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Optimal Decentralized Control in the Random
Access Multipacket Channel
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Abstract—A decentralized control algorithm is sought that maximizes
the stability region of the infinite-user slotted multipacket channel and is
easily implementable. To this end, the perfect state information case
where the stations can use the instantaneous value of the backlog to
compute the retransmission probability is studied first. The best through-
put possible for a decentralized control protocol is obtained, as well as an
algorithm that achieves it. Those results are then applied to derive a
control scheme when the backlog is unknown, which is the case of
practical relevance. This scheme, based on a binary feedback, is shown to
be optimal given some restrictions on the channel multipacket reception
capability.

I. INTRODUCTION

MOST studies on random access communications rely on the
assumption that when two or more packets overlap, all the
information that was sent is irremediably lost, hence the need to
repeat all transmissions at some later time. This is actually a
pessimistic point of view, since there are many examples of
random access systems where one or more packets may be
successful in the presence of other simultaneous transmissions. In
order to represent such random access systems, a model for a
channel with multipacket reception capability has been developed
in [6]-[8]. We consider a slotted channel with an infinite
population of users, and we assume that the probability of having
k successes in a slot where there are n transmissions depends only
on the collision size n

€nx = P[k packets are correctly received|n are transmitted]
(nz1, 0<k=<n).

We define the reception matrix as

€10 €11
€0 €1 € 0

€0 €m €nn

This model can be applied to channels with capture [1]-[3], [10],
[16], [18], [20], [23], [26], [28], [34] and to systems using
CDMA [22], [24], [29]. It is also relevant for many other
applications, such as systems with multiuser detectors [33] or, for
instance, the channel studied in [17], [31]. For more details about

Manuscript received April 18, 1988; revised January 20, 1989 and May 7,
1989. Paper recommended by Associate Editor, X. R. Cao. This work was
supported in part by the Office of Naval Research under Contracts N00014-
87-K-0054, by the Army Research Office under Contract DAAL-03-87-K-
0062, and by the New Jersey Commission on Science and Technology under
Grant 85-990660-6.

The authors are with the Department of Electrical Engineering, Princeton
University, Princeton, NJ 08544.

IEEE Log Number 8930788.

this model, the reader is referred to [6] and [8]. Denoting by C,, =
2% _, ken the average number of packets correctly received in
collisions of size n, we assume that the limit C = lim,-. C,
exists, as is usually the case with models of practical interest. It
has been proved in [8] that the Aloha random access algorithm has
a maximum stable throughput 7o = C in the multipacket channel.

Decentralized control strategies have been shown [11], [12],
[19], [25], [30] to stabilize the slotted Aloha algorithm in the case

of the usual collision channel, hence, it is reasonable to expect that
when those strategies are used in the multipacket channel, the

resulting throughput will be higher than n,. We consider schemes
of the form

Pn=F(S,)

Sni1=G(Sys Zy) 0]
where p, is the retransmission probability in slot n, S, is an
estimate of the backlog X, at the beginning of slot n, and Z, is the
feedback at the end of slot n. The number of new packets arriving
during slot n, 4, is assumd to form a sequence of i.i.d. random
variables with probability distribution P[4, = k] = Nk = 0),
such that the mean arrival rate A = 2>, n\,is finite. Each of the
A, new packets that arrived during slot n — 1 is transmitted in
slot n with probability p,.

As in the case of conventional channels, it is useful to study first
the case of control with perfect state information where the value
of the backlog is given to the users prior to the selection of the
retransmission probability. To keep track of the exact value of the
backlog, a central controller is usually necessary, which is an
unreasonable requirement for most practical random access
channels. However, the study of the perfect state information case
allows us to determine an upper bound to the best throughput 7,
achievable by any decentralized control of the form (1), and
suggests a simple implementation. Those results are in turn helpful
to derive control protocols in the case where the backlog is
unknown. This is done in Section III where we consider a backlog
estimate which is recursively updated using the binary feedback
empty/nonempty. In addition, it is assumed throughout the paper
that each station is informed when its packet is successfully
received. It is proved that provided a certain condition on the
reception matrix holds, the throughput achievable with this type of
feedback is the same as the perfect state information throughput.
This condition is verified for most multipoint-to-point channels of
practical interest.

In a paper whose translation appeared only very recently [19]
(after our work [7]), Mikhailov has derived sufficient conditions
for stability and instability of two-dimensional Markov chains.
Although this was meant to be used for decentralized control
schemes in the usual collision channel, this approach is powerful
enough to be applied to the multipacket channel. In Section IV we
show by using Mikhailov’s result that the scheme presented in
Section III is stable under weaker assumptions. However, only a
weaker form of stability can be proved in this way.
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II. CoNTROL OF THE MULTIPACKET CHANNEL WITH PERFECT
STATE INFORMATION

In this section we assume that all the users know the value of X,
at the beginning of slot n, and we let the retransmission
probability be a function of the exact value of the backlog, i.e., p,
= F(X,). In this ideal case, the system is much simpler to
analyze than in the general case (1) since (X,),»0 is 2 homogene-
ous Markov chain. Our goal is to determine the optimal control
function F* that yields the largest ergodicity region, and the
corresponding throughput, denoted by 7. For instance, it is well
known [4] that for the usual collision channel with the access rule
in effect here, F*(X,) = 1/X, is the retransmission probability
that minimizes the drift at each step, resulting in an ideal
throughput of 5, = e~ .

First note that all the results herein are valid provided that the
backlog Markov chain (X, S,),=0 corresponding to a control (1)
is irreducible and aperiodic. It can be easily checked that for both
access rules considered in this paper (see below), as well as all the
algorithms, a simple set of sufficient conditions for irreducibility
and aperiodicity is

a) Ng#0

b) No+ 2 An€nn<1

n=1
C) 6105#0

which are analogous to the conditions for the open-loop system
studied in [6]. The theorem below gives the best throughput
possible for a control protocol (1).

Theorem 1: There exists a retransmission probability Dp¥ that
minimizes the expected backlog increase when the backlog is
equal to n.

