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Abstract—This paper considers a general linear vector
Gaussian channel with arbitrary signaling and pursues two
closely related goals: i) closed-form expressions for the gradient
of the mutual information with respect to arbitrary parameters of
the system, and ii) fundamental connections between information
theory and estimation theory.

Generalizing the fundamental relationship recently unveiled by
Guo, Shamai, and Verdu [1], we show that the gradient of the
mutual information with respect to the channel matrix is equal
to the product of the channel matrix and the error covariance
matrix of the estimate of the input given the output.

I. INTRODUCTION AND MOTIVATION

This paper considers general linear vector channels with
Gaussian noise and arbitrary input distributions. Our purpose
is twofold: 1) to find closed-form expressions for the gradient
of the mutual information with respect to arbitrary parameters
of the system, and ii) to explore the fundamental connections
between information theory and estimation theory. In fact,
both goals are achieved simultaneously since the gradient of
the mutual information happens to be directly related to the
performance of the conditional mean estimator.

Closed-form expressions for the gradient of the mutual
information with respect to arbitrary parameters are useful
in both analysis and design. The most direct application is
to analyze and understand the sensitivity and robustness of
a system to variations in certain parameters. Learning the
weaknesses of a system may teach us how to make it more
robust. Indeed, an engineer may have the freedom to modify
or even to design a specific part of the system. In such a case,
the availability of expressions for the gradient of an objective
function with respect to the design parameters is of paramount
importance to optimize the system. One common example is
the design of a transmit precoder for a given communication
system; in particular, the precoder can be flexible and adapt
to the channel realization to increase the system performance
[2]. Another interesting example arises in the concatenation of
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subsystems, where various combinations of subsystems can be
analyzed in terms of robustness to choose the most appropriate
combination.

Recently, a fundamental relation between the mutual in-
formation and the minimum mean-square error (MMSE) was
unveiled in [1] for the scalar Gaussian channel y = \/snrxz+n
(complex-valued inputs/outputs are considered throughout this
paper) regardless of the input distribution:

d

HI (z;v/snrz + n) = mmse (snr) (1)

where mutual information is in nats and mmse (snr) is the
MMSE corresponding to the best estimation of x upon the
observation y for a given signal-to-noise ratio (SNR) snr, i.e.,
mmse (snr) = E [|x —E [z|\/snrz + n] ’2‘} An extension of
(1) to the vector case was also given in [1]

Gaussian channel y = y/snr Hx + n as:

or the linear vector

d
@I (x7 vsnrHx + n)

= E[|[Hx - B [Hx |venrHx +n][F] @

where the right-hand side is the expected squared Euclidean
norm of the error in the estimation of Hx (rather than x).
The derivative of the mutual information with respect to the
SNR in a communication system is clearly a useful quantity
for an engineer. In addition, it may also be of interest to
generalize such sensitivity analysis to arbitrary parameters
of the system rather than just the SNR. In particular, to
obtain a full description of the sensitivity of the mutual
information, one should obtain the partial derivatives with
respect to arbitrary parameters affecting each combination of
transmit-receive dimension. A compact way to analyze the
sensitivity of mutual information for the linear vector channel
with independent Gaussian noise y = Hx + n is via the
gradient with respect to the deterministic matrix H. The main
result of this paper is the following formula for the gradient:

Vul (x;Hx +n) = HE 3)

where E is the covariance matrix of the estimation error vector,
sometimes referred to as MMSE matrix [3]. The MMSE
matrix is the full generalization of the scalar MMSE in (1)



to the vector case. As we will see, applying the calculus
chain rule to the basic gradient in (3), one can obtain the
sensitivity of the mutual information with respect to any
arbitrary parameter such as the SNR, the transmit covariance
matrix, or a precoding matrix.

