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I. INTRODUCTION AND DEFINITIONS 
Random number generators are important devices in ran- 

domized algorithms, Monte-Carlo methods, and in simulation 
studies of random systems. A random number generator is 
usually modeled as a random source emitting independent, 
equally likely random bits. In practice, the random source one 
has at hand can deviate from this idealized model, and the ran- 
dom number generator operates by applying a deterministic 
mapping on the output of the (nonideal) random source. The 
deterministic mapping is chosen so that the resulting process 
approximates - in some sense - a sequence of independent, 
equally likely random bits. A prime measure of the intrinsic 
randomness of a given source X is the maximal rate at which 
random bits can be extracted from X by suitably mapping 
its output. This maximal rate depends on the statistics of the 
source X and on the sense of approximation. In [ l ]  it is shown 
that the maximal rate a t  which arbitrarily accurate approxi- 
mations of pure random bits can be extracted from X equals 
its inf entropy rate, H ( X ) .  The measures of accuracy with 
respect to which this result was shown to hold are the varia- 
tional distance, the d distance and normalized divergence. 

In problems like randomized algorithms, or Monte-Carlo 
simulations, an arbitrarily accurate approximation of pure 
random bits may be more than what we need, and a con- 
trolled deviation from pure random bits can be tolerated. In 
such cases, one may wish to increase the rate of generation of 
random bits at the expense of a coarser approximation of the 
desired fair coin flip distributions. In this work we study the 
problem of finite-precision random bit generation, where the 
accuracy measure is the variational distance. The results pre- 
sented here extend part of the results in [ l ]  and also provide 
a nice counterpart to the finite-precision source resolvability 
problem that was studied in detail in [2]. 

Throughout, X is a random source with finite alphabet A, 
and logarithms have base 2. We start with a few definitions. 
Definition 1 [ l ]  R is a D-achievable intrinsic randomness 
rate of X if there exists a sequence of deterministic mappings 
qL, : An -+ {O,l}' such that for all y > 0 and sufficiently 
large n, 

L > R - y  
n 

and 
dv(dn(X"), B') I D 

where B' stands for an equiprobable distribution over {0,1}'  
and d,(., e )  is the variational distance between distributions. 

Definition 2 The finite-precision intrinsic randomness rate 
of X is defined as the supremum of the D-achievable intrinsic 
randomness rates of X and is denoted by U , ( D , X ) .  

Note that U u ( 2 , X )  = 00 for every source X .  The next defini- 
tion deals with the relevant information theoretic function. 

Definition 3 The variational inf rate-distortion function of 
X, .Rv(D), is defined as the supremum over all real numbers 
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h satisfying 

n-m 

Thus, &(D) is the largest real number h such that the mass 
of the entropy density to the left of h does not exceed 0 1 2 ,  
asymptotically. Note that for every source &(O) equals the 
inf entropy-rate of the source, H(X), and &(2)  = ca. 

Theorem 1 
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Uu(D,X)  =&(D).  

The next corollary is an easy consequence of Definition 3 and 
Theorem 1: it implies that if X is information stable, one 
cannot increase the asymptotic rate of production of random 
bits by increasing their deviation (w.r.t. variational distance) 
from ideal fair coin flips. This result has a nice counterpart in 
the finite-precision source resolvability problem: it is shown 
in [2]  that if X is information stable, then its variational finite- 
precision resolvability S u ( D , X )  is independent of D in the 
region 0 < D < 2. 

Corollary 1 If X i s  information stable, then for 0 < D < 2 

&(D) = U v ( D , X )  = H(X). 

In [2] the variational finite-precision source resolvability was 
characterized as the infimum of the sup information rate over 
an appropriate class of channels -the corresponding sup rate- 
distortion function. The nice duality between the problems 
of finite-precision source resolvability and finite-precision bit 
generation, and Corollary 1, leads one to suspect that the 
variational finiteprecision source resolvability (and hence also 
the sup rate-distortion function) as defined in [2] admits a 
simpler characterization - such as that in Definition 3. This 
is indeed the case, as one can see from the following theorem. 

Theorem 2 

S v ( D , X )  = Z v ( D )  

Thus, the variational sup rate-distortion function as defined 
in [2]  is also equal to the smallest real number h such that the 
mass of the entropy density to the right of h does not exceed 
0 1 2 ,  asymptotically. 
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