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Abstract

Memoryless channels have occupied the center stage in
multiuser information theory. Not until recently have
their counterparts with memory started to receive well
deserved attention. In this paper, we find the capacity
region of a Gaussian multiple-access channel (MAC) with
intersymbol interference (ISI) where the input vectors of
the users pass through their corresponding linear systems
and then superimpose {or, equivalently pass through a
linear system with multiple vector inputs) before being
corrupted by additive colored Gaussian noise vector pro-
cess. This can be viewed as either a generalization of the
classical Gaussian MAC to channel with memory or the
generalization of the single-user intersymbol interference
channel to the multi-user case.

In the univariate case where the inputs and output are
real numbers, the optimal power spectral densities for the
users can be obtained via two concepts: the water-filling
argument and successive decoding (decode one user’s in-
formation treating the other as noise, subtract, and then
decode the other user’s information.) In contrast to the
classical Gaussian MAC, the capacity region of this chan-
nel with memory is, in general, not a pentagon unless
the transfer functions for both users are identical. When
the energy of the transfer functions are fixed, ISI always
decreases the single-user capacity. However, it turns out
that ISI may increase the total capacity of a two-user
channel.

I Introduction

Information theoretical limits of memoryless channels have
been studied extensively since Shannon in 1948. The ca-
pacities and the capacity regions of single-user and multi-
user memoryless channels were found by Shaanon [1] and
_ Alhswede [2] (see also {3, 4]), respectively. However, chan-
nels with memory did not receive as much attention as its
memoryless counterparts. This is partly due to the fact
that the single-letter characterization [5] for the capaci-
ties of channels with memory do not exist. Only a lim-
iting expression [6] is known for the capacities of single-
user channels with memory and a not uncommon miscon-
ception is to discuss limiting expressions for capacity as
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uncomputable. The classical example where limiting ex-
pressions can be not only readily computed but lead to
a celebrated solution is the Gaussian single-user channel
with intersymbol interference (ISI) ({7, 8, 9], see also [10]).
In a recent paper by Verdd [11], a similar limiting ex-
pression for the capacity regions of multiple-access chan-
nels with memory is obtained. Such a limiting expression
is explicitly evaluated in some channels with memory. In
particular, the limiting expression is applied to the asyn-
chronous code-division multiple-access (CDMA) channel
(which can be viewed as a multiple-access channel with
memory) [12] to obtain its capacity region. In this special
case, the capacity region can be evaluated by solving an
optimization problem with low computational complexity.
Perhaps the most commonly encountered channels with
memory are the intersymbol interference (ISI) Gaussian
channels shown in Figure 1. The capacity of a single-
user ISI Gaussian channel is usually obtained through a
Karhunen-Loéve expansion. It decomposes the ISI Gaus-
sian channel into independent parallel memoryless Gaus-
sian channels whose capacities are well known; thereby
reducing the problem to one of optimal power allocation
into various channels. It is crucial to note that the kernel
used in the Karhunen-Loéve expansion depends on the ISI
coefficients. In the two-user Gaussian channel with ISI,
there are two sets of ISI coefficients, one for each users. If
they are identical, the traditional procedures can be ap-
plied and the capacity regions had been obtained {13, 14].
However, if the sets of ISI coeflicients are not the same, a
similar decomposition into independent memoryless chan-
nels cannot be applied since no kernel can simultaneously
decompose the signals from both users. It is plausible that
this is the reason why the capacity regions of mulii-user
ISI Gaussian channels have not been reported yet.
Recently, a new approach to obtain the capacities of
Gaussian channels with ISI is proposed ([15], and inde-
pendently in {12]). This approach enables an orthogo-
nal decomposition of the channel using Discrete Fourier
Transform (DFT) which is independent of the ISI coeffi-
cients. In this paper, we employ this idea and the limit-
ing expression for the capacity regions of multiple-access
channels with memory to obtain the capacity regions of a
Gaussian linear multiple-access channels.
We consider a Gaussian linear multiple-access chan-
nel as shown in Figure 2, or, equivalently, Figure 3. The
only assumptions are that the channel is linear and time-




invariant with finite-length impulse response, and the noise
is stationary and m-dependent (i.e. the autocorrelation
function has finite support.) This model is a generaliza-
tion of the classical multiple-access channel, and includes
the Gaussian multiple-access channel with finite ISI and
the CDMA channel. In this paper, we find the capac-
ity region of this channel model and use it to obtain the
capacity regions of the Gaussian multiple-access ISI chan-
nels. .

