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Abstract— Using an Information-Spectrum approach, a lim-
iting expression for the capacity region of a general network
without relays combined of )/ transmitters observing K input
messages, and L receivers, is found. This general setup accounts
for the broadcast channel with common messages, the general
interference channel, and the multiple access channel as special
cases. It is demonstrated how the limiting expression can be used
to yield a single-letter tight outer bound for the case of a two-user
stationary memoryless degraded broadcast channel.

[. INTRODUCTION

Multi-terminal channels, in their various forms, have been
the subject of many studies in information theory. In spite
of the intensive research efforts, many problems in this area,
relating even to the simplest models, remain open. Two such
examples are the determination of the capacity region of the
memoryless stationary broadcast and interference channels.
The problem may lie in the fact that deriving a single-letter
characterization for these capacity regions is an extremely
complicated task, but it may as well be that no single-letter
expressions exist for these channels. The latter possibility,
combined with the desire to analyze a generalized network
model, having components which are not necessarily station-
ary and ergodic are what motivated this work. In the absence
of single-letter expressions, perhaps other types of expressions
can shed some light on general multi-user channels.

A number of limiting expressions characterizing capacity
regions of various channels exist in the information theory
literature. Shannon, in his 1961 paper [1] on the two-way
channel, was the first to present a capacity region in a non-
single-letter form. Van der Meulen [2] derived the limiting
capacity region for the interference channel, whose special
case, the Multiple Access Channel (MAC), appeared also in
[3].

In addition to the possibility that even for the general
relayless memoryless multiuser channel single-letter expres-
sions simply do not exist, the importance of deriving limiting
expressions lies in their potential to be explicitly solved.

The memoryless MAC provides an example where single-
letter expressions can be obtained from the limiting expres-
sions [4], [5]. Stationary Gaussian dispersive channels are an-
other example where limiting expressions lead to computable
characterizations (e.g. [6]). In addition, limiting expressions
can be lower and upper bounded by non-limiting multi-letter
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expressions (see [7] in the case of single user channels, and
for multiple access channels).

Even in their complex form, there may also be engineering
insights that can be inferred from limiting expressions. For
example, in the MAC case, the limiting expressions coincide
with a convex hull of a union of pentagons. This suggests an
optimal encoding-decoding scheme: encoding that is done by
time sharing of single user codes (capacity achieving for a
channel having no-interference) followed by a successive de-
coding receiver. A similar intuition can be applied to degraded
broadcast channels. From the Van der Meulen [2] limiting
expression applied to the Gaussian interference channel and
from [4], one learns that there are capacity-achieving encoders
(perhaps the only ones) that do not use single-user codes. The
decoder structure suggested by the limiting capacity region
expressions is single-user decoding (as opposed to successive
decoding) in which the decoder does not neglect the structure
of the interference, rather it is optimum with respect to the
equivalent noise seen at each receiver (sum of Gaussian noise
and the interfering signals). With those decoders the empirical
distributions of good codes [9] are neither Gaussian nor
memoryless (see [4]).

A general single-user channel is defined as a sequence
of conditional probability distributions {Pyn,‘ X“}:Lo:p where
Pynxn has input alphabet X" and output alphabet Y". It
was shown by Verdd and Han in [10] that for the case of
finite alphabet channel, the capacity is given by

sup I(X;Y) (1)
X

where I(X;Y), referred to as the inf-information rate between
X and Y, stands for the liminf in probability of the sequence
of normalized information densities (1/n)ixny»(X";Y")
where i xnyn (a™;b") = log % The results of [10]
were extended in [5] (see also [8]) where a general formula for
the capacity region of a multiple access channel was derived.
Recently, a general characterization in terms of information-
spectrum for the capacity region of the general broadcast
channel was found in [11].

This paper deals with a more general topology of a commu-
nication network than the setup investigated in [5], [10]-[11].

The topology we consider consists of M transmitters and L
receivers. Each of the transmitters observes a specified subset
of K independent messages, and at each of the L receivers, a
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specified subset of the messages is to be decoded. The capacity
region of such a network is the set of K rate-tuples that can
be reliably decoded by the intended receivers. We provide a
formula for the capacity region in terms of inf-information
rates between the channel outputs and sequences of auxiliary
random vectors. The capacity region of the general two-user
interference channel is derived as a special case, generalizing
[3], which provided the expression for a discrete memoryless
interference channel. Furthermore, an alternative expression to
the capacity region of the general MAC that was established
in [5] is recovered as a special case. Additionally, a limiting
expression for the capacity region of the general two-user
broadcast channel with a common message is presented as
a special case of the general formula.

