
IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 50, NO. 10, OCTOBER 2004 2271

Variable-Rate Coding for Slowly Fading Gaussian
Multiple-Access Channels

Giuseppe Caire, Senior Member, IEEE, Daniela Tuninetti, Member, IEEE, and Sergio Verdú, Fellow, IEEE

Abstract—We consider a nonergodic multiple-access Gaussian
block-fading channel where a fixed number of independent and
identically distributed (i.i.d.) fading coefficients affect each code-
word. Variable-rate coding with input power constraint enforced
on a per-codeword basis is examined. A centralized power and
rate allocation policy is determined as a function of the previous
and present fading coefficients. The power control policy that opti-
mizes the expected rates is obtained through dynamic program-
ming and the average capacity region and the average capacity
region per unit energy are characterized. Moreover, we study the
slope of spectral efficiency curve versus 0 (dB), and we quan-
tify the penalty incurred by time-division multiple access (TDMA)
over superposition coding in the low-power regime.

Index Terms—Block-fading channels, causal channel state infor-
mation, channel capacity, low-power regime, multiple-access chan-
nels (MACs), power control.

I. INTRODUCTION

A. Motivation

TO motivate the setting of this paper and focus ideas con-
sider the following specific application.

A population of low-power sensors are required to transmit
information sporadically within a given delay by spending a
fixed amount of energy. The receiver is a low Earth orbit satel-
lite that illuminates each sensor with its spotbeam antenna for a
limited amount of time every orbit period. The battery of each
sensor can be recharged during the lapse between transmissions.
When the satellite flies over the sensors, the sensors spend the
whole battery energy in the transmission of one codeword. In
this setup, each codeword is sent in isolation, rather than as part
of a continuous stream of successive codewords. The channel
fading is slow relative to the duration of the codeword, in the
sense that its statistics are not revealed within that span. Further-
more, instead of requiring a fixed information rate with a certain
nonnegligible probability of outage (when the fading conditions
are not favorable), the designer adopts a best-effort approach in
which very high reliability is guaranteed with an information
rate that depends on the channel conditions.
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More generally, real-time services (including video stream-
ing) are practical examples of situations where disruption of ser-
vice is deleterious, but varying channel capacity can be accom-
modated by adapting the reproduction fidelity. Thus, wireless
systems that use variable-rate coding in the presence of fading
that varies slowly relative to the duration of the transmission are
practically interesting. (See [1], [2] for further practical motiva-
tion on the single-user version of this setting.)

B. Slow Block-Fading Channel Model

We assume the channel to be frequency nonselective and
slowly varying (i.e., the channel coherence bandwidth and
the channel coherence time are larger than, respectively, the
bandwidth and time duration of the transmit signals). We use
the popular block-fading channel model [3] in which the time
axis is divided into equal-length slots and each slot is affected
by one fading coefficient. The fading coefficient, or channel
state, remains constant over the whole slot and varies indepen-
dently from slot to slot. In practical systems, the independence
assumption is motivated by time and/or by frequency hopping.
Moreover, we assume that each slot has large enough band-
width time–duration product so as to guarantee high level of
reliability against the additive noise.

We also assume that codewords span a fixed number of slots.
At the end of a block of slots, decoding must be performed.
The system parameter , common to all the users, models the
number of fading degrees of freedom in the time span after
which information becomes useless. Note that usually is a
given parameter not under the control of the system designer
(see Section I-A). A key feature of this model is that since
each slot of each user is affected by a single fading coefficient
the channel is nonergodic: the fading statistics are not revealed
within the span of each codeword for any finite .

C. Power Constraints

The information-theoretic literature on fading channels has
adopted various ways to characterize power constraints, fore-
most among those:

A Power constraint on a per-symbol basis.
B Power constraint on a per-codeword basis.
C Power constraint on an arbitrarily long sequence of code-

words.

In the above cases, power is typically averaged over of the
codebook.

In practical settings such as the one is Section I-A, power
cannot be amortized over a horizon long enough to reveal the
fading statistics, in the sense that potential power savings in one
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codeword cannot be capitalized in future codewords. (Recall the
setup of Section I-A where codewords are sent sporadically and
in isolation.) Although the information-theoretic limits are rele-
vant to systems where the codeword duration is long enough to
provide reliability against the underlying noise, the codeword
duration may be short relative to the fading dynamics. In those
cases, constraint B is closer to capturing the practical constraints
than constraint C.

Basic information-theoretic results [4], [5] have shown that
constraints B and C offer no advantage in either unfaded chan-
nels or in fading channels where the transmitter does not know
the channel. However, when the transmitter has instantaneous
knowledge of the channel fading coefficients, constraints B and
C lead to strictly larger capacities than constraint A because they
enable the use of “power control” which avoids wasting power
at symbols where the channel undergoes deep fades. In ergodic
settings, constraints B and C result in the same power con-
trol policy, e.g., in single-user scalar (ergodic) Gaussian-noise
fading channels the optimal power allocation strategy is water-
filling in time [6]. In contrast, under constraint A, the optimal
power policy is constant power allocation. Although the dif-
ferent constraints lead to different optimum transmission strate-
gies, in the high spectral efficiency regime they achieve very
similar single-user ergodic capacity. Only in conjunction with
multiaccess and multiuser detection do optimum power control
strategies lead to noticeable advantages in the high signal-to-
noise ratio (SNR) regime [7]–[9]. On the other hand, in the
low spectral efficiency regime, constraints B and C enable (for
fading distributions with infinite support) reliable communica-
tion with energy per bit as small as desired [8], [10]. This is in
stark contrast to constraint A, which requires a minimum trans-
mitted energy per bit equal to 1.59 dB [10].

In nonergodic channels, constraints B and C lead to different
power allocation strategies. In [11], the concept of “delay-lim-
ited” capacity region for multiaccess fading channels is intro-
duced. In this setting, each codeword spans a single fading state
and the input power constraint enforced is C. The reliably de-
coded information rates are fixed while the transmit power fluc-
tuates from codeword to codeword. The delay-limited capacity
region is the set of rates which can be achieved for all fading
states (up to a set of measure zero). In the single-user scalar case,
the optimal power policy is “channel inversion,” i.e., the SNR at
the receiver is maintained constant by appropriate compensation
at the transmitter. If, instead, the power constraint enforced were
B, then only the rate corresponding to the least favorable fading
state could be guaranteed. In the important case of Rayleigh
fading, this delay-limited approach cannot guarantee any pos-
itive rate with finite power under constraint C (and a fortiori
under constraint B).

