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Abstract

We determine the capacity region of a degraded Gaussian relay channel with
multiple relay stages. This is done by building an inductive argument based on the
single-relay capacity theorem of Cover and El Gamal. We then give an iterative
algorithun for determining the optimal power allocation between the trausinitter
and the relays. We show that in the case when all noise sources have equal power
this results in a coding strategy that delivers SNR growth that is asymptotically
linear with the number of relays.

1 Introduction

1u their 1979 paper [1} Cover and El Gamal provided a thorough analysis of the single-
relay chauncl, in particular determining the capacity region for the physically degraded
version of the channel. Untlil recently, little has been done to extend these results to
channels with multiple relays. However, a renewed interest in ad-hoc networks and
network information theory has sparked new research into the relay channels. One set of
recent results in this area is in a paper by Gupta and Kumar [3] where thev demonstrate
an achievable rate region result for a fairly general communication network, of which
a degraded relay channel is a special case. The results in [3] are for both the discrete
memoryless channel and the additive white Gaussian noise channel. A follow-nup paper
by Xie and Kumar [7] establishes an explicit achievable rate expression for the degraded
Gaussian channel with multiple relavs which, in general, exceeds the rate in [3].

In this paper, we concentrate our attention on a Gaussian physically degraded relay
channel with multiple relay stages. Figure 1 depicts such a channel with A" relay stages.
We build upon the achievability results of [1] and [3] and use an inductive argument to
determine the capacity region of such a channel. Thus, we give an alternative derivation
for the achicvable rate determined in [7]. With our inductive proof, we demonstrate
how the coding strategy can be built recursively on the basis of the bin-coding argument
utilized by [1]. We then extend our inductive argument to prove the converse to the
capacity theorem as well.

Having determined the capacity region of the degraded Gaussian channel with multi-
ple relays we turn our attention to the problem of optimal power allocation between the
transmitter and the relays. We provide a general solution to this problem and demon-
strate that in the special case when all the noise powers are equal, this strategy achieves
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Figure 1. Physically degraded Gaussian relay channel with L relay stages.

an effective SNR that is asymptotically linear in the number of relays with slope of %

We now define the degraded Gaussian channel with muitiple relays precisely. As
shown in Figure 1, the channel consists of a transmitter, whose output at transmission
time 7 is xq; and A relays whose outputs at transmission time i are xy; through xy ;.
The input to relay & at transmission the ¢ s yp—y; with yu; received by the receiver.
The channel is physically degraded in the sense of [2] since

Uki = Teg + kg o for L <k <K, o, = Xo + 204

At each transmission stage the signal is corrupted by independently generated Gaussian

random variables Z, through Zx with Z;, ~ N(0, N;). Denote the transmitter power by

Py and the power of relay k by P.. Let 3, denote the ratio between the relay power and

the transmitter power, thus J; def L;g. To simplify notation we will sometimes use 3
di

which is always equal to 1. We also define 14 lef féﬁ-w—
j=0 "1

The goal of the paper is to deterinine the capacity of this channel for any given set

of Py,...,Pr and N, ..., Ng. Additionally, we seek to determine 3, ..., 35 such that

the capacity is maximized. We are to do this under the constraint that only a finite total
amount of power Pr is available, i.e. under the constraint that 1 + Z,f.‘z 13 < %'

2 The single relay channel.

We begin by summarizing the result of [1], changing the notation of [1] to that used in
this paper.

Theorem 1 Single-relay capacity ([1]).
The capacity C of the single-relay degraded Gaussian channel is given by

) , 1+131+2\/(1'_Q)«"31 R . Py '
C, :Olgc‘iléilﬂlln{ v ( T A ,C ((\7\70‘) (1)

where ('(x) d:efl()g(l +.x).
Moreover, let af denote the value of o which achieves the optimum in (1). Then

P Fo(l+ )
= (o) = ¢ (o BLEn) @

where af =1 & 3 > v,.

*Supported in part by ODDR&E MURI through the Army Research Office, Grant number DAAD19-
00-1-0466
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The value of o] in equation (2) may be obtained explicitly. As stated, if 3; > v then
a; = 1. Otherwise,
\ 2
(\/1 T — A+ \/1/131)
(1+1y)?

