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Abstract

We present a framework for analyzing multiuser detectors in the context of statistical physics. A mul-
tiuser detector is shown to be equivalent to a conditional mean estimator which finds the mean value of the
stochastic output of a so-called Bayes retrochannel. The Bayes retrochannel is equivalent to a spin glass in
the sense that the distribution of its stochastic output conditioned on the received signal is exactly the distri-
bution of the spin glass at thermal equilibrium. In the large-system limit, the bit-error-rate of the multiuser
detector is simply determined by the magnetization of the spin glass, which can be obtained using powerful
tools developed in statistical mechanics. In particular, we derive the large-system uncoded bit-error-rate of
the matched filter, the MMSE detector, the decorrelator and the optimal detectors, as well as the spectral
efficiency of the Gaussian CDMA channel. It is found that all users with different received energies share
the same multiuser efficiency, which uniquely determines the performance of a multiuser detector. A uni-
versal interpretation of multiuser detection relates the multiuser efficiency to the mean-square error of the
conditional mean estimator output in the large-system limit.

Index Terms: Multiuser detection, statistical mechanics, code-division multiple access, spin glass, self-
averaging property, free energy, replica method, multiuser efficiency.

1 Introduction

Multiuser detection is central to the fulfillment of the capabilities of code-division multiple access (CDMA),
which is becoming the ubiquitous air-interface in future generation communication systems. In a CDMA
system, all frequency and time resources are allocated to all users simultaneously. To distinguish between
users, each user is assigned a user-specific spreading sequence on which the user’s information symbol is
modulated before transmission. By selecting mutually orthogonal spreading sequences for all users, each
user can be separated completely by matched filtering to one’s spreading sequence. It is not very realistic to
maintain orthogonality in a mobile environment and hence multiple access interference (MAI) arises. The
problem of demodulating in the presence of the MAI therefore becomes vital for a CDMA system.

A variety of multiuser detectors [1] have been proposed to mitigate the MAI. The simplest one is the
single-user matched filter, which totally ignores the existence of the MAI. Its performance is not very sat-
isfactory and is particularly limited by the near-far problem. In the other extreme, the individually optimal
(IO) and the jointly optimal (JO) detectors achieve the minimum probability of error but entail prohibitive
complexity which is exponential in the number of users. A wide spectrum of multiuser detectors offer per-
formance in between the matched filter and the optimal detectors with substantially reduced complexity. The
most popular ones include the MMSE detector and the decorrelator. The performance of multiuser detectors
has been studied extensively in the literature. A collection of results is found in [1]. In general, the perfor-
mance is dependent on the spreading factor, the number of users, the received signal-to-noise ratios (SNR),
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and the instantaneous spreading sequences. The dependence on this many parameters results in very complex
expressions for all but the simplest case. Not only are these expressions hard to evaluate, but the complica-
tion allows little useful insight into the detection problem. To eliminate the dependency by averaging over all
spreading sequences (e.g. [2]) is plausible but usually a prohibitive task.

Recently, it is found that performance analysis can be greatly simplified for random-spread systems the
size of which tend to infinity [1, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. Of special interest is the case where the number
of users and the spreading factor both tend to infinity with their ratio fixed. This is referred to as the large-
system limit in the literature. As far as linear multiuser detectors are concerned, an immediate advantage of
the large-system setting is that the multiple-access interference, as a sum of contributions from all interfering
users, becomes Gaussian-like in distribution under mild conditions in the many-user limit [13]. This allows
the output signal-to-interference ratio (SIR) and the uncoded bit-error-rate (BER) to be easily characterized
for linear detectors such as the matched filter, the MMSE detector and the decorrelator. The large-system
treatment also finds its success in deriving the capacity (or the spectral efficiency) of CDMA channels when
certain multiuser detectors are used. Somewhat surprisingly, in all the above instances, the SIR, the BER
and the spectral efficiency are independent of the spreading sequence assignment with probability 1. The
underlying theory is that dependency on the spreading sequences vanishes in the large-system domain. In
particular, the empirical eigenvalue distribution of a large random sequence correlation matrix converges to
a deterministic distribution with probability 1 [14, 15, 16]. One may compare this to the concept of typical
sequences in information theory [17]. We can say that for a sufficiently large system, almost all spreading
sequence assignments are “typical” and lead to the (same) average performance.

Unlike in the above, a more recent but quite different view of large CDMA systems is inspired by the
successful analysis of certain error-control codes using methods developed in statistical mechanics [18, 19,
20, 21, 22, 23, 24]. In [25] a CDMA system finds an equivalent spin glass similar to the Hopfield model. Here
a spin glass is a statistical mechanical system consisting of a large number of interacting spins. In [26, 27],
well-known multiuser detectors are expressed as Marginal-Posterior-Mode detectors, which can be embedded
in a spin glass. The large-system performance of a multiuser detector is then found as a thermodynamic
limit of a certain macroscopic property of the corresponding spin glass, which can be obtained by powerful
techniques sharpened in statistical mechanics. In [28, 24], Tanaka analyzed the IO and the JO detectors,
the decorrelator and the MMSE detector under the assumption that all users are received at the same energy
(perfect power control). In addition to the rederivation of some previously known results, Tanaka found for
the first time, the large-system BER of the optimal detectors at finite SNRs, assuming perfect power control.

This new statistical mechanics approach to large systems emerges to be more fundamental. In fact, the
convergence of the empirical eigenvalue distribution, which underlies many above-mentioned large-system
results, can be proved in statistical mechanics [29, Chapter 1]. Deeply rooted in statistical physics, the new
approach brings a fresh look into the decades-old multiuser detection problem. In this work, we present a
systematic treatment of multiuser detection in the context of statistical mechanics based on [30, 31]. We
introduce the concept ofBayes retrochannel, which takes the multiaccess channel output as the input and
generates a stochastic estimate of the originally transmitted data. The characteristic of the Bayes retrochan-
nel is the posterior probability distribution under some postulated prior and conditional probability distribu-
tions. A multiuser detector is equivalent to aconditional mean estimatorwhich finds the expected value of
the stochastic output of the Bayes retrochannel. By carefully choosing the postulated prior and conditional
probability distributions of the Bayes retrochannel, we can arrive at different multiuser detection optimality
criteria. Importantly, the Bayes retrochannel is found to be equivalent to a spin glass with the spreading
sequence assignment and the received signal as quenched randomness. That is, the conditional output distri-
bution of the Bayes retrochannel is exactly the same as the distribution of the spin glass system at thermal
equilibrium. Thus, in the large-system limit, the performance of the detector finds its counterpart as a cer-
tain macroscopic property of the thermodynamic system, which can be obtained using the replica method
developed in statistical mechanics.

In particular, we present analytical results for the large-system BER of the matched filter, the decorrelator,
the MMSE detector and the optimal detectors. We also find the spectral efficiency of the Gaussian CDMA
channel, both with and without the constraint of binary inputs. Unlike in [28], we do not assume equal-energy
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users in any case. It is found that the all users share the same multiuser efficiency, which is the solution to a
fixed-point equation similar to the Tse-Hanly equation in [4]. A universal interpretation of multiuser detection
relates multiuser efficiency to the ouput mean-square error of the corresponding conditional mean estimator
in the many-user limit. Finally, we present a canonical interference canceller that approximates a general
multiuser detector.

This paper is organized as follows. In section 2 the multiuser CDMA is introduced, and known and
new large-system results are presented. In section 3 we relate multiuser detection to spin glass in statistical
mechanics. Section 4 carries a detailed analysis of linear multiuser detectors. Results for the optimal detectors
are obtained in section 5. A general interpretation of uncoded multiuser detection is discussed in 6. A
statistical mechanics look at the information theoretic spectral efficiency is presented in section 7.

2 Multiuser Detection: Known and New Results

2.1 The CDMA Channel

We study aK-user symbol-synchronous CDMA system with a spreading factor ofN . It suffices to consider
one symbol interval. Let the spreading sequence of userk be denoted assk = 1√

N
[s1k, s2k, . . . , sNk]>, where

thesnk ’s are independently and randomly chosen±1’s. Let d = [d1, . . . , dK ]> be a vector consisting of the
K users’ transmitted symbols, each symbol being equally likely to be±1. The prior probability distribution
is simply

p0(d) = 2−K , ∀d ∈ {−1, 1}K . (1)

Let P1, . . . , PK be theK users’ respective received energies per symbol. The received signal in thenth chip
interval is then expressed as

rn =
1√
N

K∑
k=1

√
Pk snkdk + σ0νn, n = 1, . . . , N (2)

where{νn} are independent standard Gaussian random variables, andσ2
0 the noise variance. Note that the

spreading sequences are randomly chosen for each user and not dependent on the received energies.
We can normalize the averaged transmitted energy by absorbing a common factor into the noise variance.