The rest of the paper is organized as follows. In Section
IT we present a formal description of our network model.
Our main result, a coding theorem for a network, will be
stated in Section III. In the two Sections, IV and V, we
particularize the result of Theorem 1 to the special cases of the
interference channel and the two-user broadcast channel with
a common message, respectively. We conclude with Section
VI where we demonstrate how a tight single-letter outer bound
on the capacity region of the two-user stationary memoryless
degraded broadcast channel can be derived from Theorem 1.

II. NETWORK MODEL

Let W1 ny, -, Wk,n) be independent random variables,

designating the messages to be transmitted, where W(k,n), k=

., K is uniformly distributed over the set {1, ..., M,(,k)} for
some positive integer MT(,,k)

A network is composed of M < oo transmitters and L < oo
receivers. Each of the transmitters observes a subset of the
messages. Let T(m) be the subset of {1,..., K} containing
the indices of the messages observed by the m-th transmitter.
The output of the m-th transmitter, X (’;n), takes values in some
alphabet X{;n ) Hence, the m-th transmitter is a function

IT .-

keT (m)

o M) - X

. We shall say that two processes
[e.e]

oo
— n
Denote X(,,,) = {X(’”)}n:
are independent if for

oo
Vo= {Vin} Ve = Vi)
all n the random variables V(1)7 V(z) are independent, and we
shall say that they are independent given the process Vg if
for all n the random variables V(?), V(’QL) are independent given
Vis):

An M-input L-output channel is an arbitrary sequence
of m-dimensional conditional distributions from the finite
input alphabet!, (Xﬁ), s Xﬁw)), to the finite output alphabet
(y("l), cey y("L)), ie.,

o0
Py Y Xay Xan = {PY(D, (blxgq),...,xg;,)}n:lv

IThe results are extendable to infinite alphabets.

where Y(’;) is the output of the channel

Pyn X" .. X" observed by the /-th receiver,
@Y Xy (M)

and Y(g) = { ()
Let D(¢) stand for the set of messages indices that are to
be reliably decoded by the ¢-th receiver. The ¢-th receiver is

thus a function
IT {10}

v Vi —
keD(L)
Hence, the network, is defined by PY(1)7~--7Y<L>|X<1)-,
L
{T( )}'m, 1’ and {D(E)}EZI
Given a K-tuple of integers (Mfll), ...,M,(LK)), we

(9051 )7 ey gpglju)

%L)), form an (n, Mél), - Mq(lK), €n)-code if

XMy

say that the encoders

(v0....

), and the decoders

where the probability law is given by
ITims Pwi. Ty P Z>|X(1), X7, With
Xy = 5 AW Yeer(m))-

Definition 1: A rate K-tuple, (R1,...,Rg) is said to be
achievable if there exists an (n, Mﬁl), e ngK), €n)-code sat-
isfying lim, .o €, = 0, and lim inf % log Mnk) > Ry for all
k=1,...,K.

Definition 2: The capacity region is defined as the union of
all achievable rate K-tuples, (Ry,..., Rx), such that Ry > 0
k=1,...,K.

Let R(PU(l)7,_.,U(K),X(1),.,_7X(M)) be the union of all non-
negative rate K-tuples (R, ..., Rx) satisfying

R, < . ]161611]51( I(Uuy; Yy) Vee{l,..K} (3)
where {U(k)} 7 are sequences of auxiliary random variables
{U(l), - Ul )}720:1 with U(}) taking values in some alphabet
U( k) whose cardinality is upper bounded by

‘“&) II ’

m: k€T (m)

“

< min
£: keD(£)

and the joint law defining the quantity I(U;y;Y () in
(3) is the marginal distribution of (U, Y () induced by
o0

Prrn n n n X Pyn . n n .
{ Uty Ulaey X1y X ) Yty Y1 X0y Xy Sy
ITII. CODING THEOREM
Theorem 1: The capacity region of the channel

/ L
PY(1)7 Y )Xy, Xy with {T'(m )}m , and {D(¢ )}8:1
is given by

UR(PU(l);~~~’U(K);X(1)7~~~;X(M))7 (%)

where the union is over distributions Py ..., U)X 1),
of the form

...,X(M>

Puy. U XayXon = H Py, H Px(l)l{U(k)}
=1 m=1

kET(m).

