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Abstract—We generalize the Gel'fand-Pinsker model with degraded Gaussian relay channel. Steinberg and Shamai [8]
the setup of a memoryless multiple-access channel where tee  provided achievable rates for the broadcast channel with
is a single message source fed to both encoders. Only one ofgiateg known non-causally at the transmitter. Anotherirmult

the encoders knows the state of the channel (non-causally), tensi h the ch | state inf i CS
which is also unknown to the receiver. We find an explicit user extension, where the channel state information (CSI)

characterization of the capacity of this single-user chanel. An IS causally available at the transmitters [1], was made by
explicit characterization of the capacity is also providedfor the  Steinberg [9] for the capacity region of the degraded broad-

same channel with causal channel state information. Furthewe  cast channel. In [10], the capacity of the physically degcad

aﬁply thle gene.r?| formula to th?}.Gﬁ“SSian. case W';h nogl-dc[:)aas relay channel with causal CSI was found. For other related
channel state information, in which capacity is achievablby a o'ty 11 111 T13] [14]

generalized writing-on-dirty-paper scheme. X L
Much research interest has been devoted to applications of
. INTRODUCTION these channel models, for example, watermarking, [15], [16

Communication over state-dependent channels has beco[%g]’ [18], [19], muItl-lnput-ml_JItl-output (MIMO) broadast
channels, [20], and cooperative networks, [21].

a widely mvespgated research area. The framework of chan—In [22] and [23], the problem of a two-user GP MAC with
nel states available at the transmitter dates back to Siman
S| known non-causally to only one of the encoders, and

[1], who characterized the capacity of a state-dependent

o ._each encoder transmitting a separate message, is addressed
memoryless channel whose states are i.i.d. and availahle . o

. . ile the symmetric (interference known to all the encoglers
causally to the transmitter. In their celebrated paper [2

Gelfand and Pinsker established a single-letter formata f etup of [6] enables interference cancelation and the dgpac

. egion is characterized fully, here, only inner and outer
the capacity of the same channel under the conceptua[ly}?q y y

. . unds on the capacity of the additive white Gaussian MAC
different setup where the transmitter observes the channe . .
. i . : ...as well as the general discrete channel are derived. The
states non-causally. The main tool in proving achievapilit. . : .
. ; : S . L informed encoder uses a generalized dirty paper coding
in this setup is the binning encoding principle [2]. Cost

[3] applied Gelfand Pinsker's (GP) result to the Gaussia DPC) scheme that allows arbitrary correlation between the

o . . codeword and the known CSI.
case, where there are two additive Gaussian noise sourceﬁ, . .
n this paper we consider the GP memoryless two-user

one of which, the interference, takes the role of the chann AC, with CS| available non-causally to one of the encoders

state. Costa originated the term "writing on dirty paper but not to the other encoder nor to the receiver. The problem

which stands for an application of GP's binning enCOdIn%onsidered here specializes to the two users transmitting a

scheme that adapts the transmitted signal to the chanted sta : .
. . . common message. In a way, this can be regarded as a single-
sequence rather than attempting to cancel it. This results | ; )
e . user channel, in the sense that there is one message source
a surprising phenomenon - the operative upper bound, of a S . .
. : ; and one destination. We refer to this channel as a Geneatalize

channel having no interference, can be attained, even thou

the channel states are not known to the receiver. It was shov%np (GGP) channel. We characterize the capacity for the

. : - : ; general finite-alphabet case with a single-letter expoessi
in [4],[5], that this principle continues to hold even if theTr]is is enabled by a generalized binning coding scheme. It is

interference is not Gaussian. Extensions of these channe 4 : : .
. , gued that the single-letter expression remains the @gpac
models to the multi—user case were performed by Gel'fan : i
; ) . . even if one allows feedback at the informed encoder, but not
and Pinsker in [6] who showed that interference cancelatio . - :
. ) . ) at,the uninformed encoder (similarly to the single-user GP
is also possible in the Gaussian broadcast channel, 80fannel settin [24]). While feedback does not increase the
the Gaussian Multiple Access Channel (MAC). Kim et al. 9

L ; . ultimate rate, it simplifies considerably the signallingthe
[7] showed that a similar thing happens for the phySICa"¥1ique which is capable of approaching capacity [24]. We also
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is achievable, in our setup one cannot hope for complete Il. NOTATION AND STATEMENT OF THE PROBLEM
interference cancelation. This renders the converse gart o , .

