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Abstract— We present closed-form expressions for the marginal
density distribution of the unordered eigenvalues of H&®H' where
® is an input covariance and H is a matrix representing a MIMO
(multi-input multi-output) Rayleigh-faded channel with one-sided
correlation at either end of the link, transmitter or receiver, with
no constraints on the numbers of antennas therein. Using the
foregoing distribution, we then derive analytical expressions for
the capacity. The expressions found are evaluated through several
examples conducted with correlation structures of practical
interest.

I. INTRODUCTION

The central idea in multi-antenna communication is to
generate a MIMO (multi-input multi-output) channel by trans-
mitting and receiving through antenna arrays [1]-[2]. The
deployment of these arrays on small platforms (compact base
stations, mobile terminals, portable computers, etc) almost
inevitably results in some degree of correlation between
the constituent antennas. This has motivated a multiplicity
of efforts aimed at characterizing analytically the capacity
and mutual information (with an isotropic input) of MIMO
channels in the presence of correlation. These problems have
been tacked primarily by means of asymptotic analysis: for
large numbers of antennas in [3]-[6] and at low signal-to-
noise ratio in [7]. Non-asymptotically, the mutual information
has been characterized in integral form in [8] and explicitly
in [9]-[11]. While the expression in [11] allows for simulta-
neous correlations at both transmitter and receiver, it is not
immediately applicable if either end exhibits no correlation.
This case, relevant because it models the frequent scenario
where correlation is strongly dominant at either transmitter or
receiver, is addressed in [9] and [10] albeit in the latter with
the restriction that the correlation be at the end of the link with
the most antennas. All these contributions obtain the mutual
information through the moment-generating function.

In this paper, we focus on one-sided correlation but with
emphasis on the distribution of the eigenvalues of H®HT'
where H is the channel matrix and ® the input covariance.
For channels with IID (independent identically distributed)
Rayleigh-faded entries, this distribution is given in [1]. Here,
we present its counterpart with one-sided correlation. Using
this distribution, we then obtain new expressions for the
capacity. Other communication-theoretical quantities that are
functionals of this distribution (e.g., the signal-to-interference
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at the output of an MMSE receiver) can be also derived.

By explicitly incorporating the input covariance, we can
express the capacity rather than simply the mutual information.
The correlation is allowed to take place at either end of
the link, a relevant point given that it is the end with the
fewest antennas that constrains the number of spatial degrees
of freedom.

Throughout the paper, we use (-); ; to denote the (¢,5)-th
entry of a matrix and \;(-) to indicate its j-th eigenvalue.

II. PROBLEM FORMULATION

Denoted by nt and nr the number of transmit and receive
antennas, we consider the complex frequency-flat linear model

y=+vgHx+n

where x and y are the input and output vectors while n
is white Gaussian noise. The channel is represented by the
(nrxnt) zero-mean random matrix /g H normalized such
that

E[Tr{HH'}] = ngnr.

In terms of the correlation between the entries of H, we adhere
to the so-called separable model whereby [12]

H=0;/’wWey? (1)

where the (ngxnt) matrix W has IID zero-mean unit-
variance complex Gaussian random entries while the entries
of @1 and Op indicate, respectively, the correlation between
transmit and between receive antennas.

The capacity-achieving input covariance, normalized by its
energy per dimension, is denoted by

B E[xx]
- ZEx]?

where the normalization ensures that E[Tr{®}]=nr. The
ergodic capacity is thus

24 ~1/2
C(snR) = E [log, det (T+ S @ WO @01/ *W' )|
where the expectation is over the distribution of W while

SNR=§¢———"F"7""7-
n Elln]?]

nr
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Denoting by Ar, At and P the respective diagonal eigen-
value matrices of ®r, @1 and ®, and invoking the unitary
invariance of W and the fact that—to achieve capacity—the
eigenvectors of ® must coincide [13] with those of the transmit
correlation, ®r, the capacity can be rewritten as

C(sNR) = FE [log2 det (I + %{%R ARWATPWT)}

where P defines the capacity-achieving power allocation [14].
If Ar=I, then capacity is achieved when the input is isotropic
(P=I). If Ar#I, however, then in general P#I [14].

