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first (or �SE +(1��)SCD with user 2 decoded first), where � (or �)
ranges from 0 to 1. These rates are achievable, so they are lower bounds.
Because the objective is a concave function of the covariance matrices,
this lower bound is better than the time-sharing of data rates associated
with B and C (or D and E). Since the corner points after one iteration
(i.e.,B andE) are at most (K�1)m=2 nats away from the sum capacity,
the lower bound is a close approximation of the capacity region. A
typical example is shown in Fig. 5. Extensive numerical simulations
show that the lower bound is fairly tight. An upper bound is also plotted
by extending the line segments AB,CD, and EF. This is an upper bound
because the capacity region is convex.

VI. CONCLUSION

This correspondence addresses the problem of finding the optimal
transmitter covariance matrices that achieve the sum capacity in a
Gaussian vector multiple-access channel. The computation of the
sum capacity is formulated in a convex optimization framework. A
multiuser water-filling condition for achieving the sum capacity is
found. It is shown that the sum-rate maximization problem can be
solved efficiently using an iterative water-filling algorithm, where
each step of the iteration is equivalent to a local maximization of
one user’s data rate with multiuser interference treated as noise. The
iterative water-filling algorithm is shown to converge to the sum
capacity from any starting point. The convergence is fast. In particular,
it reaches within 1/2 nats per user per output dimension from the sum
capacity after just a single iteration. As mentioned before, the vector
channel model discussed in this correspondence includes ISI channels
and fading channels as special cases. Thus, the iterative water-filling
algorithm can also be used to efficiently compute the power allocation
across the frequency spectrum for an ISI channel or over time for a
fading channel.
Finally, although the iterative water-filling algorithm solves the sum

capacity problem efficiently, it does not directly apply to other points
in the capacity region. The computations of other capacity points are
also convex programming problems. However, how to best exploit the
problem structure in these cases is still not clear.
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Abstract—We investigate the spectral efficiency achievable by random
synchronous code-division multiple access (CDMA) with quaternary
phase-shift keying (QPSK) modulation and binary error-control codes, in
the large system limit where the number of users, the spreading factor, and
the code block length go to infinity. For given codes, we maximize spectral
efficiency assuming a minimum mean-square error (MMSE) successive
stripping decoder for the cases of equal rate and equal power users. In
both cases, the maximization of spectral efficiency can be formulated
as a linear program and admits a simple closed-form solution that can
be readily interpreted in terms of power and rate control. We provide
examples of the proposed optimization methods based on off-the-shelf
low-density parity-check (LDPC) codes and we investigate by simulation
the performance of practical systems with finite code block length.

Index Terms—Channel capacity, code-division multiple access (CDMA),
low-density parity-check (LDPC) codes, multiuser detection, quaternary
phase-shift keying (QPSK) modulation, successive decoding.

I. INTRODUCTION

All points in the capacity region of the scalar Gaussian multiple-ac-
cess channel are achievable by successive single-user encoding,
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decoding, and interference cancellation (stripping) [1], [2]. The
Cover–Wyner capacity region was generalized in [3] to encompass
the case of code-division multiple access (CDMA) with arbitrary
signature waveforms. As in the scalar case, all points in the boundary
of the capacity region of the CDMA channel can also be achieved by
stripping and single-user encoding/decoding, as long as the stripping
decoders incorporate minimum mean-square error (MMSE) filters
against yet undecoded users at each successive cancellation stage
[4]. Key to the optimality of stripping is the use of Gaussian codes
of rate arbitrarily close to (but not larger) than the capacity of the
channel obtained by removing the already decoded users. In this way,
optimal spectral efficiency is achieved by simple single-user coding
and decoding, with linear complexity in the number of users.

For given signature waveforms, successive stripping generally
requires that every user must transmit at a different rate, or must be
received at a different signal-to-noise ratio (SNR) level. This can be
avoided by designing the signature waveforms such that the equal-rate
point coincides with a vertex of the equal-power capacity region.
However, optimizing the signature waveforms (e.g., [5], [6]) is highly
impractical in real-life applications, where transmission is usually
affected by frequency selective fading channels.

On the other hand, existing nonorthogonal CDMA systems [7], [8]
are largely based on pseudorandom waveforms. The maximum spec-
tral efficiency of randomly spread (synchronous) CDMA, in the large
system limit, where the number of users and the spreading factor grow
without bound while their ratio tends to a constant �, was found in the
case of power-constrained inputs in [9], [10], and in the case of binary
antipodal inputs in [11].

While in the power-constrained case capacity is achieved by
Gaussian inputs, practical systems make use of discrete small-size
modulation alphabets. Given its widespread application and the
fact that quaternary phase-shift keying (QPSK) is optimal in the
wide-band low-SNR regime [12] we shall restrict our analysis to
QPSK-modulated CDMA.