the theorem a more ambitious task. We define therefore an1nroughout the paper, random variables will be denoted
equivalent notion of interference cancelation that is adég by capital letters, while deterministic realizations #xrwill

to our setup. We present an operative upper bound on tRe dgnotjed by Iower_-case letters. We shallnuse the shod-han
highest achievable rate and point out the loss due to ghtationy t,o abbrewate{xhxiH,.:.,xj), aqu = (X1, %n)-
asymmetric side information. The resulting upper bound i&CF convenience, the-vectorx” will occasionally be denoted
shown to be achievable in the Gaussian case, yielding®Y the boldface notatior as well. The probability law of a
closed-form expression for the capacity. We charactetige t 'andom variabl& will be denoted byx, and the conditional

optimal strategy of the informed encoder balancing thegtrad Probability distribution ofy’ givenX will be denoted byRy .
off between enhancing the signal of the uninformed encoder, A Stationary memoryless state-dependent Multiple-Access

decreasing the interference, and transmitting an additionChannel is defined by a distributi&ps on the set”” and the

information about the message that is not transmitted by tifgannel conditional probr:a\bility distributiond|sx, x, fnrom
uninformed encoder. Another interesting insight derivedrf <~ X Z1x 2210 ¥ Let X7, = (X1(1)7 - X1 (N)) aqu(z) =
the proof is the capacity of a class of finite alphabet antX2(1),..,X2(n)) designate the inputs of transmitters 1 and

Gaussian parallel channels with non-causal side infoomati 2 t0 the channel, respectively. The output of the channel
at the transmitter. will be denoted byy". The stationarity and memorylessness

assumptions imply that

A Cognitive Radio (see, [25], [26], [27], [28]) is a device, o d o
added to an existing system having Iicense](; users, that is ""IS'X3,X3, %38 = ium‘sxl’XZ(y”S’xi’xi)'
capable of sensing its environment and making use of that -
knowledge to increase the spectral efficiency of the systerihe symbolsS,Xy(i),Xo(i) and Y; represent the channel
A useful model for the cognitive radio is as a transmitteihwit state, the channel inputs produced by two distinct encoders
side information about the primary (licensed) transmissio and the channel output, at time indéxrespectively. We
An assumption taken in the models considered in [25pssume that the channel stafsare i.i.d., each distributed
[28] is that the cognitive radio has non-causal knowledgaccording toQs. As can be seen is Figure 1, the setup we
of the codeword of the primary user. In our setup, the€onsider is asymmetric in the sense that it is only encoder 2
informed encoder can be thought of as a cognitive radiayhich produce@((“2 that is informed of the channel states,
which identifies the channel states (that can stand for othetile the other encoder, which produck$,, as well as
interfering signals) and helps the licensed user to trainmi the decoder are oblivious. Unlike the ordinary MAC, there
message, exploiting its side information. The model appliegs a single message source fed to both encoders. In the
also to cooperative transmission in the realm of the cogniti case where encoder 2 observes the CSI non-causally, we
paradigm (that is one of the nodes is cognizant of the chanrgfall refer to this channel as a Generalized Gel'fand-Rinsk
state which stands for information transmitted in the sydte (GGP) channel, when encoder 2 observes the states causally,
Another application of our results is to watermarking, véherthe channel will be referred to as an asymmetric causal-state
two encoders are jointly embedding the watermark. The firstependent channel.
performs the embedding in a generic way, i.e., indepergentl A sub-class of GGP channels that will be of special
of the actual covertext, and the second embeds informatidmterest is the following. Anemoryless parallel channel with
in a covertext-dependent method. Our work accounts alsmn-causal asymmetric side informatiima GGP channel
for other scenarios of cooperative communication used With Y = (Y1,Y2) and

increase performance [21], [29].
W voisxixe = Wy xg sy xS (1)

The rest of this paper is organized as follows. In Sectiofy words, this is a GGP channel with two outputs

Il we state the problem more explicitly and define some&, (1) . v;(n) andY,(1),...,Yo(n) that are both observed by
notation that will be used throughout the paper. Section Ikhe receiver. If, in addition, one has

is devoted to establishing a single-letter expression fier t

GGP channel capacity in the discrete case, an upper bound W5 = Woyix (2)
on the capacity, and the capacity of a special class of GGP

channels, referred to as degenerate parallel channels. Twe shall say that the parallel channel is degenerate.
causal case is treated in Section IV where we provide the A message?, is a random variable uniformly distributed
capacity formula for the asymmetric causal state-dependesver the set{1,...,M} whereM = [€"R|. A rateR code for
channel. In Section V we apply the single-letter expressiothe GGP channel is composed of two encodréi%, ¢,(12) and
of the GGP channel to the Gaussian channel with non-causaldecodeny,: the first encoder is unaware of the CSI and
Csl, and establish an explicit closed-form formula. Sectiothus is defined by a mapping

VI concludes with a summary of the main contributions of

this paper. A {1,...,M} — 27" (3)