(6)
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The proof of Theorem 1 is a natural extension of [10]
and [5], and it is based on the following two lemmas, the
first lemma is a generalization of Feinstein’s Lemma which
serves the basis for the direct part, and the second lemma is a
generalization of the Verdi-Han Lemma [10] that establishes
the converse part.

Lemma 1: Let (U(l),

{U(l)v <+ Ulhey X1y X ()
of random variables such that (6) holds

U(K),X(l), s Xar))
be an arbitrary sequence

For ever¥ K-tuple of integers M,(Il), . M,SK) there exists
an (n, My, (1 M,(LK , €n)-code satisfying
€n <

K 1
(k)

b {IQLJ {E I?GHD(E) nZU< Y (U(k)’ Y(/)) logM + 7}}
+L-K-e ™, @)
foralln=1,2,... and v > 0.

Lemma 2: Let Py | v [Xq). X {T(m)} _, and

{D(¢ )}e:1 be given. Let (U}, ...

pendent messages aimed for the L receivers, let {X "

UL K)) designate the inde-

stand for the corresponding channel inputs, and let { ( ()}
designate the channel outputs. Then for all v > 0, every

(n MY MO, €n)-code must satisfy
€n >

n .yn 2z (k) _
" {191 {é l?élD(Z) w0 v (Uln3 Yo)) < 7 log My 7}}
ey (®)
foralln=1,2,...
Remarks:

« It is possible to derive an alternative equivalent represen-
tation of the capacity region (5) in the spirit of [11]. For
the sake of brevity, we omit the details.

e Since in Lemma 2, which serves as the core of the

converse part of Theorem 1, the random variables

(72) represent the independent transmitted
keT (m)

messages observed b?

encoder maps {U&)

the m-th transmitter, and since the

to X(’:n)

. . keT (m) .

cardinality of U, &) can be upper bounded as in (4) by con-

. e Y3 = (X{ll),....,X("M).).
Thus, the existence of auxiliary random variables satis-
fying both (8) and (4) is assured.

o Note that bounding the cardinality of auxiliary ran-
dom variables is important to guarantee computationally
feasible algorithms for single-letter characterizations of
capacity regions, and is potential useful in the context of
limiting expressions if they turn out to be computable.

it is clear that the

sidering a clean channel, i.e.,
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IV. A GENERAL REPRESENTATION FOR THE CAPACITY
REGION OF THE INTERFERENCE CHANNEL

o0

Let PY(I) Y (21X @), X@2) = = { Y(1) Y(z)|x(1) X(2) }”_

interference channel having two inputs, le) e x” k
X" and two outputs Y?l) e y" ,Y(2 S y The first
encoder maps a message index (destined to the first decoder)
to a channel input, i.e., it is defined by the mapping cpfll)
{1,...,e""1} — X™. Similarly, the second encoder maps
a message (destined to the second decoder) to a ~channel
input using the mapping <pn : {1,...,e"®2} — X" The
two decoders are defined by the mapplngs wf}) N
nRky (2) m nRQ

{1,...,e"} and ¢y, Y — {1,.. }.

This is a special case of the general setup with
K=M=L=2,
T(1)=1,T(2)=2,D(1)=1, D(2)=2. (9

Let Rrc(Px )X ., ) be the union of all non-negative rate pairs

(R1, Ro) satisfying
Ry
Ry

(10)
(1)

where the joint law defining the above quantities is given by

Px )X X PY(1>\X<1>=X<2)_ x PY,<2>|X<1>1X<2‘>'
Corollary 1: The capacity region of the interference chan-

nel Py ) v, X, X 18 given by

UR 1o (Px, X)),
where the union is over the measures Px ,, X ,, such that Xy
and X5 are independent.