Another way to characterize the performance of nonergodic
channels is by means of the -capacity [12], [13]. This approach,
also referred to as “capacity versus outage” [3], [14], [15], al-
lows decoding failure with nonnegligible probability. The power
allocation policy has the objective to maximize the transmission
rate for a given outage probability . As in the delay-limited set-
ting, the transmit power responds to the fading fluctuations but
the transmission rates remain constant. In the single-user scalar
case with codewords spanning a single fading state ( ), the

optimal policy under constraint B is constant power allocation
while under constraint C, it is truncated channel inversion, i.e.,
the fading is compensated for only if it is not too severe [13].

In this paper, we take a “best-effort approach” that comple-
ments the delay-limited and outage approaches: we allow the
transmit coding rates to vary according to the channel condi-
tions while enforcing arbitrarily reliable communication. The
goal of the encoder/decoder is to maximize the expected rate
of reliable information transfer within each codeword subject to
an average power constraint on a per-codeword basis (constraint
B). A centralized controller that knows the previous and current
fading realizations affecting all users (e.g., the receiver) deter-
mines the rate and power to be used by each user at each slot.
The resulting transmission rates vary from codeword to code-
word and are a function of the actual realization of fading
coefficients. The causal nature of the fading state information
available at the controller yields a dynamic programming so-
lution, whose closed form is not generally known even in the
single-user case [1], [2]. Notice that the maximization of the
average rate under constraint C, with causal channel knowledge,
results in the optimal ergodic power allocation policy derived in
[9].

D. Low-Power Regime

As shown recently in [10], the minimum energy per bit, on
which traditionally information-theoretic analysis of the low
spectral efficiency regime has focused, fails to capture the fun-
damental power–bandwidth tradeoff. To study that tradeoff it is
necessary to analyze not only the minimum energy per bit, but
also the “slope” of spectral efficiency versus curve (ex-
pressed in b/s/Hz/3 dB) at the point of minimum energy per bit.
Accordingly, our analysis focuses on both fundamental limits:
we make use of the framework developed in [16] for the ca-
pacity-per-unit-cost region for multiaccess channels as well as
results on the wideband slope region, following the approach of
[17], [18].

We show that a “one-shot” power allocation policy, that con-
centrates the whole transmit energy over one out of slots,
yields both optimal minimum energy per bit and optimal wide-
band slope. Since such slot must be chosen on the basis of causal
feedback, the transmitter cannot simply choose the most favor-
able slot in the codeword. Rather, the dynamic programming
solution has the structure of a comparison of the instantaneous
fading amplitude with a decreasing threshold function that can
be easily computed.

Interestingly, we show that time-division multiple access
(TDMA) in conjunction with the one-shot power policy suffices
to achieve the capacity region per unit energy but is strictly
suboptimal in terms of wideband slope for any nondegenerate
fading distribution. On the contrary, superposition coding with
successive interference cancellation at the receiver, in conjunc-
tion with the one-shot power policy, achieves both the capacity
region per unit energy and the optimal wideband slope.

E. Organization of the Paper

Section II gives a description of the system model and de-
fines the variable rate coding scheme; Section III characterizes
the average capacity region. As a byproduct of our results, we
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show that there is no loss in maximal expected rate by placing
the additional constraint that reliable decisions must be made at
the end of each slot. Section IV specifies the average capacity
region per unit energy including the asymptotic form of the
dynamic programming power allocation strategy. The asymp-
totic optimality (in terms of wideband slope) is proved in Sec-
tion V, which also considers the performance of TDMA in the
low-power regime. As a baseline of comparison a low-SNR
analysis of the optimal noncausal policy is given in Section VI.
Section VII particularizes the results for the Rayleigh-fading
case.

II. SYSTEM MODEL AND BASIC DEFINITIONS

We consider a Gaussian multiple-access channel (MAC)
where transmitters must deliver their message to a central
receiver by spending a fixed maximum energy per codeword.
The propagation channel is modeled as frequency-flat block
fading. The fading gain of each user remains constant for a
time slot of duration seconds and changes independently
in the next slot. The number of complex dimensions per slot
is where is the channel bandwidth in hertz.
For the block-fading assumption to be valid, and must
be smaller than, respectively, the fading coherence time and
the fading coherence bandwidth [19]. The baseband complex
received vector in slot is

(1)

where is a proper complex Gaussian random vector of di-
mension with independent and identically distributed (i.i.d.)
components of zero mean and unit variance, is the length-
complex vector of symbols sent by user in slot , and is
the scalar complex fading coefficient affecting the transmission
of user in slot . The cumulative distribution function (cdf)
of the instantaneous fading powers ,

, is assumed to be a continuous function.
The codewords of all users are synchronized and span a

fixed number of slots. Each codeword of length slots is
subject to the input constraint

(2)

where is the average transmit energy per coded symbol. Be-
cause of the noise variance normalization adopted here, has
the meaning of average transmit SNR.1

The receiver has perfect channel state information (CSI)2 and
determines the rate and power allocated to each user at slot

1Note that the actual transmitted SNR is equal to 
 =N as the noise power is
P = N W (in watts) and the user k signal power is P = (in watts),
whereN (in watts per hertz) is the power spectral density of the additive noise,
W (in hertz) is the channel bandwidth, NL
 (in joules) is total energy of the
kth user codeword, and TN (in seconds) is the total codeword duration.

2Because each slot contains a number of degrees of freedom that grows
without bound, dropping this assumption has no effect on the capacity [20].

on the basis of the history of the channel state up to time , ,
defined as

(3)

Due to the causality constraint, the instantaneous transmit SNR
of user in slot , indicated by

(4)

can depend only on . Therefore, the input constraint in (2)
can be rewritten as

(5)

No positive rate is achievable with arbitrary reliability for fi-
nite and . The standard information-theoretic analysis of
the block-fading channel [3], [13]–[15], [11], [20] considers
a sequence of channels with fixed and fading block length

and determines the optimal achievable perfor-
mance in the limit of . It turns out that, in the regime
of large , the best error probability achievable by any code
is given by the minimum information outage probability, i.e.,
by the minimum over the input distribution of the probability
that the mutual information for a given realization of the
fading coefficients is less than the transmitted coding rate [3].
This mathematical abstraction is motivated by the fact that, in
many practical applications, the number of fading degrees of
freedom per codeword is too small to reveal the fading statis-
tics, but the number of signal degrees of freedom per
fading degree of freedom is large enough to cope with the addi-
tive noise. Note that for the power (joules per second) and rate
(bits per second) not to grow without bound as the number of
degrees of freedom grows, must be allowed to be sufficiently
large.