With such a retransmission probability, the system is stable for
N < 7. and unstable for A > 7., with

ht x"
—_— -X
Nc=Ssup e E C,,—n!.
n=1

xz0

Proof of Theorem 1: The proof is based on standard drift
analysis techniques. (X,)=0 is a homogeneous Markov chain
which evolves according to

X 1=X+A,- %, 2)
where X, is the number of packets successfully transmitted in slot
t. The system is defined to be stable if (X,);»0 is ergodic and
unstable otherwise. Let d, be the drift of X, at state n: d, =
E[X;.\ — XX, = n]. Wehave 0 < 3, < X,, and if we denote
by p the retransmission probability used in slot ¢, then for n = 1,
the probability of having k successes is given by

P[S,=k|X,=n]= }nj

j=k

<;)pj(1—p)”‘fe,»j (I<k=n). (3

It then follows from (2) that the backlog drift at state n > 1 is
given by

n n
di=N=3% kY (?) PIA-p)" ey
=k

k=1
( : ) PiL-p)" I,

=)\_2

Jj=

@
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which becomes d,(p) = N — 1,(p) if we define £,(p) to be the
average number of successes given the backlog n and the
retransmission probability p

®

t(p)=3 (;’) pi(1-p)"ic;.
j=1

Since #,( p) is a polynomial on the compact [0,1], it achieves its
maximum and we can define

Py =arg max t,(p)=arg min d,(p).
PEI0,1] pE0,1)

We now proceed to compute the limit of the drift when the
retransmission probability p*is used. We show that

lim £,(p¥)=sup e~* 3 C, = sup £(x). )
n—oo x=0 o) n! x>0
Let us first assume that C < + oo,
Property 1:
lim ¢(x)=C.
X000
We have forn > M
M X" o X"
[t(x)-C|<e*C+e=* Y, EIC,,—C|+ Y m|c,,—C|.
n=1 n=M+1
@)

Pick ¢ > 0 and fix M such that |C, — C| < eforn > M. Then if
B, is an upper bound on the sequence (C,),=1, (7) yields

M x"
[t(x)-C|<e *C+2B.e™* Y, —+e
= n!
and the right-hand side of this last equation goes to zero as x goes
to infinity.

Property 2: For all € > 0, there exists A > 0 such that for all
np > A, |t,(p) — C| < e. We have

lt(p)-Cl<Y,

=t

(;‘) p/(1-p)"|C=C|+(~p)"C.
Choosing M as for Property 1 we get

<’f) pi—p)nite.
jzo \J

lta(p)-C|<2B. Y

Let us denote by R, the random variable corresponding to the
number of retransmissions in a slot given that the backlog is equal

to n. We have
p
o8]

M
h) <Z> p/(1-p)"~i=PIR,<M]<P [
j=0

for np > 2M. Then from the Chebyshev inequality

R,

P[R,<M]= i ®)
np
and Property 2 follows.

Property 3: t,(x/n) converges uniformly to #(x) on any
compact [0, A].
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Fix ¢ > 0 and choose M such that 27,/ A/C;/j! < e. Then for
n>M+ landx € [0, 4]

tn (E) —t(x)

Since limen(n — 1) - (n — j + 1)/n/ = 1forl < j < M,
it is enough to show that (1 — x/n)"~/ converges uniformly to e~*
for 1 = j = M. We have

x \nJ )
<1——> —e ¥=se ¥[e¥/n—]=eAMn_1,

,21 e—x
J!

_nn=1) - (n—j+1) <1_£>H

n/ n

M
=>4
iz

j=1

+ 2e.

(&)

n

On the other hand, forn > A4,

1 XY x5 ! e-xme-x[eA+nlogi-A/m _ 3
n n
A n
zeA <1——> -1
n

and uniform convergence follows from (9) and (10).
Property 4: t,(x/n) converges uniformly to #(x) for x = 0.
Fix € > 0. From Properties 1 and 2 we can fix 4 such that:
i) forall np > A, |t,(p) — C| < e,
ii)forall x > A, |[t(x) — C| < e.
Then we distinguish two cases. If x € [0, A], then from
Property 3 there exists /V such that for all n = N, |£,(x/n) —
t(x)} < e. If on the other hand x € (4, + =), we have

) <5>—t(x) 1 <’—‘>—c
n n

from i) and ii).

Thus, we have shown that when C is finite, #,(x/n) converges
uniformly to #(x) for x = 0. It follows that lim, ., SUp,=¢ £, (x/n)
= SUPy>o #(x) and so (6) is proved.

Finally, we show that (6) holds when C = + o. Choose A
arbitrarily large and M such that C, > A for n > M. Then for n
>M

x d n\(x\ x \n=i
t, (;>2Aj:§+l<j><z> <1—;> =A(1-P[R,=M)).

From (8) P[R, < M] is arbitrarily small for nx/n = x large
enough. Therefore, supy»¢ Z,(x/n) = + oo and lim, ¢,(p¥) =
+ 0. Since it is clear that if C = + oo, then sup,¢ £(x) = + o,
(6) holds.

From the equality lim,, .o, d,( p;‘") = N = SUPyxg #(X) and Pakes
Lemma in [21], it follows that if lim,, C, = + o0, then lim,_
d,(p¥)= — o, and the system is always stable, whereas if lim, .o,
C, < + 00, then (X,)n=0 is ergodic for A < 5, = supy=¢ #(x).
Also, it is shown in the Appendix that Kaplan’s condition holds
for this system when the sequence (C,),= is bounded, thus from
Kaplan’s result [13], the backlog Markov chain is nonergodic
when A > 7. O

It is intuitively obvious that no decentralized control algorithm
of the form (1) can have a maximum stable throughput larger than
.. The theorem below gives a rigorous proof of this fact and also
shows that this throughput can be achieved with a control which is
much simpler than p*.

Theorem 2: The best throughput achievable by a decentralized
control algorithm (1) is 9. = sup,-oe *Z7_ x"/n! C,. Ifn. > C
= lim,. C,, then there exists a constant 4 > 0 such that the
control p, = A/X, for X, > A yields the optimal throughput 7.

(109

< +|t(x)-C|=<2¢ (11)
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Proof of Theorem 2: To prove the first part of the theorem
we use a result of [27] which is a generalization of Kaplan’s
Theorem. If p, = F(S;) and S,., = G(S;, Z,), consider the
Markov chain (X, S;) and the Lyapunov function V(n, s) = n.
Assume that A\ > 7. Then

EV(Xi1, Siv)-VI(X,, St)lXt:n» S,=5]
=A-Y (;’ ) F(s)/(1=F(s)"/C;
j=1

Zd,,(p:‘)z% (12)

for all n large enough and all 5. Therefore, the drift of Vis strictly
positive outside a finite subset of the state space. Since it is shown
in the Appendix that the generalized Kaplan’s condition is
verified, it is enough to conclude that (X,, S,) is nonergodic.
Hence, 7. is indeed the best throughput achievable by any
decentralized control algorithm of the form (1).

To prove the second part of the theorem, we need the following
property.

Property 5: 1f for all x = 0, £(x) < supy»o #(X), then sup,-,
t(x) = C.

If sup,>o £(x) = + oo, it is easily seen that C = + 0. If sup,»¢
t(x) < +oo, then C < +oo. Consider a sequence (X,),»; of
nonnegative reals such that lim, .o, #(X,) = SUpx=o £(x). If (X )p=1
was bounded above by K < + o, we would have for all n = 1,
1(x,) < supyeqo,x 1(x), and in the limit sup,so #(X) = SUPrejo.x]
t(x). Then there would exist xo € [0, K] such that #(xp) = sup,=o
t(x), which is a contradiction. Therefore, (x,),>, is unbounded,
and one can build a subsequence (X )21 such that limy, o X, =
+ . We still have, of course, limy . #(x,,) = sup,o £(x), but
on the other hand, we have limy-, #(x,,) = lim,., ?(x). From
Property 1 in the proof of Theorem 1, lim,., #(x) = C and
Property 5 follows.

