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Abstract— This paper characterizes the marginal probability
density function of an unordered eigenvalue of finite-dimensional
random matrices of particular interest in MIMO (multiple-input
multiple-output) wireless communications. Specifically, a tech-
nique is presented for deriving the eigenvalue statistics in one-side
correlated Rayleigh-faded channels and in Ricean-faded channels,
with or without cochannel interferers. The exact expressions found
turn out to be extremely useful in calculating information-theoretic
quantities. As an application, we calculate the ergodic mutual
information for all the abovementioned channel fading conditions,
obtaining a closed form formula for the Rayleigh case and, in turn,
a series expression for the Ricean faded one.

I. I NTRODUCTION

Much of the early analytical characterizations of MIMO
channels were asymptotic, either in the number of antennas or
in the SNR (signal-to-noise ratio). More recently, strides have
been made in finding exact nonasymptotic expressions. The
ergodic mutual information, specifically, has been expressed
for:

• Channels with IID (independent identically distributed)
Rayleigh-faded entries [1].

• Channels with IID Ricean-faded entries [2], [3].
• Channels with various forms of antenna correlation [4],

[5], [6], [7] and/or interference [8].

In [1], the ergodic capacity of channels with IID Rayleigh-
faded entries was obtained by integrating over the marginal
distribution of an unordered eigenvalue of a central Wishart
matrix. Posterior works, however, mostly abandoned this ap-
proach due to the lack of explicit expressions for such marginal
distribution in more general channels. The aim of this paper
is, precisely, to present a unified procedure for calculating the
marginal density distribution of an unordered eigenvalue for the
most popular MIMO channel models. Via this distribution, one
can then calculate the ergodic mutual information and/or the
channel capacity via a simple, one-folded integral. In addition,
this distribution is also relevant to other MIMO problems such
as the study of adaptive transmission schemes with spatial
diversity at the receiver [9] and/or at the transmitter [10] and
the performance evaluation of differential MIMO transmission
[11].

II. SIGNAL AND CHANNEL MODEL

Denoting bynT andnR the number of transmit and receive
antennas, we consider the complex frequency-flat linear model

y =
√
gHx + n

wherex andy are the input and output vectors whilen is white
Gaussian noise. The channel is represented by the (nR×nT)
zero-mean random matrixH normalized such that

E[Tr{HH†}] = nRnT. (1)

The noise is composed of both thermal noise and out-of-cell
interference such that

n =
L∑

`=1

√
g`H`x` + nth (2)

wherenth is the thermal noise,L the number of interferers,
x` the signal transmitted by thè-th interferer, modeled as a
Gaussian vector with unit covariance matrix, and

√
g` H` the

channel from such interferer. The number of transmit antennas
at the`-th interferer is denoted bym` while the entries ofH`

are modeled as zero-mean jointly Gaussian random variables
with distribution

f(H`) =
e−Tr{Θ−1

I H`H
†
`}

πm`nRdet(ΘI)m`

and such that
E[Tr{H`H

†
`}] = nRm`.

The single-sided spectral density of the noise is denoted by

N0 =
E[‖n‖2]
nR

(3)

and its normalized conditional covariance is defined as

Φn({H`}) ,
E[nn†|{H`}]

N0
. (4)

Under these assumptions, the receivedSNR can be computed as
[12]

SNR = g
E[‖x‖2]
N0

E[Tr{HH†Φ−1
n ({H`})}]

nTnR
(5)

with expectation overx, H and the set{H`}. If Φn = I, (5)
reduces to

SNR = g
E[‖x‖2]
N0

. (6)

Since the fading encountered by wireless systems tends
to be either Rayleigh or Ricean, the entries ofH can be
modeled as jointly Gaussian. With that, the characterization of
H entails simply determining the mean and correlation between
its entries.



A. MIMO channel with Rayleigh-faded Interferers

We model the out-of-cell interferers as Rayleigh-faded. By
conveniently defining [12]

I` , g`
E[‖x`‖2]
m`

E[Tr{H`H
†
`}]

nR

= g`E[‖x`‖2] (7)

as the average energy per antenna received from the`-th
interferer with expectation over bothx` andH`, we can write

N0 =
L∑

`=1

I` + ρth, (8)

with ρth = E[‖nth‖2]/nR. In the remainder we seek some
insight by concentrating on the interference-limited scenario
that is [12]

1
ρth

∑
I` →∞.

