cases the commutativity property of Proposition 2 is obvi-
ously satisfied.

3.2. Recursive Computation of Stage-Separated Functions

Consider an algebraic system (Q,+, - ), where (Q ,+) is a commuta-
tive semi-group and the internal binary operation - is left-distributive
with respect to additions. Suppose that S;, i =0,..,N +1 are finite sets and
that we want to compute

Bo(x)= 2 2

xpeSy IN+1 €SN 41
for every x € S, Some examples of problems of this type are:

i) Shortest path problems with (R, inf, +).
ii) Computation of Boolean expressions, with ({0,1}, OR, AND).

iii) Computation of marginal probability distributions, with (R*, +, -)
(Section 4).

iv) Symbolic transfer function problems, with (S, | ,*), where S is
the family of sets of finite-length strings of symbols drawn from a
finite alphabet, and * denotes string concatenation (see [7] for a gen-
eralization of the McNaughton-Yamada algorithm [14] for the com-
putation of regular expressions given arbitrary state graphs, and [18]
for optimization problems in finite-state machines).

v)Dynamic programming for optimization problems where the return
space is only partially ordered. If (G,2,0) is a "regular multiplica-
tive lattice” [16}, then (G, inf) is a commutative semi-group and o is
distributive with respect to infimization. Interestingly, the version
of the optimality principle of [16] is a special case of the commuta-
tivity condition B2.

1t is straightforward to use the results of Propositions 1(B) and 2 in
order to compute the function B, by using dynamic programming. To
thatend, let A, =8, XS;., Vigr = 3, ¢, M, ={ue Ais‘; there exists

rel

x*€S;,;, such that w(x)=(xx*) for all =xeS;} and
HL(a)=g,_fa) - L(pfLa)). If the recursion (3) is used to define
L;‘uv , Wwith LEN(,. =gny(uy(x)), then it is easy to see that
Bfx)=Vgy -+ VyLS o (x). The commutativity condition of Proposi-
tion 2 follows from the left-distributivity of + with respect to +. Analo-
gously, by requiring right-distributivity instead, and interchanging i —1
by i +1 in the definition of A,, M; and H' above, forward dynamic pro-
gramming can be used to recursively compute

2 2 ["'[go(xo»xl)]'gl(xl.xz)]"']gN(xN,x)

xg€Sg iy €Sy

forall x € Sy 4.

Note that if (Q,+) has an identity element O which is also an
annihilator of -, ie.,g+0=q,q -0 =0-9 =0 forall ¢ €Q, then a spe-
cial case of the above formulation is

Yoo X Axue) Dlxu) o Dy Gyuyd] o0 ]

ug€lUqg uy €Uy
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go(x,xl)'[gl(xl,xz) [gN(xN,xN“)] o

subject 10 x; 4y = f (x4 ), xo = x. To see this, let
T(x; xi11) = {u; €U, such that f,;(x; 1) = x,,,)

and

2 X,'(x, .u,‘)

€ Titx, x4

g(x x.)=

if Ti(xi,xg+|) = ¢

0 T (x 2 )=¢

and use the associative and distributive properties of the algebraic sys-
tem.

3.3. Discrete-Time Markov Processes: Chapman-Kolmogorov
Equations

Consider a Markov process {x, € Q,,t € N} whose finite-
dimensional distributions are determined by P, an arbitrary initial pro-
bability measure on (Qq, Fg), and by the transition functions P;,i=1,.
such that P;(x,-) is a probability measure on ({,, F;), for each
x € Q,_;and P;(-, B) is measurable for each B € F;. Define

f fPi+l(xvdu’i+l)Pi+2(wi+lvdu’i+2) < Pelwy_1B)
Q1x1

Pz By =]
Pi(-I,B)

The goal here is to show the Chapman-Kolmogorov equation

Plid¥x B) = b/‘Pu,jJ(xm)Ptj.U(w’B)_ 0<i < j <k, (12)

7

by using the general dynamic programming framework in both back-
ward and forward formulations.