We consider a pragmatic approach to QPSK-modulated CDMA
based on applying single-user binary coding and the same stripping
decoding approach which would be optimal for Gaussian codes.
Moreover, for evident practical reasons, we constrain our system
to have only a finite number of coding rates and/or of received
SNR levels. For this setting, we compute the achievable spectral
efficiency in the large system regime with optimal (i.e., single-user
capacity achieving) binary codes and with the best known low-density
parity-check (LDPC) code ensembles [13], in the limit for large code
block length, in the cases of equal received SNRs or equal rate users.
The proposed equal-power and equal-rate design approaches can be
effectively applied to nonasymptotic code block length, and provide
a simple tool to dimension CDMA systems for given target bit-error
rate (BER), user codes, and desired spectral efficiency.
The rest of the correspondence is organized as follows. Section II

presents the basic synchronous CDMA additive white Gaussian noise
(AWGN) model where users are grouped into a finite number of
classes such that users in a given class have the same rate and received
SNR. The existing results on the optimum spectral efficiency of the
power-constrained CDMA channel are summarized in Section III
with particular emphasis on the finite class model. Our choice for the
input constellation is QPSK, justified on the basis of complexity and
asymptotic optimality, as shown in Section IV-A. Then, we consider
the optimization of the received power profile of the different classes in
Section IV-B, assuming that the users employ equal-rate codes. Con-
versely, in Section IV-C, we optimize the code rate profile assuming
equal received SNR for all users. Both problems are formulated as
linear programs whose solution can be found explicitly. Section V
presents numerical examples of both methods when the user codes are
irregular LDPC codes found in [13]. Simulation results for finite block

length and finite number of users validate the large-system infinite
block length assumption made in the proposed optimization methods.

II. SYNCHRONOUS CDMA CANONICAL MODEL

We consider the complex baseband discrete-time channel model

yyyi = SSSxxxi + nnni; i = 1; . . . ; n (1)

originated by sampling at the chip-rate a synchronous CDMA system
[14], where

1) yyyi; nnni 2
n are the vector of received chip-rate samples and the

corresponding AWGN samples � N (0; 1) received at time i;

2) SSS 2 N�K contains the user spreading sequences by columns.
Spreading sequences are proper complex, known to the receiver,
with independent and identically distributed (i.i.d.) chips with
zero mean, variance 1=N , and finite fourth-order moment;

3) xxxi 2 K is the vector of user modulation symbols transmitted
at time i, where its kth component xk;i takes on values in some
signal constellation, with given average energy per symbol
E[jxi;kj

2] = �k . The scaling factors �k represent power
control and, without loss of generality, are normalized such that

1

K

K

k=1

�k = 1;

4) N;K; and n denote the spreading factor, the number of users,
and the code block length, respectively.

For the purpose of system design, it is convenient to consider a
system formed by J user classes. The size of class j is Kj , and we
denote by �j = Kj=N the “class load” of class j. Thus, the total
channel load is

� =

J

j=1

�j users per chip.

Users in class j have the same SNR, denoted by 
j (i.e., �k =

j for all users k in class j). Without loss of generality, we assume

1 � � � � � 
J . The total system spectral efficiency is given by

� =

J

j=1

�jRj

where Rj denotes the average rate of users in class j. The users indi-
vidual Eb=N0’s are in general different. Nevertheless, for the sake of
comparison with a reference equal-rate equal-power system, it is con-
venient to define a “system” Eb=N0 by

Eb

N0 sys

J

j=1

�j
j

J

j=1

�jRj

(2)

which coincides with the individual Eb=N0’s in the case where users
are dynamically assigned to the classes so that each user belongs to
class j for a fraction �j=� of the time.

III. EXISTING RESULTS ON FUNDAMENTAL LIMITS

In [10], the spectral efficiency (in bit/s/Hz) of random CDMA in the
large system limit (K;N !1 withK=N = �) subject to fading with
an input power constraint is found to be

(���; 


) = mmse(���; 


) + log2
1

�
+ (� � 1) log2 e (3)
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where ��� (�1; . . . ; �J ) and 


 (
1; . . . ; 
J ), � is the large-system
multiuser efficiency [14] of the linear MMSE receiver, given by the
solution of the Tse–Hanly equation [15], which for later use we write
as

� = fJ (�; �J ) (4)

where we define

fj(�; z) 1 + z

j

1 + 
j�
+

j�1

i=1

�i

i

1 + 
i�

�1

(5)

and where mmse(���; 


) is the achievable spectral efficiency of a
system based on linear MMSE filtering followed by single-user
decoding, given by

mmse(���; 


) =

J

j=1

�j log2(1 + 
j�): (6)

The spectral efficiencies in (3) and in (6) are achieved with codes whose
empirical distributions are Gaussian.
As shown in [10], the supremum of (3) over all possible J , ���, 




(for a fixed Eb=N0, and �) is achieved by J = 1 (one class only).
This can be readily seen by writing the total spectral efficiency for
finite K;N and given SSS as 1

N
log2 det(III + SSS 2SSSH), where

diag(
p
�1; . . . ;

p
�K). Then, we notice that, forK=N = � and

assuming that the empirical distribution of the scaling factors �k con-
verges to some fixed (nonrandom) distribution asK !1, the limit
lim
K!1

1

N
log2 det(III + SSS 2SSSH)

= lim
K!1

1

N
E log2 det(III + SSS 2SSSH)

holds with probability 1 [10]. Finally, by averaging over all K � K
permutation matrices���, by noticing that SSS and SSS��� are identically dis-
tributed, and by using Jensen’s inequality, it follows from the concavity
of log det(�) on the cone of nonnegative definite Hermitian symmetric
matrices that

E[log2 det(III + SSS 2SSSH)]

=
1

K!
���

E log2 det(III + SSS��� 2���HSSSH)

� E log2 det III +
K!

���

SSS��� 2���HSSSH

= E[log2 det(III + SSSSSSH)]

where the last line is achieved when all users are received with the same
SNR.
The supremum over � is achieved for � ! 1, and coincides with

the AWGN single-user capacity ?, implicitly given by

2 � 1
?