For this scenario we can reasonably assume thatΦn can be
modeled as a complex Wishart matrix withL =

∑L
`=1m` de-

grees of freedom and covariance matrixΘI , whose distribution
can be written as [13]

f(Φn) =
det(Φn)L−nR exp

[
−Tr(Θ−1

I Φn)
]

ΓnR(L)det(ΘI)L
,

with Γp(q), p ≤ q, the complex multivariate Gamma function
[13]

Γp(q) = π
p(p−1)

2

p∏
`=1

(q − `)!

We will also assume thatL ≥ nR. Under these assumptions,
we can define the positive-definite matrix

S = HH†Φn
−1

whose marginal eigenvalues distribution we shall characterize
in the following. Herein, the law ofH depends on the statistical
characterization of the fading. In the remainder we focus for
H on two different scenarios:

• MIMO Rayleigh-faded channels with Rayleigh-faded in-
terferers,

• MIMO Ricean-faded channels with Rayleigh-faded inter-
ferers.

1) Rayleigh-faded Channels:In the Rayleigh case, we ad-
here to the so-calledseparablemodel whereby

H = Θ1/2
R WΘ1/2

T (9)

where W is a (nR × nT) matrix with IID zero-mean unit-
variance complex Gaussian random entries whileΘT andΘR

are deterministic transmit and receive correlation matrices. In
the following, we further assume thatΘT = InT andnR≤nT,
and for ease of notation defineτ = nT − nR.

The entries ofH are jointly Gaussian with distribution [14]

f(H) =
e−Tr{Θ−1

R HH†}

πnTnRdet(ΘR)nT

hence the distribution ofS is [13]

f(S) =
nR∏
`=1

(τ+L−`)!

ω
nT
` (nT−`)!(L−`)!

det(S)τ

det(I + Ω−1S)nT+L
(10)

with ω` the `-th eigenvalue ofΩ = Θ−1
I ΘR.

2) Ricean-faded Channels:The Rice case can be modeled
by incorporating an additional deterministic matrixH0 contain-
ing unit-magnitude entries

H =

√
1

K + 1
Θ1/2

R WΘ1/2
T +

√
K

K + 1
H0 (11)

so that

E[H] =

√
K

K + 1
H0 (12)

with the RiceanK-factor quantifying the ratio between the
deterministic (unfaded) and the random (faded) energies.

For this channel, still assuming uncorrelated transmit anten-
nas, namelyΘT = InT , the distribution ofS can be written as
[13]

f(S) = (K+1)e−Tr{M}det(S)τ

det(I+(K+1)S)nT+L

nR∏
`=1

(τ+L−`)!
(nT−`)!(L−`)!

1F 1

(
nT+L, nT, M

(
I + 1

K+1S
−1

)−1
)

(13)

with M = KH0H
†
0Θ

−1
I and 1F 1 (a, b, ·) the confluent hyper-

geometric function of matrix argument [13].

III. C HARACTERIZATION OF THE UNORDERED

EIGENVALUES

This main section is devoted to the formulation of a general
strategy to obtain the marginal density distribution of an
unordered eigenvalue of finite-dimensional random matrices
conforming to the models described in the previous section.
The method is based on two main results that are stated as
Lemmas in the following.

Lemma 1 [15], [16] A hypergeometric function of two square
matrix argumentsA and B of the same1 dimensionm and
with all distinct eigenvalues can be expressed as a ratio of
determinants

pF q

(
x1 +m, . . . , xp +m
y1 +m, . . . , yq +m

A,B
)

=

cmdetF
m∏

k<`

(ak − a`)
m∏

k<`

(bk − b`)

(14)

with ak (resp.bk) the k-th eigenvalue ofA (resp.B),

cm =
m−1∏
t=1

[ ∏p
i=1(xi + t)

t
∏q

j=1(yj + t)

]t−m

and with the(i, j)-th entry ofF given by

(F )i,j = pF q

(
x1 + 1, . . . , xp + 1
y1 + 1, . . . , yq + 1 ; aibj

)
Lemma 2 [17] Let F and G be two (n×n) matrices whose
(i, j)-th entries are, respectively,(F)i,j = fj(wi) and(G)i,j =
gj(wi) wherefj andgj , j = 1, . . . , n, are functions defined on
<+. Then, forb > a > 0,∫

[a,b]n
detFdetG

n∏
k=1

h(wk) dw1 . . . dwn = n! detA

1For a generalization of this formula to square matrices of different dimen-
sions, or with nondistinct eigenvalues, see [16].



whereh is a function defined on<+ andA is another (n×n)
matrix whose (i, j)-th entry is

Ai,j =
∫ b

a

fi(w)gj(w)h(w) dw

Note that, in [17], the factorn! does not appear because the
variablesw1, . . . , wn are ordered. As claimed in Lemma 2, in
contrast, they are unordered.