Uninformed | 11 where the maximum is over all the joint measurgg,B x, v
Encoder on.% x 21X U x Z>x ¥ having the form
MAC
Yn
v — »| Decoder — % Psx; Uy = QsPx, Rujsx, Prolsu W s xq %00 (10)
N W%, %
nformed | <& where|% | < ||| 21| - | 22].
Encoder . L
We note that the theorem continues to hold if in (10) we

g T replace Ry, sy by Pysx.u, 18, X1 < (SU) « Xz does
not have to be a Markov chain. Moreover, there exists a
maximizing measure with; that is a deterministic function

of (S Xg,U). The fact that we can replaé, sy by Py, sx, u
yields the following corollary which provides an altervati

The second encoder, observes the CSI non-causally, and®iression foCegp.
defined by a mapping

Fig. 1. Asymmetric state-dependent MAC with a common messag

Corollary 1 The capacity of the finite input alphabet GGP

02 {1, M} xS — 2 (4) channel is given by
The decoder is a mapping Coep=max[| (V;Y)—1(V;9)], (11)
Un: " —{1,...,M}. (5) where the maximum is over all the joint measurgg,R x, v

A rateR code for the asymmetric causal state-dependeﬁp S X PAx TV x 2o x ¥ having the form

channel is defined similarly to that of the GGP channel, Psx V.%o = QsP Ry xo15: Wy s X X0 0 (12)
with the exception that the second encoder is defined

. tQ’nd X% is a deterministic function of V. The alphabet
a sequence of mappings

cardinality of V satisfiesy’| < |.7|-| 21| | Z2|.

2. i -
¢”vi LM ST 2o i=1 00, () It is noted that this result remains intact if we allow fordee
and at time index, the channel input is given b¥(i) = back to the informed encoder, i.e., if, before producing the
¢§§>(W7g)_ i-th channel input symbol, the informed encoder observes the

An (g,n,R)-code for the GGP channel is a codeprevious channel output¥i—1, that is, while the uninformed

(¢£1)’¢£2)7wn) having average probability of error not ex-encoder is a mapping of the form (3), the ;nformed encoder
ceedinge, i.e., is actually sequences of mapping#z) = {¢r(, 1) i, with

Pr(# + gn(YM) < €. @) ¢ 11, MY x N L 25, (13)

A rate R is said to be achievable if there exists a sequence We now give a description of a capacity achieving random
of (&,n,R)-codes with lim_.. & = 0. The capacity of the coding scheme. The proof of the converse part in Appendix
GGP channel is defined as the supremum of all achievabde followed by the proof of the direct part of Theorem 1
rates. The definitions of afe,n,R)-code, an achievable rate which relies on this scheme and appears in Appendix B.
and the capacity of the asymmetric causal state-dependeniNote that for any measure of the form (10), one has

channel are similar. (X, U:Y) = 1(X,U;9)
[1l. A SINGLE-LETTER EXPRESSION FOR THECAPACITY = 1(XY)+1(U;Y]X0) = 1{U; SXq). (14)

- FINITE INPUT ALPHABET GGP CHANNEL ] ] ) o )
This r.h.s. expression provides the intuition that a capaci

Before we state the main result of this section, we nOtgchieving random coding scheme has the following two-

that when the two encoders are informed non-causally of trg%age structure. The messageis split into two parts. The
CSl, the single-letter expression for the capacity is gibgn : '

uninformed encoder encodes the first part of the message,

max [I(U;Y)—1(U;9)] (8) and assuming it will become available to the receiver, the
Py xpuis informed encoder encodes the second part of the message
with |%| < |.#|| 21|| 22|, as a direct application of the GP USINg & b|nn|r_lg scheme similar to the one ysed in [2].
channel to the case of input alphab#t x 25. Encoding: Fix a measurePsx, u x,v satisfying (10), and

The following theorem provides a single-letter expressioH€note

for the capacity of the finite-input-alphabet GGP channel, L gl (X1Y)—¢]
that is, when the alphabet®’, 27, 2> are finite. K = @Y X)—I(UiSxy) e
J = en[I(SU\X1)+25]
LI¢

Theorem 1 The capacity of the finite input alphabet GGP
channel is given by M = lCaUY)-1(XUY)-2¢] (15)

Coep = max[l (U, X;Y) —1(U,X1;9)], (9) Note that from (15) we havi =L -K.



It is the generalization of the trivial bound mgx1(X;Y|S)

on the capacity of the ordinary GP channel. This lemma will
be of great significance in the proof of the converse part of
the coding theorem for the Gaussian GGP channel, since this
upper bound is achievable in the Gaussian case.

X
it
— X——>

— Lemma 1 The capacity of the finite input alphabet GGP
channel is upper bounded by

max  [I(Xy, X2;Y|S) — (S Xq]Y)], (16)

Pxq Polsxg
where Bx; x, v = QsPx, Pey|sx W s %

In the following lemma, whose proof appears in [30], we
— find the capacity of the degenerate parallel GGP channel,
and establish the fact that the CSI does not help.