When the inputs and the output are real numbers,
the model is a generalization of the classical ISI Gaussian
channel to the multi-user case shown in Figure 1. In this
case, it turns out that the boundary points of the capacity
region are determined by two main ideas: one is akin to
the water-filling argument in the single-user ISI channel,
and the other involves the idea of successive decoding (de-
code the first user’s information while treating the second
user’s information as noise and then decode the second
user’s information) in the classical multiple-access chan-
nel.

In Section II, the main theorem giving the capacity
region of a Gaussian multiple-access linear vector chan-
nel is presented. Then, we specialize the result to the
univariate case (inputs and output are real number) in
Section III where we come up with a generalization of the
water-filling formula to the two-user case. Examples of
some simple channels are given to demonstrate how the
optimal power spectral densities are obtained by the idea
of successive decoding and the water-filling arguments.

II Capacity Region of Gaussian
linear MAC

The channel model we consider is a linear multiple-access
channel with addition Gaussian noise shown in Figure 2.
It is easy to see, by linearity, that the models in Figure 2
and 3 are equivalent and they include, as a special case,
the Gaussian multiple-access channel with ISI in Figure
1. From now on, we shall concentrate on the model in
Figure 3: '
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where Z; is the output of the channel in R", U; and V; are
symbols sent by user 1 and 2 in R” and IR, respectively,
and N; is a zero-mean stationary Gaussian noise vector
process with autocorrelation function R;_; 2 E(ﬁ;ﬁf ).
The power constraint requires each codeword of the kiR
user, (co,.-.,Cxn-1)), of each (N, My, M;,€) code (for
definition, see (e.g. [5])) to satisfy

1 N-1 )
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where ||||; denotes the I; norm. We assume that both
channels have finite-length impulse responses with length
n, and the noise process is an m-dependent stationary pro.
cess (i.e. N; and N; are independent for all i — j| > m.)
These are crucial assumptions in the proof of our result,
However, the causality assumption is introduced for ¢op.
venience and ease of notation only. The same result fol-
lows if the channel is non-causal, provided that the .
pulse response has finite length.

Since this channel is a special case of a general multiple.
access channel with finite memory, we can make use of
result in [11] which gives the capacity region as a limit of
the capacity regions, Cy, of a series of N-block channels.
Applying that result here and denoting C as the capacity
region of the Gaussian linear multiple-access channel, we
have

C = Closure (ligninf Cw ) 3)
where

CN =
o=+, 7 -t
TN-IE(0OT)SNW,
Yoo trE(VVT)<NW,
Ry < LITN-3, 71N
{(R,,R,): B < Q- B0 }(4)
R+ Ry < FNOF, VN1 70)

In (4), V¥~ is defined as
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where ¢ is the maximum of n, the length of the impulse
response, and m, the length of the noise autocorrelation
function. As pointed out in [11], the important aspect of
this result is that P can be any conditional probability
density function. This flexibility allows us to define P
appropriately so that the N-block channel becomes

K =GT el T+ BT e U+ 1 (6)

where ® denotes the circular convolution and MY~ are
jointly Gaussian with mean sero and E(M; M;) = Ry;_j),
where ()x denotes the modular-N operation. Then, the
DFT can be used to decompose the N-block channels into
independent channels whose capacities can be found cas-
ily. Using these ideas, we find the capacity region of a
two-user Gaussian multiple-access channel in the follow-
ing theorem.