Without loss of generality, we assume

1
K

K∑
k=1

Pk = 1. (3)

The SIR1 of userk under matched filtering in absence of interfering users isPk/σ2
0 and the average SIR of all

users is1/σ2
0 . We assume that the energies are known deterministic numbers, and asK →∞, the empirical

distributions of{Pk} converge to a known distribution, hereafter referred to as theenergy distribution. For
convenience we assume that the energy of every user is bounded,0 < Pmin ≤ Pk ≤ Pmax < ∞. The mean
value of this distribution must be 1.

The characteristic of the Gaussian CDMA channel can be described as

p0(rn|d,S) = (2πσ2
0)−

1
2 exp

− 1
2σ2

0

(
rn −

1√
N

K∑
k=1

√
Pk snkdk

)2
 (4)

1The SIR is defined as the energy ratio of the useful signal to the noise in the output. In contrast, the SNR of userk is usually defined
asPk/(2σ2

0).
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where theN × K matrix S = [s1, . . . , sK ]. Let r = [r1, . . . , rN ]>, A = diag(
√

P1 , . . . ,
√

PK ) and
ν = [ν1, . . . , νN ]>, we have a compact form for (2) and (4)

r = SAd + σ0ν (5)

and

p0(r|d,S) = (2πσ2
0)−

N
2 exp

[
− 1

2σ2
0

‖r− SAd‖2
]

(6)

where‖ · ‖ denotes the Euclidean norm of a vector.

2.2 Multiuser Detection: Known Results

Assume that all received energies and the noise variance are fixed and known. A multiuser detector observes a
received signal vectorr in each symbol interval and tries to recover the transmitted symbols using knowledge
of the instantaneous spreading sequencesS. In general, the detector outputs a soft decision statistic for each
user of interest, which is a function of(r,S),

d̃k = fk(r,S), k ∈ {1, . . . ,K}. (7)

Whenever the soft output can be separated as a useful signal component and an interference, their energy
ratio gives the SIR. Usually, a hard decision is made according to the sign of the soft output,

d̂k = sgn(d̃k). (8)

Assuming binary symmetric priors, the bit-error-rate (or, the probability of error) for userk is

Pk = P
(
d̂k 6= dk

)
= P

(
d̃k < 0|dk = 1

)
. (9)

Another important performance index is themultiuser efficiency, which is the ratio between the energy that a
user would require to achieve the same BER in absence of interfering users and the actual energy [1],

ηk =

[
σ0 ·Q−1(Pk)

]2
Pk

. (10)

Immediately, the BER can be expressed in the multiuser efficiency as

Pk = Q

(√
ηk · Pk

σ0

)
. (11)

In this paper, we study the matched filter, the decorrelator, the MMSE detector and the optimal detectors.
The BER and the SIR performance of these CDMA detectors have received considerable attention in the
literature. In general, the performance is dependent on the system size(K, N) as well as the instantaneous
spreading sequencesS, and is therefore very hard to quantify. It turns out that this dependency vanishes in
the so-calledlarge-system limit, i.e., the user numberK and the spreading factorN both tend to infinity but
with their ratioK/N converging to a constantβ. In the following we briefly describe each of these detectors
and present previously known large-system results.
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2.2.1 The Single-user Matched Filter

The most innocent detection is achieved by matched filtering using the desired user’s spreading sequence. A
soft decision is obtained for userk,

d̃(mf)
k = sH

k r (12)

=
√

Pk dk +
∑
i 6=k

(sH
ksi)

√
Pi di + σ0wk (13)

wherewk is a standard Gaussian random variable. The second term, the MAI has a variance ofβ asK =
βN →∞. Hence the large-system SIR is simply

SIR(mf)
k =

Pk

σ2
0 + β

. (14)

It can be shown using the central limit theorem that the MAI converges to a Gaussian random variable in the
large-system limit. Thus the BER2 is

P(mf)
k = Q

(√
SIR(mf)

k

)
. (15)

The multiuser efficiency is the same for all users

η(mf) =
1

1 + β
σ2
0

. (16)

It is worth noting that a single multiuser efficiency determines the matched filter performance for all users,
since the SIR can be obtained as

SIR(mf)
k =

Pk

σ2
0

· η(mf) (17)

and then the BER by (15). This is a result of the inherent symmetry of the multiuser game. Indeed, from
every user’s point of view, the total interference from the rest of the users is statistically the same in the
large-system limit. The only difference among the decision statistics is their own energies. By normalizing
with respect to one’s own energy, the multiuser efficiency is the same for every user.

2.2.2 The MMSE Detector

The MMSE detector is a linear filter which minimizes the mean-square error between the original data and
its outputs:

d̃(mmse)= A−1
[
SHS + σ2A−2

]−1
SHr. (18)

The decision statistic for userk can be described as

d̃(mmse)
k = Hkkdk +

∑
i 6=k

Hikdi + σ0wk (19)

whereHik is the element ofH = A−1
[
SHS + σ2A−2

]−1
SHSA on theith row and thekth column, andwk is

a Gaussian random variable.

2Precisely, we refer to the BER in the large-system limit. Unless otherwise stated, all performance indexes such as BER, SIR,
multiuser efficiency and spectral efficiency refer to large-system performance hereafter.
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In the case of equal-energy users, the large-system SIR of the MMSE detector was first obtained in [1] as

SIR(mmse)=
1
σ2

0

− 1
4σ2

0

(√(
1 +

√
β
)2

+ σ2
0 −

√(
1−

√
β
)2

+ σ2
0

)2

(20)

which is the unique positive solution to

SIR =
1

σ2
0 + β

SIR+1

(21)

A generalization of (21) to the case of arbitrary energy distribution using random matrix theory results
in the so-called Tse-Hanly equation [4]. In the large-system limit, with probability 1, the output decision
statistic given by (19) converges in distribution to a Gaussian random variable [9, 13]. Hence the BER is
determined by the SIR by a simple expression similar to (15). Using (17), the Tse-Hanly equation is distilled
to the following fixed-point equation for the multiuser efficiency in [10]

η + β E
P

{
P η

P η + σ2
0

}
= 1 (22)

whereE
P
{·} denotes the expectation taken over the subscript random variableP , drawn according to the

energy distribution here. Note that the subscript is often omitted if no ambiguity arises as for on which
random variables the expectation is taken. Again, due to the fact that the output MAI seen by each user has
the same asymptotic distribution, the multiuser efficiency is the same for all users.

2.2.3 The Decorrelator

The decorrelating detector, or, the decorrelator, removes the MAI in the expense of enhanced thermal noise.
Its output is

d̃(dec) = A−1[SHS]+SHr (23)

where[·]+ denotes the Moore-Penrose psudo-inverse, which reduces to the normal matrix inverse for non-
singular square matrices. In case ofβ ≤ 1, the large-system multiuser efficiency is [1]

η(dec) = 1− β. (24)

It is incorrectly claimed in [28] that the multiuser efficiency is 0 ifβ > 1. We find the correct answer in
section 4.

2.2.4 The Optimal Detectors

The jointly optimal detector maximizes the joint posterior probability and result in

d̂(jo) = arg max
d∈{−1,1}K

p0(d|r,S) (25)

where

p0(d|r,S)
4
=

p0(r|d,S)∑
e∈{−1,1}K p0(r|e,S)p0(e)

. (26)
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The individually optimal detector maximizes the marginal posterior probability and results in

d̂(io)
k = arg max

dk∈{−1,1}
p0(dk|r,S) (27)

where

p0(dk|r,S)
4
=

∑
dk̄∈{−1,1}K−1

p0(d|r,S) (28)

wheredk̄ denotes the vectord with the kth element stricken out. The IO detector achieves the minimum
possible BER among all multiuser detectors.