Ue kjol

—x—

L LR 2

Lemma 2 The capacity of the degenerate parallel GGP
channel is given by the sum of the capacities obtained
without transmitter CSI.

IV. THE CAUSAL ASYMMETRIC STATE-DEPENDENT
CHANNEL

—x—>

— In this section we consider the causal asymmetric state-

dependent channel. As a side note, we mention that if the

Fig. 2. A generalized binning coding scheme CSl is available to both of the encoders, the single-letter
expression for the capacity is deduced as a direct applitati

of the formula derived by Shannon [1] for a channel with
The random encoders operate as follows: The uninformedput alphabet2; x 2>.

encoder drawsL i.i.d. vectors, {x,}\_;, each with i.i.d.
components drawn subject #,. The ordered collection Theorem 2 The capacity of the finite input alphabet causal
of the drawn vectors constitutes the codebook used by tB@ymmetric state-dependent channel is given by
uninformed encoder.

For each codeword,, the informed encoder drawéx J Ceausai= max! (U;Y), (17)
auxiliary vectors, denotedu,yj}, k=1,...K, j=1,....J,  where the maximum is over all the joint measures,B x, v

independently and with i.i.d. components given Hence, on.7 x 21 x % x 2> x % having the form
each codeword in the uninformed user codebook is associ-

ated with a codebook of auxiliary codewords. Paxauxe.y = QsRUP 1u P isu.x Wrisxg X, (18)
SinceM = LK, transmitting a message e {1,...,M}, is  \where X is a deterministic function of U, an | < |.#/|-

equivalent to transmitting € {1,...,L} and ,ke {1,...,K}. EABEA)

The uninformed encoder transmitg, and the informed

encoder, which observes is responsible for transmitting The proof can be found in [30] and is omitted due to space

k. Transmission ok is done by searching for the lowestlimitations.

jo€ {1,...,J} such thatuy j, is jointly typical with (x,,s).

Denote thisj by j(s,¢,k). If such jp is not to be found, or

if the observed state sequensés non-typical, an error is In this section we analyze the additive Gaussian GGP
declared and (s, ¢,k) is set toj = 1. channel. Based on the results obtained in Section Il we

Finally, the output of the second (informed) encoder iderive a closed-form formula for the capacity, discuss d an

some vecto& that is jointly typical with (s, Uy i j(s k). X¢)- provide numerical results.

De_coqligg: Upon observingy, the_ decodgr searches for aa. channel Model

pair (f’k)A such thatx;, Uik are jointly _typ|cf';1I.W|thy a.nd The Gaussian GGP channel is given by

outputsni= (¢,k). If there is no such pair, or it is not unique, _ _ )

an error is declared. Yo = Xu(i)+X()+S+N. (19)
The analysis of the probability of error of this schem

is performed in Section B establishing the direct part o

Theorem 1. . it
We now state a lemma (see [30] for the proof) that 1 X2(i) < P 1 X2(i) < P 20

provides an upper bound on the capacity of the GGP channel. n i; i) <P n i; 2() < P (20)

V. THE GAUSSIAN GGP CHANNEL

he transmitted signalx"l) and X(”2> have powers not ex-
eedingP; andP;, respectively, that is



As before, the message is available to both encoders. Ordnd constitutes the core of the converse part. So, in fact,
the second encoder knows the realization of the interferenthe generalization of interference cancelation to the GGP
S (non-causally). The noise processé$, and N, are asymmetric setup is that the upper bound of Lemma 1 is
assumed to be Gaussian i.i.d. zero-mean WEfE) = achievable, a phenomenon that happens in the Gaussian
Q and E(N/-Z) = N. The processN™ is independent of GGP. Recalling (16), this implies that the subtracted term,
(X” XN 9n). (S X1]Y), can be interpreted as the rate loss incurred due to

I(tl)sh(cfzj’ld be noted that had we been dealing with the fact thatSis known only to the second transmitter (and

constraint on the total received power, it is evident thihet N0t t0 both). Indeed, any information thai conveys toY

power should have been assigned to the informed encod@poutS is an inevitable waste_ of resources in terms_of_ rate.

and the problem would have degenerated to the ordinar The main goal of the proof is to show that the maximizing

“dirty paper” Costa setup [3]. Istribution in (21) is such thatS Xz, X,) are jointly Gaus-
sian, and an optimal choice ftr is

B. Capacity Formula and Discussion

. P . . . U =Xo+ aoptS (24)
We are interested in finding the highest reliably transmitte
rate of a common message observed by the two encodendth
To this end, using standard techniques [31], an application PP1Q — PLo2 — PiNOss — 02Q
of the single-letter expression derived for the finite al Qopt = 2 2, (25)
g p hnéta p PP, P NO—P 2 _ 42
. N 1Q+ 1 Q 105 Ule
case to the Gaussian GGP chanWélsy, x,(YIs,x,X) =
1o (y-s—x-X)%/2N gives o where g1 = E(X1X2) and g5 = E(X2S) are chosen to
V2 maximize (21). The allowable values for the covariances,