Theorem 1
The capacity region of a two-user Gaussian multiple-
access channe] is

C=
T (w)eR", Ey(w)eR*™"
Zi(w)20 Ywelo,x]
L [T ArEi(w)dwsw;, i=1,2.
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R, < F(Zy(w),0)
{(Rx;Rz)i Ry < F(0,%,(w)) ] (M
R1+R2 S F(E;(w),E;(w))

where

F(A,B) = 51; fo' log det(I + G(w)AG*(w)R~}(w)
+H(w)BH* ()R~ (w)]dw (8)

A* denotes the conjugate transpose of A and Ggw) H(w)
and R(w) are the Fourier Transforms of Gi, H; and R,
respectively.

Remark: It is easy to check that the above capacity
region degenerates to the single-user multi-variate case
obtained in [16] and the well known water-filling result in
the single-user univariate case (e.g. [8]).

Corollary 1
If p = ¢ = 1, the capacity of a two-user Gaussian

multiple-access channel is

c= U

Si(w)S(w)eR
85;(w)>0 Ywelo,x]

% J: Si{w)dw<W;,i=1,2.
R, < F(Sx(w),O)
{(Ru R;): R; < F(0, S:(w))
Ri+R £ F(S;(w), Sz(w))

o

where
1 -
F(A,B) = o ju log[l + ATy(w) + BT3(w)
+AB[Ty(w)Ta(w) — |Tia(w)|"]]dw (10)
Ty(w) = G*(w)R~(w)G(w), Tz(w) = H*(w)R~*(w)H(w)
and Ty,(w) = G*(w)R™(w)H(w).

III Optimal Input Power Spec-
tral Densities

In this section, we consider the multiple-access channel
in the univariate case (i.e. p = ¢ = r = 1), and give
a geometric characterization of the optimal input power
spectral densities of the users. It turns out that every
boundary point of the capacity region can be obtained
through the idea of water-filling argument and successive
decoding.

Theorem 2
If p = ¢ = r = 1, the capacity of a two-user Gaussian
multiple-access channel is

C = {(Ry, Ra):.
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V8e [0,%]: Rysinf+ Rycos8 <
F(85,(6,w), 52(8,w))sin 8 + F(0, S3(8,w))(cos § — sin §)
Vo€ [%,%]: Rysinf+ Rycosd <
F(5,(8,w),0)(sin8 — cos 8) + F(S5,(8,w), S2(6, w)) cE)s 9)}
11
where Ti(w) = |G(w)|’/R(w), Ta(w) = |H(w)|*/R(w),
fi(w) = sinf — 5,7 (w), f2(w) = cos 8 — by T; (w),
F(A,B) = % /0' log[1 + A—Tll’(ll) + Bz’g—”—)] (12)

and b > 0, b, > 0, 5,(8,w), S2(8, w) are the solutions of

1
;'/O'Sk(e,w)dw = bW k=1,2. (13)

51(8,w) + 53(6,w) [Ai(w) + [fa(w) = A(w)]*]*

[fa(w) + [fi(w) = fa(w)]*]* (14)

if 6 c0,x/4] :

+
S1(6,w) = [f i(w) - b‘T‘_l(“’){b-ri‘!:g:g:::(r?‘];w)r] |
ifde€x/4,x/2]:

-+
$:(6,) = [alw) = b5 ) A= o |

(15)

and whenever the situation 0/0 arises in (15), the corre-

sponding power spectral density Si(w) can be anything
between [0, fi(w)].

Remark: In order to understand the mechanics in ob-
taining the optimal power spectral densities in this multiple
access channel, we need first to consider the single-user
case. In the traditional water-filling argument, we plot
the inverse of the square of the channel transfer function,
T-'(w), and adjust the water level such that the total
amount of water is equal to the allowed power, W. An
equivalent procedure is to plot the curve a — bT~!(w) for
some fixed a > 0, and adjust the positive parameter, b,
such that the area under the curve is equal to bW. Then,
the curve gives the optimal power spectral density scaled
by b. Notice that different values of a gives the same graph
up to a scaling factor once the value of b is determined
correspondingly.