The multiuser efficiency of the optimal detector is shown to converge to 1 if the zero-noise limit is first
taken and then the large-system limit [6]. For finite SNRs, the large-system performance of the optimal
detectors has been solved for the case where all users’ energies are the same [26, 28]. In parallel with the
format of the result in (22), the multiuser efficiency of the IO detector is the solution to a fixed-point equation

η +
βη

σ2
0

[
1− 1√

2π

∫
e−

z2
2 tanh

(√
η

σ2
0

z +
η

σ2
0

)
dz

]
= 1. (29)

The efficiency of the JO detector is also found in [26] but omitted here. We find the multiuser efficiency for
an arbitrary energy distribution for both the IO and the JO detectors in section 5.

2.2.5 Spectral Efficiency

Of fundamental importance about a CDMA channel is its spectral efficiency, defined as the total number of
bits per dimension that can be transmitted reliably. In [5] the large-system spectral efficiency of the Gaussian
CDMA channel for the detectors of interest in this paper is obtained for equal-energy case.

If a linear detector discussed in section 2.2 is used, the spectral efficiency for userk is

C(l)
k =

β

2
log
(
1 + SIR(l)

k

)
(30)

whereSIR(l)
k is the user’s output SIR.3 It can be easily justified by noticing that these linear detectors output

asymptotically Gaussian decision statistics [13].
Without any constraint on the type of detector, the spectral efficiency of a fading CDMA channel is [10]

C =
β

2
E
P

{
log
(

1 +
η(mmse)P

σ2
0

)}
+

1
2
(
η(mmse)− 1− log η(mmse)

)
(31)

where the expectation is taken over the received energy distribution due to fading. If the inputs to the CDMA
channel are constrained to be binary, the spectral efficiency is obtained for equal-energy case [28]

C = − β√
2π

∫
e−

z2
2 log cosh

(
η(io)

σ2
0

+

√
η(io)

σ2
0

z

)
dz +

βη(io)

σ2
0

+
1
2
(
η(io) − 1− log η(io)

)
(32)

whereη(io) is the efficiency of the individually optimal detector, i.e., the solution to (29).

3The unit of spectral efficiency is nat per dimension per channel use throughout this paper unless otherwise stated.
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2.3 Summary of New Results

In this paper, we study multiuser systems from a statistical mechanics perspective. In a unified framework,
all the known results in Section 2.2 are rederived, and the following new results are found.

In Section 4 and 5, we show that for every multiuser detector of our interest, the BER of a user with
received energyP is

P(P ) = Q

(√
η · P
σ0

)
(33)

whereη is the common multiuser efficiency for all users,

η =
1

1 + β
σ2
0
(1− 2m + q)

(34)

wherem andq are some quantities dependent on the choice of the detector and the energy distribution.
For the matched filter and the MMSE detector, equation (34) is consistent to the previous multiuser effi-

ciency results given by (16) and (22) respectively. For the decorrelator, ifβ < 1, the efficiency follows (24);
otherwise, the efficiency is the solution to

η +
ηβ

σ2
0

[
1− 2m + E

{
P 3 + P 2σ2

0/η

[P + β(1−m)]2

}]
= 1 (35)

wherem satisfies

E

{
βP

P + β(1−m)

}
= 1. (36)

For the optimal detectors, the parametersm andq in the efficiency expression (34) satisfy joint equations

E =
1

σ2 + β(1− q)
(37a)

F =
σ2

0 + β(1− 2m + q)
[σ2 + β(1− q)]2

(37b)

m =
1√
2π

∫
e−

z2
2 E

P

{
P tanh

(
PE +

√
PF z

)}
dz (37c)

q =
1√
2π

∫
e−

z2
2 E

P

{
P tanh2

(
PE +

√
PF z

)}
dz. (37d)

In case of the JO detector,σ = 0 in (37). In case of the IO detector,σ = σ0 and (34) can be simplified to a
fixed-point equation

η +
βη

σ2
0

[
1− 1√

2π

∫
e−

z2
2 E

P

{
P tanh

(
ηP

σ2
0

+

√
ηP

σ2
0

z

)}
dz

]
= 1. (38)

It is straight forward to show that the optimal efficiency converges to 1 if the large-system limit is taken before
the zero-noise limit.

The new findings in the performance of uncoded transmission are summarized using a general and original
interpretation of multiuser detection from the statistical mechanics perspective in Section 6.

Moreover, we show in Section 7 that the spectral efficiency of a multiuser CDMA channel without power
control is exactly (31) where the expectation is taken over the energy distribution. The spectral efficiency of
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Figure 1: The Bayes retrochannel and the conditional mean estimator.

the same channel with binary input constraint is found as

C = − β√
2π

∫
e−

z2
2 E

P

{
log cosh

(
η(io)P

σ2
0

+

√
η(io)P

σ2
0

z

)}
dz +

βη(io)

σ2
0

+
1
2
(
η(io) − 1− log η(io)

)
(39)

whereη(io) is the efficiency of the individually optimal detector, i.e., the solution to (38). This is a general-
ization of (32).

3 Conditional Mean Estimator and Spin Glass

3.1 Bayes Retrochannel and Conditional Mean Estimator

We study a general estimation problem as depicted in Fig. 1. A (vector) source symbold0 is drawn according
to a prior distributionp0(d0). The channel, upon an inputd0, generates an outputr according to a conditional
probability distributionp0(r|d). We want to find an estimator that, upon receipt ofr, gives a good estimate
of the originally transmitted datad0.

One interesting candidate is an adjunct channel with a conditional distributionp(d|r), which is induced by
a postulated prior distributionp(d) and a postulated conditional distributionp(r|d) using the Bayes formula

p(d|r) =
p(r|d)p(d)∑
e p(r|e)p(e)

. (40)

We call this channel aBayes retrochannel. If the postulated prior and conditional distributions are the same
as the true ones, i.e.,p(d) ≡ p0(d) andp(r|d) ≡ p0(r|d), thenp(d|r) is exactly the posterior probability
distribution corresponding to the true source and the true channel. In general, the postulated prior as well as
the conditional distribution can be different to the true ones. In fact,p(d) andp0(d) may even have different
allowed symbol sets. In case the support ofp(d) is the Euclidean space instead of a discrete set, the sum
in (40) shall be replaced by an integral. Clearly, the retrochannel output is different to the usual notion of an
estimate ofd0 since it is a random variable instead of a deterministic function ofr. Hence, the retrochannel
can be regarded as a “stochastic estimator”.

We also consider a so calledconditional mean estimator, which gives a deterministic output upon an input

9



r as

d̂ = 〈d〉 4= E {d|r} (41)

where, by definition, the operator〈·〉 gives the expectation taken over a distributionp(d|r), which depends on
the postulated prior and conditional distributions assumed for the Bayes retrochannel. In this case, the output
of the estimator is exactly the mean value of the stochastic estimate generated by the Bayes retrochannel.

Essentially, the conditional mean estimator is a soft decision detector with the freedom of choosing the
postulated prior and conditional distributions. Interestingly, tuning the postulated distributions allows us
to realize arbitrary detectors. In particular, if the source and channel symbols are both scalar, the prior is
symmetric binary,p0(d = 1) = p0(d = −1) = 1

2 , and the postulated distributions are the same as the true
ones, then the conditional mean estimate is

〈d〉 = p(d = 1|r)− p(d = −1|r) (42)

whose sign is the maximum a posteriori detector output for the scalar channel.
We now study the conditional mean estimator in the Gaussian CDMA channel setting. Recall that the

spreading sequence matrix isS. Let the conditional distribution be

p(r|d,S) = (2πσ2)−
N
2 exp

[
− 1

2σ2
‖r− SAd‖2

]
(43)

which differs from the true channel lawp0(r|d,S) by a positive control parameterσ, where in caseσ = σ0,
p0(r|d,S) ≡ p(r|d,S). Using the Bayes formula, the posterior probability distribution is then

p(d|r,S) = Z−1(r,S) p(d) exp
[
− 1

2σ2
‖r− SAd‖2

]
(44)

where

Z(r,S) =
∑
d

p(d) exp
[
− 1

2σ2
‖r− SAd‖2

]
. (45)

Note thatZ(r,S) is in fact proportional to the conditional density ofp(r|S). The conditional mean estimator
outputs the mean value of the posterior probability distribution,

d̃k = 〈dk〉 = E {dk|r,S} (46)

where the expectation is taken overp(d|r,S). We identify a few choices for the prior distributionp(d) and
the control parameterσ for the conditional distribution under which the conditional mean estimator becomes
equivalent to each of the multiuser detectors discussed in section 2.2.