In addition to its intrinsic theoretical interest, the connection
between the gradient of the mutual information and the MMSE
matrix opens up new computational possibilities. For example,
if x is equally likely to take values on a given codebook,
it is notoriously difficult to compute the mutual information.
However, for a sparse-graph linear code, the MMSE matrix can
be computed with the aid of the belief propagation algorithm
that approximates very accurately the posterior marginals and,
hence, the MMSE estimates which are given by the expected
values of the posterior marginals.

II. SIGNAL MODEL

Consider a general discrete-time linear vector Gaussian
channel represented by the following vector signal model with
np transmit dimensions and np receive dimensions:

y=Hx+n 4)

where all quantities are complex-valued, x is the np-
dimensional transmitted vector, H is the ngr X np matrix that
denotes the linear transformation undergone by the signal,
y is the npg-dimensional received vector, and n is an ng-
dimensional proper complex Gaussian noise vector indepen-
dent of x. The input and the noise covariance matrices are 3,
and X, respectively.

The general channel model in (4) describes many different
communication systems, e.g., wireless multi-antenna systems,
CDMA systems, wireline digital subscriber line systems, or
even single-antenna frequency-selective wideband channels.

It is interesting to further generalize the model in (4) to
include an additional linear transformation represented by the
np X L matrix B, where L is now the dimension of the
transmitted vector x:

y = HBx + n. 5)

The additional matrix B can play different roles: i) in a
wireless multi-antenna system it may represent a beamforming
matrix that uses some knowledge about the physical channel H
to properly steer the transmitted signal through the best chan-
nel eigenmodes [4], [5]; ii) B can denote a linear precoding
matrix or shaping matrix that adapts or shapes the transmitted
signal to the channel realization [2], [5]; iii) the overall input-
output linear transformation may factor into two matrices H
and B (one of which may be controllable by the designer of
the system).

A special case of (5) by setting B = +/snrI yields the
model used in (2):

y = v/snrHx + n. (6)

Consider the estimation of the input signal x based on the
observation of the output y. In the scalar case, the mean-
square error (MSE) of an estimate & (y) of the input x based

on the observation y is defined as E Ua: — (y)ﬂ, which is
the variance of the estimator error x — & (y) provided that the
estimator is unbiased. The conditional mean & (y) = E [z | y]
achieves the minimum MSE (MMSE) and is termed minimum
MSE (MMSE) estimator. In the more general vector setup, the
MMSE estimator X (y) achieves simultaneously the minimum
MSE at each component of the estimation error vector and is
again given by the conditional mean estimator:

x(y)=E[x|y]. @)

The full description of the performance of the vector MMSE
estimator is given by the MMSE matrix, i.e., the covariance of
the estimation error vector:

E2E|[x-El|y)x-Ex|y)].  ®

An alternative limited description of the performance, which
is sometimes useful, is given by the mean-squared-norm of

the estimation error E [||x —Ex | y}||2}, which is equal to
the trace of the MMSE matrix.

III. MAIN RESULT

A. Basic Result: Gradient with Respect to H

To start with, consider the signal model in (4) with Gaussian
signaling, where the covariance matrix of the transmitted
signal x is denoted by X, and the covariance matrix of the
noise is the identity matrix. The mutual information, I (x;y),
is' (e.g., [6])

I = log det (I + HEXHT) . )
The MMSE estimator is
-1
% — ¥, H (I + HszT) y (10)

(assuming x and n with zero mean), which happens to be
linear, and the MMSE matrix is [3, Thm. 11.1]

E=(3,' +HH) . (i
Taking the gradient of the expression in (9)> we obtain
Val = Vi logdet (I1+H'HE,)
=HS, (I+HHS,)
= HE. (12)

The main result of the paper shows that the Gaussian
assumption on the input is unnecessary for (3) to hold.

Theorem 1: Consider the signal model in (4), where H is
an arbitrary deterministic matrix, the signaling x is arbitrarily
distributed (with finite second-order moments), and the noise
n is Gaussian, independent of the input x, with normalized

'Throughout this paper nats are used as the information units and log
denotes natural logarithm.