Using this graphical method, we extend the result to
the two-user case. In the two-user case, we have two
graphs, one for each user, and four parameters ay, a;,
b and b;. For each 6 in (11), we set a; =sin@, a; = cos §
and put the curves, fi(w) = sin 8 — b, Ty }(w) and fo(w) =
cos 8 — b,T; *(w), together and graphically obtain the two
curves in (14) and (15). Notice that the curve in (14) is
the maximum of f;(w) and fa(w) while the curve in (15)
can be obtained by, say 4 € [0, 7 /4], subtracting a scaled
version of [fa(w) — fi(w)]* from fi(w). Next, we adjust
b, and b; such that the areas under the curves in (14)
and (15) are bW, + b,W; and bW, (if 6 € [0,7/4]) or




bW, (if 8 € [x/4,x/2]). Then, the curve in (15) and the
difference between the two curves in (14) and (15) give
the users’ optimal power spectral densities that maximize
Ry5in8 + Ry cosé.

In the single-user case, the two degrees of freedom in a
and b correspond to the power, W, and the scaling factor
of the graph. In the two-user case, there are four de-
grees of freedom: a4, a3, (or, equivalently, & = vai+al,
I tan~!(a;/a3)), by, and b;. The parameter a corre-
sponds to the scaling factor of the graph while the pa-
rameter § determines the boundary point under consid-
eration. Finally, the two degrees of freedom in &, and b,
correspond to the power of the users, W, and W,. Given
a single-user channel, each (a,b) € IR} determines the
optimal spectral density for the user with some power
constraint W. Similarly, given a two-user channel, each
(a1,b1,a3,b3) € IR:, determines the optimal spectral den-
sities of the users with some power constraints, W, and
W3, with respect to a boundary point.

Remark: The intuitive interpretation of the formulas
involves two ideas: successive decoding and the water-
filling argument, and is best understood by the following
two conditions on the spectral densities, which give (14)
and (15):

51(w)+5x(w) = max{sin §—b, Ty (w), cos b, T, (w), 0}
(16)
if6e(0,x/4]: -1
Sl(w) = [sin9 - bl(Tl—l(w) + S’(w)f‘;::g%)]*- 7
if 6 € [r/a,x/2] : - o
Sa(w) = [cos ~ b(T5*(w) + Sy(w) Bl )+

When 8 € [0,7/4], the system is biased towards user
2, and the decoder will decode the information of user 1,
treating the information of user 2 as noise, and then sub-
tract the reconstructed signal of user 1 from the received
signal before decoding the information of user 2. This is
Cover’s successive decoding idea [17] that is to explain the
capacity region of the classical Gaussian multiple-access
channel. Since the information sent by user 1 (assuming
that it is decoded correctly) does not affect user 2, the
traditional water-filling argument can be applied to user
1, treating the information of user 2 as noise, as in (17)
once the power spectral density of user 2 is obtained.

Although the signal sent by user 1 had been subtracted
when decoding user 2, the optimal spectral density for
user 2 should not be obtained by blindly appling the tra-
ditional water-filling argument. This is because the signal
of user 2 will act as noise to user 1 and its effect on the
rate of user 1 cannot be ignored. Therefore, we have to
determine the power spectral densities for both users to-
gether.

It turns out that we should look at both channels at
the same time and consider a virtual user with power con-

strained by W, + W;. However, the rewards of
over these channels are not the same, but scaleg
and cos 8, respectively. Equation (16) gives the
power spectral density obtained by plotting the Curves
fi(w) and f(w), together with a; = sin 8 and a; = coné
and picking the larger power spectral density for each y,

Bending
by sin g
Optimg)

Remark: When 6 = 7/4, the total capacity ig under
consideration and fi(w) — fa(w) = by Ty (w) - T (w)
Then, it is clear that Si(w) is equal to either fu(w) or 0:
Hence, as in the classical white Gaussian MAC without
ISI, FDMA achieves the total capacity.