3.1.1 Linear Detectors

We assume standard Gaussian priors,

p(l)(d) =
K∏

k=1

[
1√
2π

e−
d2

k
2

]
= (2π)−

K
2 exp

[
−1

2
‖d‖2

]
. (47)

The posterior probability distribution is then

p(l)(d|r,S) = [Z (l)(r,S)]−1 exp
[
−1

2
‖d‖2 − 1

2σ2
‖r− SAd‖2

]
(48)
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where

Z (l)(r,S) =
∫

dd exp
[
−1

2
‖d‖2

]
exp

[
− 1

2σ2
‖r− SAd‖2

]
. (49)

Here we use the superscript (l) to denote linear detectors.
Since the probability given by (48) is exponential in a quadratic function ind, henced is a Gaussian

random vector conditioned onr andS, i.e., givenr andS, the components ofd, d1, . . . , dK , are jointly
Gaussian. The conditional meanE {dk|r,S} is therefore consistent withE {d|r,S}, which maximizes the
posterior probability distributionp(l)(d|r,S) as a property of Gaussian distributions. The extremum is the
solution to

∂p(l)(d|r,S)
∂dH

= 0, (50)

which yields

〈d〉(l)σ = A−1
[
SHS + σ2A−2

]−1
SHr (51)

where we use the subscriptσ to denote an average over the posterior probability distribution with the control
parameterσ.

By choosing different values forσ, we arrive at different linear detectors. Ifσ →∞, then

σ2 · 〈dk〉(l)σ −→
√

Pk sH
k r. (52)

Hence the conditional mean estimate is consistent in sign with the matched filter output. Ifσ = σ0, equa-
tion (52) gives exactly the soft output of the MMSE receiver as in (19). Ifσ → 0, we approach the soft
output of the decorrelator as given by (23). Indeed, control parameter can be used to tune a parameterized
conditional mean estimator to a desired one in a set of detectors.

3.1.2 The Optimal Detectors

Let p(d) be the true binary symmetric priorsp0(d). The posterior probability distribution is then

p(o)(d|r,S) =
[
Z (o)(r,S)

]−1
exp

[
− 1

2σ2
‖r− SAd‖2

]
, d ∈ {−1, 1}K (53)

where

Z (o)(r,S) =
∑

d∈{−1,1}K

exp
[
− 1

2σ2
‖r− SAd‖2

]
. (54)

We use the superscript (o) for the optimal detectors.
Suppose that the control parameter takes the value ofσ0, then the conditional probability distribution is

the true channel law. The conditional mean estimate is

〈dk〉(o)
σ=σ0

= p0(dk = 1|r,S)− p0(dk = −1|r,S). (55)

Clearly, this soft output is consistent in sign with the hard decision of the IO detector as given by (27).
Alternatively, if σ → 0, all probability mass of the distributionp(o)(d|r,S) is eventually concentrated

on a vectord̂ that achieves the minimum of‖r − SAd‖, which also maximizes the posterior probability
p0(d|r,S). The conditional mean estimator output

lim
σ→0

〈dk〉(o)
σ (56)
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then singles out thekth component of thiŝd at the minimum. Therefore by lettingσ → 0 the conditional
mean estimator is equivalent to the JO detector as given by (25).

Worth mentioning here is that ifσ → ∞, the conditional mean estimator reduces to the matched filter.
This can be verified by noticing that

p(o)(d|r,S) ∝ 1− 1
2σ2

‖r− SAd‖2 + o

(
1
σ2

)
(57)

and hence

lim
σ→∞

σ2 · 〈dk〉(o)
σ ∝ 2

√
Pk s>kr. (58)

So far, we have expressed each multiuser detector of our interest as a conditional mean estimator. In
the remaining part of this section we construct equivalent thermodynamic systems and relate the conditional
mean estimator performance to their macroscopic properties.

3.2 Preliminaries of Statistical Mechanics

A principal goal of statistical mechanics is to study the macroscopic properties of physical systems containing
a large number of particles starting from the knowledge of microscopic interactions between the particles.
Let the microscopic state of a system be described by the configuration of someK variables,{dk}K

k=1. A
configuration of the system isd = [d1, . . . , dK ]>. The basic quantity characterizing the microscopic states is
the energy (also known as theHamiltonian), which is a function of the state variables, denoted byH(d). The
configuration of the system evolves over time according to some physical laws. After long enough time the
system will be in thermal equilibrium. An observable quantity of the system, which is the average value of
the quantity over time, can be obtained by averaging over the ensemble of the states. In particular, the energy
of the system is

E =
∑
d

p(d)H(d) (59)

wherep(d) is the probability of the system being found in configurationd. In other words, as far as the
macroscopic properties are concerned, it suffices to describe the system statistically instead of solving the
exact dynamic trajectories. Another fundamental quantity is the entropy, defined as

−
∑
d

p(d) log p(d). (60)

It is assumed that the system is not completely isolated. At thermal equilibrium, due to interactions with the
surrounding world, the energy of the system is conserved, and the entropy of the system is the maximum
possible.

Consider now, what must the probability distribution be, which would maximize the entropy. One can
use the Langrange multiplier method and consider the following cost function

f = −
∑
d

p(d) log p(d)− β

(∑
d

p(d)H(d)− E

)
− γ

(∑
d

p(d)− 1

)
(61)

whereβ andγ are the multipliers. Variation with respect top(·) gives the Boltzmann distribution

p(d) = Z−1 exp [−βH(d)] (62)
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where

Z =
∑
d

exp [−βH(d)] (63)

is a normalizing factor called thepartition function, and the parameterβ is theinverse temperature(not to be
confused with the limit ofK/N for the multiuser systems), which is determined by the energy constraint

Z−1
∑
d

H(d) exp [−βH(d)] = E . (64)

An important quantity in statistical mechanics is the free energy, defined as the energy minus the entropy
divided by the inverse temperature

F = E +
1
β

∑
d

p(d) log p(d), (65)

which can also be expressed as

F =
∑
d

p(d)H(d) +
1
β

∑
d

p(d) log
(
Z−1 exp [−βH(d)]

)
(66)

= − 1
β

log Z. (67)

In all, at thermal equilibrium, the entropy is maximized and the free energy minimized. The system is
found in a configuration with probability that is negative exponential in the associated energy of the configu-
ration. The most probable configuration is the ground state which has the minimum associated energy.

3.3 The Bayes Retrochannel and Spin Glass

A spin glass is a magnetic system consisting of many directional spins, in which the interaction of the spins is
determined by the so-calledquenched random variables, i.e., whose values are determined by the realization
of the spin glass [32].4 The energy, the entropy and the free energy of a spin glass are similarly defined as in
Section 3.2 withH(d) replaced by a HamiltonianHr(d) parameterized by some quenched random variable
r.

In the multiuser detection context, we study an artificial spin glass system which has a Hamiltonian
Hr,S(d), in which the received signalr and the spreading sequencesS are regarded as quenched random
variables. Let the energyE be such that the inverse temperature isβ = 1. Then, at thermal equilibrium, the
probability distribution of the spin glass system configuration is

p(d|r,S) = Z−1(r,S) exp [−Hr,S(d)] (68)

where

Z(r,S) =
∑
d

exp [−Hr,S(d)] . (69)

Compare (68) to the postulated posterior probability distributions associated with the corresponding
Bayes retrochannels,p(l)(d|r,S) andp(o)(d|r,S), given by (48) and (53) respectively. The configuration
distributionp(d|r,S) can be made to take each of the two posterior probability distributions if we choose the

4Imagine a system consisting molecules with random magnetic spins that evolve over time, while the random positions of the
molecules are fixed for each concrete instance as in a piece of glass.
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corresponding Hamiltonian as

H (l)
r,S(d) =

1
2
‖d‖2 +

1
2σ2

‖r− SAd‖2, d ∈ RK (70)

and

H (o)
r,S(d) =

1
2σ2

‖r− SAd‖2, d ∈ {−1, 1}K . (71)

In other words, by defining an appropriate Hamiltonian, the distribution of the thermodynamic system at
equilibrium is exactly the same as the posterior probability distribution associated with a multiuser detector
which assumes certain prior and conditional distributions. In this case, the probability that the transmitted
symbols ared, given the observationr and the spreading sequencesS, is the same as the probability that
the thermodynamic system is at configurationd, given quenched random variablesr andS. The common
exponential structure of the probabilities results in simple expressions for the energies. Indeed, the Gaussian
distribution is also a Boltzmann distribution with the squared Euclidean norm as the Hamiltonian.