Cocp(P1,P2,Q,N) = sup[l (X1,U;Y) —1(X3,U;S)], (21) 012 and o5 are such that the resulting covariance matrix
P Ax, x,.sN' O (X1,X2,S,N'),

where the allowed joint distribution & X;,U, X,,Y satisfies P o 0 0
(10), andE(X2) < P, E(X?) < PL. b P122 o0

The following theorem provides an explicit formula for Ax 305N = o o 55 0 (26)

. : i 2s

the capacity of this channel. 0 0 0 N
Theorem 3 The capacity Gep(P1, P>, Q,N) of the Gaussian satisfies the semi-positive-definiteness condition

GGP is given by the following formula det(/\xl,xz,s,w) — Py(PQN— 0225N) _ 0122QN >0, (27)

Caap(PL, P, Q,N) = i.e., forallQ>0,

1 P\ 1 B if PuPtN)?
5log (1—|— Q) + 3 log (1—|— N) if (P1+Q2) <PQ P10225+Q0122 <PPOQ, (28)
(1 (R . e
max_ slog| 1+ ——~] o.w. or, in terms of correlation coefficienm, = =22 andpio =
1<p<03 9< + (OrvRp N o M= 5% P12
(22) VRO

where, in fact, the maximization over can be limited to P+ pss< 1. (29)
eitherp = —1, p=00r p = -5 where X is any real 100t £ easons that will become clear in the sequel, we
of the4th order polynomial introduce the following terminology.

g(x) = (PL+Q)X* +2Q(Py + P, + Q+ N)x®

+Q(Q(Py+4P> + Q-+ 2N) — PiPo + (N + Po)2)x2

+2Q°P(—PL+ P+ Q+N)x+ Q°P (R —P1)  (23)
that satisfies—/P,Q < x* < 0.

Definition 1 The region of parameters; %, Q,N such that
P (P, +N)?
PL+Q
will be referred to as the silent region and its complement
The proof of Theorem 3 involves lower and upper bound?ill be referred to as the active region.

ing of (21) with bounds that coincide. The proof of Theorem SinceQ, Py, P>, N take only non-negative values, the active
3 appears in [30] and is omitted due to space limitations. region is equivalent to

In Costa’s channel model [3], the GP capacity formula for

>PQ (30)

the Gaussian channel was calculated explicitly. The proof P < PQ?

relies on a capacity-achieving binning scheme which is ~ (R+N)2-PQ

sh0\_/vn to achieve the same reliably transmitted rate as if P /P(PP+4(N+P)2)
the interference&” were not there. Hence, Costa’s problem, < Q= ) + N

as well as its multiuser counterpart [7], were special irt tha

the trivial operative upper bound is achievable. The upper PQ(PL+Q)

< N

—P. 31
bound of Lemma 1 plays the role of the operative bound - P & (1)



S0, in a sense, in the silent region the interference predomi A useful geometrical interpretation to the capacity foranul
nates, and in the active region the noise predominates. in the silent region can be attained by substitutinggesp

In the sequel, we separate the discussion on the capadity(22), this yields
formula to the two complementary regions, the silent region . \2
and the active region. maxs log | 1+ (VPL+VP2-sing) 7 41)
Silent Region: It is shown that in the silent region, the 9 2 (\/Q+\/E-cos<p)2+N
optimal values ofg1, and gy are such that the condition where it is obvious that one should maximize owgre

(28) is met with equality, i.e., [r1/2, 7 to obtain a non-negative sine and a non-positive

PL0%+ Q0% = PIPQ (32) cosine. The largep is in [11/2, 1], a larger portion of user
) 2's power is devoted to reducing the interference and less to
or equivalently, enhancingX;, and achieving the capacity in the silent region
sz"FPzzs: 1. (33) amounts tolopti.mizing ovep (or p .in (22)). . .
The maximizingp of the capacity formula in the silent
This is also equivalent to region (see (22)) is either 0;1 or any real root of the 4th
- 2 order polynomialg(x) (23) multiplied by/P,Q. For exam-

E (Xz - Xé'”(xl,S)) =0, (34)  ple, whenP, =P, =P >0 andN = Q > 0, the parameters

lie in the silent region, and finding the roots gfx) (23)
degenerates to finding the roots of a 3rd order polynomial.
It turns out that the optimal value @f corresponding to the

where XJ"(X;,S) is the optimal linear estimator (in the
MMSE sense) oK, given X; and S