Even in the limit of large , the rate -tuple at which re-
liable communication is possible over a codeword of slots
is a random vector, because only a finite number of fading
coefficients affects each codeword. This means that, for fading
processes with nonvanishing cdf in an interval around the origin,
the counterpart of the delay-limited capacity obtained enforcing
(2) would be zero.

We assume that transmitters have infinite “bit reservoirs”
and transmit variable numbers of bits per codeword, which
depend on the fading coefficients affecting the code-
words. Therefore, at the end of each transmission the number
of bits delivered to the receiver is a random variable. Because
the transmission rates are chosen so that reliable decoding is
always possible, the system is never in outage.

The largest average rate region achievable with variable-rate
coding when each codeword is subject to the power constraint
in (5) is the subject of the next section.

III. THE AVERAGE CAPACITY REGION

The average capacity region is the set of average achiev-
able rates defined in Appendix A and admits the following
characterization.
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Theorem 1: The average capacity region achieved with
is given by

(6)

where the expectation is taken with respect to and where
denotes the set of all power allocation policies satis-

fying the causality constraint in (5) for all .
Proof: See Appendix B.

The region is convex in . By applying Jensen’s
inequality it is straightforward to see that if
and then, for every

For this reason the convex hull operation is not needed in (6).
The boundary surface of the region is the convex

closure of all -tuples that solve [9]

(7)

for some . It is easy to see that
the set of average rates achievable by any fixed power policy

is a polymatroid [9]. Hence, the optimization in
(7) is equivalent to the optimization over of the
functional

(8)

where is the permutation of such that
which corresponds to the decoding order

. The optimization in (8) is a dynamic pro-
gram solved by the following.

Theorem 2: The boundary surface of is the convex
closure of the set

(9)

where the th component of the rate -tuple is given
by

(10)

( gives the position of index in the permuted vector
) and where , for all and , is given by the

following dynamic programming recursion.
Let denote the users’ energy (per - sym-

bols) available at any given slot. For , define re-
cursively the functions by (11) (at the bottom of the
page) with , where the expectation is with respect
to . Let
be the vector achieving the maximum in (11). Then, the op-
timal power policy is given by

(12)
where denotes the fading power vector
in slot .

Proof: The recursion in (11) and the optimal power policy
in (12) follow easily from the general theory of dynamic pro-
gramming [21] when the function to be maximized is given by
(8) and the system state, in the presence of a command ,
evolves from time to time according to

.

It follows that the maximum of the rate weighted sum (8) is
given by

(13)

Numerical results for the recursion in (11) in the case of
Rayleigh fading and are provided in [1].

Interestingly, in contrast with [9], the convex hull operation in
the boundary characterization of Theorem 2 is needed since the
rates might not be continuous functions of . Con-
sider, as an example, the case for . The region
coincides with the ergodic capacity region of a fading channel
without CSI at the transmitters, the dominant face of which is a
hyperplane in dimensions. Due to the polymatroid structure
of , the solution in (10) is one of the (at most) ver-
tices of the dominant face. Hence, as varies in , the set of

contains at most points. It is clear that the convex
hull operation is needed here.

Although for finite a closed-form solution of (11) seems
infeasible, for large we can prove the following.

Theorem 3: In the limit for large , the average capacity
region tends to the ergodic capacity region [9]

(14)

(11)
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where the expectation is taken with respect to the instantaneous
channel state and is the set of
feasible memoryless and stationary power allocation policies

defined by

(15)

Proof: See Appendix C.

Theorem 3 shows that for large the penalty incurred by
the use of a causal power allocation policy with respect to the
ergodic power allocation policy vanishes. In other words, as

increases, the past information becomes irrelevant and the
power policy becomes time invariant and memoryless. An inter-
esting open question is the characterization of the rate of con-
vergence of the average capacity region to the ergodic
capacity region .

IV. THE AVERAGE CAPACITY REGION PER UNIT ENERGY

For multiaccess channels, the fundamental limit that deter-
mines the optimum use of the energy is the capacity region per
unit energy [16]. In the variable-rate coding setting, the average
capacity region per unit energy is defined in Appendix A and
admits the following characterization.

Theorem 4: The average capacity region per unit energy is

(16)
Proof: The proof follows immediately from [16, The-

orem 5].

In analogy with [16], we also have the following.

Theorem 5: The average capacity region per unit energy is
the hyper-rectangle

(17)

where , given by

(18)

is the th-user single-user average capacity per unit energy.
Proof: See Appendix D.

The explicit solution of (18) was found originally in [1] for
the single-user case. We report it here in our notation for later
use.

Theorem 6: The th user single-user average capacity per
unit energy is given by the dynamic programming recursion

(19)

for with initial condition and where
the expectation is taken with respect to . Further-

more, is achieved by the “one-shot” power allocation policy
defined by

if
otherwise

(20)

where the random variable , function of , is
defined as

(21)

Proof: See the proof given in [1].

We refer to the optimal policy as “one-shot” because the
whole available energy is spent in a single slot. In fact, in
each slot , the transmitter compares the instan-
taneous fading gain with the threshold . If

, then all the available energy is transmitted in slot . Since

the threshold for is zero ( ), the available en-
ergy is used with probability within the codeword of slots.
The intuitive explanation of why the optimal power policy is
decentralized in the low-power regime comes from the observa-
tion that, when the transmit powers are very small compared to
the power of the additive noise, the presence of competing, and
potentially interfering, users is not the primarily cause of per-
formance degradation. In this case, the power allocation policy
solely depends on the user fading process, however, the rate al-
location policy must be centralized. In fact, the users must coor-
dinate their transmit rates so that reliably joint decoding at the
central receiver is possible.

Fig. 1 shows a snapshot of a fading realization over a window
of slots and the corresponding thresholds for the
“one-shot” policy. In this case, transmission takes place in slot

. Notice that the optimal noncausal power policy would
have chosen for transmission the slot with largest
fading gain.