Using these lemmas, we can now state the main result of the
paper.

Theorem 1 Let ψi be a function defined on<+ and consider
a random matrix whose unordered eigenvalues admit a joint
distribution of the form

f(Λ) = K
m∏

k=1

ζ(λk)
m∏

k<`

(λk − λ`)det(Ψ(Λ)) (15)

with Λ = diag{λ1, . . . , λm}, K a normalization constant and
Ψ(Λ) a matrix whose (i, j)-th entry isψi(λj). The marginal
probability density function of the unordered eigenvalues can
be written as

f(λ) = K̃
m∑

i=1

m∑
j=1

λj−1ζ(λ)ψi(λ)D(i, j) (16)

whereK̃ is a proper normalizing constant andD(i, j) is the
(i, j)-cofactor of the (m×m) matrix A whose (̀, k)-th entry
equals ∫ ∞

0

λ`−1ζ(λ)ψk(λ)dλ

Proof: Using the Laplace determinant expansion, (15) be-
comes

f(Λ) = K
m∑

i=1

m∑
j=1

(−1)i+jλj−1
1 ζ(λ1)ψi(λ1)

×
m∏

k=2

ζ(λk) detṼ(Λ) detΨ̃(Λ)

(17)

with Ψ̃(Λ) andṼ(Λ) the (m−1)×(m−1) matrices obtained
deleting the first row and column from the matrixΨ(Λ) and
V(Λ), respectively. Here,V(Λ) is the matrix whose (i, j)-th
entry is λj−1

i . Eq. (16) follows from integration of (17) over
m− 1 eigenvalues via Lemma 2. Note that the choice ofλ1 in
(17) has no effect on the final result since we started from an
unordered distribution.

Based on this general result, we can express the marginal
density distributions of the unordered eigenvalues for two cases
of interest in MIMO for which no analytical solutions existed:

• One-side correlated Rayleigh-faded channel with one-side
correlated Rayleigh-faded interferers.

• One-side correlated Ricean-faded channel with one-side
correlated Rayleigh-faded interferers.

These expressions will be stated as corollaries in the re-
mainder2. In the absence of interference, the corresponding
characterizations can be found in [7] and [3], respectively. Our

2For sake of brevity the proofs are relegated to the full version of the paper
[18].

formulation in this paper unifies and generalizes those previous
results and may lead to further expressions of interest.

Corollary 1 Consider a MIMO communication where both the
desired user and the interferers are affected by Rayleigh fading.
Letω1, . . . , ωnR be thenR distinct3 singular values ofΩ. Then,
the marginal density distribution of an unordered singular value
of S is

f(λ) = K

nR∑
i=1

nR∑
j=1

λτ+j−1

(1 + λ/ωi)τ+L+1
D(i, j) (18)

with

K =
QnR−1

`=1

�
nT+L+`

`

�`−nR

nR
QnR

k<`(
1

ω`
− 1

ωk
)

nR∏
`=1

ω
−nT
` (τ+L−`)!

(nT−`)!(nR−`)!(L−`)!

(19)

and with D(i, j) the (i, j)-cofactor of the (nR × nR) matrix
whose (̀, k)-th entry equals

(τ+`−1)!(L−`)!
(τ+L)! ωτ+`

k .