A first look at the above does not yield any new ideas in analyzing the multiuser system. However, the
spin glass model allows many concepts and methodologies developed in physics to be brought into the study
of multiuser systems. Central to our detection problem is the self-averaging principle and the replica method.

3.4 Self-averaging Principle and Replica Method

3.4.1 Self-averaging Principle

A macroscopic quantity is often the expected value of a function of the stochastic estimate conditioned on the
quenched randomness, i.e.,〈f(d)〉, for somef : RK → R. It is not difficult to see that a macroscopic quan-
tity is an empirical average under certain realization of the quenched random variables. The self-averaging
principle states that, with probability 1, the empirical average of a macroscopic quantity converges to its
ensemble average with respect to the quenched randomness in the large-system (thermodynamic) limit. Pre-
cisely, asK →∞,

〈f(d)〉 → lim
K→∞

〈〈 〈f(d)〉 〉〉 with probability 1 (72)

where〈〈·〉〉 denotes the ensemble average with respect to the quenched random variables. A rigorous justifica-
tion of the self-averaging principle is beyond the scope of this work but we believe it is a variation of the law
of large numbers.

It is often easier to quantify the ensemble average since it is no longer dependent on the many quenched
random variables in a large system. Due to the merit of the self-averaging principle, the fluctuation of a
macroscopic property of a physical system vanishes as the system size increases. Therefore, the average is
often highly representative of the property of an arbitrary realization of the system.

An example of macroscopic quantities in the multiuser detection context is the free energy per user (briefly
referred to as the free energy hereafter) defined as

− 1
K

log Z(r,S). (73)

In the large-system limit, the free energy converges to

F = − lim
K→∞

〈〈
1
K

log Z(r,S)
〉〉

, (74)
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where〈〈·〉〉 is defined explicitly as

〈〈f(r,S)〉〉 4= E
r,S
{f(r,S)} , ∀f(·, ·), (75)

i.e., the expectation taken over the quenched random variablesr andS, which are the received signal and the
spreading sequences respectively in this case.

3.4.2 Replica Method

The replica method is vital in the evaluation of the macroscopic quantities. Take the free energy for example.
To circumvent the difficulty of taking the average of the logarithm in (74), we first write the free energy in an
alternative expression

F = − lim
K→∞

1
K

lim
u→0

∂

∂u
log 〈〈Zu(r,S)〉〉 , (76)

which follows from

lim
u→0

d
du

log E {Zu} = E {log Z} , ∀Z > 0. (77)

We then evaluate the average in (76) only for integeru and then take the formal limit asu → 0 of the
resulting expression to obtain the free energy. This trick is known as the “replica method” in statistical
mechanics. There are intensive ongoing efforts in the mathematics and physics community to find a rigorous
proof for the replica method which we shall avoid in this work.

A slight modification of the above method yields general macroscopic properties in the form of (72). We
can define a modified posterior probability distribution

p(d|r,S;h) = [Z(r,S;h)]−1ehf(d)p(d|r,S) (78)

wherep(d|r,S) is the original posterior probability distribution and

Z(r,S;h) =
∑
d

ehf(d)p(d|r,S) (79)

is the modified partition function. We can then find

lim
h→0

∂

∂h
〈〈log Z(r,S;h)〉〉

= lim
h→0

〈〈
[Z(r,S;h)]−1

∑
d

f(d)ehf(d)p(d|r,S)

〉〉
(80)

=

〈〈
[Z(r,S)]−1

∑
d

f(d)p(d|r,S)

〉〉
(81)

= 〈〈〈f(d)〉〉〉 . (82)

Clearly, a macroscopic property may be obtained by way of calculating the free energy of the modified system

〈〈log Z(r,S;h)〉〉 (83)

using the replica method.
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3.5 BER

3.5.1 Correlation

In the multiuser detection setting, we study the most important performance measure, the bit-error-rate. We
first consider equal-energy users, i.e.,Pk = 1 for all k. Conditioned on(r,S), the percentage of erroneously
detected bits in the current symbol interval is1

2 [1−M(r,S)] where

M(r,S) =
1
K

d̂>d0 =
1
K

K∑
k=1

sgn(〈dk〉) d0k (84)

is thecorrelation of the detector output and the original transmitted symbols. Although not in the form of
〈f(d)〉, the correlation is a macroscopic quantity and hence also satisfies the self-averaging principle. Hence,
M(r,S) → M with probability 1 asK →∞ where the limit

M = lim
K→∞

〈〈M(r,S)〉〉 (85)

is independent of the spreading sequences and the noise realization. The BER of every user converges in the
large-system limit to

P =
1
2
(1−M). (86)

Due to symmetry of the spreading sequences, as far as the BER is concerned, we can assume that all trans-
mitted symbols are+1, i.e.,d0k = 1 for all k. The average correlation is now〈〈

1
K

K∑
k=1

sgn(〈dk〉)

〉〉
. (87)

If dk represents the local directional magnetization of a spin glass, then the average correlation is the overall
magnetization of the system.

3.5.2 Arbitrary Energy Distribution

For an arbitrary energy distribution, without loss of generality, we study the BER of user 1 only. We assume
first a degenerate energy distribution in which the firstK1 users are received at the same energyP1, such that
α1 = K1/K is a fixed positive number. The firstK1 users share the same BER, which can be written as

P1 =
1
2
(1−M1) (88)

where

M1 = lim
K→∞

〈〈
1

K1

K1∑
k=1

sgn(〈dk〉)

〉〉
. (89)

is well-defined since the correlation inside〈〈·〉〉 is also self-averaging asK1 = α1K → ∞. It suffices then to
evaluate (89).

In case of an arbitrary energy distributionF , we construct a sequence of degenerate distributions,F (l), l =
1, 2, . . . , that converge toF . For eachL, we assume that the firstK

(l)
1 = α

(l)
1 K users in the system take the

same energyP1. In generalα(l) diminishes but is always positive. For eachl, we find a BER for user 1, and
taking the limit yields the BER of user 1 under energy distributionF . This strategy also applies to calculating
the free energy.
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3.5.3 Replica Analysis

The replica method introduced in Section 3.4.2 can be a basis for evaluating the correlations. It is hard to
calculateM1 directly. Consider instead the quantity

lim
K→∞

〈〈
1

K1

K1∑
k=1

〈dk〉i
〉〉

. (90)

If we can solve this for everyi, then we can obtain the correlation (89) by considering a series of polynomials
converging to sgn(·).

However, the quantity (90) can not be written in the form of (72). We circumvent this difficulty by resort-
ing to a variation of the replica method. Without loss of generality, we consider group 1 users, whose BER is
determined by the correlationM1. Consider a replicated system with a posterior probability distribution as

p({da}u
a=1|r,S;h) = Z(−u)(r,S;h) · exp

[
h

K1∑
k=1

i∏
m=1

damk

]
p({da}u

a=1|r,S) (91)

whereZ(−u)(r,S;h) is the inverse of

Z(u)(r,S;h) =
∑
{dak}

exp

[
h

K1∑
k=1

i∏
m=1

damk

]
p({da}u

a=1|r,S) (92)

where
∑
{dak} denotes a sum over alldak ∈ {−1, 1}, a = 1, . . . , u, k = 1, . . . ,K. Note that1 ≤ a1 <

· · · < ai ≤ u are arbitrary indexes selected from theu replicas, andZ(u)(r,S;h) is not a trivial power of
Z(r,S;h). Nevertheless, by differentiating the free energy with respect toh, we get

lim
u→0

∂

∂h

〈〈
log Z(u)(r,S;h)

〉〉∣∣∣∣
h=0

=

〈〈
K1∑
k=1

〈dk〉i
〉〉

. (93)

Equation (93) can be verified by noticing that its left hand side can be evaluated as

lim
u→0

〈〈
Z−u(r,S)

∑
{dak}

(
K1∑
k=1

i∏
m=1

damk

)
p({da}u

a=1|r,S)

〉〉
=

〈〈
K1∑
k=1

i∏
m=1

〈damk〉

〉〉
, (94)

which is equal to the right hand side of (93) since the average in (94) is on a system ofu independent and
statistically identical replicas, where〈dak〉 = 〈dk〉 for all a = 1, . . . , u. Therefore, the free energy of the
modified replicated system is the key to the evaluation of the correlation.