Agn (%,9) = %lerU_ZsS (35) real root ofg(x) is given by
1 Q 13, 4-5n 1
Eq. (34) implies that in the silent region p=|A""+ AR+ 1) -4 NG (42)
X =X3" (%1, S) = %Xl + %S (36) with
1
7n%—4n%+16 P
and thus, A_8+3\/§<W>, =g @3
Y =X; (1+ %) +5(1+ %) +N, (37) Active Region: In the active region, the informed encoder
Py Q balances the tradeoff among three goals: decreasing the

calculating the optimal value af (25) while accounting for interference, enhancing the signal of the uninformed eacod

(32), yields and transmitting additional information (as opposed to the
_ o silent region where no additional information is transedjt
gsient 2s . . . .
opt Q Therefore, this region of parameters is referred to as ectiv
_ o o Keeping the other parameters fixed, the higher the interfer-
USE™ = Xo— —=S= 22X (38) i i i
opt 2 0 P 1 enceQ is, the portion of the power that the informed user

dh in the sil . ¢ h allocates to the additional information becomes largehat t
and hence, in the silent region of parameters, the Capac@’(pense of interference reduction and enhancement of the
(22) formula is equal to uninformed user’s signal. In this region too, the maximigin

max | (U, X3;Y) —1(U,X1;S)| (X1,%2,9) is Gaussian, with

U="H2x
e Hl i i Pi(P>+N)
— . 012 O2s , O—idé:tlve: _ GSSC“"E: 112 : (44)
—Uf;g%gsl (Xl,Xl <1+—P1)+S<1+—Q>+N) (39) | “hTQ

with 012, 0 satisfying (33). Inspecting (39), it is easy tol'e

verify that an alternative selection &f, that is of more  jactive_ Pu(P2+N) paciive _ PP+ N) (45)
elegance VPP (PL+Q) VQR(PL+Q)
ysilent _ (40) The resultingngpt (see (25)) when using the correlations (44)
opt is given by
yields! the same achievable rate and hence is also optimal. _ P,
The fact that in the silent region the capacity is equal to age = BN’ (46)

(39), suggests that at this range, the informed encoder puts

all its power into decreasing the interference and enhgnciHVh'Ch S equal to th? optimatr in Costa’s s_etup [3] When
the signal of the uninformed encoder. No power is put im(t)he uninformed user is not present. The choice of corralatio

transmission of additional information, and hence, we refd#4): fesults in a surprising phenomenon which ha|'33pens only
to this region as silent. in the active region. The achievable rateliog (1+ 61) +

1 P
1This selection is legitimate due to the comment followinge@tem 1, 2 lOg (1+ N 7 the same as that of a decoder that observes
i.e., X, may depend orX; given (SU). bothY; = X;+SandY, = Xo+ N’ rather tharlY = X; +Xo+



TABLE |

S+ N’. In other words, the upper bound of the Gaussian
EXTREME CASE ANALYSIS.

degenerate parallel channel with asymmetric non-caushkl CS
(see Lemma 2) can actually be achieved, even if the decoder
is constrained to see only the sum of the channel outputs.

[ regime ]| Behavior ofCggp(P1,P2,Q,N) |

Q— o 3 log (1+ %)
C. Capacity Achieving Coding Scheme PL—0 Tiog (1+ &>
- 2 N
In this subsection we describe the capacity achieving Q-0 1|og(1+<‘/ﬁ1+\/@2)
scheme for the Gaussian GGP resulting (using standard 2 n gl
techniques [31]) from that of the finite alphabet GGP. R=0 2109 (H W?)

Silent Region Due to (36) and (40), here, no bin-
ning is needed, or in other words, this is a degener-
ate binning scheme with bin size 1. The uninformed emyninformed user is not present. This is because the amount
coder generates a random codebook consistingVlof= " of jnformation that can be reliably transmitted by the un-

[exp{n(Cecp(Py, P2,Q,N) —£)}] codewords{Xm}i_; With  informed user becomes negligible. A similar phenomenon
i.i.d. symbols, each distributed according t6(0,Py). Given  happens whei, = 0.

a messagem to be transmitted, which corresponds to For Q =0, the only noise present ¥’ and thus there is
the codewordxm = (Xm(1),Xm(2),....xm(n)), and a state- ng side information and the encoders transmit coherently.

sequences, the informed encoder simply transmits the f the power of the informed encode®, is zero, then it

vectorX whosei-th symbol is given by cannot transmit information, nor help the uninformed user
o .\ 012 02 by partially canceling the interference and thus the capaci
% = Xn(i) 22 +5 2, (an o e v y

is as though the effective noise s+ N’ and the power used
for transmission ;.