We can also solve (3) for 3; under the assumption that o < 1. This results in

3 = (\/(Tf_r/—l— /1— (1']’)2 (4)

We next pose the optimum power allocation problem for the single-relay channel. We
would like to find the value of 3, such that the capacity of the channel is maximized
subject to 1 + 3 < % for some fixed P;. Since the channel capacity is given by

3)

*
X =

C (OI%) =C (a'{(l + Vl)ﬁliux;) we can remove the constraint on J; by maximizing the
improvement in the “effective SNR” delivered by the relay channel. This “effective SNR
improvement” is given by

O(l + l/]) 5)

1473 (

The expression above is actually an expression in only one variable since we can either
use (3) to express af in terms of 3 or (4) to express 3; in terms of a]. Such substitution
is only valid if the resulting optimum is such that a, o < 1, however, this is true for all

Jle,3) =

v; > 0. In fact, maximizing J; we obtain oy = 7474: and 3 50 = ﬁ’: where we note
that
,"jl.opt =1 Ql,opt (6)

Equation (6) becomes important when we consider the general resource optimization
problem for multiple relays.

3 The multiple relay channel

We now consider the problem of the multiple relay channel. This problem has been
previously considered in [3] and [7] where achievable rates were found for a channel of
which the multiple relay degraded Gaussian channel is a special case. In this section we
extend that result to prove explicitly the capacity of the multiple relay degraded Gaussian
channel. It turns out that the achievable rate found in [7] is the capacity of the degraded
multi-relay channel.

For a specified choice of a;;'s with 0 <i < j < K satisfying

K
Y ;=1 (M)
j=0

and "
\
Zo‘i\j = ,3,‘ ViI<i<K (8]
j=i
define R
k [ <
5 (5v)
Ri(@) = C | B2 (9)
r N
J=0



and
Cr(a) = min Ru(a) (10)

where we use @ as a shorthand for {a; j }oci<j<x. We then have the following theorem

Theorem 2 Multi-relay capacity
The capacity of the multiple relay degraded Gaussian channel with K relays is given
by
Cx = sup Cr(a) (11)
{e;}

with Cy as defined by (9) and (10).

Proof: We prove both the achievability and the converse parts of the theorem by induc-
tion. In both cases, the single-relay result of [1] as presented in Theorem 1 serves as the
initial step in the induction. Indeed, using the notation presented above, we have for the
single-relay channel: K = 1; a; of Theorem: 1 is agp; 1 —ay of Theorem 1is g 1; ary = 3y;

2
2 o) (Vo +({ vI—ar+4y/3
Rofa) = € () Rifa) = € (AT n) o [ W5 (=)

1+ No 141 Ny

To prove achievability we need to specify our coding strategy. We simply extend
the method used in {1]. The resulting coding strategy is similar to the one proposed in
[7], although our method for generating it is recursive and builds directly on the coding
strategy used in {1]. This is unlike [7], where the coding strategy is specified directly.

Achievability: For the induction step of the proof of achievability, assume that the theo-
rem holds for A" — 1 relays. Consider adding relay A" as the last relay in the chain.
Because we use it for our inductive step, we reproduce the coding scheme used in {1}
to achieve capacity. For 0 < agp < 1 define ap; = 1 —agp and let X; ~ N(0, a1, P) and
TR

Xo~N (0, ag o P) with ‘\"0., X, independent and let X, = \/—Xl + Xo.

ay.1

Let W = {1,2,..., 2"} be the set of messages to be transmitted. Let S; = {S11,512,...,.

be a partition of W generated in a uniform and random fashion independently from ev-
erything else.
We have two random codebooks:

o Xo(w) iid ~ N, (0, a00P), w € W
o X (s1) 1id ~ N, (0,0, P), s, €5

Finally, for transmission time i, sy ; is chosen so that s,; = 51 ; where w;_; € 51 ;. It
is shown in [1] that the receiver can decode the message w;_; at the end of transmission
interval 1.

Proceeding now to the inductive step, we begin with a (A" — 1)-relay channel. Fix
some appropriate choice of o ;’s. Let Cx_i(@) be the rate achievable in this channel and
with this choice of «; ;’s and assume that this rate is achievable using a codebook such
that the output of transmitter & is given by a random variable X~ N0, 3,.5)

Now consider adding another relay at the end of the degradation stage. Because all
the relays are decoding all the information, we can think of this as simply adding a new
transmitter (indexed A) and a new receiver (indexed A'). Let W = {1,2,...,2"F} be
the set of messages to be transmitted. Let Sg = {Sk.1,Sx 2. ..., Sk on#s } be a partition
of W generated in a uniform and random fashion independently from everything else.
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Define a random codebook Xy (sy) 1Lid ~ N (0, a1 T), s € {1,...,2"7x}, where
we note that ax j = 3. For transmission time 7, sy, is chosen so that sn; = j where
wi—y € Sk ;. Now for 0 < & < K —1 define Xy = JvI=a k»,\»fk + \/nTZT,\_XI\ where oy,
is the proportion of the power that transmitter & allocated to the newly added receiver
K.