Corollary 2 Consider a MIMO communication where the de-
sired user experiences a Rice distributed fading, while the
interferers are affected by Rayleigh fading. Let us assume
ΘI = ΘR and let µ1, . . . , µnR be thenR distinct singular
values ofM = KH0H

†
0Θ

−1
I . The marginal density distribution

of an arbitrary singular value ofS is

f(λ) = K

nR∑
i=1

nR∑
j=1

(K+1)τ+jλτ+j−1

(1+(K+1)λ)τ+L+1 D(i, j)

1F 1

(
τ+L+1,τ+1, (K+1)µiλ

(1+(K+1)λ)

)
(20)

with

K = e
−
P

i
µi

nR
QnR

k<`(µk−µ`)

nR∏
`=1

(nT+L−`)!
(nT−`)!(nR−`)!(L−`)!

nR−1∏
`=1

(
(τ+L+`)
`(τ+`)

)`−nR

(21)

and with D(i, j) the (i, j)-cofactor of the (nR × nR) matrix
whose (̀, k)-th entry equals

(L− `)!
L∑

t=0

(
L

t

)
µt

k(δ+`−1)!
[δ+1]t(δ+L)! 1F 1 (δ + `, δ + L+ 1, µk) ,

with δ = τ + t and [a]b = (a+b−1)!
(a−1)! .

IV. ERGODIC MUTUAL INFORMATION

In this section, we capitalize on the unordered eigenvalue
characterizations in order to calculate the ergodic mutual infor-
mation with coherent reception, which can be expressed as a
function of theSNR as [1]

I(SNR) = E

[
log2 det

(
I +

SNRnR

g E[Tr{S}]
S
)]

= nRE
[
log2

(
1 + SNR nR

g E[Tr{S}]λ(S)
)]

(22)

3The assumption of distinct eigenvalues can be relaxed resorting to the results
in [16]. This allows, in particular, to deal with the caseΘI = ΘR.



whereλ denotes an arbitrary nonzero eigenvalue ofS and the
expectation is over its distribution.

In the remaining of the Section we exploit (22) together
with the newly obtained expressions to evaluate the mutual
information.

Proposition 1 Under the hypotheses of Corollary 1, the er-
godic mutual information is given by

I(SNR)=
nRK

loge 2

nR∑
j=1

nR∑
i=1

D(i,j)ωτ+j
i (τ+j−1)!(L−j)!

(L+τ)! (23)

τ+j−1∑
ν=0

2F 1

(
1,τ + L− ν;τ + L+ 1;1− 1

γωi

)
(L+ τ − ν)

with

γ =
SNRnR(L− nR)
g nTTr{Ω}

,

and withK and D(i, j) as in Corollary 1.

Example 1 Consider a mobile terminal radiating fromnT=4
transmit antennas, loosely correlated, i.e., withΘT=I. Then,
let the receiving base station havenR=2 antennas with

(ΘR)i,j = e−0.05 d2(i−j)2 (24)

which corresponds to ad-wavelength antenna separation and a
broadside (truncated) Gaussian power azimuth spectrum with
2◦ root-mean-square spread. Consider further the presence of
an interferer, equipped withm1 = 5 uncorrelated transmit
antennas, and assume the channel from this interferer to be
H1 = Θ1/2

I W, with

(ΘI)i,j = e−0.03 d2(i−j)2 . (25)

For d=2, the ergodic mutual information conveyed by the
channel, given by (23), is depicted in Fig 1. Also shown is the
result of 2000 random realizations obtained via Montecarlo,
which validates the analytical function.

The ergodic mutual information for the case of Ricean faded
desired user impaired by cochannel Rayleigh interference can
be encompassed by expanding the confluent hypergeometric
function in (20) and following the same steps as for Proposition
1.

Proposition 2 Under the hypotheses of Corollary 2, the er-
godic mutual information is given by

I(SNR) = nR K
loge 2

nR∑
j=1

nR∑
i=1

D(i,j)(L−j)!
[τ+1]L

∞∑
t=0

µt
i(δ+j−1)!

δ! t!

δ+j−1∑
ν=0

2F 1(1,δ+L−ν;δ+L+1;1− K+1
γ )

(L+δ−ν)

where

γ = SNR
nR(L−nR)(K+1)

g nT[nR+KTr{H0H
†
0Θ

−1
I }] ,

while δ, K and D(i, j) are as in Corollary 2.

V. CONCLUSIONS

Analytical expressions for the marginal density distribution
of an unordered eigenvalue of finite-dimensional random matri-
ces of particular interest in wireless communications are given
and their validity is confirmed by matching with Montecarlo
simulated statistics. The newly obtained formulas are especially
useful in evaluating information theoretic performance mea-
sures of MIMO channels whose communication is impaired by
cochannel interference.
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Fig. 1. Ergodic mutual information given in (23) withnT=4, nR=2, L=5,
with ΘT=I, ΘR as in (24) andΘI as in (25).
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