P Q

where g5 = P,Q - p, with p being the maximizer in
(22) and p12 = ;/1— 0%, Either an ordinary Maximum E. Numerical Results
Likelihood (ML) decoder or a typicality decoder can be used In Figure 3 the capacity is plotted as a function @f
to achieve capacity. for fixed values ofPy, P,,N which, in turn, were chosen in

Active Region: As stated earlier, in this region the in-two groups (the first group consists @ =2 P, =N = 1),
formed encoder spends energy to interference reduction aff] =4,P, =N = 2), and(P, = 6,P, = N = 3) and the second
enhancement of the uninformed user’s signal as well @ss (P, =5P, =2 N=1), (P, =10,P =4,N=2), and
transmission of additional information. So as opposed ¢ thP; = 20,P, = 8 N = 4)). The capacity values for bot@=0
silent region, the binning scheme is not void. The randorand forQ — « are equal for all the members of each of these
scheme is as described in Section Ill, with Gaus#gg x, groups. The transition points between the silent region and

with the covariance matrix | the active regio = — % + \/W (see (31)) are
Q 0 oggtve indicated with diamonds.
o) P ofive In Figure 4, the capacity and the optimal valuegpgfand
osctive  gagtive p12 (the correlation coefficients betwee and S, and X,

andXj, respectively) are depicted as a function@fAgain,
‘ the transition points of the capacity curves from the silent
U=Xo+ aggg'ves (48) region to the active region are indicated with diamonds. In

the silent regionpys is, in fact, the maximizer of (22) and
(see (46)). The quantities that determine the sizes of the 92 Pzs ) i i (22)
1-ps. In the active region, the optimad 2, pos

codebooks (15) used in the encoding scheme are given b§712 - ] - ' i >
are given in (45). Whileo;» is a monotonically decreasing

where o25tVe, gactve gre defined in (44), and

1(XY) = }Iog< (PL+Q)? ) function of Q, |pzs| is increasing in the silent region and
2 (Q(PL+ Q) +Pi(P2+N)) decreasing in the active region.
[(U;Y[X1) — 1 (U;SX1) In Figure 5, the capacity is plotted as a functionPaffor
1 (P +N)(Q(PL+ Q) + Py (P + N)) fixed values of?,,Q,N. The diamonds indicate the points at
=3l ( (PL+QNQ > which there are transitizons from the active region to silent
region, i.e.,P, = (IDzj\f)i%sz(D (see (31)). The upper thick
1(U;SX1) = }Iog ? ) solid line stands for the plot 0 =N = % andP =1, for
2 P, I231P1+% I (F:iﬁ)z _ P%éig';‘gz which the transition occurs & = 16, a point which does not

appear within the range depicted in this figure. The curves

D. Extreme Case Analysis that meet atPy = 0 correspond to equdg ratios, because
Table | summarizes the behavior of the capacityhe capacity is%log(1+ %) for PL=0.

Ceer(P1, P2, Q,N) that can be deduced from (22) in several In Figure 6, the capacity is plotted as a functionRaffor

extreme cases. As expected, for infiniz the capacity fixed values ofP;,Q,N. The diamonds signify the points at

degenerates to that of Costa’s channel, that is, when tiich there are transitions from the active region to silent
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region, i.e. P, = Q(P1+Q)72P1N+\/(QZ(;’1+Q)72P1N)274P12N2' For
the parameter = 1,P, = 6,N = 31, the entire curve is in partB of the message. The results are extendable to a general
the silent region. multiuser setup under the common message regime [30].
Another important extension carried out in [30] is to the
VI. CONCLUSIONS capacity region of the case where in addition to the common
In this work we analyze a setup of cooperative communimessage, the informed user is allowed to transmit a private
cation over the GP MAC with a common message, referratiessage as well. Further, we establish two useful resuits fo
to as the GGP channel, where the channel states are ntéime general finite-input alphabet case. The first is a useful
causally available to one user only. We assume that the useqgper bound on the capacity of the GGP channel, referred
transmit a common message, and characterize the capadtyas an operative bound. This bound is the equivalent of a
of this channel for the general finite input-alphabet twogenie aided decoder observing the state information in the
encoder case. Key to the characterization of the capacity isordinary single-user GP channel. The second result relates
generalized binning coding scheme. The message is split inb the special case of a GGP channel, a degenerate parallel
two partsA andB. The uninformed encoder encodes part GGP channel. We demonstrate that the knowledge of the CSI
of the message, and the informed encoder creates a codebabkhe informed transmitter does not help in the degenerate
of auxiliary codewords for each codeword of the uninformegarallel case, and derive the capacity formula of this cbann
encoder using a binning scheme, and uses it to transmit the a special case of the general GGP channel capacity




formula. We also characterize the capacity of an asymmetrice collection of random variablegS X;,U,X,Y) =
causal state-dependent channel which is the same chanf®&l, X;(T),Ut,X2(T),Yr), to obtain

as the GGP channel, with the exception that the CSI is n

available causally. Additionally, we focus on the two-edep 1 21| (Ui, X (0); %) = 1(U, % (i); S)

Gaussian GGP channel case, modeling the CSI as an additive n<

Gaussian interference. By proving that in the Gaussian case = I(U_, X3 Y[T) =1 (J, X1;9T)
the operative bound is achievable, we establish a closed-fo - (T g X Y) = 1(T:Y) = (T ] X:S) +1(T:9)
formula for the capacity of this channel. Technically speak T o T ’