=
Eb

N0

: (7)

The spectral efficiency (���; 


) can be achieved by single-user de-
coding with successive stripping and MMSE filtering against unde-
coded users. Suppose that users are decoded one by one, starting from
users in class J , then class J � 1, and so on. Then, (���; 


) can be
written as

(���; 


) =

J

j=1

�

0

log2(1 + 
j�j(z))dz (8)

where �j(z) is the solution to � = fj(�; z). Notice that stripping of
the users one by one implies that users in the same class have different
rates. Namely, the user decoded in position bKjz=�jc of class j (where
z 2 [0; �j ]), transmits at rate log2(1 + 
j�j(z)). Hence, in general, a
different rate is required for each user. This makes such system highly
impractical from the implementation point of view.

IV. APPROACHING THE OPTIMAL SPECTRAL EFFICIENCY

A. QPSK Input Constellations

Information theory teaches us that one way to approach (3) is to use
single-user capacity approaching codes for the AWGN channel, suc-
cessive interference cancellation, and MMSE filtering at each cancel-
lation stage [4]. Furthermore, substantial progress has been made in the
last few years in designing binary codes and low-complexity decoders
whose rate comes fairly close to single-user capacity at vanishing BER.
Among those modern codes are turbo codes, repeat–accumulate (RA)
codes, and LDPC codes, all of which are decoded by efficient iterative
techniques (see the special issue [16] and references therein). These
code ensembles are characterized by their rate–threshold pair (R; g),
such that for SNR � g the BER can be made arbitrarily small in the
limit of n ! 1. For carefully optimized code ensembles [17]–[20],
on the standard single-user AWGN channel, the rate–threshold pairs
achieved so far come remarkably close to the curveR = Cqpsk( ),
where

Cqpsk( )=2 1�
1

�1
log2 1+e�2 �2

p
v e�v =2

p
2�

dv

(9)

is the QPSK-input AWGN channel capacity, as a function of SNR.
For example, Fig. 1 shows the QPSK capacity (9) (solid curve) and
rate–threshold pairs (marks) corresponding to some LDPC code en-
sembles from [13].
In the following, we shall optimize a CDMA system under suc-

cessive decoding assuming error-free decoding at each decoding level
when the decoder operates above its threshold SNR. This corresponds
to assuming very large code block length (i.e., n ! 1). Our goal is
to find the vectors ��� and 


 so that, at each stripping decoder stage, the
threshold requirement of each single-user decoder is satisfied. We shall
refer to this condition as the successive decodability condition.
In the large system limit, under our system assumptions, it is well

known that the residual interference at the output of the MMSE
filter at any cancellation stage is complex Gaussian with circular
symmetry [21]. Assuming optimal QPSK codes characterized by the
rate–threshold pairs (R;C�1qpsk(R)), for R 2 [0; 2] (see Fig. 1), the
spectral efficiency achieved by a stripping decoder is given by

qpsk(���; 


) =

J

j=1

�

0

Cqpsk(
j�j(z))dz: (10)

Fig. 2 shows qpsk(�; 
) and (�; 
) (for a single-class system, i.e.,
J = 1) versus�, forEb=N0 = 3 and 10 dB. The correspondingAWGN
capacity ? is shown for comparison. We notice that the loss incurred
by QPSK codes with respect to Gaussian codes gets more pronounced
as Eb=N0 increases. Although for any fixed Eb=N0 and sufficiently
large � the loss vanishes, for high Eb=N0 exceedingly large values of
� are required to make the loss negligible.
The following result shows that as the system load grows without

bound, QPSK suffers no loss of optimality. The result applies to the
general case where the received user SNRs are given by j kj2,
under the mild requirement that, asK !1, the empirical distribution
of the user amplitudes j kj converges to a given nonrandom distribu-
tion Fj j. For j kj2 = �k (deterministic) we obtain the system model
defined in Section III, but the result applies also to the case where j kj2
represents the random fading coefficient of user k, as in [10].1

1As in all capacity results of CDMA in the large system limit (see, for ex-
ample, [9], [10], [15]), achievability implies that the user code block length goes
to infinity. The natural and meaningful order of the limits with respect to n and
K is: first let n!1 and then let K!1. This means that the large-system
spectral efficiency is the limit of the spectral efficiencies of systems with in-
creasing K .
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Fig. 1. Rate–threshold pairs corresponding to QPSK capacity and for some LDPC codes from [13].

Fig. 2. Spectral efficiency versus � for random CDMA with Gaussian and QPSK inputs (with stripping decoder).

Theorem 1: Let

CQ(�; ) =
�

0

E[Cqpsk(j j2 �(z; ))]dz (11)

where �(z; ) is the solution to

� + ZE
j j2�

1 + j j2�
= 1 (12)

where j j � Fj j.

Fix � and E

N
and define

Q �;
Eb

N0

= CQ(�; ) (13)

for the satisfying
Eb

N0

CQ(�; ) = � : (14)

Then, for all E
N

� loge 2

lim
�!1

Q �;
Eb

N0

= ?
: (15)
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Proof: In view of the result shown in [10, eq. (163)] and since the
use of QPSK cannot improve upon the result obtained with Gaussian
inputs with the same power, it is enough to show that

lim
�!1

Q �;
Eb

N0

� ? (16)

where ? is given by (7) for any Eb=N0 > loge 2 (notice that
?(loge 2) = 0).
To show (16), we will show that for every � and

CQ(�; ) � log2(1 + � )�
�(j j)�

2

� + 1
log2 e (17)

where

�(j j) =
E[j j4]

(E[j j2])2

denotes the kurtosis of the distribution of j j.
The bound in (17) will be sufficient for our purposes because if we

choose the following SNR:

� =
?

�

Eb

N0

(18)

then

CQ(�; �) � log2(1 + � �)

� �(j j) �

E

N

?