Proof: The general formula for the capacity region
provided in Theorem 1, in this case, is given by the union
of non-negative rate-pairs (R, Ry), satisfying

R < I(Uny YY)
Ry < I(Up)y; YY),

I(X1):Y(q))

<
< I(X2); Y(2)),

12)

13)
(14)

for some distribution

Pu ), U X0y Xe = Pugy Pug, PX<1>\U<1>PX<2>|U<2>'

From the data processing Theorem [10, Theorem 9] we have
for i = 1,2, l(U(L),Y(t)) < l(X(I),Y(z)), with equality
whenever U;) = X(;), ¢« = 1,2. Hence, taking Ug;) = Xy
in (13)-(14) would yield an achievable outer bound on the
capacity region, which is given in (12). ]

Discussion

As the MAC can be regarded as a special case of the IC
(having two equal outputs, i.e., Y (1) = Y(2)) we can deduce
the capacity region of the general MAC from Corollary 1. Let

{PY "Xy X }
alll

the MAC be given by Py |x ) x, =
of 2

The capacity region of the MAC is given by the union
non-negative rate pairs (Ry, Ro) satisfying
Ry I(X1);Y) (15)
Ry I(X2);Y), (16)

IN N
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for some sequence of distributions

oo
Pxy, |
X(Q) n=1

where Pxn ;i = 1,2 is some distribution defined on the set
X("Z?). The above expression is in the spirit of [3] and [2] which
treated the stationary discrete memoryless MAC.

The expression for the capacity region of the MAC given
in [5] (which generalized [12]), is expressed as the union of
all non-negative rate pairs (R1, Ro) satisfying

Px )Xo = Pxoy Pxp) = {PX& X

R < I(X1;Y[X(2) 17
Ry < I(X(2;Y|X()), (18)
Ri+Ry < IXq1),X23Y) (19)

for some sequence of distributions

X Pxn
X

o0
}nzl
where Px» , 1 = 1,2 is some distribution defined on the set
X{? . [O)
3
6bviously, the two expressions should coincide, so, in fact,
these are two alternative expressions for the capacity region
of the general MAC: a union of rectangles (15)-(16), and a
union of pentagons (17)-(19).

Note that

I(X1;Y) <I(Xq);X2), Y) = I(X1); YIX(2))
I(X(2);Y) < L(X2); X(1), Y) = L(X2); YIX(1))

Px X = Pxo) Pxe) = {an)

(20)

where the inequalities follow from [10, Theorem 8-f)], and the
equalities hold since X1y, X(g) are independent. Moreover,

I(X1);Y) + L(X2);Y)
<I(X1) YY) + LX) YIX (1) = L(X 1), X(2); Y), (1)

where the inequality follows from (20). Eqgs. (20)-(21) imply
that the capacity region defined in (15)-(16) is obviously a
subset of the capacity region defined in (17)-(19). But the
combination of Theorem 1 and Theorem 3 of [5] proves that
these expressions coincide.

V. A GENERAL REPRESENTATION FOR THE CAPACITY
REGION OF THE BROADCAST CHANNEL WITH A COMMON
MESSAGE

Let Pyzx = {P{},zp(} » be a broadcast channel
having one input X and two ou?ﬁuts, Y and Z. The common
message, W, ., and the individual messages, Wy ,, and Wo ,,,
are independent random variables, uniformly distributed over
{1,.., M}, {1,...,M}!} and {1,..., M2}, respectively. The
common message is to be reliably decoded by both receivers,
and the individual messages W ,, and W5 ,, are to be decoded
by the first and second receivers, respectively. Given a triple

of integers Mél), M,(f) and Mr(f) , we say that the mappings

(im 00, 65,

{1, MY x {1, MDY x {1,..., M} - x"

Pn
o Y 1 MDY X {1, ., MO}
0P 2 {1, M@Y x {1, M) (22)

form an (n, M, M2, M9 e,)-code if

Pr {7#7(11)(}/”) ?é (W1,7L7 Wc,n) or ¢£Ll) (Zn) 7£ (WQ,’IH Wc,n)}
< €n, (23)

where the probability law is

P W Weon DY 7 20 (Wi W, We )

Theorem 1 provides us with an expression for the capacity
region, which is given by the union of all non-negative rate
triples (R1, Rz, R.) satisfying

given by

R < LU;Y) (24)
Ry < I(V;Z), (25)
R. < min{I(W;Y),[(W;Z)}, (26)
for some distribution Pw uvxy,z of the form
PWPUPVPX|W7U,VPYZ|X5 where Wn, Un, and V"

are taking values in some alphabets, whose cardinalities are
upper bounded by |X|" as follows from (4).

Theorem 3 of [11] establishes an alternative expression for
the capacity region of the broadcast channel as the union of
all non-negative rate triples (R1, R, R.) satisfying

R < I(U;Y|W) (27)
Ry < I(V;ZIW), (28)
R. < min{I(W;Y),[(W;Z)}, (29)
for some distribution Pw uv,x,y,z of the form
PWPUPVPX|W,U,VPYZ|X, where Wn, Un, and V"

are taking values in some alphabets, whose cardinalities are
not bounded in [11], but can be bounded similarly to the
argument used in Theorem 1.