I [1} it was necessary to assume that at the start of transmission time i the re-
lax(receiver) has successfully decoded messages wy, ..., w;-;. Extending this assump-
tion, we assume that at the start of transmission time 7, the receiver & has successfully
decoded messages wy, ..., wi—g. In particular, at transmission time i, all receivers up to
and including receiver k' — 1 know uy_j . Thus, receivers 1 through &' — 1 can success-
fully remove the contribution from Xy to the received signal. Thus the rate Cy_;(a)
as defined by (9) and (10) is achievable from the point of view of communicating to
receivers 1 through A" — 1. We note that by adding non-zero a; s we reduced Cp (@)
since ZJI‘;l oy ; is reduced from 3; to 3 — a; k.

Suppose now that, under the assumption that reliable cominunication is achieved to
receivers 1 through A — 1, it is possible to communicate to receiver A’ at a rate Ry (&)
as defined by (9). We note that because the same information is being communicated
to all the receivers, the rate min(Cyx_;(&), Rx(@)) = min;<i<x Ry (@) is achievable since
we can communicate reliably at this rate to all the receivers. Finally, taking a supremum
over the choices of ¢ ;’s we obtain the desired capacity rate.

It remains to show that, assuming that reliable communication to all other receivers
is attained, it is indeed possible to communicate to receiver /i at a rate Ry (@). This is
done by applyving successive interference cancellation similarly to (3] and [7]. The detailed
argument. is provided in [4].

After B transmission instances, we can therefore achieve a rate of Ry (a)2 ;K which
approaches R, (a) as B — oo. This shows that under the assumption that reliable
communication to receivers 0 through i’ — 1 is achieved, we can achieve reliable com-
munication to receiver I\ at a rate R y; and this completes the proof of the achievability
part of the theorem.

Converse: We begin by defining
I}; =] (.Y(), ey 4\-;\. : }}. I.«Y)i.+1, PN ‘Yl\') (12)

Then from the cut-set bound ([2], Ch. 14) and the degradedness of the channel it
follows that
Cy < sup minZ, (13)

Py, TR)

To prove the converse, we show that Z, < R,. We have

-I-C (EVar(XO +--+ JYkP(k-H-, R ,JYK))
2 z’;:o N;

I = (14)

Thus we need to show that there exists some choice of real vatues {a;;} defined for
0 < i< j < K and satisfying constraints (7) and (8) such that

k
EVar(XO + et 4Yk|-‘Yk+h . ,‘Y]\‘) < POZ Z VQij (15)



Define
def 1

Cli,]\ - FEE" 4¥ IY’\ (16)
The rest of the a’s will be defined implicitly based on our induction argument; at this
point we only note that from (7) and (8) these must satisfy the constraint

K-1

Zau (E\"’—EE (X;|Xg)) 0<i<K—1 (17)

We also note that in the case of a single-relay channel the definition in (16) reduces to
the definition of (1 — ) in the proof of the converse part of Theorem 1 in [1}; and the
left-hand side of (17) reduces to a in the proof of the converse part of Theorem 1 in [1].
Thus, we can use the single-relay proof of [1] as the initial step in an induction proof of
the overall theorem.

For the inductive step, let us assume that the converse holds for a (A — 1) relay
channel. Thus, we assume that for every choice of the transmitter output distribution
and noise powers there exists a choice of real values {&; ;} for 0 <i < j < K —1 satisfying
(16) and satisfying (17) for any choice of real values 3;, 1 < j < A" — 1 such that

2

k J
EVar(Xy + - + X Xepr, - Xp) SR Y (Z VTJ) (18)
7=0 \i=0
holds for all 0 < &k < A" — 1.
Now consider a I-relay channel. Define, as we did throughout, J3; to be the power of
relay i, normalized to the transmitter power Py.
First we show that (15) must hold for 0 < & < A" — 1. Our argument is constructed as
follows. We fix {a; i }’s for all 0 < i < K. Conditioned on such a choice (i.e. conditioned
on Xy ) we construct an equivalent A — 1 relay channel with the following two properties:

o The set of {&;}o<i<j<n-1 satisfving (7) and (8) in the (A" — 1)-relay channel we
construct is in one-to-one correspondence with the set of {d; ; }o<i<j<n -1 satisfying
(17) in the original channel (conditioned on Xp).