E

N
? + 1

log2 e: (19)

! log2 1 +
Eb

N0

? (20)

= ?: (21)

Furthermore, the E

N
required by � is upper-bounded by

� �

CQ(�; �)
�

E

N

?

log2 1 + E

N
? � � ?

(22)

=
Eb

N0

1

1� �
(23)

for an arbitrarily small �, provided � is large enough.
To show (17) we need the following two inequalities:

Cqpsk(x) � x � x2 log2 e (24)

and

� �
1

1 + �
(25)

where � is the solution to

� + �E
j j2�

1 + j j2�
= 1: (26)

To show (25) rewrite the Tse–Hanly equation as

= � + � E
j j2�

1 + j j2�
(27)

� � + �
2
� (28)

where the inequality comes fromE[j j2] = 1. Inequality (24) follows
from the definition of Cqpsk.
Now, (17) readily follows from

CQ(�; ) =E[Cqpsk(j j
2 �(z; ))]dz (29)

�
�

0

E Cqpsk

j j2

1 + z
dz (30)

�
�

0

E
j j2

1 + z
log2 e

�E
j j4

2

(1 + z )2
log2 edz (31)

�
�

0 1 + z
log2 e�

�(j j)
2

(1 + z )2
log2 edz

(32)

= log2(1 + � )�
�(j j)�

2

1 + �
log2 e (33)

thus concluding the proof.

Interestingly, the optimality of QPSK in the large � limit proved in
Theorem 1 is different in nature from its wide-band optimality proved
in [12]. In fact, as a consequence of the rotational invariance of the
spreading sequences, Theorem 1 also holds if the modulation is binary
phase-shift keying (BPSK). A related result on the optimality of binary
inputs in the absence of spreading admits a very different (central-limit
theorem based) proof [3].
In the following, we consider two alternative pragmatic CDMA op-

timization problems: 1) equal-rate, nonuniform power, and 2) equal-
power, nonuniform-rate systems. We assume that, in both cases, users
in each class i are decoded in parallel by a bank of single-user decoders,
while classes are stripped off from J to 1, i.e., in decreasing SNR order
(for the equal-rate case) or in increasing rate order (for the equal-power
case). Notice that our approach is pragmatic in two ways: it makes
use of QPSK rather than Gaussian codes and it performs class-by-class
stripping, rather than user-by-user, as implied by (8) and (10).

B. Optimization for Equal-Rate Systems

We assume that users in all classes make use of codes drawn ran-
domly and independently from the same ensemble with rate–threshold
pair (R; g). The signal to interference plus noise ratio (SINR) at the
output of the MMSE filter for class i users, assuming that all users in
classes i+1; . . . ; J have been perfectly canceled, is given by 
i�i(�i).
Hence, the condition for successive decodability of all users is

�i(�i) �
g


i
; for all i = 1; . . . ; J:

We fix the received power levels 


, and consider the optimization
of the class loads ���. Without loss of generality, we assume 
1 � g,
since for all j such that 
j < g, we would have trivially �j = 0. This
problem can be formulated as a linear program as follows. Because of
the monotonicity in the first argument of the function in (5), and the
fact that the solution to �j(z) = fj(�j(z); z) is unique [15], we can
conclude that

8 x 2 [0;1) x � �j(z), x � fj(x; z) (34)

Accordingly, the successive decodability condition is equivalent to

1 +

i

j=1

�j

j

1 + 
j
g




�1

�
g


i
; 8 i = 1; . . . ; J (35)

which can be written in compact form as

AAA��� � bbb

whereAAA is a J � J lower triangular matrix with nonzero elements

ai;j =
(1 + g)
j

i + 
jg

2 (0; 1] (36)

and bbb is a positive vector with elements

bi =
(1 + g)(
i � g)


ig
: (37)

Notice that ai;i = 1, ai;j (for 1 � j � i) is increasing with j and
decreasing with i and bi is increasing with i.
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For a desired spectral efficiency � = �R, the optimal vector��� which
achieves (if possible) arbitrarily small BER with minimal (Eb=N0)sys
is the solution to the linear program

minimize
J

i=1

�i
i

subject to AAA��� � bbb

J

i=1

�i � �

��� � 000

(38)

given by the following result.

Proposition 1: The equation AAAxxx = bbb has a unique solution with
nonnegative components ��� . Furthermore, the feasible set in (38) is
nonempty if and only if � �

J

j=1
�j . The solution of (38) is given

explicitly by

�?i =

�i; i = 1; . . . ; Ĵ � 1

� �
Ĵ�1

j=1

�j ; I = Ĵ

0; i = Ĵ + 1; . . . ; J

(39)

where Ĵ denotes the minimum i for which � � i

j=1
�j .

Proof: See Appendix A

C. Optimization for Equal-Power Systems

In this case, we assume that the users in all classes have fixed SNR

, but users in each class j make use of a different code ensemble,
characterized by the rate–threshold pair (Rj ; gj). Without loss of gen-
erality, we assume R1 � � � � � RJ and g1 � � � � � gJ .2 For ex-
ample, assuming optimal binary codes corresponds to obtaining the
pairs (Rj ; gj) by sampling the curve of Fig. 1 in given J desired rate
values. Without loss of generality, we assume 
 � g1, since for all j
such that 
 < gj , we would have trivially �j = 0.
The successive decodability condition is given by

�i(�i) �
gi


; for all i = 1; . . . ; J

which translates into

i

j=1

�j � bi; i = 1; . . . ; J (40)

with

bi =
(1 + gi)(
 � gi)


gi
(41)

using again property (34). Hence, for given rate–threshold pairs
(Rj ; gj), the spectral efficiency � = J

i=1
�iRi maximized over the

class loads is obtained as the solution to the following linear program:

maximize
J

i=1

�iRi

subject to LLL��� � bbb

J

i=1

�i � �

��� � 000

(42)

whereLLL is a lower triangular J�J matrix with lij = 1 for all i � j and
where bbb = (b1; . . . ; bJ )

T with bi given in (41). We have the following
result.