Thus, if 5. > C, then #(x) achieves its supremum at some finite
positive real A. Let us consider the control p, = A/X, for X, =
A. (Note that the value of the retransmission probability is left
unspecified for X, < A because it does not affect the throughput.)
Then from (4) d, = N\ — t,(4/n), and from Property 3 in the
proof of Theorem 1 lim,.. d, = N — #(A). Then it follows from
[21] that (X,),>, is ergodic if A < #(A4) and from [13] and the
Appendix that (X,),»o is nonergodic if A > #(A). Thus, the
maximum stable throughput of the system is 7(4) = supy»¢ #(x)
= N U

Note that the closed-loop throughput obtained in Theorems 1
and 2 can be interpreted as 7. = SUPy- py x>0 E[Cn], that is as the
supremum over x of the expected value of Cy if N is a Poisson
distributed random variable with mean x. Note that if we were to
follow the popular approximation [1], [2], [10], [16], [18], [24],
[26] that assumes that the number of transmissions in each slot, N,
is Poisson distributed, and if we could choose any positive number
as the mean of N by regulating the retransmission probability, the
throughput would be equal to the average number of successes per
slot, E[Cx], maximized over the mean of N. As in the usual
collision channel, a wrong analysis leads to a correct conclusion.
Several examples are gathered in Table I (see [8] for details).

Probably the most important conclusion of this section is that in
general it is not necessary to compute the exact value of p¥ which
would require a large amount of on-line computations, and
seriously hinder any application of Theorem 1 to the case where
the backlog is unknown. Two cases may occur. If #(x) does not
attain its supremum, from Property 5 in the proof of Theorem 2,
we have 9. = 5o = C (e.g., this happens in the model developed
in {6] for mobile users with pairwise transmissions). In this case
no throughput improvement can be achieved by varying the
retransmission probability, and therefore it is enough to restrict
attention to the open-loop strategy studied in [8]. On the other
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TABLE 1
OPEN-LOOP AND CLOSED-LOOP THROUGHPUTS FOR SEVERAL
MULTIPACKET CHANNELS

AR oA
' - ¢ L
c To= lim C, | e =R LG
conventional
collision channel 1 n=1 0 !
0 n>1
q-frequency
frequency a(1=Ly 0 g et
hopping [6]
mobile users
with pairwise 1 1 1
transmission (6]
capture
- power discrimina- n=l 1 RIS S
tion (8] % n>1 I g =g =)
capture
- timing discrimina- no=1 0 max {(AQ—1) e™4 + ¢~4Q}
tion (3] 1-Q)* n>1 A>0

hand, if there exists A, 0 < 4 < + oo, such that /(4) = SUPy >0
t(x), then we have shown in the proof of Theorem 2 that the
control p, = A/X, for X, = A yields a maximum stable
throughput #(4) = 7., meaning that the system is optimal. Hence,
only A has to be computed, and this can be done before starting
the operation of the system.

Although in most practical applications (C,), = 1 does have a
limit, it is worth noticing that Theorem 1 can be generalized to the
case where C does not exist. It can be shown [9] that if the drift is
minimized at each step, then the system is stable for A < sup,.,
¢(x) and unstable for N > sup,»o £(x) + lim,_,, sup C, — lim,—o,
inf C,. As in the open-loop system when (C,),-, does not have a
limit, nothing more can be said about the throughput without
further information on the sequence (C,),»;. But the main
drawback in such a case is that there may not exist any control p,
=A/X, that yields the optimal throughput.

The access rule for new packets that we have been considering
so far is usually referred to as delayed first transmission (DFT).
With this access rule, newly arrived packets are treated exactly in
the same way as backlogged packets. Let us now examine what
happens when on the contrary an immediate first transmission
(IFT) rule is used, that is when new packets are transmitted with
probability one in the slot immediately following their arrival. It
has been proved in [8] that the open-loop throughput is the same
for both first transmission rules. The closed-loop throughput on
the other hand depends on the access rule. For instance, it is well
known [4] that for the usual collision channel in the IFT case, the
optimal retransmission probability is p* = Ay — A\/Aen =\,
yielding an optimal throughput Age*‘%e-!, in contrast to the
throughput . = e~! for the DFT case. In the multipacket channel
with the IFT rule, the optimal throughput depends not only on the
mean but on the whole distribution of new packet arrivals.
Interestingly enough, it can be proved that both throughputs
coincide when the new packet arrivals are Poisson distributed.
Still with the same method as in the proof of Theorem 1, it can be
easily shown that there exists a retransmission probability that
minimizes the drift d, at state n. With such a retransmission
probability, the system with IFT rule is stable for A < sup,.o
T(x) and unstable for N > sup,.o T(x), with T(x) = e~* il
x"/nt &2 NG, j, where we have defined Cy = 0 for notation:
conveniénce. It can also be proved that a control of the form p, =
A/X, yields a maximum stable throughput T(A). Since SUPy»0
T(x) depends on the whole new packet arrival distribution
(An)n=0, this result is not as conclusive as in the DFT case. This is
because the stability region A < sup,.¢ T(x) is actually given in
the form of an implicit equation in N, which cannot be solved in
general without further specifications on the distribution (A, )= o.
For instance, this stability region could be empty. Consider, for
example, the usual collision channel with possibly some added
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noise0 < C, < land C, = Oforn = 2. Then T(x) = C, e~ (N
+ Aox)and 77 (x) = Cie"*(\g — A; — Aox). Therefore, for any
distribution such that Ay < A, T'(x) is maximum at T©) + C\\,,
and the stability region is empty since C;\, < A, < A. Note that
in this sense, the immediate first transmission does not perform as
well as the delayed first transmission with which the system can
always be stabilized.

If there are solutions to N\ < sup,»o 7(x), then the best
throughput achievable by the class of algorithms in (1) is v, = sup
{\:N < supysg T(x)}. This is what happens, for instance, when
the new packet arrivals are Poisson distributed.

Theorem 3: If the new packet arrivals are Poisson distributed,
the best throughput achievable with an IFT rule is the same as in
the DFT case, v, = supy»o #(x).