The threshold sequence is nondecreasing and
depends only on the fading distribution and not on the
actual fading realization. Hence, it can be precomputed and
stored in memory. When varying the delay requirements from

to for the same fading statistics, the threshold sequence
needs not be recomputed from scratch: only an extended seg-
ment , instead of , has to be used. Notice
also that the number of active users does not affect the value
of the thresholds.

The behavior of when grows to infinity is given by the
following.

Theorem 7: For large , the th-user single-user average
capacity per unit energy tends to the th-user single-user
ergodic capacity per unit energy, given explicitly by

(22)

Proof: See Appendix E.

Notice that for fading distribution with infi-
nite support.

V. PERFORMANCE IN THE LOW-POWER REGIME

In Section III, we gave a characterization of the boundary
surface of the average capacity region for arbitrary numbers of
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Fig. 1. Rayleigh-fading realization over a codeword of N = 10 slots and the corresponding thresholds for the “one-shot” policy.

users and slots . In Section IV, we proved that the average
capacity region per unit energy is achieved by letting all users
transmit at vanishing SNR. In this section, we characterize the
average capacity region in the regime of small (but nonzero)
SNR by comparing the average performance of the “one-shot”
policy, optimal for vanishing SNR, with the average perfor-
mance of the optimal policy in (12).

A. The Single-User Case: Background

The optimality of a coding scheme in the low-power regime is
defined and studied for several input-constrained additive noise
channels in [10]. Let be the capacity expressed in nats
per second per hertz (nat/s/Hz) as a function of the (transmit)
SNR, and let denote the corresponding spectral ef-
ficiency in bits per second per hertz(bit/s/Hz) as a function of
the energy per bit versus noise power spectral density, ,
given implicitly by the parametric equation

(23)

The value for which
, is given by [10]

(24)

where is the derivative of the capacity function at
. From [16] and from the proof of Theorem 5, we see

immediately that the reciprocal of is the capacity
per unit energy (expressed in bits per joule) of the channel.

In the low-power regime, the behavior of spectral efficiency
for energy per bit close to its minimum value is of great im-
portance, as it is able to quantify, for example, the bandwidth

requirement for a given desired data rate (see the detailed dis-
cussion in [10]). This behavior is captured by the slope of spec-
tral efficiency in bit/s/Hz/(3 dB), at , given by (see
[10, Theorem 6])

(25)

where denotes the second derivative of the capacity func-
tion at . A signaling strategy is said to be first-order
optimal if it achieves and second-order optimal if
it achieves both and .

B. First- and Second-Order Optimality of in the
Single-User Case

We deal first with the single-user case, i.e., . For sim-
plicity of the notation we drop the user index, we indicate the
single-user average capacity given in Theorem 2 (with a slight
abuse of notation) as

(26)

and we rewrite the recursion in (11) for as

(27)

for with initial condition . It is under-
stood that, when considering user , the mean value in (27) is
computed with respect to and the SNR in (26) is

.
Even if we cannot give a closed-form expression for

and for , the low-power characterization of the single-user
average capacity and the second-order optimality of the “one-
shot” policy are given by the following.
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Theorem 8: and for the single-user block-
fading channel with causal transmitter CSI and codeword length

are given by

(28)

(29)

where and are, respectively, the first and the
second derivative of in (27) at . The first deriva-
tive is given by

(30)

where is given by recursion (19), and the second derivative
is given by the recursion

(31)

for , with .
Furthermore, the one-shot power allocation policy

achieves and slope , i.e., it is first- and second-
order optimal.

Proof: The expressions in (28) and in (29) follow by
using (26) in (24) and (25). The statement in (30) follows
immediately by noticing that , from (26), and
that , from the proof of Theorem 5. The proof
of (31) and of the second-order optimality of are given in
Appendix F.

C. The Multiuser Case: Background

In a multiaccess channel, the individual user energy per bit
over are defined by , where is
the transmit SNR (energy per symbol) and is the rate (in
nat/s/Hz) of user . We indicate by the th-user single-user
slope and by the slope of user in the multiuser case. Note
that is given by (29), where the superscript “ ” stresses
the fact that the mean values are computed using . In
general, is the th component of an achievable rate -tuple

. Without loss of generality, we can consider only points on
the boundary surface of the capacity region defined by the input
constraints . To stress the fact that these points are
functions of , we shall write .

In order to make use of the theory developed for the single-
user case, we fix a vector and we let
the user SNRs vanish with fixed ratio , for all

. The fact that, from Theorem 5, the average
capacity region per unit energy is a hyper-rectangle implies that
for vanishing rates . Hence, in the low-power
regime, imposing SNR ratios is equivalent to fix rate ratios

(32)

The user rate can be expressed solely as a function of as

(33)

and, by applying (29), we obtain

(34)

where we define the short-hand notations

(35)

and

(36)

Notice that the user- slope is completely characterized by the
gradient and the Hessian matrix of the rate function com-
puted for .

In [17], [18], the slope region for the standard two-user
Gaussian MAC is studied and its boundary is explicitly param-
eterized with respect to the ratio .

D. Slope Region Achieved By TDMA

Before carrying on the characterization of the slope region
for the general multiuser case, we investigate the slope region
achievable by TDMA. In this case, every slot is divided into
subslots each of which is assigned to a different user. Each user
sees a single-user channel on its subslot, and applies a suitable
(single-user) causal power policy satisfying its individual power
constraint.

In Section IV, we have shown that the one-shot power allo-
cation (in conjunction with Gaussian variable-rate coding) is
optimal in the sense of achieving the average capacity region per
unit energy, i.e., it achieves for all users. Then, we
conclude that the one-shot policy is first-order optimal for any
number of users . From the proof of Theorem 5 it follows that
first-order optimality can be obtained either by using superpo-
sition coding or by using TDMA inside each slot. As an imme-
diate consequence of the second-order optimality of in the
single-user case, stated by Theorem 8, we have the following.

Theorem 9: For any arbitrary SNR ratios , the slope
region achievable by TDMA is given by

(37)

Furthermore, this is achieved by applying the one-shot power
policy .

Proof: For such that
the maximum achievable rates under TDMA are

. By straightforward application
of (34), we have hence, by considering the
union over all possible choice of , we get (37).



2278 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 50, NO. 10, OCTOBER 2004

E. Second-Order Optimality of in the Multiuser Case

The optimal slope region under the causal power constraint is
given by the following.