¢ Equation {18) holds for 0 < & < R ~1 for the (A — 1)-relay channel we constructed
if and only if equation (15) holds for 0 < & < K —1 for the original A'-relay channel.

Having shown this, we conclude that (15) must hold for 0 < k& < A — 1, for otherwise we
violate the induction hypothesis. The details of the proof are provided in [4]
O
We have now expressed the capacity of the multiple-relay degraded Gaussian channel
as a max-min problem. Given a general distribution of power between the transmitter and
the relays, the optimum in (11) may be very difficult to determine. A general closed-form
expression would certainly become too unruly for more than a few relays. However, as
we shall see in the next section, the problem of maximizing the power allocation between
relays under a total power constraint lends itself to a simple iterative solution.

4 Optimum power allocation for multiple relays

In this section we consider the problem of optimum power allocation between relays in the
multiple relay degraded channel. We start with a A'-relay degraded Gaussian channel.
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We wish to determine 3y,...,. Iy subject to 14+ 3 +---+ 3, < ‘f such that the capacity
of the channel as given by (11) is maximized. We begm with the following theorem.

Theorem 3 Consider a K-relay degraded Gaussian channel with the power allocated

among the relays is such a way that the capacity of the overall channel is optimized

subject to 1 + 3y + - + 3 < %. Then the optimum in (11} is achieved by setting
def

Aoy = Q== Q5 = Q5.

We note that if ag; = a1; =+ = a;; def oy, then 3 = ZJI-":,: a; and, in particular,
}:JKZO a; = 3y = 1. Thus, if Theorem 3 holds, in order to find the optimum power
allocation scheme for a K-relay channel, it suffices to determine the values of ay, ..., ax
subject to Z;\;o a; = 1. The values of 31,..., 35 are then determined directly by 3 =

JI‘ © Q. Additionally, as long as a; > 0V 0 <k < K, 3 > 34y - and we shall see that
this holds as long as N, > 0 Vk.
Proof Sketch: The proof of Theorem 3 is an application of the following principle.
Let {x,,} be a collection of M non-negative variables. Then the solution to the problem

min 3 r?, subject to Yz, > k)
or the solution to its dual
Sy, subject to a2 < Ky

is to set iry,, = r Vm in such a way that the constrained is satisfied with equality.

The theorem then follows by induction with the initial step provided in Section 2
where we showed that if the power is allocated optimally between the relay and the
transmitter, then we have 3; = 1 — a; = a1 = ag3. The details are provided in [4]

O
To derive an explicit expression for the capacity of a A-relay channel as given by
{9)-(11) we need to find a set {a;;} such that Rg = Ry = --- = Ry. While the problem

is in general very difficult, under the assumption of optimum power allocation we can use
Theorem 3 to simplifv it significantly. We hegin by re-writing (9) under the assumption
that «;; = o . This results in

k
R - (RESTY) (19

Setting Ry, = Ryr_y we get

iU+l Th0 41D

- ' 20
S SEE 0
which yields
(k+1)%ay Al 1 1

Zk N, = (-] + 1) ZI:-I N - Zk N (21)

j=04Yj 7=0 J=0 Y] =01%s
k-1 jvk )
= (j + D2 (22

=0 (zl\—é N; ) (/—13—0 N; )
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Thus,
1 k-1
=1 i + 1)%a; 23
S T YELC ]Z::D(J+ S a; (23)
where N
def Vg
Ve = o7 (24)
TION,

and one can easily check that if we set A" = 1 we obtain the solution obtained in Section 2
by direct solution of the single relay optimization problem. Additionally, we note that if
Ni >0, vy > 0 and o > 0.