Remark: The result degenerates to the classical water-
filling argument when the channel response of one of the
users is 0. For example, if T3(w) = 0, T7'(w) = oo ang
we are only interested in the case when 6 = 0. In sy
case, equation (14) gives S;(w) = [fi(w)]*, which is es.
sentially the classical water-filling argument.

A special case of the above theorem where Ti(w) =
Ty(w) for all w has been considered before in ([14], see also
(13]). This situation may happen if the signals of the users
are superimposed before entering a single-input channel.
It turns out that, the capacity region is a pentagon which
can be shown easily using the Karhunen-Loéve decompo-
sition.

Corollary 2
If Ty(w) = Ty(w) 2 T(w), the capacity region of a
two-user Gaussian multiple-access channel is

{ (R, Ry) : Ry < 3t J5 log[max{(8; T(w), 1)]dw
C= LR R, < 2 Jo log[max(8;T(w), 1)]dw
Ry + R; £ 3 [y log[max(8:;T(w), 1))dw

(18)

where
%[max(@;—T“(w),O)dw = W, 1=1,2 (19)
% [ maxbs - T w), 00dw = Wi+ W (20)

To illustrate how these ideas work, we give four exam-
ples representing different levels of intersymbol interfer-
ence.

Examples:

L Glw) = MY, H(u) = Moacie
2 Gu) = MY, H(u) = 1opcte
3. Glu) = MYLE, H(u) = 1opie
4 Gu) = MICE, H(y) = gt

In all four examples, we assume that W; = 3, W, = 4,
the white Gaussian noise has variance 1 and the impulse

i
|
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i

L
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responses of all channels are normalized. In Examples 1
and 3, intersymbol interference is mild while in Exam-
ples 2 and 4, intersymbol interference is much stronger.
In Examples 1 and 2, the channels for both users are all
low-pass while in Examples 3 and 4, one user has a low-
pass channel and the other user has a high-pass channel.
The capacity regions of the channels in Example 1 and
2 are shown in Figure 4 while those in Example 3 and 4
are shown in Figure 5. It is clear, from all four examples,
that with the energy of the transfer functions fixed, in-
tersymbol interference decreases the single-user capacity.
However, the same is not necessarily true for the total
capacity. When the channels are all low-pass, the total
capacity decreases as intersymbol interference increases
as shown in Figure 4. When the channels of the two users
are of different types, one low-pass and one high-pass, the
total capacity actually increases as intersymbol interfer-
ence becomes stronger.

In the single-user ISI channel, we can obtain the power
spectral density by an algorithm iterating on b until the
area under a — bT~!(w) is equal to bW. In the two-user
channel, we give a similar algorithm which has two lev-
els of iteration: one on b, and the other on b;,. First,
we arbitrarily fix b; and plot f,(w) in Figure 6a. Then,
we adjust 5, and plot fi(w) such that the total shaded
area is equal to byW; + b,W,. On the same graph, we
construct the curve ABXC, shown in Figure 6b, by sub-
tracting fa(w) — fi(w), scaled by a function of T;(w) and
T3(w), from fi(w). If the area under the curve ABXC
is larger than b;W;, we decrease the value of b, (thereby
raising fa(w)), otherwise we increase the value of b;. Re-
peating the same procedure until the area under the curve
ABXC is close enough to 5, W, we obtain the optimal
power spectral densities of user 1 (the shaded area in Fig-
ure 6b) and user 2 (the difference between f3(w) and the
curve ABXC.)

Notice that the curve ABXC in Figure 6b is constructed
from (16) and (17). According to (16), WX is equal to
51(w) + S3(w) while WY is equal to

Si(w) + Sa(w)br Ty (w)/ (6T (w)).
Hence, the ratio of XY to XZ is b T (w)/(b: T} (w)) to

1 and we have
b T (w)
21
B el Y
Using this relationship, we can construct the curve ABXC

graphically to obtain the optimal power spectral densities
for the users.

XY =YZ
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Figure 6a. Sum of the users' Optimal Power Spectral Densities in Example 4
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Figure 6b. Optimal Power Spectral Densities of the users in Example 4
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