Proof of Theorem 3: If lim,_., C, =

+ oo, theny, = v, =
+00. Assume now that C < +oo. We get

T(x)=e &M Y
n=0

xk

x" &

a1 2 2 G
T k=0 Kk

13)

@ Cn
=e - &+N) E ol (x+N)".
n=1
Thus, in this case, T(x) depends only on \, and to clarify the
proof below, we denote it by 73, (x)
Th(X)=t(x+\). 14)

Assume that #(x) does not achieve its supremum. Then from
Property 5 in the proof of Theorem 2, we have M = C = lim,,
t(x). It follows from (14) that for any A\ > 0, lim,_. T\(x) = C.
Therefore, for all A > 0, sup,., Ty(x) = C. Hence, for all A >
0, sup,>o TW(x) = sup,=o #(x), and by definition of »., we finally
get ve = SUpy»q £(X). Note that T does not achieve its supremum,
in the sense that if there existed A € (0, ».) and x, = 0 such that
ve = Ti(x)), we would have sup,.o 1(x) = t(\ + X)).

Assume now that #(x) does achieve its supremum: there exists
Xo = 0 such that sup,q #(x) = £(x,). Then for all \ in [0, Xo]:
Ty(Xo — N) = sup,s9 1(X) = sup,»o 75(x). Thus, forall A € [0,
Xo]

sup Th(x)=sup t(x)=Th(xo—N\). (15
x=0 x=0

We have for all x = 0 f(x) < x, therefore sup,,o #(x) < X,.
Together with (15), it follows that for all X\ € (0, Supy=o £(x)), A
< Supy=o Th(x), and therefore v, = sup,»q #(x) = 7.. Since from
(14) sup,» o Th(X) < sup,»o 2(x) = n.forall \, we get v, < n.and
finally ».=7.=sup,»o #(x). Note that from (14), T, reaches its
supremum too, since for all A < »,, there exists x, = 0 such that
hix) = ».

Note that we have also shown in this proof that 7(x) reaches its
supremum iff #(x) does, which means that 5, can be achieved with
a control of the form p, = A/X, iff ». can. Od

III. OPTIMAL CONTROL FOR THE MULTIPACKET CHANNEL

It is assumed from now on that the users do not have access to
the value of the backlog, so the problem becomes one of control of
the Markov chain with partial state information provided by the
channel feedback. We build a backlog estimate S, with feedback
which is such that Z, = 0 if slot ¢ was empty, and Z, =0
otherwise. The results of the previous section strongly suggest
that we should use as a retransmission probability p, = A/S,,
where A is a point at which #(x) achieves its supremum (according
to Property 5, A is assumed to be finite). We show that the
resulting control algorithm achieves the optimal maximum stable
throughput 7. This holds provided that the following assumption
on the reception matrix is verified.
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CO: There exists § > 0 and B such that foralln = 1, 27 _,
ex < B.

The purpose of condition CO is to bound the probability of
having large numbers of simultaneous successes. Unbounded
numbers of successes per slot are difficult to deal with because
they may result in very large instantaneous errors in the backlog
estimate. Note that condition CO is likely to hold in most
multipoint-to-point channels because of practical limitations on
the receiver capabilities, and that it is verified for all the examples
in Table I.

Theorem 4: Assume that there exists A € (0, + o) such that
t(A) = sup,»o !(x), that the new packet arrivals (4,);>o are
exponential type!, and that condition CO holds. If o < 0and 8 <
0 verify the following two conditions?:

Cl: 3>\

C2:Bl —eN+g—N+aae =0
then the control algorithm (cf. the control laws proposed in [15],
[19], and [25])

efk

A

ptzgt

S, 1=max {4, S,+al(Z,=0)+BI(Z,=0)}

has maximum stable throughput equal to 7.

Proof of Theorem 4: The proof is based on the method
developed in [30]. The idea is to use the properties of the
homogeneous two-dimensional vector Markov chain of the
backlog and its estimate M, = (X,, S,) to build a Lyapunov
function whose drift is negative in the first quadrant of the (n, s)
plane when N < 7. It turns out that this fails to hold in two cones
of the state space, but it can be proved that the J-step drift of the
Lyapunov function is negative for some integer J, and that this is
enough to ensure that M, is geometrically ergodic. It follows from
Theorem 2 that M, is nonergodic if A > #.. For substantial
portions of the proof, the reader is referred to [9] because of space
limitations.

Denote by X, = S, — X, the error in the backlog estimate. The
first part of the proof mainly consists of computing and
approximating the drifts of X, and X, which are the basic building
blocks for the Lyapunov function.

Denote by ¢(n, s) = E[X,.1 — X,|M, = (n, 5)] the backlog
drift at state (n, s), and by d(n, 5) = E[X,,, — X,|M, = (n, 5)]
the drift of the backlog error. For technical reasons, what we most
often use in the proof are the truncated drifts, which correspond to
the value of the drifts restricted to those paths where the variation
in the backlog is bounded by some integer J, that is c(n, 5, J) =
E[(X, — X)I( X, — X/| SJ)IM, = (n,5)]and d(n, 5, J)
= El(X,1 — XDI( X1 — Xi| =J)M, = (n, 5)]. Clearly,
these truncated drifts will be good approximations of c(n, s) and
d(n, s), respectively, when J is large. It will turn out that the
drifts depend primarily on the ratio x = n/s for large values of n
or s. Thus, it is convenient to define the following two regions in
the (n, s) plane:

COv, M) ={(n, 5) : n20, 520, 1+)\05§51+)\1}

Uy={(n, s): n=M or s=M}

where )\ and A, are such that —o0 < Ng < N} < +oo. The aim
of the first part of the proof is to show Proposition 1 below which
summarizes all the properties of the drifts that are needed for our
purposes (see Fig. 1).

! A, is exponential type if there exists d > 0 such that E[e?4] is finite. For
instance, this is true if A, is Poisson distributed.

2 Conditions C1 and C2 define half a straight line in the plane, and therefore
an infinite number of possible estimation schemes, all of them yielding the
same throughput.
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x=l+y

Fig. 1. Drift properties (Proposition 1).

Proposition 1: There existy € (0, 1/5), 6 > 0, and an integer
Jo > 0 such that for all J = Jy:

i) for all (n, s) € C(—5v, 5y) N Uy, c(n, s) = —dand c(n,
s, J)< =6+ v(J);

ii) for all (n, s) € C( — o, —y) N Uy, d(n, s) < —6 and
dn,s,J)y=< -6 + »J);

iii) for all (n, s) € C(y, + @) N Uy, d(n, s) = dand d(n, s,
J)=6 - v(J)
where v(J ) is a nonnegative function which goes to zero a J goes
to infinity.