2We use the well-known definition of the complex derivative of a real-
valued scalar function f: % £ % #f{z} +j#{'z}] [7]. For the sake
of notation, we define the complex gradient matrix as Vx f £ 9 f/OX*,
where [0f/0X*],. = 0f /0 [X*],;.



covariance matrix X,, = I. Then, the mutual information I
and the MMSE matrix E satisfy:

Vul (x; Hx +n) = HE. (13)
Proof: See Appendix. ]

B. Gradient with Respect to Arbitrary Parameters

From the basic gradient in Theorem 1 and the gradient chain
rule it is possible to obtain gradients with respect to other
parameters of the system.

Theorem 2: Consider the general signal model in (5) in-
cluding a linear precoder B at the transmitter, where H is
an arbitrary deterministic matrix, the signaling x is arbitrarily
distributed with covariance matrix X,., the noise n is Gaussian,
independent of the input x, and has positive definite covariance
matrix 3J,, the transmit covariance matrix is Q = BX,Bf
(which includes the precoding as well), and the squared linear
precoder is Qp = BB'. Then, the mutual information / and
the MMSE matrix E satisfy:

Vul (x;HBx 4+ n) = X 'HBEB', (14)
Vsl (x;HBx +n) = H'S 'HBE, (15)
Vql (x;HBx +n)BX, = H'S, 'HBE, (16)
Vq,I(x;HBx +n)B = H'S 'HBE, 17)
Vs, I(x;HBx +n)X, = BH'S 'HBE, (18)
Vg1 (x; HBx + n) = HBEB'H', (19)
Vs, I (x;HBx +n) = -3 'HBEB'H'S !, (20)

C. First-Order Approximation of Mutual Information

Using the gradients of the mutual information, we can
write first-order approximations of the mutual information as
a function of different parameters.

Consider the signal model y = Hx+n (with 3,, = I). The
first-order expansion of the mutual information as a function
of the transmit (Hermitian) covariance matrix 3,, denoted by
I(X,), is obtained from the gradient Vs, I = H'HEX !
(Theorem 2) as

I(Sa0+A) = 1(Sy0) + Tr (S7FEHTHA) + o0 (| A).

(21)
This expansion can be particularized around ¥, o = 0 (low-
power regime) as

1(2,) =Tr (HZ,HY) + o (|Z,])). (22)

IV. SOME CONNECTIONS AND APPLICATIONS

This section contains some particularizations and theoretical
connections derived from Theorem 1. For more theoretical
results and practical applications the reader is referred to [8].

A. Particularizations to SNR-Gradients

The fundamental relation between the mutual information
and the MMSE was thoroughly explored in [1] for the scalar
Gaussian channel y = y/snrz + n and, to some extent, also
for the vector Gaussian channel y = +/snrx + n considering
the trace of the MSE matrix as the estimation performance.

We now show how the main results of this paper, namely
Theorems 1 and 2, can be readily particularized to extend the
results of [1].

Corollary 1: Consider the signal model in (6), where all
the terms are defined as in Theorem 2. Then,

Aar Tr (H'S, 'HE)

dsnr 23)

_ —1/2 _ —1/2 2
=E||=;*Hx - E |2, ?Hx |y||| |. @4

Corollary 2: Consider the following signal model:

y=HI'x+n (25)

where I' is a square invertible matrix and the rest of the terms
are defined as in Theorem 2. Then,

Veptl = H'S'HTET . (26)

Observe that, when (25) models a multiuser system with
the symbols transmitted by all K users stacked in x and
' = diag ({\/ﬁ}fﬂ), then (26) is particularly useful
since 01 /0snr, = [Vpri 1],

B. Matrix Generalization of De Bruijn’s Identity

For a multivariate density function py (y), De Bruijn’s
identity [9], [10], [11], [12] relates the derivative of the
differential entropy h (-) with the Fisher information matrix
defined as

J(y) £ Ey [Vylogpy (y) Vi logpy (y)] -

Note that this is a special form of the Fisher information
matrix (with respect to a translation parameter) which does
not involve an explicit parameter as is usually the case [12].3
The scalar version is similarly defined as

J(y) £Tr(I(y)).