Theorem 10: For any arbitrary SNRs (with
for all ), the optimal slope region is given

by (38) at the bottom of the page, where

(39)

where denotes the sum over all permutations of
and where are nonnegative “time-sharing” coef-
ficients (indexed by the permutations ) such that .
Furthermore, the one-shot policy achieves the optimal slope
region, i.e., it is second-order optimal in the multiuser case.

Proof: See Appendix G.

VI. THE OPTIMAL NONCAUSAL POLICY ACHIEVING THE

AVERAGE CAPACITY PER UNIT ENERGY

Before proceeding with numerical examples in which we
compare the performance of the optimal power policy with
the one-shot power policy in the low-SNR regime and the
performance of the (second-order optimal) one-shot power
policy with the (first-order optimal) TDMA strategy, we briefly
report the power policy that maximizes the average capacity
region per unit energy with noncausal feedback, i.e., where
the whole fading realization is revealed to the transmitters
at the beginning of each codeword. We limit ourselves to the
single-user case, since we saw that in the multiuser case the
average capacity region per unit energy is the Cartesian product
of the single-user average capacities per unit energy. If we allow
the input to depend on the whole CSI in a noncausal way,
it is immediate to show that the optimal policy maximizing
the average capacity per unit energy is “uniform maximum
selection”

if
otherwise

(40)

where

(41)

The power policy in (40) allocates uniformly the available en-
ergy to the slots whose fading is equal to the maximum. Notice
that with a continuous fading distribution ,
therefore, the whole available energy is concentrated in one slot
almost surely. However, the selected slot might be different from
the slot selected by the causal one-shot policy in (20). For ex-
ample, in the snapshot realization of Fig. 1, would select
slot 8 instead of slot 6 selected by .

The following results are straightforward extensions of the
theory developed for the case of causal CSI.

Theorem 11: and for the single-user
block-fading channel with noncausal transmitter CSI and code-
word length of slots are given by

(42)

(43)

Furthermore, the uniform maximum-selection power policy
achieves both and .

With TDMA, because of the second-order optimality of
in the single-user case, we have the following.

Theorem 12: For any arbitrary SNR ratios , the slope
region achievable by TDMA is given by

(44)

Finally, the optimal slope region is given by the following.

Theorem 13: The optimal slope region with noncausal CSI
is given by (38) with the coefficients given by

(45)
Furthermore, is first- and second-order optimal for any
number of users and any delay .

Proof: See Appendix H.

VII. EXAMPLE: THE RAYLEIGH FADING CASE

In order to illustrate the results of previous sections we con-
sider the case of i.i.d. Rayleigh fading, where the channel gain
law is for for all users.

A. Comparison Between Causal and Noncausal Power Policy

The one-shot policy is completely determined by the
thresholds given by the recursion in (19) and explicitly com-
putable as

(46)

for with . The first- and second-order
derivatives of the average capacity region are given by

and by where is
given by the recursion in (31), that can be written explicitly as

(47)
for with .

(38)
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Fig. 2. (E =N ) in decibels versus N for the Rayleigh-fading case.

Fig. 3. S versus N for the Rayleigh-fading case.

For the case of noncausal CSI, the minimum energy per bit
and the slope are given by (42) and (43), respectively, with

(48)

(49)

Figs. 2 and 3 show and versus the codeword
length and for both the causal and the noncausal knowledge
of the channel state.

For a given codeword length , the curves of spectral effi-
ciency versus for the causal system and for the noncausal
system start at different , smaller for the noncausal
system, with almost equal slope. The gain due to causal versus

noncausal transmit CSI is large, and increasing with , as far
as is concerned. On the contrary, the slopes in the
two cases are very similar. Notice that, in general, the slope with
causal CSI need not be smaller than the slope with noncausal
CSI since the corresponding values of are different.

B. Comparison Between TDMA and Superposition Coding

For a desired user rate (in bits per second) common to all
users, and assuming that all users transmit with equal power,
i.e., they have the same such that

the system bandwidth is given approximately by [10]

(50)
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Fig. 4. Limiting expansion factor of TDMA over superposition coding versus N for different fading distributions.

We quantify the bandwidth expansion incurred by TDMA with
respect to superposition coding for a given codeword length .

Since (50) is determined by the minimum slope, in order to
minimize the system bandwidth we have to maximize the min-
imum slope. From Theorems 9 and 10, we can find the max-min
slope of an equal-rate system. For equal rates, for all

, and the denominator of (38) becomes

(51)

where, for i.i.d. fading, in (39) are all equal to given by

(52)

As varies over all permutations, takes on each
value exactly times. Because of symmetry,
the max-min slope is achieved by letting , i.e.,

for all . This yields

(53)

For TDMA, the max-min slope is obtained by letting ,
which yields

(54)

Therefore, the bandwidth expansion factor of TDMA with re-
spect to superposition coding is given by

(55)

From (52), we have immediately that , which means that
TDMA is strictly suboptimal for any nondegenerate fading dis-
tribution. Notice also that the case of equal for all users
is the most favorable for TDMA [18]. For a very imbalanced

system, the bandwidth expansion factor can be much larger than
(55).

Fig. 4 shows the asymptotic expansion factor for a large
number of users versus the codewowrd length for
different fading statistics. Fig. 5 shows the bandwidth expan-
sion factor versus the number of users and different values
of for the Rayleigh-fading case. For example, at and

, the TDMA requires more than twice the bandwidth
required by a system with superposition coding (Fig. 5) and,
asymptotically for a large , the TDMA requires more than
three times the bandwidth required by a system with superposi-
tion coding (Fig. 4).

By increasing either the codeword length and/or the
number of users , TDMA becomes increasingly suboptimal.

C. Slope Region for the Two-User Case

We study in more detail the case . For superposition
coding, by letting , we have

(56)

By eliminating the time-sharing parameter we obtain explic-
itly the slope region boundary as

(57)

With TDMA we obtain the boundary .
Fig. 6 shows the two-user slope region for different rate ra-

tios. The slope region achievable by TDMA is shown for com-
parison. This figure clearly illustrates that even though TDMA
achieves the capacity per unit energy, it is actually suboptimal
in the low-power regime, especially in a fading scenario.

VIII. CONCLUSION

In this paper, we have analyzed an idealized slotted multi-
access Gaussian channel characterized by block fading, where
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Fig. 5. Bandwidth expansion factor of TDMA over superposition coding versus the number of usersK for the Rayleigh-fading case.