The detailed proof of Proposition 1 can be found in [9]. After
computing the value of the drifts

c(0, )=\ (16a)

7 ANJ AN\r-J
c(n ,s)=>\—j§ <:’><?> <1—?> C;, (n=1) (16b)

d(0, s)=max {A-s5, a}—\ (17a)

d(n, s)=B—\+(max {A—s, a}~8) <1_§>n

~(n\[AV [, AN
+,_§_:,<j><?> <";> C, (n=1) (17b)

we work out upper and lower bounds by truncating the sums (16)
and (17) to a fixed number of terms, and then we approximate
those bounds as a function of the sole variable #n/s. The main idea
is that the dynamic behavior of the Markov vector M, = (X, S;)
depends essentially on the ratio X,/S,. For instance, if x is nearly
equal to 1, the backlog estimate is close to its ideal value, and we
should have c(n, s) < 0 since the backlog drift is negative in the
perfect state information case. Also, a well-behaved estimate
should be such that if x < 1, then the error s — 7 is positive, and
therefore should have a negative drift d(n, s) < 0 (see [15]). In
the same way, we expect to have d(n, s) > 0 for x > 1.
Let us define the following Lyapunov function:

1 _
V(n, s)=max {n, +—37 (n—s), lﬂ (s—n)
3y 3y

where the constants have been chosen so that V is continuous.
V(n, s) is equal to the first, second, and third term inside the
bracket when (#, s) is in C (- 37, 37), C(3y, + ), and C(— o,
— 3), respectively. Notice that V is defined so as to take the best
advantage of the drift properties listed in Proposition 1. For



1158

instance, when V{(n, s) is equal to n, then the Markov chain M,
belongs to C(— 3v, 3vy) which is included in C (- 5v, 5v) where
the backlog drift is negative provided that either n or s is
sufficiently large. Similar comments can be made about the other
two regions. Unfortunately, this does not enable us to conclude
that the drift of the Lyapunov function is negative in U, because
M, ., may well be in a different region than M,. However, this
change of region becomes unlikely if we exclude a small zone
around the lines x = 1 + 3y where V changes definition and
indeed the second part of this proof consists of showing that the
Lyapunov function has a negative drift in the remainder of the
state space.

Proposition 2: There exist My = 0 and §, > 0 such that for all
N =z Mjand forall (n,s) € Uy N [C(—o, —4y) U C(~27,
2y) U C(4y, «)1,

EWV (M) - V(M) M=(n, $)]< —&.

Proof of Proposition 2: We consider separately likely and
unlikely events

E[V(M. )= V(M) M,=(n, 5)]
=EWVM )= VMDA 2| <)M, =, 5)]
+EWV (M 1) = VIM)I(|A,—Z,|> 1) M;=(n, 5)]. (18)

We start by showing that the first term, which corresponds to
likely events, is negative when J is large by using the properties of
the truncated drifts from Proposition 1 and a simple geometric
result. The lemma below, whose proof is in [9], gives a measure
of how much a cone C (Ao, M) expands if each of its points is
allowed to move of some distance that cannot exceed B in absolute
value along each axis.

Lemma: Consider y > 0, B > 0,andy — 1 < A\ < \| <
+ oo0; and assume that [#n ~ n’| < B, |s — s’| < B,and Q = B/
¥ + MDD + 2 + 9). Then:

D (n,5) € C(hy, ) N Up

=(n',5") € C(N—7, @) N Up_p
2) (n,5) € C(—o=, A\) N Uy

=(n',s’) € C(—oo, \j+y) N Ug_p
3) (n,5) € C(ho, M) N Uy

= (n',5') € C(o—v, M+7) N Up_s.

Set B(J) = max {J, |a| + B}, and define Q(J) to be any real
such that Q(J) = max {B(J) + M, BJ)/v (1 + 4y) 2 +
3y)}. Wehave |Si.) — S| < o + 8 < B(J), andif |4, ~ 5|
=< J,then |X,,; — X,| = J < B(J). From the lemma, Q(J ) is
such that

M, € C(-2y,2y) N Ugyy = My € C(=3v,3y) N Uy
19)
M, € Cdy, ») N Ugyy = My € C(3y, ®) N Uy (20)
M, € C(—o0,—4y) N Upy) = M1 € C(~, —=37) N Uy
@1
where M has been defined in Proposition 1. Assume, for instance
that M, belongs to C(—2y, 2vy) N Uyy. From (19), M,,, €
C(—37v,3y) N Uy N C(—5v, 5y) N Uy Hence, if J = Jy, we
can apply Proposition 1 i):
E[(V(Mp)=V(M)I(|4,—Z| =) M,=(n, 5)]
=c(n, s, J)<—-6+v(J).
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If M, belongs to the other two regions, C(4y, ®) N Uyy, or
C(—», —4y) N Uyy), a similar argument holds, using
Proposition 1 iii) and ii), respectively, along with (20) and (21). It
follows that for all J = J, and for all (n, s) € Upyy N [C(— o,
—4y) U C(-2y, 27) U C(4y, )]

EWV(M ) - VM) (A~ Z,| <)) M= (n, s)I< =6 +»,(J)
(22)

with 6, = min {1, 1-3vy/3y}6 and »,(J) = »(J) 1 +3v/ 3.
To deal with the second term on the right-hand side of (18), we
consider the further decomposition

E{(V (M) = VM) I( A= 2| > )| M, = (n, 5)]
=E[(V(M1) = VIM)NI(|A>Z+ )| M= (n, 9)]

+E(V(M )= V(M) I(E>A+ D) M=(n, ). (23)
Let us denote by T,(n, s, J ) and T»x(n, s, J ) the two terms on the
right-hand side of (23). The first term 7' (n, s, J ) corresponds to
a case where the variation in the backlog is bounded below, and
can be shown to vanish as J increases by using the sole fact that
the mean arrival rate X is finite. Consider now Ty(n, s, J). If M,
= (n, s) belongs to a region such that x = n/s > Xx,, then x, can
be chosen large enough so that if M, | belongs to C (~ oo, — 3v),
then the error in the backlog estimate which results from the large
number of successes just compensates the initial error n — s > 0.
On the other hand, when M, belongs to any region such that x is
bounded above, then E[ZI(E, > J)|M, = (n, s)] goes to zero
uniformly in (n, 5) and T»(n, s, J) can be dealt with by using the
following rather crude bound for the variation of V-

1+3y 1-3y
3y 7 3y

(e +B8+]A4,-ED=R1+|A-Z]) (4

| V(M) — V(M,)| < max {1,

where R is some positive constant. It is shown in [9] that
El(V(M )= V(M) (A~ %> D) M,=(n, )]

=r(J)+ei(n, s) (25)

where lim;_.., »(J) = 0, and €,(n, 5) is a nonnegative function
that depends on J, and goes to zero as either 7 or s goes to infinity.

By using (22), (25), and the decomposition (18), we get the
desired result that the drift of V' is negative in this part of the state
space: fix an integer J;, such that J,;, = J, and that for all J >
Joins V1(J) + »2(J) < 8,/3. Then from (22) and (25), we have
for all (n, s) € Upy,,y N [C(—, —4y) U C(-2v,2y) U
C 4y, )],

2
ELV(M,.1) = V(M) M= (n, $)1= =5 b1+ €5, (1 5).

Then we can choose an My, > Q(J;,) which is large enough so
that ¢ . (n, s) < 8,/3 for all (n, s) in Upty-

This concludes the second part of the proof. Unfortunately, it is
not always true that the drift of V is negative outside a finite subset
of the state space. For instance, we have proved that in the case of
the usual collision channel with Poisson new packet arrivals, there
exist constants B,, > 0 and M., such that for all (n, 5) € Uy, for
which x = 1 = 3, and for all « and 8 verifying C1 and C2,
ElV(M,,,) — V(M)|M, = (n, s)] > B.,. However, discontinui-
ties around the lines x = 1 + 3+ cancel out when one waits long
enough, and in the last part of this proof we show that the J-step
drift of V, E[V(M,.,) — V(M})IM, = (n, s)} is negative for
some integer J.