For the backward formulation we make the following
identifications: S, =0 ,A; =S, XQ; xXF; ;M;={une Af’;
there exists (w,B)e ;. X F,,, such that u(x)=(x,wB)for

all x €S,}, and
H/L(a) = P;(pfa),pLa)L(pLa)). (13)

If (w.B)e @ X F and g(w,B) = f (wW(B), then let
Vidaxr = [ f (@wdw). Fix k and B € F;, and define L/:S; — R,

o]

J <k—1 through (3), (13) and the initial condition L*~Nx) = P, (x,B).
1t can be checked that P4 )(x .B) = Viﬁ—ZLklu-z(x) i+1<k. The com-
mutativity condition B2 follows trivially from the linearity of the
integral. Hence, (7) is satisfied, i.e.,

Pix.B)= [ P (xdw)Pi*¥(wB), i+1<k,

i+1

which in turn implies (12). Analogously, for the forward recursion we
define S, = F; (the cost-to-arrive function is ngw a probability
measure); A; =Q, X F,.;XS;; M,={ueA;’, there exisis
(w,B) € Q,_y X F;,_,'such that (D) = (w,B,D), forall D €S}, and

HIL(@) =P, (pa)pfa)L(pLa)).

Fixing i and x € §;, and letting L'*X(B) = P, {(x ,B), and proceeding as
in the back ward case we obtain

Pi*(x,B)= [ P4 UxdwP,(wB), i+1<k

Qp g

which is equivalent to (12). In the more general case, where {x,,¢ € N}
is a function of a Markov process, although the Chapman-Kolmogorov
equation is not necessarily satisfied [13], it can be shown that the commu-
tativity condition B2 (or F2) is sufficient for its validity.



4. Backward-Forward Finite-Horizon Dynamic Programming

4.1. General Setting and Sufficient Conditions

Given a collection of sets D;, operators V;: QD' -Q,i=1,.,N, and
]duv €Q for all d,x € D, suppose that for all i=j V,V,=V,V,
and that V u ]Duv can be solved by both backward and forward
dynamic programming in the sense that

VinIp,, = Vo,/\'—1fk70w_l

= VZ'N“LMZJV-H

where V,H =V, = V, -1; there is a one-to-one map ing from D; to both
B.olicy spaces i—1 and IW,»“; and VOJ‘—L%M and Vwﬁ
p;; o satisfy properties B1-B2 and F1-F2 with So ar(l)éVTS"N“ equal to
smgfeton sets. Hence, the corresponding cost-to-go and cost-to-arrive
functions defined via (5) and (5") satisfy

B = Vi’N_lZIMLN—] and F¥ = V?.'zziqz, ,

i

respectively.

For each index i=1,..N, the above assumptions imply that for
every d,; €D, ;, ]dl.lD1+lN depends on D; ., only through the cost-
to-go function B?, and analogously, for every d; y € D; ~ Jp a
depends on D ;_; only through the cost-to-arrive function F ’“Uis;nlg
both facts and_the commugtativity of the operators V o there exists a
function W;: QS‘ xX D; x QS' such that

Viiat Viaw IDy D = WilF', d;, B), foralld; € D;. (14)

The interest of this result stems from a class of problems where it
is desired to compute
ViiaaViery Jpy, ap,.,, for each d; e D;,i=1..N, (e.g., find for
each arc in a lavered network, the shortest path from source to destina-
tion that contains that arc). The straightforward approach would be to
repeat a (forward or backward) dvnamic programming recursion for
each d; € D, and each time index. Even if we take advantage of the
obvious commonality of some of the computations, the number of steps
required by this approach is quadratic in N . In contrast, if (14) is used,
the solution to the above problem requires only two independent (one
forward and one backward) dynamic programming recursions. One case
of practical interest, where the backward-forward method can be
applied, is in the problem of fixed interval minimum error probability
detection [19]. It is shown in [19] that backward-forward dynamic pro-
gramming affords important computational savings over the Hayes-
Cover-Riera algorithm [15], which carries out 4 forward recursion for
each decision. The next subsection is devoted to the discussion of the
application of backward-forward dynamic programming to optimum
data detection in a fairly general framework. It also serves to point out
an application of nonextremization operators, namely, the recursive com-
putation of marginal distributions.