Fig. 6. Slope region for K = 2 and N = 5 for the Rayleigh-fading case.

each codeword must be transmitted and decoded within slots
and undergoes independently drawn fading states. At each
slot, the rate and power allocated to each user is computed on
the basis of the history of all the fading coefficients encountered
up to and including that slot.

Much of our analysis has focused on the low spectral effi-
ciency regime, which is where the major benefits of transmitter
feedback occurs. We have analyzed not only the rates achiev-
able in the vanishing SNR regime (capacity region per unit en-
ergy, or equivalently, the minimum value of ), but also the
slopes of the users individual spectral efficiencies at the point

.
In particular, we have shown that the optimal transmission

scheme in the low-power regime is based on Gaussian vari-
able-rate coding whose power (and rate) is allocated according
to a one-shot policy, that concentrates all transmitter available

energy in the first slot whose fading power is above a time-
varying threshold function. The threshold function can be ex-
plicitly computed by a simple recursive formula and depends
only on the fading statistics. Interestingly, the power alloca-
tion policy of user depends only on the th fading state se-
quence. However, even for the one-shot power allocation policy,
the rate allocation is, in general, centralized. A notable excep-
tion is when the one-shot power policy is used in conjunction
with TDMA inside each slot. This is a simple and decentralized
scheme where each user allocates its power and rate based on
the (causal) observation of its own fading only. This scheme is
first-order optimal in the sense that it achieves the capacity re-
gion per unit energy (equivalently, it achieves for
all users). However, this scheme is not second-order optimal,
i.e., its slope region is strictly inside the optimal slope region,
for any nondegenerate fading distribution. The penalty incurred
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by TDMA is rather substantial and depends on the fading sta-
tistics and grows with both the number of fading states and
the number of users .

We have shown that the optimal slope region is achieved
by the same one-shot policy in conjunction with superposition
coding (and successive interference cancellation decoding at
the receiver). Fully decentralized schemes (with uncoordinated
rates) cannot achieve the optimal slope region, since superposi-
tion coding requires the users to coordinate their transmission
rates. The investigation of the achievable performance in the
low-power regime under fully decentralized schemes is left as
an interesting problem for future research.

APPENDIX A
DEFINITIONS

We model the variable-rate coding scenario by letting the
message set size depend on the fading state. For user , let

be a collection of mes-
sage sets indexed by the channel state , each with cardinality

.

Definition 1: A variable-rate coding system is defined by the
following.

a) An assignment of message sets to the fading states.
b) encoding functions

for such that , where
, and such that the resulting codewords

satisfy (2).
c) For each channel state sequence , a decoding function

such that

where .

For given , the coding rate of user is given by

(58)

and the error probability is given by (59) at the bottom of the
page.

Definition 2: A variable-rate coding scheme for codeword
length , slot length , with average rate -tuple

where

with power constraint defined by the -tuple
, and attaining error probability

is said to be an -code.

The operative definitions of average capacity region and of
average capacity region per unit-energy mimic the standard def-
initions for input-constrained channels in [4] and [16], respec-
tively.

Definition 3: A rate -tuple is average -achiev-
able if for all there exist such that for vari-
able-rate -codes can be found with
for . A rate -tuple is achievable if it is -achiev-
able for all . The average capacity region is
the convex hull of all achievable rate -tuples.

Definition 4: A -tuple is an average -achiev-
able rate per unit energy if for all there exist an energy
vector such that for 3 variable-rate

-codes can be found with
for . A rate -tuple is achievable if it is

-achievable for all . The average capacity region per
unit energy is the set of all achievable rate -tuples per
unit energy.

APPENDIX B
PROOF OF THEOREM 1

Achievability is easily obtained by considering a particular
variable-rate coding system that encodes and decodes indepen-
dently over the slots. For each channel state4 , the users
construct a sequence of Gaussian codebooks of length with
i.i.d. entries of zero mean and unit variance and sizes ,
satisfying the set of inequalities

(60)
for all , where . Each transmitter

, during slot , after observing , selects a message uni-
formly on and independently
of the other transmitters, and sends the corresponding codeword
amplified by the transmit power level . The receiver
performs decoding on a slot-by-slot basis (even though it is al-
lowed to wait until the end of the slots). From the standard

3For two vectors aaa and bbb, the notation aaa � bbb means that the difference aaa� bbb

has nonnegative components.
4For a rigorous treatment in the case where the fading is a continuous random

vector we should use the argument of [9] based on the discretization of the fading
state. For the sake of brevity, we cut short and we assume that we can define a
codebook for each channel state.

(59)
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Gaussian MAC [4], any rate -tuple satisfying the set of in-
equalities (60) is achievable, i.e., the conditional decoding error
probability given the channel state vanishes as . By
summing over slots we get

(61)

with conditional (with respect to (w.r.t.) ) error probability
not larger than times the maximum of the conditional error
probabilities over the slots. Finally, by taking expectation
with respect to the channel state of both sides in (61) we get
that the set of rates defined in (6) is achievable.

For the converse part, we consider the -slot extension of our
channel, with input and output

, where the input constraint is given
“frame-wise” by (2).5 One codeword of the original channel cor-
responds to a channel use of the new channel. Moreover, we
relax the definition of achievable rates by constraining the av-
erage error probability.

The new channel is block-wise memoryless and its input con-
straint is imposed on a per-symbol basis (averaged over the
codebook). We consider a sequence of such channels indexed
by increasing , and define the capacity region of the -slot
extension channel as the closure of the union of all regions for

. The ergodic capacity region of the -slot exten-
sion channel provides an outer bound to the average capacity
region of the original channel.

Let and, for any ,
let

and

From standard results on memoryless MAC [4], the capacity
region of the -slot extension channel is given by (62) at the

5Similar “blocking” techniques have been used to prove coding theorems for
channels with intersymbol interference (ISI) [22], [23].

bottom of the page, where the joint probability of
satisfies (63) also at the bottom of the page, and each factor

puts zero probability outside the sphere .
The input probability in the form (63) expresses the fact that
encoding is independent for all transmitters, when conditioned
with respect to the common CSI and the time-sharing vari-
able , and that the common CSI is causal, i.e., that de-
pends only on and not on the whole . Notice that we
allow the time-sharing variable to depend on the whole CSI

, even if the CSI is only revealed causally to the transmitters
(again, this can only increase the capacity region).