Proposition 3: There exist J; > 0, p > 0, and M; > 0 such
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that for all (n, s) € UM/,
EV (M. ;) - V(M) M,=(n, $)]< —p.

Proof of Proposition: One of the main problems in dealing
with the J-step drift of V is to control the changes of regions
between M, and M,, ;. To this end, we define the stopping time

>13} .

If7, = J,thenforl <= k < J, | X,op — X;| < PPand |S,., — S
< J(|la| + B). Thus, if we define B'(J) = max {J(|a| + B),
J3}, and Q’(J) to be any integer such that Q’(J) = B’(J) +
max {My, M} and Q'(J) = 2B'(J)/v(1 + 9/2v)(5y + 2),
then, still assuming that 7, = J, we get from the lemma for 0 < k
=<J

7,=min {szo, PIRCIVED
k=0

M, € c<—oo, —47—%> N Ug.r)

= M.k € C(—o, —4y) N Uy, (26)
M, EC <727+% , 277%> N Uy
= Mk € C(=2v,2y) N Uy, (27)
M, € C<4y+%, oo> N Ugris)
> My, € Cldy, ®) N Uy, (28)
M, EC (—47—%, —27+%> N Ugr(ny
= M € C(=5y, —v) N Uy (29)
M, € C (27*% , 47+%> N Up
= M.y € Cly, 5y) N Uy. (30)

In other words, we have partitioned the plane into two zones

ZN=C<—O°, *47—%> ucC <—27+%, 277%>

uc (4~,+1 , oo) ,
2
and

zp=c<—4y—%, —27%) U c<27—%,47+%> )

Then we have chosen Q' (J ) such that if M, belongs to Z, which
is slightly smaller than the region in which the drift of the
Lyapunov function is negative, and if 7, = J, then the Markov
chain remains in the region in which Proposition 2 applies up to
time ¢ + J (see (26)-(28) and Fig. 2). Q’(J) is also such that if
M,isin Zpand if 7; = J, then up to time ¢ + J the chain stays in a
region such that two out of the three properties of Proposition 1
hold at each step (see (29), (30), and Fig. 3).

We start by showing that the J-step drift of V' is negative at (n,
s) when (7, s) belongs to Zy. We decompose the J-step drift of V'
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Fig.2. IfM, € Zy N Uy yyandif 7, = J, then M,,  belongs to the region

where the drift of V is negative.

Fig.3. If M, € Zp N Uy ¢, and if 7; = J, then M, belongs to a region

where two properties of Proposition 1 hold.

as follows:
E[V(M,s )~ V(M)|M;=(n, s)]

J-1
= 2 E[E[V(Mt+k+l)_ V(Ml+k)|Mt+k]
k=0

J-1
Iz ) M=, )+ Yy ELETV (Mix41)
k=0

= V(M )| M A (7<) M= (n, 5)]. @31

Denote by U, (J, n, s) and U,(J, n, s) the two sums on the right-
hand side of (31). If 7, = J, then (26)—(28) hold, and therefore we
can apply Proposition 2

U\(J, n, )< = J8Plr,2J|M,=(n, 5)]. (32)

Let us now show that 7, < J is indeed an unlikely event, the
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probability of which goes to zero as 1/J uniformly in (n, s)
Plr;<J|M,=(n, s)]

k
(A= Z ) | > M= (n, s)]
0

I=

0
J-1
+Y, P[E >3 M=(n, s)] .

1=0
From Markov’s inequality we have

1 J-1
Plr;<J|M,=(n, =73 PIRCEINN
k=0

1 J-1 k

+73 2 2 ElZ| M= (n, 5)].
k=01=0

Denoting by B, an upper bound on the sequence #,( DY), it follows

from Section II that E[Z,,,|M, = (n, s)] = E[E[2,,,|M.1|M,

= (n, 5)] < B,, so we get

\+B, J+1 B,

2 T 57 (33)
where B, is some positive constant. From (24), it is easy to check
that the drift of V' is bounded by some positive constant By, so that

Uy(J, n, $)<JByPlr;<J|M,=(n, s)]. (34)
Considering (31), (32), (33), and (34), we get
E[V(M,. )~V (M)|M;=(n, 5)]< —8J+(By+8)B,.

Therefore, there exist constants x; > 0 and J, > O such that for
all J = J, and for all (n, s) € Uy ) N Zy,

EWV(M1)) = V(M) | M=, )< — . (3%

We now proceed to show that the J-step drift of the Lyapunov
function is negative in the remaining part of the state space Zp
consisting of the two cones around x = 1 + 3. This is done in
two steps. We first show that the J-step drift of V restricted to
likely events {7, = J} goes to — o as J increases, and then we
prove that the J-step drift of V restricted to unlikely events {7, <
J} is bounded above independent of J.

Assume, for instance, that (n,s) € C(y — v/2,4y + v/2) N
Ey ;). The difficulty here is that ¥ can take two possible values,
and therefore Proposition 1 cannot be used directly. If 7, = J,
then from (30) M, € C(y, 5y) N Uy for 0 < k < J, so that
VM) = max {X,.i, (1 + 37)/3v(Xisx — Si.k)}. There-
fore,

Pir;<J|M,=(n, s)]<

E[(V(M )= VIM) I (1,2T)|M,=(n, s)]
=E [max {Xt+], w (XI+J-St+J)}
3y

s (r,z0)| M= (n, s)]

1+3
“E [max {X,, = (X,—S,)}
3y

A(ryz )| M= (n, s5)
143y
3y

<E [max {X!+J_Xh (_XI+J+Xt)}

I =0)| M= (n, )

J
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since max {a, b} — max {c, d} < max {a ~ ¢, b — d}. Then
using the fact that max {a, b} < max {0, a + f} + max {0, b +
f} = ffor f = 0, we get

EWV(Ms )= V(M) I(1;20)| M, =(n, 5)]

J
<E [max {0, X 1= X+ 6 5}

“Hyz )| M=(n, 5)