2Any good family of codes satisfies the condition that codes with larger rate
have larger SNR thresholds.

Proposition 2: The problem (42) is always feasible and its solution
is given explicitly by

�?i =
bi � bi�1; i = 1; . . . ; Ĵ � 1

� � bĴ�1; i = Ĵ

0; i = Ĵ + 1; . . . ; J

(43)

where b0 0, and Ĵ denotes the minimum i for which � � bi.
Proof: See Appendix A.

V. NUMERICAL EXAMPLES

In this section, we give examples of the equal-rate and the equal-
power system designs using the off-the-shelf LDPC code ensembles
optimized for the binary-input AWGN channel, found in [13].

Equal-rate design. In Fig. 3, the curves labeled by “LDPC,
R = 0:2; 1:0; 1:8” are the spectral efficiencies achieved by the
equal-rate design with the LDPC codes of rate 0.2, 1.0, and 1.8 bits
per QPSK symbol (corresponding to binary rate 0:1; 0:5; and 0:9), in
the family whose rate–threshold pairs are represented by the marks
in Fig. 1. The equal-rate spectral efficiency curves were obtained
considering increasing values of �, and, for each �, a vector 



obtained by discretizing the interval [g; �
(�)] with step of 0.1 dB,
where �
(�) is the minimum 
J for which the feasible set of (38)
is nonempty. The single-user capacity ? is shown for comparison.
We notice that the equal-rate design is able to approach quite closely
? for low R at the price of a very large load �. For example,
for R = 0:2 at � = 2 bits/s/Hz, the gap from ? is � 0.2 dB,
with load � = 10 users/chip. Figs. 4 and 5 show the distributions
(mass functions) of �j versus 
j corresponding to � = 2 and LDPC
codes of rate R = 0:2 and R = 1:0 (achieving 1.4-dB gap from
? at � = 2 users/chip).
Equal-power design. In Fig. 6, the curves labeled by “LDPC” and

“discr.QPSK” are the spectral efficiencies achieved by the equal-power
design with the LDPC code family found in with rate–threshold pairs
corresponding to the marks in Fig. 1, and rate–threshold pairs obtained
by sampling the QPSK capacity curve from R = 0:05 to 1:95 with
step 0:1, respectively. The fact that the “LDPC” curve does not ap-
proach the “discr.QPSK” curve at high E

N
is due to the fact that the

largest rate available in the LDPC code family of [13] is limited to
1.8-bits/channel use. It turns out that in order to approach ?, it is
necessary to have many different classes. Even a relatively finely dis-
cretized distribution of optimal (i.e., single-user capacity-achieving)
rates, such as curve “discr.QPSK, ”suffers some loss away from ?.
In Fig. 6, the low (Eb=N0)Sys behavior of spectral efficiency is domi-
nated by the class with lowest coding rate (and SNR threshold). In fact,
the value at which spectral efficiency becomes zero is given by gJ=rJ ,
which is the minimum Eb=N0 to have a vanishing fraction of users at
nonzero rate. We conclude that in order to approach optimal spectral
efficiency with the equal power scheme, a wide range of coding rates is
needed and, in particular, very-high- and very-low-rate codes must be
designed. This might pose some practical problems for code design.
It is worthwhile to mention that the equal-power spectral efficiency

curves are obtained as the upper envelope of the solution of (42), over
all 
 � gJ and � 2 [0; bJ ], i.e., for all pairs (
; �) for which the
solution (43) exists.

Effect of finite n and K . We discuss the effect of finite block
length n and finite K and N on the system achievable perfor-
mance throughan example. For finite code length, the decoding SNR
threshold g, above which the post-decoding BER is vanishing, is not
defined (strictly speaking, it is infinite). However, in practical system
design, for each class j we set a target SNR threshold gj such that if
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Fig. 3. Spectral efficiency of some LDPC codes with equal-rate design.

the SINR at the input of the decoders of users in class j is above gj ,
then the post-decoding BER is so small that it has negligible impact
on subsequent decoding stages of classes j � 1; j � 2; . . . ; 1. A
natural question is whether such small but nonvanishing BER has
a catastrophic effect, preventing the successive stripping decoder
from decoding some class of users. We argue that for n sufficiently
larger thanK , and post-decoding BER sufficiently small, the effect of
residual errors is indeed negligible. In fact, assuming random errors
(if errors are correlated after decoding, we can use independent inter-
leaving for each user), the expected number of incorrectly decoded
symbols interfering with a user of class j is given by � j

i=j+1Ki,
where � is the residual BER. Typically, LDPC codes have the property
that, at the transition between the waterfall and the error flattening
regions of the BER curve, the BER is � = O(1=n) = �=n for
some constant � � n. Turbo codes have similar behavior, where
� = O(1=I) and I is the size of the interleaver of the turbo encoder
(this effect is called “interleaving gain” in [22]). Hence, by letting
the thresholds gj correspond to the SNR at the transmission between
waterfall and flattening, and by letting n � K , we have that the
expected number of incorrectly decoded symbols interfering with a
user of class j is given by �( j

i=j+1 Ki)=n � 1.

