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We optimize the low-complexity random-like ensemble of 
Irregular Repeat Accumulate (IRA) codes for binary-input 
symmetric channels in the large blocklength limit. IRA 
codes [l] are special subclasses of both irregular LDPCs and 
irregular Turbo codes. In IRA codes, a fraction f i  of informa- 
tion bits is repeated i times, for i = 2,3, .... The distribution 
{fi 2 0 , i  = 2,3,  ... E=, f i  = 1) is referred to as the 
repetition profile, and it is kept as a degree of freedom in the 
optimization of the IRA ensemble (for the sake of analysis, we 
will use in the following the fraction X i  of edges connected to 
information bitnodes of degree i ) .  After the repetition stage, 
the resulting sequence is interleaved and input to a recursiwe 
finite-state machine which outputs one bit for every a input 
symbols, where a is referred to as grouping factor and is also 
a design parameter. 

Next, we formulate the density evolution (DE) [2] for IRA 
codes and we study the stability condition of the fixed-point 
corresponding to zero BER. 

Theorem 1. The fixed-point for the DE, , for which Pe = 
0 ,  is locally stable if and only if 

: 

e‘(er - 1) 
< a + 1 + er(a - 1) 

where r = - l o g ( ~ e - z / 2 d F u ( a ) )  and where Fu denotes the 
distribution of the channel observation messages. 

Thus, for every value of the channel parameter v (v is, for 
example, an indicator of the noise level in the channel), the 
optimal IRA ensemble parameters a and {Xi }  maximize R 
subject to vanishing BER(v) = 0. Equivalently, they solve 

maximize a E:.-, Xi/ i  
C:=, X i  = 1, { and to BER(v) = 0 

subject to Xi 2 0 V i 

for whose solution we can resort to the numerical techniques 
in [2]. However, the constraint BER(v) = 0 is given directly 
in terms of the fixed-point of the DE recursion, and makes 
optimization computationally very intensive. 

A variety of methods have been developed in order to sim- 
plify the code ensemble optimization [l, 31. They consist of 
replacing the DE with a dynamical system defined over the 
reds (rather than over the space of distributions), whose tra- 
jectories and fixed-points are related in some way to the tra- 
jectories and fixed-point of the DE. Several recent works show 
that DE can be accurately described in terms of the evolution 
of the mutual information between the variables associated 
with the bitnodes and their messages (see [4, 51). A key idea 
in order to approximate DE by mutual information evolution 
is to describe each computation node in the BP-decoding by 
a (EXIT) mutual information transfer function [4]. 

We approximate the densities of the messages exchanged 
in the message passing decoder using mutual information and 
propose four different optimization methods. First we make 
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