The capacity, as well as other quantities of interest, is
determined by the nonzero eigenvalues of H®HT, which are
given by those of ARWATPWT if ny>ng and by those
of APPWTARW if np<ng. For notational convenience
we therefore let m=min(nr,nr) and n=max(nr,ngr) and
introduce the matrix

S=A,, WA, Wf

where W is (mxn) with zero-mean IID Gaussian entries
while

A,, = ATP and A, = Agr nt < nr
AnL = AR and An = ATP nr > ng
With that,
C(s\R) = E Zlog2 (1+ SMBA,(S))
i=1

= mE [log, (1+ SNBX(S))] 2)

where A denotes an arbitrary eigenvalue of S and the expec-
tation is over its distribution.

Since the entries of W are jointly Gaussian, the entries of
Z=A}/*WAL*P1/2 are also jointly Gaussian with distribu-
tion [15]

“lmA—lp—1m
efTr{AR EALP =h

fZ (:) = ﬂ.nTanet<AR)anet(ATP)nR

and, as a consequence, the distribution of S is [15]

fs(E) = det(E)n—meTH{ALE/a} By (I—gA; Y, A E/q)
=T Fm<n)det(Am)”det(An)m
3)

where ¢>0 is a positive constant, oF(-,-) is the hyperge-
ometric function of exponential type of two square matrix
arguments of different dimensions [15], and T',(¢) with p<q
is the complex multivariate Gamma function [16]

p
Ty(q) = app—1)/2 H(q — o)
=1

Starting from (3), we set out to obtain the density distribution
of the unordered eigenvalues of S, from which the capacity
in (2) can be then computed. As detailed in the Appendix,
we leverage the technique pioneered in [17] to evaluate (2) by
means of the Mellin transform [18].

We shall consider channels where either Ag=I or ArP=I.
Both cases basically mirror each other with the caveat that,
while Ag is determined exclusively by the receive correla-
tions, ATP involves both the transmit correlations and the
resulting power allocation [14]. In either case, the eigenvalues
(diagonal entries) are required to be nonzero and distinct.
Nonetheless, as will be illustrated in the examples, zero
eigenvalues or eigenvalues with plural multiplicity can be
accommodated through simple perturbation techniques.

The proofs of the various results are relegated to the
Appendix.

III. CHARACTERIZATION OF THE UNORDERED
EIGENVALUES

In this section, we provide expressions for the marginal
distribution of the unordered eigenvalues of S. Let us start with
correlations at the end of the link with the fewest antennas.

Theorem 1: Let n>m with A,=I and with A,,#I where
01,...,0,, are its m distinct eigenvalues. The marginal density
distribution of an unordered eigenvalue of S is

MW=L D gmHTle DG, 5) @)
i=1 j=1

with

1
L=—— _
m T (n — Ol det(An)" [T (& — &)

and with D(4, j) the (4, j)-cofactor of an (m xm) matrix whose
(¢, k)-th entry is

(n—m+k—1)!

—n+m—=k
0€

Proof: See Appendix.

The above distribution can be illustrated using a typical
correlation structure encountered in wide-area mobile com-
munication systems deployed in rural or suburban areas.

Example 1: Consider a mobile terminal radiating from
nr=4 transmit antennas with @1=I. Then, let the receiving
base station have ng=2 antennas with

(OR); = e O3 (=D)* )

which corresponds to a d-wavelength antenna separation and a
broadside (truncated) Gaussian power azimuth spectrum with
2° root-mean-square spread. For d=2, the marginal density
distribution of an arbitrary eigenvalue of S=H®H, given by
(4), is depicted in Fig 1. Also shown is the histogram of 10000
random realizations obtained via Montecarlo, which closely
matches the analytical function.

Next, we turn our attention to the scenario where the
correlation is at the end of the link with the most antennas.

Theorem 2: Let n>m with A,,=I and with A,#I where
01,...,0, are its n distinct eigenvalues. The marginal density
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Fig. 1. Marginal density distribution of an unordered eigenvalue of S with

nt=4, ng=2, A1=I and with AR the diagonal eigenvalue matrix of O
in (5).

distribution of an unordered eigenvalue of S is

=LY S D) (o te

i=1 j=1

‘5/91L—m+i

n—mmn—m

_ Z Z Hgn mﬂgn—m—le—E/Ge)
=1 k=1
with
I det () ©)

m [T (0 — ) TT72 !

where W is the (n—m)x(n—m) Vandermonde matrix [19]

1 6 gp—m—t
v=: : :
1 Opm gr-m-1

while D(i, ) is the (i, j)-cofactor of the (m xm) matrix whose
(¢, k)-th entry equals

n—mn—m

p—1 n—m-+k—1
Z Z p»qen m+£9 )

(- 1 (ez e
p=1 ¢g=1

Proof: See Appendix.

