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One of the most useful results in the Shannon theory is the lower
bound on mutual information due to Fano

Theorem 1. Suppose that X and Y are random variables that satisfy:

a) X and Y take values on the same finite set with cardinality M
b) either X or Y is equiprobable.
Then,

IX;Y) 2 PIX=Y]logM - h(P[X=Y]) (1)

where h is the binary entropy function.

The purpose of this paper is to give a more general version of the
lower bound in Theorem 1 by dropping its assumptions.

The restriction that X and Y take values on the same set is made
throughout for convenience in expressing the results. It is easy to see
from the mutual information data processing theorem that it can be lifted
by replacing P[X=Y] by P[X=¢(Y)] where ¢ is an arbitrary function
mapping the space of ¥ to the space of X. The assumption that at least
one of the random variables is equiprobable is a nontrivial restriction,
which we want to eliminate.

The power of Theorem 1 stems from its ability to lower bound the
mutual information between two random variables in terms of a single
parameter computable from their joint distribution: the probability that
the random variables take the same value. Since it is possible to con-
struct independent (nonequiprobable) random variables (X,Y) for any
arbitrarily specified P[X=Y], it is apparent that dropping assumption b)
of Theorem 1 will require a lower bound that depends on the distribution
of X and Y not only through P{X=Y], but through some other, hope-
fully simple, quantity.

Consider the following result.

Theorem 2. Define the binary divergence function d(x|ly) as the diver-
gence between the two-mass distributions (x, 1 —=x) and (y, 1 = y). If
X and Y take values on the same set, then

IX;Y) 2 d(PIX=Y1]| PIX=F1]), )]

where ¥ is independent of X and has the same distribution as Y. Furth-
ermore, equality holds in (2) if and only if
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Note that

P[X=Y] = ¥ Py(0)Py(®)

wEQ
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i.e., the inner product between the marginals of X and ¥ which, in many
cases is easy to obtain from the description of X and Y.

Condition (3) implies that the marginals are either nonoverlapping
or both equiprobable.

We will now loosen (2) by applying the following lower bound on
binary divergence

d(xlly) > x log ; - hx) (10)

to Theorem 2, resulting in the following generalization of Theorem 1:

Theorem 3. If X and Y take values on the same set, then

1
PIX=FT

1 -
max Py(w) ~h@X=Y]
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IX;Y) 2 PIX =Y]log - h(PX=Y]) 11

2 P[X =Y]log (12)

where by symmetry we can replace max Py (®) by max Py () .
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It is tempting to strengthen the lower bound in Theorem 3 with

IX;Y) 2 PIX=Y1HX) -~ h(PIX=Y]). ()

However, counterexamples to (1?) can be found. It is possible to modify
the incorrect bound (!?) in terms of entropy and obtain the following
result.

Theorem 4. Assume that X and Y take values on the same set and
denote

p = inf PIX=YIX=0] = inf Pyjx(olo) (13)
Then,
IX:Y) 2 p HX)~-h(PIX=Y]) 14
If, in addition, p > 1 — %, then
IXY) 2 p HX)-h(p). (15)