4 Performance Analysis for Linear Detectors

We are now ready to analyze the BER performance of multiuser detectors using the replica method as de-
scribed in Section 3.4. We study linear detectors in this section and then the optimal detectors in Section 5.
The free energy of the linear system is first evaluated. We then calculate the correlation through evaluating
the more involved free energy of a modified posterior probability distribution.
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4.1 Free Energy

We assume the standard Gaussian priors introduced in (47),

p(d) = p(l)(d) = (2π)−
K
2 exp

[
−1

2
‖d‖2

]
, (95)

and let the conditional distribution be defined as (43)

p(r|d,S) = (2πσ2)−
N
2 exp

[
− 1

2σ2
‖r− SAd‖2

]
, (96)

then the posterior probability distribution (44)

p(d|r,S) = p(l)(d|r,S) (97)

corresponds to the conditional mean estimator which can be tuned to the matched filter, the MMSE detector,
or the decorrelator by a control parameterσ.

Consideru replicas of the same Bayes retrochannel with the same inputr andS. They can also be
regarded asu identical and independent spin glasses with the same quenched randomness(r,S). Statistically
there is no difference among these replicas. Letda = [da1, . . . , daK ]>denote the channel outputs (or the spin
glass configuration) of theath replica. The posterior probability distribution for the replicated system is

p({da}u
a=1|r,S) = Z−u(r,S)

u∏
a=1

{
p(da) exp

[
− 1

2σ2
‖r− SAda‖2

]}
(98)

whereZ−u(r,S) is the inverse of

Zu(r,S) =
u∏

a=1

∫
p(da) exp

[
− 1

2σ2
‖r− SAda‖2

]
dda. (99)

Note that (99) can be regarded as an expectation over the postulated prior distribution

Zu(r,S) = E
{dak}

{
u∏

a=1

exp
[
− 1

2σ2
‖r− SAda‖2

]}
(100)

where E
{dak}

{·} denotes the expectation taken over the symbols of the replicated system,dak ∈ {−1, 1},

a = 1, . . . , u, k = 1, . . . ,K.
We assume that, in the free energy expression (76), the order of the limit inK and the limit of the

derivative inu can be exchanged. No rigorous justification of this assumption is available in the literature
except for certain cases such as the S-K model [32]. We follow the assumption so that the free energy can
then be obtained as

F = − lim
u→0

∂

∂u
lim

K→∞

1
K

log 〈〈Zu(r,S)〉〉 . (101)

The average in (101) can be evaluated as an integral

〈〈Zu(r,S)〉〉 =
∫

E
S
{p0(r|d0,S)Zu(r,S)} dr (102)

where the expectation is taken over the distribution of the spreading sequences. Note that in order to take the
average with respect tor, we need to use the true data prior which in this case puts unit mass on the vector
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d0 = [1, . . . , 1]>. For ease of notation, we letσa = σ for a = 1, . . . , u. Then (102) becomes

〈〈Zu(r,S)〉〉

=
∫

E
S

{
(2πσ2

0)−
N
2 exp

[
− 1

2σ2
0

‖r− SAd0‖2
]

E
{dak}

{
u∏

a=1

exp
[
− 1

2σ2
‖r− SAda‖2

]}}
dr (103)

=
∫

E
S

(2πσ2
0)−

N
2 E
{dak}


N∏

n=1

u∏
a=0

exp

− 1
2σ2

a

(
rn −

1√
N

K∑
k=1

√
Pk snkdak

)2


(

N∏
n=1

drn

)
(104)

= E
{dak}


∫

(2πσ2
0)−

1
2 E

s


u∏

a=0

exp

− 1
2σ2

a

(
r − 1√

N

K∑
k=1

√
Pk skdak

)2
dr


N

(105)

where the inner expectation in (105) is now taken overs = [s1, . . . , sK ], a vector of i.i.d. random chips taking
the same distribution as thesnk ’s. Fora = 0, 1, . . . , u, we define a set of random variables

va =
1√
K

K∑
k=1

√
Pk skdak. (106)

The expectation overs in (105) can be replaced by an expectation over the random vectorv = [v0, v1, . . . , vu]>,
which is dependent ondak ’s. Hence (105) can be rewritten as

〈〈Zu(r,S)〉〉 = E
{dak}

{
exp

[
β−1 ·K ·G(u)

K ({dak})
]}

(107)

where

G
(u)
K ({dak}) = log

∫
(2πσ2

0)−
1
2 E
v

{
u∏

a=0

exp
[
− 1

2σ2
a

(
r −

√
β va

)2
]}

dr. (108)

In order to find the free energy, we first evaluateG
(u)
K in the large-system limit. Note that thesk ’s are

i.i.d. random chips. For fixeddak ’s, eachva is a sum ofK weighted independent random chips, and hence
converges to a Gaussian random variable asK → ∞. In fact, due to a generalization of the central limit
theorem, the variables{va}u

a=0 converge to a set of jointly Gaussian random variables, with zero mean and
covariance matrixQ, where

Qab = E
s
{vavb} =

1
K

K∑
k=1

Pkdakdbk, a, b = 0, . . . , u. (109)

Note that although not made explicit in the notation,Qab is a function of{dak, dbk}K
k=1. Trivially, Q00 = 1.

The reader is referred to Appendix 9 for a justification of the asymptotic normality through the Edgeworth
expansion [33]. As a result, we have

exp
[
G

(u)
K ({dak})

]
= exp

[
G(u)(Q)

]
+O(K−1) (110)

where

G(u)(Q) = log
∫

(2πσ2
0)−

1
2 E
v(Q)

{
u∏

a=0

exp
[
− 1

2σ2
a

(
r −

√
β va

)2
]}

dr (111)

assuming thatv(Q) is a Gaussian random vector with covariance matrixQ. In Appendix 10 we evalu-
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ate (111) and obtain

G(u)(Q) = −1
2

log det(I + ΣQ)− 1
2

log
(

1 + u
σ2

0

σ2

)
(112)

whereΣ is a(u + 1)× (u + 1) matrix with the(a, b) entry

Σab =
β

σ2
a

δ(a, b)− βσ2
0σ2

σ2
aσ2

b (σ2 + uσ2
0)

(113)

whereδ(a, b) is 1 if a = b and 0 otherwise.
By (107) and (110), we have

1
K

log 〈〈Zu(r,S)〉〉 =
1
K

log E
{dak}

{
exp

[
β−1 ·K ·G(u)(Q)

]
+O(1)

}
(114)

=
1
K

log
∫

exp
[
β−1 ·K ·G(u)(Q)

]
dµ

(u)
K (Q) +O(K−1) (115)

where the expectation over{dak} is reduced to an integral over the probability measure ofQ, expressed as

µ
(u)
K (Q) = E

{dak}


u∏

a≤b

′

δ

(
K∑

k=1

Pkdakdbk −KQab

) (116)

whereδ(·) is the Dirac function. From Craḿer’s theorem in the large deviations theory, we know that, the
probability measure of the empirical meansQab = 1

K

∑K
k=1 Pkdakdbk satisfies, asK → ∞, the large

deviation property with some rate functionI(u)(Q) [34]. From (115), we have by Varadhan’s theorem

lim
K→∞

1
K

log 〈〈Zu(r,S)〉〉 = sup
Q

[β−1 ·G(u)(Q)− I(u)(Q)] (117)

where the supreme is over all possibleQ that can be resulted from varyingdak ’s in (109).
The problem is now to evaluateI(u) and then find the extremum in (117). Using the Fourier transform

representation of the Dirac function and through some algebra as shown in Appendix 11, we rewrite the
measure as

µ
(u)
K (Q) =

∫
exp

K

E
P
{log X(u, P )} −

u∑
a≤b

′

Q̃abQab

 u∏
a≤b

′
dQ̃ab

2πj

 (118)

where

X(u, P ) = E
{da}

exp

P
u∑

a≤b

′

Q̃abdadb

 (119)

where the E
{da}

{·} is taken over i.i.d. random symbolsd1, . . . , du taking the same distribution asdak. In (118)

and (119),
∏u

a≤b
′ is the product and

∑u
a≤b

′ the sum running over all pairs of(a, b) that0 ≤ a ≤ b ≤ u but

b > 0. Note the only occurrence ofK as an exponential factor in (118). The rateI(u) can be identified as

I(u)(Q) = − sup
Q̃

E
P
{log X(u, P )} −

u∑
a≤b

′

Q̃abQab

 . (120)

20



Together with (117), we have

lim
K→∞

1
K

log 〈〈Zu(r,S)〉〉

=sup
Q

− 1
2β

log det(I + ΣQ) + sup
Q̃

E
P
{log X(u, P )} −

u∑
a≤b

′

Q̃abQab

− 1
2β

log
(

1 + u
σ2

0

σ2

)
.