Eventually, we conclude that a sensible approach for the design of
practical CDMA systems based on successive decoding is to use the
large-system optimization methods developed before, while replacing
the infinite block-length thresholds gj by some target SNR values
chosen according to the BER versus SNR performance of actual
finite-length codes. While this argument provides only a heuristic
design approach, extensive simulations show that the resulting systems
are very good.

Fig. 8 shows the spectral efficiency achievable by the equal-rate de-
sign withR = 1:0. The curve denoted by “optimal” corresponds to the
threshold g = 0.186 dB, of ideal infinite-length QPSK random coding.
The curve denoted by “practical” corresponds to the threshold g =

0.933 dB, of the finite-length irregular LDPC code ensemble gener-
ated from the degree distribution found in [13].3 From Fig. 7 we ob-
serve that this threshold corresponds to BER� 5 � 10�3 for n = 5000

and BER � 5 � 10�4 for n = 10000. We simulated a system with
� = 2.0 bits/s/Hz, spreading factor N = 64, and K = 128 users,
corresponding to the mark in Fig. 8. Moreover, in order to improve the
robustness of the stripping decoder to residual errors, soft stripping can
be used, and successive decoding of the users from classJ to class 1 can
be iterated more than once (we refer to this approach as the multipass
soft-stripping decoder, where one decoding pass consists of decoding
once all the users). Soft stripping (see, for example, [23]) consists of
subtracting from the signal the MMSE estimates of the signals of the
already-decoded users instead of their hard decisions. When the user
decoders are symbol-by-symbol maximum a posteriori (MAP) (or ap-
proximations thereof via belief-propagation decoder, as in LDPC de-
coding [17], [18]), the MMSE estimate of the ith symbol of user k, xi;k
is obtained as the conditional mean

xi;k = E[xjEXTi;k]

where EXTi;k denotes the kth decoder extrinsic information for the
ith symbol. For example, with QPSK symbols we have

xi;k =
1p
2
tanh

L(I)i;k

2
+

jp
2
tanh

L(Q)
i;k

2
(44)

where L(I)i;k and L(Q)
i;k denote the extrinsic belief-propagation decoder

messages for the variable nodes corresponding to the bits modulated in
the in-phase and quadrature components of the ith QPSK symbol (see
[23] for more details). Soft stripping has the advantage that if decisions
are not reliable, i.e., jL(I)i;k j and/or jL(Q)

i;k j are small, then the effect of
3The threshold SNR g = 0.933 dB was obtained by trial-and-error as the

minimum value for which the multipass successive decoder removes all inter-
ference in two decoding passes for block length n = 5000. For different codes,
block length, and channel load this value might be different.
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Fig. 4. Load distribution (f� g versus f
 g) for the equal-rate design with LDPC-coded QPSK of rate 0.2-bit/channel use and � = 2 bits/s/Hz.

Fig. 5. Load distribution (f� g versus f
 g) for the equal-rate design with LDPC-coded QPSK of rate 1.0-bit/channel use and � = 2 bits/s/Hz.
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Fig. 6. Spectral efficiency of LDPC and optimal QPSK codes with equal-power design.

this symbol on the residual interference signal is attenuated.The evo-
lution of the users’ SINR versus the successive stripping decoder iter-
ations is shown in Fig. 9 for n = 5000 and in Fig. 10 for n = 10000.
These curves are snapshots obtained by random generation of the noise,
of the spreading sequences, of the information sequences and of the
LDPC code graphs. Each user is characterized by the evolution of its
SINR with the successive decoding steps. For the sake of clarity, we
have shown only the minimum, maximum, and average SINR over all
users. The successive decoder makes use of soft stripping. Each LDPC
decoder is run for a maximum of 200 iterations, and three interference
cancellation passes are performed.
For n = 5000, we need to perform two soft-stripping successive

decoding passes before all users reach their target SNR threshold. For
n = 10000, since the threshold is much more conservative, a single
pass is sufficient. Equivalently, one could have lowered the threshold
and achieved the same spectral efficiency at a smaller Eb=N0. In any
case, we notice that the gap between an optimal (infinite block length)
system and a practical finite-length system depends almost entirely on
the fact that finite-length codes need SNR significantly larger (0.747 dB
in this example) than the infinite-length decoding threshold. On the
other hand, no catastrophic error propagation effect is observed when
the system is designed according to the rules outlined above.

VI. CONCLUSION

We considered the optimization of a canonical coded synchronous
CDMA system characterized by random spreading and QPSK sig-
naling, in the limit for large number of users, large spreading gain, and
large user code block length. Such assumptions may be regarded as
“pragmatic” in the sense that they are all motivated by actual CDMA
systems. The CDMA system considered here has low complexity,
as it assumes successive stripping with MMSE filters. Excellent
approximations to the MMSE filters can be precomputed using
the large random matrix design approach of [24], with complexity