Equation (23) provides us with an iterative approach to generate the sequen( e, ay, . ..
for any K. For each K\, the starting point, oy needs to be chosen so that Z oy = 1.
However, in practice, we can always start with aq = 1, thus producing the same (infinite)

sequence for any KA. Then, for each A, we can re-normalize aq,...,ax to satisfv the
constraint.
By choosing «;’s in this way, we make sure that Rg = Ry = --- = Rx. Thus, the

capacity of the A'-relay channel can then be written simply as

P\ Py
=Ry = C<00‘{7)v <00H1+Vk K 01) (25)

where we can now define

e
J(l\’, 1V0,. ..,ATV'[\') d’—gf kg H(l +l/k) (26)
k=1

to be the maximum SNR improvement provided by having some fixed amount of power
Py at the transmitter and K relays. This quantity depends on the total number of relays
available and the noise power at each of the noise stages. For a given sequence { N} and
a given I\ it can be computed iteratively using (23). Figure 2 shows the improvement
achievable with N, = N Vk. The SNR improvement in dB is plotted in Figure 2 for up
to 1000 relays.

We observe from Figure 2 that as we increase the number of relays we get less and
less improvement out of the additional relays. For example, we gain approximately 18
dB from the first 100 relays and only about anther 10 dB from the next 900. A natural
question to ask is whether the improvement which we can attain increases without bound.
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In the case of equal strength noises tlie answer turns out to be yes. In this case the SNR
improvement offered by adding the A relay stage satisfies

\hm JIKN.. ., N)-JK-1,N....N)= % ~ 0.6079 (27)
The proof of this statement is provided in [4].

Thus, as the number of relays grows, the SNR improvement, in dB, grows asymptot-
ically as log 0.607T9R = log ' — log 0.6079 = log ' — 2.16dB. We define this loss of slope
in the SNR growth as the distributed computation penalty and this is plotted in Figure
3 for 1 through 100 relays.

5 Wideband performance in the Gaussian degraded
relay channel

In a recent paper [5], Verdii demonstrated that second-order effects must be taken into
account when wideband performance of communication systems is considered. Using
these results it was shown [6] that in the wideband regime TDMA is strictly sub-optimal
for both the multi-access Gaussian channel and the broadcast Gaussian channel. This is
so despite that fact that it does achieve the optimal %min defined as

Ey I SNR log, 2
- - 1m = -
JVO min SNR—0 C(SNR) C(O)

(28)

where C is the capacity of the channel as a function of SNR.
However, in the case of the degraded Gaussian relay channel, time division multi-
plexing (TDM) does not even achieve the same {:-'OL in &5 the information theoretically

optimal communication scheme. We illustrate this using the single-relay channel. Define

Q= defl W% to be the signal-to-noise ratio between the transmitter and the first relay stage.

While 2 may not always be the best measure of the signal-to-noise ratio, it is sufficient
for our purposes since any reasonable measure of SNR should go to 0 as @ goes to 0.
Then for the single-relay channel, the capacity as a function of ) is given by (2) as

€ = C(ajQ) (29)
Thus, limg_C(Q) = o*, resulting in

£,  log,2

(30)

< rO min a*

Turning now to TDM, we note that we can alternate hetween two modes of communi-
cation: the transmitter can transmit directly to the receiver or the transmitter can trans-
mit to the relay which then relays the message to the receiver. In the second instance, the
transmitter and relay transmissions have to be time-multiplexed as well. Let C4(Q) be
the capacity function for direct transmitter-to-receiver communication and C,(Q) be the
capacity function for communication using the relay. Then the TDM capacity function
is given by

Crpm(Q) = Jnax [aCHQ) + (1 — @)C(Q)] = max [Ca(Q), C(Q)] (31)
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Thus, the optimal strategy is to either always use a relay or to never use it. Which of
the two options is to be chosen in a specific scenario depends on the values of 3; and
. In order to specify this more precisely we need to examine the functions C; and C,
thenlselves
Cq is the capacity function for point-to-point communication without a relay, thus it

is given by .

If we are using the relay to communicate, then we must time-share the channel he-
tween the transmitter and the relay. Thus, the capacity function in this case is given
by

C(Q) = Jnax, min [aC(Q), (1 — a)C(3Q)] (33)

The minimax point of (33) is achieved by setting the two arguments of the minimun
equal which results in

QB3R 1
CQ+CBQ) ~ oz + ey

Q) = (34)

Since both C,; and C,. are monotonically increasing and concave, {(28) and (31) give us

E, 1D log. 2 o
—Tb = —————,Oge - = (1 + 1y min(1, —)) log, 2 (35)
Nomin niax {Cd(()), C,.(U)] 3

Equation (35) demonstrates that in the wideband regime the optimal TDM strategy
is to use the relay if and only if it is capable of transmitting at a higher power than the
transmitter. This strategy is clearly worse than the optimal communication strategy and

[4] shows that a* > ml—r— for all 0 < 11 < 0.
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