(121)

To find the extremum in (121) with respect toQ andQ̃ directly is a prohibitive task. Instead, we assume
replica symmetry, i.e., fora, b = 1, . . . , u, a 6= b,

Q0a = E {v0va} = m (122a)

Qab = E {vavb} = q (122b)

Qaa = E
{
v2

a

}
= p (122c)

and

Q̃0a = E (123a)

Q̃ab = F (123b)

Q̃aa = G/2. (123c)

We seek the extremum with the above replica symmetry constraint. The replica symmetry is a convenient
choice over all possible ansatz. It is valid in most cases of interest in the large-system limit due to symmetry
over replicas. The reader is referred to [32, 28] for a discussion on the validity of replica symmetry. Although
no rigorous justification of replica symmetry is available in the literature, its successful use in physics and
other areas gives strong evidence that replica symmetry should also be sensible in the CDMA multiuser
detection problem. In this paper, we follow this assumption and rederive many known results and obtain
some new results. In case replica symmetry is not true, the resulting BER is an upper bound of the true
system performance.

In Appendix 10, we evaluate (111) under replica symmetry and obtain

G(u)(m, q, p) = −u− 1
2

log
(

1 +
β

σ2
(p− q)

)
− 1

2
log
[
1 +

β

σ2
(p− q) +

u

σ2

(
σ2

0 + β(1− 2m + q)
)]

.

(124)

In Appendix 11, we find the rate of (118) and obtain

I(u)(E,F,G,m, q, p)

=− E
P

{
−u− 1

2
log(1 + P (F −G))− 1

2
log(1 + (1− u)PF − PG) +

uP 2E2

2(1 + (1− u)PF − PG)

}
+ uEm +

u(u− 1)
2

Fq +
u

2
Gp.

(125)

21



By (101) and (117), the free energy is therefore

F = − lim
u→0

∂

∂u

[
β−1 ·G(u) − I(u)

]
(126)

=
1
2
E
P

{
log(1 + P (F −G))− P 2E2 + PF

1 + P (F −G)

}
+ Em− 1

2
Fq +

1
2
Gp

+
1
2β

log
(

1 +
β

σ2
(p− q)

)
+

1
2β

σ2
0 + β(1− 2m + q)

σ2 + β(p− q)
(127)

where the parameters(m, q, p, E, F,G) are such thatG(u) andI(u) achieve their respective saddle-point so
that the free energy achieves its extremum. It is not difficult to see by equating the partial derivatives of the
free energy to zero that the parameters are the solution to the following set of joint equations

E =
1

σ2 + β(p− q)
(128a)

F =
σ2

0 + β(1− 2m + q)
[σ2 + β(p− q)]2

(128b)

G =
β(1− 2m + 2q − p) + (σ2

0 − σ2)
[σ2 + β(p− q)]2

(128c)

m = E
P

{
P 2E

1 + P (F −G)

}
(128d)

q = E
P

{
P 3E2 + P 2F

[1 + P (F −G)]2

}
(128e)

p = E
P

{
P

1 + P (2F −G) + P 2E2

[1 + P (F −G)]2

}
. (128f)

We call (128) the saddle-point equations. Immediately,

G = F − E (129a)

p = 1−m + q. (129b)

The free energy is then simplified as

F (l) =
1
2
E

{
log(1 + PE)− P 2E2 + PF

1 + PE

}
+

E

2
(3m− 1− q) +

F

2
(1−m)

+
1
2β

log
(

1 +
β

σ2
(1−m)

)
+

1
2β

σ2
0 + β(1− 2m + q)
σ2 + β(1−m)

where the simplified saddle-point equations are

E =
1

σ2 + β(1−m)
(130a)

m = E
P

{
P 2E

1 + PE

}
(130b)

F =
σ2

0 + β(1− 2m + q)
[σ2 + β(1−m)]2

(130c)

q = E
P

{
P 3E2 + P 2F

(1 + PE)2

}
. (130d)
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Clearly, (130a)–(130b) can be used to solveE andm independent of the other variables. We can then solve
F andq from (130c)–(130d).

4.2 The Correlation

As described in Section 3.5, we calculate the correlation by studying a modified replicated system the partition
function of which is given by (92) and can be rewritten as

Z(u)(r,S;h) = E
{dak}

{
exp

[
h

K1∑
k=1

i∏
m=1

damk

]
u∏

a=1

exp
[
− 1

2σ2
‖r− SAda‖2

]}
, (131)

where we also assume that the firstK1 users take the same energyP1. In Appendix 12 we evaluate the
following quantity

lim
u→0

K−1
1

∂

∂h
log 〈〈Zu(r,S;h)〉〉

∣∣∣∣
h=0

(132)

and plugging into (93) yields

lim
K→∞

〈〈
1

K1

K1∑
k=1

〈dk〉i
〉〉

= E
z

{(
P1E +

√
P1F z

1 + P1E

)i
}

. (133)

By considering a series of polynomials converging to sgn(·), we have by (89) and (133)

M1 = E
z

{
sgn

(
P1E +

√
P1F z

1 + P̄1E

)}
. (134)

Also noting thatE > 0, we have

M1 = E
z

{
sgn
(
P1E +

√
P1F z

)}
(135)

= P

(
z > −

√
P1

E2

F

)
− P

(
z < −

√
P1

E2

F

)
(136)

= 1− 2 Q

(√
P1

E2

F

)
(137)

By (88), we can easily conclude that user 1 takes the BER

P1 = Q

(√
P1

E2

F

)
(138)

whereE andF are obtained through saddle-point equations (130).
The above results can be easily generalized to the case of an arbitrary energy distributionF . Noting that

E andF in (138) depend only on the distributionF , the BER of userk with energyPk converges to

Pk = Q

(√
Pk

E2

F

)
. (139)
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The multiuser efficiency

η =
E2

F
σ2

0 =
1

1 + β
σ2
0
(1− 2m + q)

(140)

is independent of the user number. The effective energy of userk, σ2
0PkE2/F , is proportional to one’s own

transmit energy. The output SIR for userk is clearlyPkE2/F .

4.3 Replica Symmetry Stability

The validity of the replica symmetry can be checked against symmetry breaking. The replica symmetry
solution is stable if the Hessian of the free energy with respect to replica symmetry breaking perturbation is
positive definite. The boundary between the replica symmetry stable region and the unstable region in the
parameter space is called the AT line.

Following [28], we find that for linear detectors, stability is guaranteed if

1− βm2 > 0. (141)

Note that even if the free energy is stable against symmetry breaking perturbation, replica symmetry may
not be true since the minimum of the free energy may be achieved at a point that is not symmetric in the
replicas. In case replica symmetry is true, the multiuser efficiency result (140) is exact. Otherwise it is a
lower bound of the true efficiency, since the true free energy of the system is less than that achieved with the
replica symmetry constraint.

4.4 Linear Multiuser Detectors

4.4.1 The Matched Filter

Let σ →∞ so that the conditional mean estimator studied in this section becomes equivalent to the matched
filter. The saddle-point equations giveE,F → ∞ andm, p → 0 and therefore by (140), the multiuser
efficiency is exactlyη(mf) given by (16) in section 2.