The original De Bruijn’s identity was obtained for the scalar
case [9], [10] as

d
ah(er\/Zn) = J(z+\/£n)
where the noise n has a normalized variance 02 = 1. The
scalar version of the multivariate De Bruijn’s identity (assum-
ing a normalized covariance matrix for the noise 3, = I) is
[11][12, Thm. 14][1, eq. (51)]

27

(28)

(29)

%h (2+ Vim) = 7 (5 + Vim). (30)
A more general multivariate De Bruijn’s identity is
%h (»+ vian) = Tr (A13 (24 ViAn) A) 61

where again the noise has a normalized noise covariance
matrix and A is an arbitrary square invertible matrix. Note that

3The Fisher information matrix with respect to a parameter 6 is defined as
3 (y) £ By [Vologpy (v:6) V) logpy (¥;6)] 131



in the context of the signal model in (4) we can set z = Hx
to particularize the results.

As can be observed from (29)-(31), the existing versions of
De Bruijn’s identity take a derivative with respect to a scalar
parameter which takes the role of noise-to-signal ratio. We
now generalize these results by considering the gradient with
respect to the noise covariance matrix and, more explicitly,
with respect to an arbitrary linear transformation of the noise
T'/2n, where the linear transformation T'/2 plays the role of
V/t in the scalar version of the identity.

Theorem 3: [Matrix version of the multivariate De Bruijn’s
identity] Consider an arbitrary random variable (with finite
second-order moments) z contaminated with a Gaussian noise
n independent of z and with positive definite covariance matrix
3. Then,

Vs, h(z+n)

=J(z+n). (32)

If z is contaminated with a linearly transformed version of
the Gaussian noise T'/2n, where T'/2 is an arbitrary square
invertible matrix, then,

Voh (z + T1/2n> —J (z + T1/2n) x T2, T-1/2,
(33)
Observe that when the noise has a normalized covariance
matrix 3, = I, (33) simplifies to

Voh (z n Tl/zn) —J (z n T1/2n) (34)
which is the natural generalization of the scalar identity (29).

The scalar expressions of the multivariate De Bruijn’s
identity in (29)-(31) can be obtained from a simple application
of the chain rule to Theorem 3.

APPENDIX
PROOF OF THEOREM 1

Observe that the mean of the transmitted signal and noise
are completely arbitrary in the statement of the theorem. In
fact, the result is not affected by the means since both the
mutual information and the MMSE matrix are insensitive to
the means. For the sake of notation, we will assume the noise
to be zero mean without loss of generality. Note that the
interchange of the order of integrals and derivatives can be
proved by the Lebesgue Dominated Convergence Theorem. In
the scalar case, this proof reduces to the proof in [1].

Since the noise is Gaussian with zero mean and normalized
covariance matrix, the output conditioned pdf is

1
Pyix (¥) = - exp (* ly = HX||2>

and the unconditional output pdf is py (y) = Ex [py|x (y)]
The mutual information in nats can be written as

mﬂw}

I(xy)=E {log Py )

= —nplog (me) — / py (y)logpy (y) dy.

Then,

o ,/(Hlogpy (v)) Ex {W} v

= Ey K/ (1 +1logpy (y)) Vypyx (¥) dy> XT]
e[ gt

where we have used

8py|x (y )
OH*
and the last equality follows from integrating by parts and

noting that py |« (y) (1 +logpy (y)) — 0 as |ly|| — oc.
Now, focusing on the (7, j)th element,

o], [ ([ wom ) o]

:_/E{
—E[E [xlesel | ] (y - HMMﬂﬂ
—E[ e]ey} E|E[x'|y]eje THE[XD’]]

where we have used Vypy, (y) = —Dy (y) (y —HE[x | y]).
More compactly,

oI
oH*

= _Vypy\x (Y) XT

| y} ypy dy

=H(E [XXT] —-E[EKX|ylE[x'|y]]).
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