4.2. Application to Minimum Probability-of-Error Detection

Consider the following information transmission model which can
be shown to include several problems such as multiple-access communi-
cations, transmission of convolutionally encoded data and intersymbol
interference problems. Let (Q,F,P) be a probability space and let
G C F be the subo-algebra generated by the observation of an F-
measurable transformation of a sequence of transmitted symbols
{u, eU,,t=0,..,N—1}. As discussed in Chapter 2, optimum decisions
based on the a posteriori distribution PC[u, ..., uy_,] can be made
according to various optimality criteria; for example, the receiver may
select the sequence ugy_; € Ugy_; that maximizes PClug,...,uy ]
(globally optimum sequence detection), or the sequence of arguments that
maximizes the marginals P[], i =0,...N —1 (minimum error probabil-
ity detection). Suppose that there exists a random process
{x,:(Q,F)~(Q,,F,) t=0,.N } such that

M1. X, isconditionally Markov relative to G .
and

M2. At each stage, there exists a surjective mapping between the pro-
cess transitions Q, X ,,; and the alphabet of modulating sym-
bols U, .

Then, dynamic programming can be used for optimum data demodula-
tion either in forward version (the Viterbi algorithm [9]) for globally
optimum sequence detection, or in the back ward-forward formulation of
this section for minimum error probability detection.

Using assumption M2 above, the minimum error probability detec-
tion problem reduces to that of finding the sequence of joint distributions
of consecutive states of 4 Markov process, namely,

PClx; € By, X1 € Byl =

I
. P§(dwy) TT PE(w,_y, dw)).
Qog—1X By i1 X Qragn =1

Let D, = Q, X F, and select
d, =(x,C)eD; and dy ) = (x;41.Crv) € Dioy
Then the problem
= Vs Vison PESFIPT(QoF )« PEQ,_

jDoﬁ-ldk,e-lDHz_\'

PE (i Chap) PEra (o s Fiy2) o0 PR(Qx_WFy
fits the above back ward-forward framework with

[ 7 @ v(dw) for g5 = f (@ v(B)

2,

\E 9p,

andS, =0,,4,=Q, xD,,;8, =F,,A, =D,_, x Q,.

Note the fact that we are fixing two consecutive elements d; and 4, ,,,
rather than just one, introduces obvious changes in the backward-
forward solution. The results of Section 3.3 and Section 4.1 imply that

-’Dw‘ g ge1Draan FHCOPEL (2. Crw DB* P2 1)

with

Fi*(B) = [ P&, (w.B) F'(dw);, FXB) = P§(B)

1

and

Bi7Y(x)= f PS(x ,dw) B (w); B¥*' =1
0

i

Therefore, using Fubini’s theorem, the sought-after relationship is

PClx, € By Xps1 €Biy]l = f Ft(dx;) f PkG+1(xk;dxk+x)Bk+d§5

Ek Elz+l

In data-transmission problems it is common that the alphabets
U,;,i=0,.N are finite sets and that

N

POlug...,up]=TI Ao (xp o) where x, 4 = £ (xeat. ) xo 18 G-
k=0 )

measurable and the following condition is satisfied.

S1.  For k=0,.,N, if there exists x € Q,; and u, & €U, such that
felxu)=f,(xu)then u =u. (Note that condition S1 implies
condition M2 above.)
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According to the above framework, the only requirement on
(G, +, ) for the validity of the backward-forward dynamic program-
ming recursion for the class of problems of Section 3.2, is that (G, +)isa
commutative semi-group and that - is distributive with respect to +.
Furthermore, since in the present case the identity of the addition is an
annihilator for multiplication, we can also fit the controlled-state version
of the problem (see Section 3.2), and the following scheme for the com-
putation of the marginals can be used.

A
PClul= > Z TT A Gep)
ug, 1€l 0, -1 wan €L an 4=0
= ¥ Filx, O (x; 0)B (x4 )
g €, X g (16)
s.t.
Xy = 1,06
with
FtH(x) = by FaCeon, (x 1),
x; € Oy
s.t. there exists
"(Uk‘fk(‘k"‘):*
B¥(x)= Y, B f,(a, DA (x )
u, €Uy
and
1 X =Xp
FYx) = , BM+*l=1
0 x #xq

Moreover, if the following condition is satisfied

S2.  For k =0,..,N, if there exists x,x' € Q,; and u,u €U, such that

foexu)= fo(xu)thenu =u.

(eg., frequently f,(-, )k =0,.,N is a shift register system); then (16)
is further reduced to

POolul=

)

%1€ Qi

s.t. there exists
2 EQ =T, 00y)

Fitlx, ) Bi+Y(x;, ).
an

(1]

(2]

(3]

(4]

(sl

6]

(7]

(9]

(10]

[11]

[12]

(13]

[14]

f15]

(16}

(17]

(18]

(19]
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