Fix an input probability distribution in the form
(63) with conditional componentwise second-order moments

(64)

where denotes the th component of . Since the
channel is additive and the input second-order moment is
constrained, the boundary of the region (62) is clearly achieved
only if satisfies . Then, we
shall restrict to this case. Let be the joint
input–output probability corresponding to and to
the transition probability of the channel. Let
be the joint input–output probability for input conditionally
Gaussian with independent components of zero conditional
mean and conditional variance as in (64). Notice that such input
distribution is valid, in the sense that it is in the form (63).

For every subset we have (65) at the bottom of the page,
where follows from the nonnegativity of divergence [4] and
where we defined the conditional mean vectors of dimension

as

...
... (66)

and the conditional covariance matrix of dimension
as (67) at the top of the following page. By applying the general

(62)

(63)

(65)
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(67)

formula for the divergence of two Gaussian complex circularly
symmetric distributions [10] we obtain

(68)

where follows by taking conditional expectation with re-
spect to , given and , and by using the fact that, from
(63) the are mutually independent given and , fol-
lows by defining

and from Jensen’s inequality applied to the concave function
, and follows by defining

and again from Jensen’s inequality.
From (65) and (68) we have that

(69)

and that the left-hand side of (69) is achieved by degenerate
(i.e., a constant) and Gaussian with condition-

ally independent elements . Since this
holds for arbitrary and input distribution , we
conclude that (62) coincides with (6), thus proving the converse.

APPENDIX C
PROOF OF THEOREM 3

In order to fix ideas, we treat first the single-user case ( ).
The proof of Theorem 3 follows by applying the same technique
in the slightly more involved multiuser case.

For notation simplicity we drop the user index . The single-
user ergodic capacity is given by

s.t. and (70)

The single-user average capacity with causal CSI, codeword
length , and per-codeword power constraint is given by

s.t. and (71)

for , while the single-user average capacity
with noncausal CSI, codeword length and “long-term” power
constraint is given by

s.t. and (72)

When user is considered, the mean values in (70), (71), and
(72) are computed with respect to i.i.d. and for

.
Problem (70) has solution [6]

(73)

where is the ergodic water-filling power allocation

(74)

for and the Lagrange multiplier satisfies

(75)

It is immediate to see that, for every

(76)

where the inequality in (76) follows since the set of feasible
causal power allocations is a subset of the set of feasible “long-
term” noncausal power allocations, and the equality in (76) fol-
lows straightforwardly. It is also easy to see that, since
is a nondecreasing continuous function of , for every
there exists a such that

(77)

Next, we find a lower bound on by choosing a par-
ticular causal power allocation policy, and we show that, in the
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limit for , the lower bound can be made arbitrarily close
to the upper bound . For every and for ,
consider the (suboptimal) power allocation de-
fined by

if
otherwise.

(78)
Hence, the desired lower bound is given by (79) at the bottom
of the page. Notice that
and are i.i.d. sequences. Since

by definition (75) and because of
the law of large numbers, the indicator function

tends to the constant value almost surely, for . For the
same reasons,

tends to

almost surely, for . Hence, because of (77), we have
that the right-hand side (RHS) of (79) converges almost surely
to for some . Finally, since

(80)

holds for every , we have that

(81)

In order to extend this result to the multiuser case and prove
the statement of Theorem 3, we consider the explicit characteri-
zation of the boundary of given in [9]. A rate -tuple

is on the boundary surface of if
it is the solution of

(82)

for some

A point is solution of the above
problem if there exists a vector of Lagrangian multipliers

such that

(83)

(84)

where the average is with respect to and

for

(85)
Note that and are, respectively,
the instantaneous rate and instantaneous power allocated to user

in fading state . It is clear that if then
and for any

(86)

Conversely, if (86) holds for any direction vector , then
and .

With arguments analogous to the single-user case, we can
show that the upper bound

holds for every codeword length . For an arbitrary direction
, an inner bound to is obtained by fixing the

allocation policy as follows: for given such that
, we define

if
otherwise.

(87)

The inner bound implies (88) at the bottom of the page, where
are the rates on the boundary of , given in

(10). Now, since both

and

are i.i.d. sequences, the indicator functions in the RHS of (88)
tend to the constant value almost surely and the sum of instan-
taneous rates tends to

(79)

(88)
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almost surely, as . Again, the RHS of (88) converges
almost surely to and hence

(89)

Since is arbitrary and (89) holds for any , we conclude that

(90)

APPENDIX D
PROOF OF THEOREM 5

In the following, we indicate with the single-user
average capacity for user as defined in (71), where the extra
superscript “ ” stresses the fact that the mean value is com-
puted using cdf . Note that for

defined in (10) and where is the vector of length
of all zeros but a “ ” in position .
Consider the following inner and outer bounds for :

(91)

where the inner bound is clearly achievable by TDMA, i.e., by
letting each user transmit for a fraction of the slot time,
and the outer bound is the Cartesian product of the single-user
average capacity regions. Theorem 4 implies the following inner
and outer bounds for :

(92)

Define the feasible power allocation policy

(93)

and indicate with the th-user single-user
average capacity achieving policy. The boundary of the outer
region in (92) is given by

(94)

where follows since is concave in (see the
Corollary to Lemma 1 at the end of this section) and fol-
lows for Lemma 2 at the end of this section.

With similar steps, we find that the boundary of the inner
region in (92) is also given by (94). We conclude that the -user
average capacity region per unit energy is the hyper-rectangle

(95)

for given in (94) and that
is the optimal -user average capacity region

per unit energy achieving policy, given by (93).

In the following we drop the superscript “ ” since no con-
fusion may arise.

Lemma 1: given in (71) is a concave function of .
Proof: Consider the single-user average capacity-

achieving power allocation that, for notation convenience,
we rewrite as follows:

(96)

to explicitly denote the dependency on the constraint . For
every and for every consider the convex
combination

(97)

where follows from Jensen’s inequality and because
the feasible power policy does not
coincide in general with the optimal power allocation (96) for

.

Corollary: Since is nonnegative and concave we
have

(98)

where denotes the first derivative of at .
In fact, since is concave, its second derivative is

nonpositive, i.e., , and hence its first derivartive
is nonincreasing, i.e., . Since is
nonnegative, by integrating both sides of the inequality

and imposing the initial condition we get

(99)

hence (98) follows.
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Lemma 2: Let

and

where in both cases . Then, the following relation
holds:

(100)

where and follow by definition and follows since
for . Recalling the explicit expression for

(see (20) and (21)), relation (100) implies

(101)

and by letting , equality (94) follows.