1+3 ~ -
+E [max {0, 7(—X(+J+Xt)+6l !}
3y 2

Iz )|M=(n, s)
i

-E [5x L ez M=(n, s)] (36)

where 6, =min {1, (1-3y)/3y} has been defined in (22). We
show that the first two terms on the right-hand side of (36) are
bounded. Since (33) lim;., ~ 8,J/2P[1, = J] = — oo, this will
be sufficient to prove that lim,—.., E[(V(M,.;) — V(M) (r; =
DIM, = (n,s)] = — . Define Wy = X, — X, + kv,/2 and
F = F,,; where F, is the sigma-field generated by {Ag,s <t -
1; X,, s < t}, representing the history of the process (M,);>¢ up to
time 7. To prove that the first term in (36) is bounded, we show
that there exists ¢ > 0 such that (Y, F}) is a supermartingale,
with Y, = e*¥iI(7; = k). We need to show that E[Y,, |F,] <
Y, which is equivalent to

E[e Xtk 1= Xt Gt VDD (1,2 k +1)| Fy 4]
<e¥Xer k= X+ 628D [ (1,2 k)

sinceI(r; 2 k + 1) = I(r; = k)[(T, = k + 1), and I(r; = k) is
measurable with respect to F,,

I(1)zk)E[e?Xitk+ 1= X1+ k¥ OUD|F, 1< I(r,2k). (37)

Now if 7, = k, then from (30), M, , € C(y, 5y) N Uy,. Lemma
2.2 in [11] states that if X is a random variable such that | X]| is
stochastically dominated by an exponential type random variable
Z, and if the expectation of X is strictly negative, E|X| < —¢,
then there exist two constants # > 0 and p < 1 such that E[e"X]
< p < 1. Hence, there exists ¢ > 0 such that

for all (n, s) € C(—57v, Sy) N Uy,
E[e*Xt+ 1= Xi+8/D| M~ (n, s)]<1 (38a)
for all (n, s) € C(—, —7) N Uy,
E[e?Zi+1-X1+8/D| M= (n, s)]<1 (38b)
for all (n, s) € C(y, ) N Uy,
E[e¥CXea 1+ X+ 8D | A=, s)]<1. (38¢)

It follows from (37) and (38a) that (Y}, F}) is a supermartingale.
Therefore,

ELY,|F)=EP" /(1,2 ))|F1<E[Yo| Fol=1.  (39)

Finally, considering that max {0, x} < 1/¢ e®*, it follows from
(39) that the first term in (36) is bounded. Using (30) and (38c), it
can be shown with the same method that the second term in (36) is
also bounded. Thus, threre exists a constant By independent of J
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such that
J
E(V(My = VM) (7,2 ])| M, =(n, s)]fBT_E 6 P[1,=J].

The case (n,5) € C(—4y — v/2, =2y + v/2) N Ug )canbe
dealt with in a similar way, using (38a) and (38b). Therefore, we
have shown that there exist 4, > 0 and J, > 0 such that for all J
2 J, and for all (n, s) € Yy () N Zp

EV(M ) - V(M) (7,2 ])|M;=(n, $)]< = Jp,. (40)

It is shown in [9] that there exist a constant B > 0, a function
v3(J) with lim,.,, »;(J), and a nonnegative function »,(M)
depending on J verifying limy.a v;(M) = 0, such that for all (n,
s) € UQ’(J)+M] N Zp,

EI(V(My )= VM) (7,< )| M,=(n, 5)]

<B+r;(J)+vi(M). (41

We are now ready to conclude the proof of Proposition 3. From
(40) and (41), we have for all (n, s) € Uowyemy N Zp,
E[ViM,.y) — VIMY)M, = (n, 8)] < B ~ Ju, + n(J) +
vAM,). Fix an integer J; = max {J,, J,} such that for all J = J,,
B — Ju, + UV3(J) < — . Then for all (n, S) € UQ'(Jf)+M1 n
Zp, we have E[V(M,.,) — VIM))IM, = (n, 5)] < —p, +
v;{M). On the other hand, we also have from (44), for all (n, s)
€ Ugpem N Zp

EV(Miss)— V(M) M, =(n, )< -, Jy.

Now fix M, large enough so that »,(M,) < u,/2. Then define M;
= Q'(Jy) + My, and p = min {u,/2, Jui}. O

We can now conclude that (M), is geometrically ergodic for
N < 7 by invoking the following result.

Theorem (Hajek [11]): Let {W,} be a sequence of random
variables adapted to an increasing family of o-fields {F,}.
Suppose that W, is deterministic, that {W,, F,} is exponential
type, and that for some ¢ > 0 and @ > 0 we have E[(W,,, — W,
— €) I(W, > a) |F,] < Oforall # = 0. Then for each value of
W, the stopping time 7 = min {¢f = 0; W, < a} is exponential
type.
Define W, = V(M) and a = Mymax {1, (1 + 3y)/3v,(1 -
3v)/3v}. If V(M) > a, then M, € UMf. From (24) and CO
(V(M,), F,) is exponential type since A4, is. From Proposition 3,
we can apply Hajek’s result to our system to conclude that 7 =
min {t = 0, V(M,,f) < a} is exponential type for any initial
state. Since V(M;) =< a implies that X, < ¢ and S, < a/(1 —
3v), it follows that 7" = min {¢ = 0, X,,f = a,and Sy; < a/(1
— 37)} is also exponential type for any initial state, as well as 7”
=min {2 0, X, < a,and S, < a/(1 — 3y)}. Hence, it follows
from [14] that (X,, S;) is geometrically ergodic, concluding the
proof of Theorem 4. O

IV. STABILITY PROOF ViA MIKHAILOV’S THEOREM

Mikhailov [19, Theorem 3] has recently found a powerful
sufficient condition to guarantee the stability of a Markov process
taking values on R* X R*. This result can be used to weaken the
sufficient conditions we imposed in Section IIf and obtain a much
more simple proof of stability. However, the form of stability
used by Mikhailov is weaker than the geometric ergodicity used in
Section III.

Let M, be a discrete-time Markov process taking values in Y <
R", U(n) = {x € R™||x|| < r}, and 7,(S) = min {r = 0:M, €
S|M, = x},i.e., 7,(S) is the time it takes to reach the set S from
x. Then we say that the process M, is stable if there exist constants
¢1 and ¢, such that E[7,(U(r))] < ¢, x| + c, forall x € Y.
Using this definition of stability we show the following result
which is analogous to Theorem 4.
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Theorem 5: Suppose that:

i) the number of new packet arrivals per slot has finite second
moment E[4?] < + oo;

ii) there exists 4 € (0, + o) such that ¢(4) = SUp,»o #(X);

iii) CO”: there exists B < + oo such that for all n = 1
El’::l sz,,k < B.

Fix A < g.and £ > 0 such that A < #(4¢). Choose o« < 0 and
B8 > 0 such that

’

c1: B(eAE~1)=# et
)wt(Ax)_xevA(x—z)lM
C;: B>m;(N\)= sup £

x>0,x+#¢

X~ xe~Ak-8

Then the control algorithm

A

Pt=§t

Siv1=max {A, §+al(Z,=0)+BI(Z,=0)}

is stable.
Proof of Theorem 5. Let us state first Mikhailov’s Theorem
(cf. [35] for an exposition of this result and its application in the
decentralized control of the conventional collision channel).
Theorem (Mikhailov [19]): Let M, = (X,, S,)be a homogene-
ous Markov process on R* x Rj, with drifts

(c(n, 5), e(n, s)=E[M,.1— M,|M,=(n, s)].