< HTUXY) = 1(T,U, X5 9), (51)

ing, this upper bound enables proving that the maximizing
distribution of the single-letter expression is GausskOUr \ here the last step follows by the stationarity®f Substi-
parameters determlne_ the capacity: the powers av_allabletming U= (T,U_) one gets

the two encoders, the interference power and the noise power
We partition the four dimensional space of all possible galu

of these parameters into two regions, a silent region and an
active region. The capacity formula as a function of _these Now, to verify that the appropriate Markovian conditions
four parameters takes on tWO dlffererjt formg dependlng %bld, we note that

whether the parameters lie in the active region or the silent . , i

region. In the silent region the informed encoder allocates *® smcexl(l)_ IS the|—th output symbol of the uninformed

a portion of its power to interference cancelation and the ~€ncoder, it is independent of the channel state symbol
remaining power to enhancing the uninformed user’s signal. S, e .

In the active region, the encoder has the additional task of * by d_ef|n|t|on of U, and_by the fgct th_aD(Z(') IS a
transmitting a part of the message that is not transmitted function of (S}, %), and sinceS}, Xy(i) are independent,
by the uninformed encoder. Surprisingly, we show that in W& NaveRc()s xi)u = Peis.ur-

the active region, the capacity is equal to that of a chann&he above constitutes the proof that for evésy, n, R)-code,
whose decoder observes two outputs (the first being the suhere exists a measure of the form (10) with essentiHy

of the uninformed user’s signal and the interference and tHéX1,U;Y) —(X,U;S).

second being the sum of the informed user’s signal and thelt remains to show that the alphabet of the random variable

R < I(Xl,U;Y)—I(Xl,U;S)+%+R£n. (52)

noise). U can be limited without loss of generality ta7| < |.7| -

| 21] - |Z2|. This is done by a standard application of the
APPENDIX support Lemma. Fix a distributio® of (S X1,X2,Y) and a

conditional distributior on the Borelo-algebra of2? (. x

A. Converse Part of Theorem 1 2% Z>x ). Note that

The proof of the converse part of Theorem 1 is a quite

straightforward extension of its GP counterpart [2]. Tdizea H(X,U3Y) = 1(%,U; )

this, let an(&,,n,R)-code be given. Thus, we have = H(Y)-H(S

AR—H(#) HY|U)+H(SU)+1(Xy;Y|U) +1(X; JU)(53)

<1(#;Y]") +1+nRe, andH(Y) and H(S) are unaffected by if Q is fixed, so

_ _ due to the Markovityd « (S Xz, X2) <> Y, it is only required
17 Y L9 Y —1(7,Y 1 9,1:S)] +1+nRe,  that the expectation w.r.u of the following functionals of
a distributionQ on the set¥ x 271 x 2> x % are preserved

*
=

INA
:'EMJ

=S 17 YL S X)) Q) = QXX V(SXK) €. x Zix X (54)
=
n _ _ fo(Q) = Hq(Y) —Hq(S) +lo(X1;Y) +1o(X1; SX55)
- ZI(W,Y'*1,3‘+1,X1(|);S)+1+ nRe, (49)
i= To satisfy this condition, according to the support Lemma,

since there aré\ = |.7| - |.21| - | 22| functionalg, the cardi-
ality of the alphabet ofZ can be taken to bé without
ss of generality.

where the first inequality is Fano’s Inequalitys) follows
exactly as in the derivation of the converse part of the prog
of the capacity formula for the ordinary GP channel [2], an
the last equality follows fronX,(i) being a function of#". B. Direct Part of Theorem 1
Therefore, definingJ; = (#,Y'"1,9" ;) one has _ - . _
Since the error probability analysis of the random coding
scheme presented in Section Il is also a rather straightfor
ward extension of the proof of the GP direct, we shall state
it in brevity.
Now, we introduce a time-sharing random variable,
T, distributed uniformly over {1,...,n}, and denote 2in (54), there are in fact onlp-1 degrees of freedom.

Rg%i_il(&,xl(i);vi)—I(G,x1<i>;s>+%+Ren- (50)



Error probability analysis:

For a measurd, let T¢(P)

stand for the set of-typical sequences. One has

Pr(error)

= Pr(s,x)

(x.9)€Te(QsxPyy)

+ Pr(s,x)Pr(errofs,x) (56)
(x,9)€Te(QexPyy )

Due to the AEP, the probability thds,x) are not jointly
typical vanishes exponentially, thus, it is sufficient tqoap
bound the second term on the r.h.s. of (56). Assume that
the transmitted messageris= (¢,k), and thats is the state
sequence, anklis the output of the uninformed encoder. Thei4
error event is contained in the union of the following events
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