Note that, similarly to (20)

I(U;Y) < I(U;W,Y) = I[(U; Y[W)

[(V:Z) < L(V; W, Z) = [(V; Z|W), (30)

where the inequalities follow from [10, Theorem 8-f)], and the
equalities hold since W, U,V are independent. Hence, the
capacity region defined in (24)-(26) is obviously a subset of
the capacity region defined in (27)-(29). But the combination
of Theorem 1 and Theorem 3 of [11] proves that these
expressions coincide.

VI. STATIONARY MEMORYLESS DEGRADED BROADCAST
CHANNEL

In this section we demonstrate how a tight single-letter
outer bound can be derived from the limiting expression of
Theorem 1. This is done for the capacity region of the two-
user stationary memoryless degraded broadcast channel.

A stationary memoryless broadcast channel is defined by
the input alphabet X, the output alphabets ) and Z, and the
probability transition function py, 7 x, that is,

n

P =yt 2y =X =am) = [ yzix W sl
i=1
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The channel is said to be physically? degraded ([13]) if
Ky, z|x = Ly |xHz|Y-

Let S be some set 3. Consider the pair of random variables,
S, X taking values in S x X with X being the channel input
alphabet. For the measure Psx, define the region RM(PS Xx)
as the union of all non-negative rate pairs (R, Rs) such that

Ry
Ry

I(X;Y]S)

<
< 1I(S;2),

€19

where the joint measure which defines I(X;Y|S) and I(S; Z)
is given by

Psxyz(s,x,y,2) = Psx (s, x)uy,z\x (y, 2|7).

The single-letter expression for the capacity region of the
channel p, C’fl ppc» 18 given by ([13]) the closure of the
convex hull of U Pox Ry (Psx ). Next, it will be shown that this
single-letter expression can be derived from Theorem 1, whose
application to the capacity region of the two-user broadcast
channel (with no common message), denoted Cﬁ'm pBC 18
given by the union of all non-negative rate-pairs ’(Rl,Rg)
satisfying

R, < I(UyY)

Ry, < I(V}Y) (32)
for some distribution Pyvxy,z of the form
Pu Py Pxjuv iy z)x-

Proposition 1: For the broadcast channel p,
C;;m,DBC - CSZ,DBC' (33)

Sketch of the proof:

Let Pyn v~ x» be any triple of random variables such that
U™ is independent of V™ and X" is the channel input, let
Y™ Z" be the channel u™ outputs corresponding to the input
X", thatis, (U™, V") < X™ < (Y™, Z") is a Markov chain.
This defines U, V,X,Y and Z. Similarly to Theorem 3.5.2.
in [8], one can establish the inequalities

I(UY) < 1gggf%1(U";Y”)
I(V;Z) < h,fILiOIéf %I(V";Z”). (34)
Now, as U™ and V" are independent we have,
nwHy™n < r(osynvh)=I1ru%syrvne)
= iI(U";YiW”,Yi_l)
i=1
< zn:I(Xi;YHV",Yi‘l), (35)
i=1

2A similar derivation applies to the stochastically degraded channel.
*In fact, [S| < min {|X], |V],|Z[}

where the last step holds since (U™, V™) < X" < Y™ and
the channel is memoryless. Furthermore,

(V" Z2m) =Y I(V™ 2,]277)

=1
<N vz Yy z) U vy Z) (36)
=1 =1

where (x) is because (U™,V") «— X" « (Y™ Z™)
and the channel is degraded memoryless. Using the stan-
dard definition of 7™ as a random variable uniformly dis-
tributed over {1,...,n} and defining (5™, X y (™) z®)
by (Y1, V"), X;,Y;, Z;) given T(™ =i, we get

I(U;Y) < liminf [(X™;y™|5m) 7))
I(V;Z) <

lim inf 1(S™, 7M); Z(),
n—oo

Substituting S = (S T()) in the above expression
implies the existence of a probability measure Pgx satisfying
I(U;Y) < I(X;Y|S)+ 6 and I(V;Z) < I(S;Z) + 6 for
an arbitrarily small § > 0, which, combined with standard
bounding of |S], proves that CJ;, . »po € CL ppe-

(37)
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