IV. CHARACTERIZATION OF THE CAPACITY

First, we evaluate the capacity with correlation at the most
constrained end of the link in terms of spatial degrees of
freedom.

Theorem 3: Consider a Rayleigh-faded channel with corre-
lation at the end of link with the fewest antennas. Denoting

by 04, ...,0,, the m distinct eigenvalues of the corresponding
correlation matrix, the capacity is given by

C(sNR) =

k+1(5 k')
(sNRO; /m)"

&
R, = 0 (1ogeSNR0 > Lo ) +
u=1

00 SNR6; k=11 1
sxmlog, ZUFE DYy — Y s

Ls=(=1) Z (5—|—Z)(SNR9¢/m)6+k (k—1)!

k=1

where L and D(i, j) are as in Theorem 1 while d=n—m+j—1
and y~0.5772 is the Euler-Mascheroni constant.
Proof: See Appendix.

Before proceeding with the converse scenario, we proceed
to exemplify Theorem 3.

Example 2: Consider the same scenario of Example 1. The
capacity for various antenna separations, d, is shown in Fig. 2
alongside corresponding Montecarlo simulations. (The case
d=10, in particular, results in the eigenvalues of @y being
1.01 and 0.99, which can be seen as a perturbation of @r=1.)
In every case, the agreement is excellent.

Theorem 4: Consider a Rayleigh-faded channel with cor-
relation at the end of link with the most antennas. Denoting
by 61,...,0, the n distinct eigenvalues of the corresponding
correlation matrix, the capacity is given by

10 ZZD i ] (9:2 ! (RT+i,j*T+Z+i7j*T)
ge i=1j=1

T T
_ (\11*1
=1 k=1

)k,l GfﬂleTﬂ ! (Re,jfr + %,jf'r))

where T=n—m, L is as in Theorem 2, and R, 4 and 7, ; are
as in Theorem 3.
Proof: See Appendix.

Example 3: Consider a mobile terminal radiating from nr
transmit antennas whose correlation is

(©r1),; = Jo(nli — j|*) ®)

where Jy(-) is the zero-order Bessel function of the first kind.
This corresponds to a half-wavelength antenna spacing and a
uniform power azimuth spectrum, representative of a dense
scattering environment. Let the receiving base station have
nr=2 antennas, sufficiently separated such that @r=I. The
capacity for nr=3 and nt=4 is shown in Fig. 3 along with
corresponding Montecarlo simulations.

V. CONCLUSIONS

Closed-form expressions for the marginal distribution of the
unordered eigenvalues of H®H' with one-sided correlation
have been presented and, from this distribution, the corre-
sponding capacity has been analytically characterized.
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Fig. 2. C(SNR) for np7=4 and ng=2 with ®@1=I and O as in (5).
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Fig. 3. C(SNR) for n7=3,4 and ng=2 with O as in (8) and Or=L.

It must be noted that, while the evaluation of the ca-
pacity expressions is in general straightforward, it becomes
numerically demanding at low signal-to-noise ratios, espe-
cially if some of the eigenvalues of the correlation ma-
trix are close to zero. This difficulty can be appreciated in
Fig. 2, where for d=1 the eigenvalue spread of ®r becomes
Amax(OR)/Amin (Or )40 and the lack of sufficient numerical
precision precluded obtaining the capacity below about 4 dB.

APPENDIX

We evaluate (2) via

C(sNR) = mM ™! (F(S)Fu — S)Mf*(l - 8)> 9

s (S8)

where f)(-) is the density distribution of a generic eigenvalue
of S and My, (+) is its Mellin transform

/55 (e

with M~1(-) denoting the inverse Mellin Transform and I'(-)
the standard Gamma function [20].

fo

A. Proof of Theorems I and 3

For A,=I,, the distribution of S in (3) leads to the
following expression for the joint distribution of the ordered

eigenvalues \; > Ao > ... > A\, [16]:
=D TTer [ — €)% Fo(-Y 1, 8)
fa(®) = k=1 k<t
Lo (n) L (m)det (A, )"
(10)

with A=diag{\,..., A\ }, E=diag{&s,...,&{n}, and with
Y~ '=diag{y-,..., 5} containing the reciprocals of the
eigenvalues in A,,. The joint distribution of the unordered

eigenvalues is obtained dividing (10) by m!