O(K2). Moreover, powerful long user codes such as LDPC codes
can be decoded iteratively, with linear complexity in the block length.
Hence, the overall complexity per decoded information bit of the
multiuser decoder is linear inK and constant in the code block length,
i.e., comparable with the complexity of standard CDMA systems
based on single-user detection and separated single-user decoding.
Nevertheless, the proposed system optimization, driven by recent
information-theoretic results, yields spectral efficiencies remarkably
close to the optimal (i.e., optimizing also with respect to the user
signature waveforms and using Gaussian codebooks).
We quantified the loss in spectral efficiency due to the use of QPSK

in lieu of Gaussian inputs. The loss for high SNR is not as pronounced
as in the single-user case and, in fact, we showed that it vanishes for
large channel load �. Then, we considered two special cases of the
general rate and power allocation problem: namely, the optimization
of the received SNR distribution for an equal-rate system, and the op-
timization of the user rate distribution for an equal-power system, sub-
ject to the successive decodability condition imposed by the stripping
decoder. Both problems yield linear programs that admit closed-form
explicit solutions.
From a practical viewpoint, the equal-rate system design is probably

more attractive than its equal-power counterpart since it can approach
optimal spectral efficiency uniformly, for all Eb=N0’s, provided that
the individual users coding rate is small. Moreover, controlling the re-
ceived user SNR is much easier and closer to existing power-control
schemes than allocating coding rates (and channel codes) to the users.
Numerical results show that the system optimization carried out in

the large-system limit and for infinite code block length can be used ef-
fectively to dimension practical systems, provided that the SNR thresh-
olds are chosen according to the actual BER performance of the fi-
nite-length user codes. Systems optimized according to the proposed
method do not suffer from catastrophic error propagation of the suc-
cessive stripping decoder even if, in general, finite-length codes have
nonvanishing post-decoding BER.
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Fig. 7. Average BER performance of irregular LDPCs of rate 1=2 over (single-user) AWGN with QPSK modulation (spectral efficiency R = 1.0 bit/s/Hz). The
BER is obtained by averaging over randomly generated parity-check matrices with the given degree distributions (max left degree 100, average right degree 11).
The belief-propagation decoder performs up to 200 iterations.

Fig. 8. Spectral efficiency achievable by an ideal random coding QPSK ensemble of rate 1:0, and by a suboptimal code ensemble with the same rate and SNR
larger threshold. The mark corresponds to the simulated system.
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Fig. 9. Evolution of the user SINR at the LDPC decoder input versus the successive decoding steps, for the multipass soft-stripping decoder with LDPC code
length n = 5000. Each decoder pass corresponds to 128 decoding steps (i.e., to the decoding of allK = 128 users).

Fig. 10. Evolution of the user SINR at the LDPC decoder input versus the successive decoding steps, for the multipass soft-stripping decoder with LDPC code
length n = 10000. Each decoder pass corresponds to 128 decoding steps (i.e., to the decoding of all K = 128 users).
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APPENDIX
A. Proofs

Proof of Proposition 1: A necessary condition for ��� minimizing
the objective function in (38) is that the constraint

j
�j � � holds

with equality. Hence, without loss of generality we rewrite (38) in the
canonical form

minimize 


T���

subject to �AAA��� � �bbb

111T��� = �

��� � 000:

(45)

The dual linear program is given by

maximize (�bbbT ; �)
yyy

�

subject to [�AAAT ; 111]
yyy

�
� 




yyy � 000

(46)

where � can be either positive or negative.
From the properties of the coefficients ai;j and bj we get immedi-

ately that AAA is invertible and the vector ��� such that ��� = AAA�1bbb has
nonnegative components. The vector ��� 2 J

+ maximizing 111
T��� and

satisfying AAA��� � bbb is ��� (this is easily shown by contradiction, since ���
is the unique nonnegative vector ��� that makes the inequality AAA��� � bbb

componentwise tight). Hence, if 111T ��� < � the primal problem is infea-
sible. On the other hand, if 111T ��� � �, the primal problem is feasible,
and a feasible point is given by (39). In order to show that this is indeed
the desired solution, we shall assume that 111T ��� � � and find a feasible
point for the dual problem. Then, we show that the value of the dual
problem at this point is equal to the value of the primal problem at (39).
We rewrite the inequality constraint and the objective function in the

dual problem (46) as

AAA
T
yyy � �111� 


 (47)

and

�bbbTyyy + ��: (48)

The vector �111 � 


 has decreasing components. For fixed �, let K�

denote the number of positive elements of �111�


. It is clear from (47)
and (48) that the objective function is maximized by letting the last
J �K� components of yyy be equal to zero. We introduce the following
short-hand notation: for a vector xxx 2 J and a matrixMMM 2 J�J , we
let xxx� andMMM� denote the K� � 1 subvector of xxx formed by its first
K� components, and theK��K� submatrix ofMMM formed by its first
K� rows and columns, respectively. Then, a feasible point for the dual
problem is the vector ��� such that its firstK� components are given by

���� = �(AAAT

�
)�1111� � (AAAT

�)
�1



� (49)

and the remaining J �K� components are equal to zero.
The value of the objective function (48) at this point is given by

f(�) = bbb
T
�(AAA

T
�)
�1



� + � � � bbb

T
�(AAA

T
�)
�1111� : (50)

It is not difficult to see that f(�) is a continuous and piecewise-linear
function of �, for � � [
1; 
J ]. The assumption 111T ��� � � can be
rewritten as � � 111TAAA�1bbb � 0. Hence, for � > 
s, for some 1 �
s � J , the slope of f(�) is negative, while for � < 
s the slope is
positive. Therefore, the maximum of f(�)with respect to� is achieved
for � = 
s and, by definition, s is the minimum index in 1; . . . ; J such
that s

j=1
�j � �, i.e., s = Ĵ defined in (39). The primal objective

function evaluated at the feasible point (39) is given by

(
1; . . . ; 
s; 0; . . . ; 0)AAA
�1
bbb+ 
s � � (1; . . . ; 1

s

; 0; . . . ; 0)AAA�1bbb :