Suppose that:

i) there exists B < + o such that for all (n, s) € R*
El|M., = M,|?M, = (n, )] < B;

i) for all y € (0, + ), the drifts (c(n, n/y), e(n, n/y))
converge uniformly in y as n goes to infinity to (c(y), e(¥));

iii) the limit drifts (c(y), e(y)) are differentiable on [0, + o),
with (¢(0), e(0)) = lim,~,, (c(0, 5), e(0, 5));

iv) there exists € > 0 such that if c(yy) = o e(¥y), then c(¥o)
< —e.

Then M, is stable.

Since both the new packet arrivals and the rows of the reception
matrix have finite variance, it is easy to check that condition i) in
Mikhailov’s Theorem holds

E[| M= M,|2|M,=(n, 5)]
=E[( X+ “X,)2+(S,+1—S,)2|M,=(n, s)].

X Ry,

Now E[(S;4; — 8)*M, = (n, 5)] < o? + B2, and from (2)
E[(X,+,—X,)2|M,=(n,s)]sE[A,Z]+E[Ef]M,=(n, $)].

From CO’ the variance of the number of successes is also bounded

SN (4) e

It follows directly from (16) and (17) that the limit drifts are
given by

E[2}M,=(n, s)]

c(W)=r—t(AY)
e(¥)=B+(x—Ble~*,

respectively, for ¢ € [0, + ). Uniform convergence to the limit
drifts follows immediately from the results given for the perfect
state information case (Property 4). Also it is clear the t(x) is
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differentiable (see (6), where 0 < C, < n). Therefore, properties
ii) and iii) in Mikhailov’s Theorem are satisfied.

In order to check property iv) note that if Y, = £, then it
follows from C1’ that

c(¥o) = Yoe(¥y).

But, at that point, c¢(¥) < 0 because of the choice of £. There is
no other root of the equation c(y) = ye(y), and, therefore,
property v) follows. To see this, note that because of C1’ ,c(¥) =
ve(y) for ¢ # £ is equivalent to

A=AY) 4 N=HAD)
v E

B= 1 —eAG-¥)

which is impossible if Y # ¢ because of C2’. O

It can be shown [9] that m,()) is finite for all nonnegative \ and
£, and therefore the set of control laws defined by C1’ and C2’ is
nonempty. Actually, the set of control laws in Theorem 4 is a
subset of those in Theorem 5 because in Theorem S we can choose
& = 1, in which case C2 is equivalent to C1‘ and CI is more
restrictive than C2’ because A = m(M\) [9]. O

V. CoNCLUSION

In this paper we have investigated the properties of decentral-
ized control algorithms for a random access channel with
multipacket reception capability. By using the working hypothesis
that the users are aware of the value of the backlog, we have
determined the best throughput achievable by any such protocol,
as well as a simple way to achieve it. The optimum throughput has
been shown to be given by the maximum average number of
successes per slot when the number of transmissions, per slot is
Poisson distributed. In the imperfect state information case, we
have shown that the same throughput achieved in the perfect state
information case can be achieved by using in lieu of the true
backlog, an estimate of the backlog computed at each station using
binary feedback, and we have used this estimate to derive a
control scheme which is optimal in the sense that it achieves the
optimal throughput determined earlier. This is true provided the
reception matrix verifies condition CO, which puts some restric-
tions on the number of successes per slot. By using Mikhailov’s
result, CO can be replaced by the weaker condition CO’. In this
case however, geometric ergodicity was not ensured. Note that
the feedback empty/nonempty used in Sections III and IV may be
less than the available feedback in many practical situations, but
no further information is needed: a ternary feedback would not
shorten the proof or achieve better throughput.

Finally, let us mention that one can easily modify the proof of
Theorem 4 to show that a similar result holds with the IFT access
rule. More precisely, under a hypothesis paralleling those of
Theorem 4, one can build a control scheme based on a binary
feedback empty/nonempty such that the Markov vector (X, S,) is
geometrically ergodic for A < sup,.o T(x). Using Theorem 3, it
can be seen that the maximum stable throughput is the same for
both access rules when the new packet arrivals are Poisson
distributed.

APPENDIX
KAPLAN’S CONDITION

Consider a Markov chain with denumerable state-space D, and
one-step transition probability matrix (P,,),yep. Let V(x) by a
Lyapunov function on D. Then the generalized Kaplan’s condition
holds if there exists a positive constant B such that for all z € [0,
l[and all x € D

"W Y Puz"0= —B(1-2).
YED
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1) One-Dimensional Kaplan’s Condition: Consider the
model of Section II with a control scheme b, = F(X,), and the
Lyapunov function ¥(x) = x. To check Kaplan’s condition, it is
enough from [27] to show that the downward part of the drift
-D(@i) = 2;'“1 kP;;_; is bounded below. Fori = land 1 < k
< i we have

i i
Pik=X M 3
n=0 Jj=k+n

<J’> F(Y(1=F@)) e ks

After a change of variable, it follows that

i , j-1 j
D)= </l) FO-FO)7 S A 3 (k= nyess.
J=1

n=0 k=n+1

(A-D

If (C)),=, is bounded, then Kaplan’s condition holds independent
of the retransmission policy. Denoting by B, an upper bound for
(C2)n=15 (A-1) becomes

i . i~ 1
-D()=-Y < j’) FO/A-FOY 'Y MG
j=1 n=0

=-3

j=1

(Jl> F(i)/(1-F(i))~/C;= - B,. (A-2)

2) Two-Dimensional Kaplan’s Condition: Consider now the
multipacket channel with a general control algorithm (1). Then
(X,, S)) is the Markov chain of interest, and the relevant Lyapunov
function is ¥(n, s) = n. We prove again that Kaplan’s condition
holds provided that (C,),~, is bounded. From [27], it is enough
also in this case to show that the downward part T(x) of the
generalized drift is bounded below, with T(x) = Zyvin< Py
(V(») = V(x)). Given a state x = (i, s), we have

T()= =3 r Y PlXys1=i—r1, Spry=k| Xy=i, S,=s]
r=1 k

i
==Y rP[ Xy =i~r|X,=i, §,=5]

r=1
which is, in the same way as before

i-k  i-r i
T=-3ryn %
r=1 n=0

j=ren

(Jl) (F()Y(1=F(s))/ Ve,

i . i1 J
=-¥ < j’) FY(1-FG) T TN ¥ (r=me,
j=1

n=0 r=n+l

this expression is similar to (A-1), and the end of the proof is the
same as in (A-2).
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