APPENDIX E
PROOF OF THEOREM 7

Relation (98) and definition (94) imply for
every . By using (81), we have

(102)

The single-user ergodic capacity is given by the water-filling
formula (73) parameterized by the Lagrangian multiplier sat-
isfying (75). Hence, we have

(103)

where is defined in (22).

APPENDIX F
PROOF OF THEOREM 8

Let

(104)

and

(105)
for and initial condition .

In order to prove statement (31) we need to analyze in de-
tail expression (104). Because of the concavity of (from
Lemma 1 in Appendix D since from
Theorem 2), in (105) can be written as

if
if
elsewhere

(106)

with the unique solution of

(107)

The first and second derivatives of w.r.t. are given by

(108)

and by

(109)

Now, as , we have

if
if

elsewhere.

(110)

Hence, by substituting (110) in (109) and by letting we
obtain

(111)

which coincides with (31).
Next, in order to prove the second-order optimality of the

policy , we show that the rate function , defined as

(112)
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obtained by applying , has the first and second derivatives at
equal to those of .

It follows immediately that the first and second derivative of
(112) w.r.t. computed for are

(113)

(114)

From the proof of Theorem 5 it follows that
, i.e., achieves . Next we show that

(114) is equal to which implies .
In order to show the identity of the second-order derivatives we
shall show that (114) can be computed by a recursion identical
to (111).

The probability that transmission occurs in slot is

(115)

Obviously, . For every ,
the cdf of is given by

for (116)

By recalling the expression of in (115) we finally
get

(117)

and, hence, for every such that the th moment of
exists, we have

(118)

By summing the terms in (118) over for
and we get, respectively, (113) and (114). Let

then by using (118) we have

(119)

Since for all and that and satisfy
the same recursion and have the same initial condition for

, they coincide for all . This concludes the proof.

Remark: The cdf (116) can be used to compute recursively
as defined in (112) for all . In fact, with the initial

condition , we have

(120)

and .

APPENDIX G
PROOF OF THEOREM 10

Consider the following inner and outer bound to the average
capacity region:

(121)

where we define the set functions

(122)

where

(123)
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and

(124)

for all . The inner bound in (121) is the
average achievable region when users apply the one-shot policy

and the outer bound in (121) is obtained by applying the
“max-flow-min-cut” theorem for multiterminal networks [4,
Theorem 14.10.1] to our system.

Before proceeding, we point out some characteristics of the
set functions and . First, they do not depend on the
whole SNR vector but only on .
Second, by recalling that for de-
fined in (21), it easy to see that, in the limit for , the
first-order partial derivative of w.r.t. for all

is given by

(125)

and that the second-order partial derivative of
w.r.t. and for all is given by

(126)
Notice that, since only depends on the fading sequence of
user , in (126) the mean value factors when . From
Theorem 8 we have

(127)

(128)

where is the th-user single-user average capacity.
Hence, we can write the single-user slope as

Now we derive an achievable slope region based on the inner
bound in (121). For a given permutation
of , corresponding to the decoding order

, we have the following vertex of the inner bound
region:

(129)

Every point on the dominant face of the inner bound region can
be expressed as a convex combination of the vertices, of
coordinates (129), as follows:

(130)

where gives the position of the integer in the permuted
vector , where denotes the sum over the permutations
of and where are nonnegative “time-
sharing” coefficients (indexed by the permutations ) such that

.

For fixed we let for all
and we compute the derivatives of

in (129), expressed as a function of , that for notational sim-
plicity we indicate with . The rate is given by

(131)

Its first derivative is

(132)

and its second derivative is

(133)

In the limit for we get

(134)

(135)

Note that the summation in (135) accounts for the users not yet
decoded according to the decoding order . Finally,
by substituting (134) and (135) in (130) we get (136) and (137)
at the top of the following page. By recalling (127) and (128),
and from expression (126), we get (138) also at the top of the
following page.

The slope region obtained as union over all of (138) for
all is in general an inner bound to the optimal slope region.
Similarly, the slope region obtained considering the outer bound
(121) is, in general, an outer bound to the optimal slope region.
Next we prove that those two bounds coincide, thus proving that
policy in conjunction with superposition coding is second-
order optimal for any number of users and any codeword
length .

In order to express a general point on the dominant face of
the outer bound in (121) we follow the same steps that led to
(138). In particular, we need the gradient and Hessian matrix of

, computed in , for all subsets . The proof that the
outer bound yields the same slope region of the inner bound is
hence complete if we show that
for all and and for all subsets . In fact, it
is obvious that , otherwise the points
on the outer-bound region would achieve higher minimum en-
ergy per bit than the points on the inner-bound region, and that
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(136)

(137)

(138)

, otherwise, the numerator of the
equivalent of (138) for the outer-bound region would be dif-
ferent from the optimal th single-user slope .

For every subset , for all we have (139) at
the bottom of the page, with the initial condition ,
then

(140)

Let , then a necessary condition for
to be solution of (139) is

if
if

(141)

Then it follows easily that in the limit for small we
have if and if

. Then we can write (142) at the bottom of the
page. Finally, in the limit for vanishing , the second-
order partial derivative of w.r.t. and
is shown in (143) at the top of the following page. In order
to prove that indeed coincides with (126) we

must show that (143) is the recursion to compute (126). In fact,
by recalling (118), we can write

(144)

By separating the term for in the summation, we can
write

(145)

(139)

vanishing terms with (142)
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(143)

(146)

which, by recalling that for all
and all , coincides with (143) for . This
concludes the proof that for all

and for all subsets , thus proving that the optimal
slope region, parameterized by , can be written as in (38) (see
(146) at the top of the page) and that the one-shot policy is
second-order optimal.

Remark: In analogy with (145), it can be shown that, for all

given by the recursion

with the initial condition .

APPENDIX H
PROOF OF THEOREM 13

By repeating the same steps that led to (147) in Appendix G,
it follows easily that the term is given by

(147)

where the function is defined as

(148)
and where is the index of the maximum, i.e.,

The partial derivatives are given by

(149)

by

(150)

and by

(151)

where the last equality follows because the events
and are independent (notice

the same user index ). Then, since is uniformly
distributed on , and since the events and

are independent (notice the different user indexes),
it follows that . Finally, by subtituting
(150) and (151) in (147) we obtain (45).
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