When 61, ...,0,, are distinct, we can express the hyperge-
ometric function in (10) as [21]
1 o= T',.(m)det(B
OFO(_T 1v‘:‘): m( ) (ﬂ)’b
m(m— 1 1
amn=D2TT (& - &) ][ (& — 7)
k<t k<t

with (B); j=e~¢/% . Substituting in (10),
H &, — &) det(B)

Hf
fAB) =+ £t -

[1(n—ordet(Am)" [ (& - 5)

(=1 k<t

Recall here that [];" ,(£,—&) is the determinant of a matrix
whose (i,)-th entry is &' ~J. To obtain a handy expression for
the joint p.d.f of the unordered eigenvalues, we expand this
determinant as well as det(B) via Laplace expansion and then
integrate the result with respect to m—1 eigenvalues by virtue
of [22],[8, Corollary 1] obtaining the distribution of a single
arbitrary eigenvalue

(O =LY D e j)

i=1 j=1

as claimed in Theorem 1. Its Mellin transform is

m m

=LY ) D(ij

=1 j5=1

(s+n—m+j—1)
emfsfnfjJrl
i

fo

The capacity is obtained from (9), which in this case yields'

@t P(§)D(1—s)T(0+ 1—5)
ZZ 27“0 . 0 SNR\s ds
k=1 0= JTWE Ja—joo S( k~m )

!Caution: here j denotes the imaginary unit, j=+/—1.
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where —1<a<0 is a real constant while §=n—m—~¢—1. Since
the integral is as in [17, Eq. 35], it can be calculated using the
fact that the function (ps) 'I'(s)['(1 —s)I'(6 — s + 1) admits
[17, Eq. 36-38]:

o Double poles at s=6+k with k=0,1,...

k 1 1
(_1)510ge P+ u=1u — Yt s
(0 + k+ 1)pthtik

e Simple poles at s =k withk=1,...

with residues

Y

¢ — 1 with residues

0 —k)!
-1 k+1(4 12
« Double pole at s=0 with residue

4! (logep+ Zu 1w ) (13)

from which (7) follows.

B. Proof of Theorems 2 and 4

For A, #I,, and arbitrary A,,, the joint distribution of the
entries of S is given in [23, Eq. (3)] leading, for A,,=I, to
the joint distribution of the unordered eigenvalues of S

PR 12 AT T
H@ 1£ Hk<€( )
with
0Tl Tl Tl
N 07 r e L o e B
1000 grlein. . gl

where 7=n—m. In order to apply [8, Corollary 1] we have
to express the determinants in the numerator of (14) as the
product of two determinants of matrices of the same dimension

m. To this end, we first partition A,, as
v A
C D ] (15)

where W, defined in Theorem 2, is the principal (n—m) minor
of A,,. Applying the Inversion Lemma for block matrices [19],

det(A,) = det(¥)det(D — CP'A)
where the (i,7)-th entry of (D — C®~1A) is given by

>3

{=1 k=1

o]

k 197’ 1 —5]/95
'r+z

9:;36—51/9#1
Integrating over m-1 eigenvalues and applying [8, Corollary
1] to the product of the two determinants det(D — C¥~1A)
and [[;" ,(& — &), we obtain the claim of Theorem 2. The
Mellin transform of (6), Mg, (s), is given by

LZZD” (e; M5 4 j — 1)
j=11i=1
O K1)

(=1 k=1
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with L and D(i,5) as in Theorem 2. This Mellin transform
leads again to an integral of the form in [17, Eq. 35], which
can be solved using (11-13) to obtain the claimed capacity.

REFERENCES

[1] 1. E. Telatar, “Capacity of multi-antenna Gaussian channels,” Eur. Trans.
Telecom, vol. 10, pp. 585-595, Nov. 1999.

[2] G. J. Foschini and M. J. Gans, “On the limits of wireless communica-
tions in a fading environment when using multiple antennas,” Wireless
Personal Communications, vol. 6, no. 3, pp. 315-335, Mar. 1998.

[3] C. Chuah, D. Tse, J. Kahn, and R. Valenzuela, “Capacity scaling in
dual-antenna-array wireless systems,” IEEE Trans. on Inform. Theory,
vol. 48, no. 3, pp. 637-650, Mar. 2002.

[4] A. M. Tulino, S. Verdd, and A. Lozano, “Capacity of antenna arrays
with space, polarization and pattern diversity,” Inform. Theory Workshop
(ITW’03), Paris, France, Apr. 2003.