It is immediate to see that this coincides with the dual objective function
f(�) evaluated at � = 
s. Hence, we conclude that (39) is the sought
solution.
Proof of Proposition 2: The proof follows immediately by ob-

serving that, for � � bJ , the program (42) can be reformulated as the
Ĵ-dimensional polymatroid program [25]

maximize
Ĵ

i=1

�iRi

subject to
i2S

�i � r(S); 8 S � f1; . . . ; Ĵg

��� � 000

(51)

where the rank function r(S) is defined by

r(S) =

maxfSg

i=1

�i

where �i = bi � bi�1 for i = 1; . . . ; Ĵ � 1 and �Ĵ = � � bĴ�1.
Since (b0; . . . ; bĴ�1; �) is increasing, r(S) is submodular.
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Simple Polynomial Detectors for CDMA Downlink
Transmissions on Frequency-Selective Channels

Walid Hachem, Member, IEEE

Abstract—In code-division multiple-access (CDMA) transmissions,
computing the multiuser minimum mean-squred error (MMSE) detector
coefficients requires the inversion of the covariance matrix associated to
the received vector signal, an operation usually difficult to implement
when the spreading factor and the number of users are large. It is
therefore interesting to approximate the inverse by a matrix polynomial.
In this correspondence, means for computing the polynomial coefficients
are proposed in the context of CDMA downlink transmissions on fre-
quency-selective channels, the users having possibly different powers.
Derivations are made in the asymptotic regime where the spreading factor
and the number of users grow toward infinity at the same rate. Results
pertaining to the mathematics of large random matrices, and in particular
to free probability theory, are used. Spreading matrices are modeled as
isometric random matrices (spreading vectors orthonormality is a natural
assumption in downlink) and also as random matrices with independent
and identically distributed (i.i.d.) elements.

Index Terms—Code-division multiple access (CDMA), free probability,
large systems analysis, polynomial detectors, reduced rank Wiener filters.

I. INTRODUCTION

In direct-sequence code-division multiple access (DS-CDMA),
spectral efficiency is considerably increased when a multiuser detector
such as the linear minimum mean-squared error (MMSE) detector is
used in place of the conventional single-user matched filter (SUMF).
However, computation of this detector has a high complexity when the
spreading factor and the number of users are large: the main difficulty
comes from the inversion of the covariance matrix associated to the
received vector signal, necessary for this computation. When the
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spreading sequences are time variant, this operation has to be done at
every symbol interval. In [1], the inverse of the covariance matrix is
approximated by a matrix polynomial with a degree depending on the
allowable complexity. The natural problem here is to compute simply
the polynomial coefficients, considered now as a constrained, thus
suboptimal, MMSE detector. Note that this polynomial detector can be
seen as a reduced-rank MMSE detector, which is a filter operating in a
subspace having a dimension smaller than the dimension of the signal
subspace. Specifically, it is implicitly shown in [2, Theorem 2] that the
polynomial detector considered in this correspondence is equivalent
to the so-called reduced rank multistage Wiener filter (MSWF).
Recently, the mathematics that describe the asymptotic behavior

of large random matrices have gained a growing interest in the
communications research community (see, for instance, [3] and the
references therein). In the context of polynomial detectors, [4] and [5]
proposed simple algorithms for computing polynomial coefficients
when the spreading factor and the number of interferers are large. They
relied on the observation that when spreading matrices are modeled as
random matrices with independent and identically distributed (i.i.d.)
entries, then the covariance matrix has a limit eigenvalue distribution
when the spreading factor grows toward infinity and the system load,
which is the ratio of the number of data streams to the spreading
factor, converges toward a constant. The optimum asymptotic detector
coefficients in the sense of the mean-squared error (MSE) criterion are
deduced from the moments of this limit distribution, and these depend
on the statistical properties of the signal model in a simple fashion.
In the asymptotic regime, the optimum coefficients are computed
independently of the spreading matrix realization. [6] used the same
type of tools and exploited the additional information associated to
the noncircular nature of data symbols when these have their values
in a binary phase-shift keying (BPSK) constellation. The authors in
[7] and [8] considered iterative techniques for inverting the covariance
matrix. These techniques show close relationships with the polynomial
approaches.
All these contributions considered frequency flat-fading channels.

However, in high-rate transmissions, often the signal bandwidth is not
negligible compared to the channel coherence bandwidth. In this cor-
respondence, the polynomial detector for downlink CDMA transmis-
sions is studied for frequency-selective channels and unequal powers
allocated to data streams. Orthonormal and nonorthonormal spreading
vectors are considered. In the first case, the spreadingmatrix ismodeled
as a random isometry matrix while in the second case, it is modeled as
a matrix having i.i.d. entries. Performance of the polynomial detectors
in the asymptotic conditions is assessed in terms of the signal-to-inter-
ference-and-noise ratio (SINR) at the detector output. As a particular
case, a closed-form expression of the asymptotic performance of the
SUMF, which is a zero-degree polynomial detector, is also given. The
impact of channel frequency selectivity on the performance of this de-
tector is thus quantified.
Note that when the spreadingmatrix has i.i.d. entries, it is established

that the noise at the output of various kinds of linear detectors can be
considered as Gaussian when K and N grow large ([9], [10]). There-
fore, relying on the SINR for computing the bit-error rate (BER) in the
asymptotic regime is rigorously justified in this case.
The mathematical tool for studying the asymptotic behavior of large

random matrices used in this correspondence is free probability theory
([11]). This theory has been used in a certain number of contributions
(see, for instance, [3], [12]) to study the performance of detectors used
for multiple-access communications.
This correspondence is organized as follows. The problem is for-

mulated in Section II. A procedure for computing the polynomial de-
tector coefficients in the case where the spreading matrix is isometric
and in the case where it has i.i.d. elements is presented in Section III.
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