[5] A. L. Moustakas, S. H. Simon, and A. M. Sengupta, “MIMO capacity
through correlated channels in the presence of correlated interferers and
noise: a (not so) large N analysis,” IEEE Trans. on Information Theory,
vol. 49, no. 10, pp. 2545-2561, Oct. 2003.

[6] X. Mestre, J. Fonollosa, and A. Pages, “Capacity of MIMO channels:
asymptotic evaluation under correlated fading,” IEEE J. on Selected.
Areas in Communications, vol. 21, no. 5, pp. 829— 838, June 2003.

[7]1 A. Lozano, A. M. Tulino, and S. Verdd, “Multiple-antenna capacity in
the low-power regime,” IEEE Trans. on Information Theory, vol. 49,
no. 10, pp. 2527-2544, Oct. 2003.

[8] M. Z. Win M. Chiani and A. Zanella, “On the capacity of spatially
correlated MIMO Rayleigh-fading channels,” IEEE Trans. on Inform.
Theory, vol. 49, pp. 2363-2371, Oct. 2003.

[9] M. Kang and M. S. Alouini, “Impact of correlation on the capacity of
MIMO channels,” Proc. of Intern. Conf. in Communications (ICC’03),
vol. 4, pp. 2623-2627, 2003.

[10] P. J. Smith, S. Roy, and M. Shafi, “Capacity of MIMO systems with
semi-correlated flat-fading,” IEEE Trans. on Information Theory, vol.
49, no. 10, pp. 2781-2788, Oct. 2003.

[11] M. Kiessling and J. Speidel, “Exact ergodic capacity of MIMO channels
in correlated Rayleigh fading environments,” in Proc. Intern. Zurich
Seminar on Communications (I1ZS), Zurich, Switzerland, Feb. 2004.

[12] D. Shiu, G. Foschini, M. Gans, and J. Kahn, “Fading correlation and its

effects on the capacity of multi-element antenna systems,” IEEE Trans.

on Communications, vol. 48, no. 3, pp. 502-511, Mar. 2000.

S. Vishwanath S. A. Jafar and A. J. Goldsmith, “Channel capacity and

beamforming for multiple transmit and receive antennas with covariance

feedback,” Proc. Intern. Conf. on Commun. (ICC’01), vol. 7, pp. 2266—

2270, 2001.

[14] A. M. Tulino, A. Lozano, and S. Verdd, “Power allocation in multi-
antenna communication with statistical channel information at the trans-
mitter,” in Proc. IEEE Intern. Conf. on Personal, Indoor and Mobile
Radio Communications. (PIMRC’04), Barcelona, Spain, Sep. 2004.

[15] C. G. Khatri, “On certain distribution problems based on positive definite
quadratic functions in normal vectors,” The Annals of Mathematical
Statistics, vol. 37, no. 2, pp. 467-479, Apr. 1966.

[16] A. T. James, “Distribution of matrix variates and latent roots derived
from normal samples,” The Annals of Mathematical Statistics, vol. 35,
no. 2, pp. 474-501, June 1964.

[17] R. Janaswamy, “Analytical expressions for the ergodic capacities of
certain MIMO systems by the Mellin transform,” Proc. of IEEE
GLOBECOM’03, Dec. 2003.

[18] I. S. Gradshtein and I. M. Ryzhik, Table of Integrals, Series and
Products, Academic Press, 2000.

[19] R. A. Horn and C. R. Johnson, Matrix Analysis, Cambridge University
Press, 1985.

[20] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions,
New York: Dover Publications, 1972.

[21] C. G. Khatri, “Non-central distributions of i-th largest characteristic
roots of three matrices concerning complex multivariate normal popu-
lations,” The Annals of Inst. of Stat. Mathematics, vol. 21, 1969.

[22] C. G. Khatri, “On the moments of traces of two matrices in three
situations for complex multivariate normal populations,” Sankhya: The
Indian Journal of Statistics, vol. 32, series A, pp. 65-80, 1970.

[23] H. Gao and P.J. Smith, “A determinant representation for the distribution
of quadratic forms in complex normal vectors,” J. of Multivariate
Analysis, vol. 73, pp. 155-165, 2000.

[13]



	footer1: 
	01: v
	02: vi
	03: vii
	04: viii
	05: ix
	06: x
	footerL1: 0-7803-8408-3/04/$20.00 © 2004 IEEE
	headLEa1: ISSSTA2004, Sydney, Australia, 30 Aug. - 2 Sep. 2004       
	pagenumber515: 515
	pagenumber516: 516
	pagenumber517: 517
	pagenumber518: 518
	pagenumber519: 519