4.4.2 The MMSE Detector

Let σ = σ0 so that the conditional mean estimator becomes the MMSE detector. Equation (130c) reduces to

F = E +
β(q −m)

[σ2 + β(1−m)]2
. (142)

Interestingly, equations (130b) and (130d) lead to

q −m = E

{
P 2(F − E)
(1 + PE)2

}
. (143)

Plugging into (142), we see that

F − E = (F − E) · β E

{
P 2E2

(1 + PE)2

}
. (144)

It is not difficult to check that

β E

{
P 2E2

(1 + PE)2

}
(145)
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cannot take the value of 1, otherwise it contradicts (130a) and (130b). Therefore,

F = E (146)

and as a consequence,

q = m. (147)

Plugging (146)–(147) into the saddle-point equations (130) and eliminating all variables butE, we get

E =
1

σ2
0 + β E

{
P

1+PE

} . (148)

Note thatη = σ2
0E. A rearrangement of the above is exactly the Tse-Hanly equation given as (22) in section 2.

Interestingly,E has the physical meaning of the average value of the output SIR of the MMSE detector.
It is not difficult to show that (141) always holds, hence replica symmetry is always stable for the MMSE

detector.

4.4.3 The Decorrelator

Consider now the caseσ → 0, where the conditional mean estimator converges to the decorrelator. Equa-
tions (130a)–(130b) give

Eσ2 + β E

{
PE

1 + PE

}
= 1. (149)

Supposeβ < 1. As σ → 0 we must haveE → ∞. By (130b),m → 1. Plugging (130c) into (130d) and
taking the limitE →∞ andm → 1, we get

q = 1 +
σ2

0

1− β
. (150)

Therefore, by (140),

η(dec) = 1− β, β < 1. (151)

If β > 1, lettingσ → 0 in (149) yields a finite solution forE as the unique solution to

β E

{
PE

1 + PE

}
= 1. (152)

The parameterm is then determined by (130b) andq solved from (130c)–(130d). The multiuser efficiency
is found as a positive number by (140). In the special case of equal-energy users,E = 1/β − 1 and some
algebra gives

η(dec) =
β − 1

(β − 1)2 + βσ2
0

, β > 1, (153)

which was also obtained through matrix eigenvalue analysis in [35]. Somewhat counterintuitively, by letting
K > N the decorrelator gets out of the poor performance atK less than but close toN . The reason is that
whenK < N but K ≈ N , the decorrelator may smother the desired user’s signal while trying to tune out
interferences. WhenK > N , however, there is no hope of tuning out all interferences and the decorrelator
finds a least-square solution instead, which gives non-zero multiuser efficiency. Nevertheless, since the BER
has an error floor in this case, the asymptotic (low noise) multiuser efficiency is 0 forβ > 1.
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5 The Optimal Detectors

The method developed in section 4 can also be applied to analyze the performance of the optimal detectors.
Let the postulated prior distribution be the true priors (1), and the postulated conditional distribution be (43)
with a control parameterσ. Then the posterior probability distribution is given as by (53)

p(d|r,S) = p(o)(d|r,S). (154)

We consideru replicas of the retrochannel. The partition function is

Zu(r,S) = 2−uK
∑
{dak}

u∏
a=1

exp
[
− 1

2σ2
‖r− SAda‖2

]
. (155)

It is then straightforward to evaluate the free energy by definition (74) using the techniques developed in
Section 4. Details are relegated to Appendix 13 and the result is

F (o) =− E
P,z

{
log cosh

(
PE +

√
PF z

)}
+ Em +

1
2
F (1− q)

+
1
2β

log
(

1 +
β

σ2
(1− q)

)
+

1
2β

σ2
0 + β(1− 2m + q)

σ2 + β(1− q)
,

(156)

where the parameters{E,F, m, q} satisfy the saddle-point equations

E =
1

σ2 + β(1− q)
(157a)

m = E
P,z

{
P tanh

(
PE +

√
PF z

)}
(157b)

F =
σ2

0 + β(1− 2m + q)
[σ2 + β(1− q)]2

(157c)

q = E
P,z

{
P tanh2

(
PE +

√
PF z

)}
. (157d)

Following the same procedure as that for the linear detectors, in Appendix 13 we obtain the correlation
for a group of equal energy users as

lim
K→∞

〈〈
1

K1

K1∑
k=1

〈dk〉i
〉〉

= E
z

{
tanhi

(
P1E +

√
P1F z

)}
. (158)

Hence we have the same expression for the correlation as (134). The multiuser efficiency is given by the
same (140) where the parametersm andq are the solution to (157).

Following [28], the replica symmetry solution is stable against symmetry breaking if

1− βE2E
{

P cosh−4
(
PE +

√
PF z

)}
> 0. (159)

In case replica symmetry is true, the multiuser efficiency result (140) is exact; otherwise it is a lower bound
of the true efficiency.

5.1 The IO and the JO Detector

As shown in Section 3.1.2, various types of detectors can be achieved by tuning the control parameterσ. In
particular, the conditional mean estimator reduces to the matched filter ifσ →∞. In this casem, q → 0 and
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we get the matched filter efficiency (16) by (140).
In case ofσ = σ0, the conditional mean estimator is exactly the IO detector. Notice that for allx,

E
z

{
tanh(x +

√
x z)− tanh2(x +

√
x z)

}
=

1√
2πx

∫
e−

(y−x)2

2x

[
tanh(y)− tanh2(y)

]
dy (160)

=
1√
2πx

e−
1
2 x

∫
e−

y2

2x
ey − e−y

(ey + e−y)2
dy (161)

= 0 (162)

since the integrand in (161) is an odd function. It can be shown that the solution to the saddle-point equations
satisfiesF = E andq = m. Therefore the multiuser efficiency,σ2

0E, can be found as the solution to the
fixed-point equation (38), which is repeated here in a slightly different form:

η +
βη

σ2
0

[
1− E

P,z

{
P tanh

(
ηP

σ2
0

+

√
ηP

σ2
0

z

)}]
= 1. (163)

It is not difficult to show that the replica symmetry is always stable for the IO detector. The result (163)
covers the previous result (29) as a special case of perfect power control.

In caseσ → 0, saddle-point equations (157) jointly determine the performance of the JO detector. The
multiuser efficiency can be obtained by (140).

There may be multiple solutions to the saddle-point equations (157). For certain system loadβ, noise
level and input energies, three solutions coexist, namely, the unequivocal solution with the smallest BER, the
indecisive solution with larger BER, and a physically unstable solution. We take the solution that minimizes
the free energy as the valid solution. The reason is that for every realization of the spreading sequences and
the noise, the detector makes its decision by minimizing the Hamiltonian, and henceforth the free energy
achieves its minimum. Numerical examples show that physically unstable solution is always ruled out. The
resulting BER vs. SNR performance has a water-fall effect.

5.2 Asymptotic Multiuser Efficiency

Prior to this work, the asymptotic multiuser efficiency, defined as the multiuser efficiency in the zero-noise
limit [1], has been studied for the optimal detectors. Tse and Verdú reported that single-user performance is
essentially achieved if the zero-noise limit is taken first and then the large-system limit, and posed the question
whether the two limits commute [6]. Tanaka cautions that when unequivocal and indecisive solutions to the
saddle-point equations coexist, the multiuser efficiency is 0 if the large-system limit is taken first due to
ergodicity breaking [28].

We note, however, in the case of the optimal detectors, the performance is monotonic in the signal-to-noise
ratio for any finite size system. Monotonicity is still true in the large-system limit. Therefore, the large-system
multiuser efficiency is monotonically increasing in the input signal-to-noise ratio. In case multiple solutions
to the saddle-point equations coexist, a water-fall is observable in the efficiency vs. SNR performance. In the
following we establish from the newly obtained large-system efficiency result that, in the zero-noise limit, the
large-system efficiency converges to 1, and thereby gives an explicit mathematical treatment of this problem.

By (157), the multiuser efficiency,η = E2

F σ2
0 can be expressed as

η =
1

1 + β
σ2
0
E

{
P
[
1− tanh

(
PE +

√
PF z

)]2} . (164)
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Note that

1
σ2

0

E

{
P
[
1− tanh

(
PE +

√
PF z

)]2}
=

1
η

E2

F
E

{
4P
[
e2(PE+

√
PF z) + 1

]−2
}

. (165)

To prove thatη → 1, it suffices to show that the right hand side of (165), which can be explicitly written as
an integral

4√
2π

∫ ∫
P

E2

F

[
e2(PE+

√
PF z) + 1

]−2

e−
z2
2 dz dF (P ) (166)

diminishes in the zero-noise limit. It is not difficult to verify from (157) that in the limit ofσ < σ0 → 0, the
parametersE,F →∞ andm, q → 1. Clearly, the integrand in (166) diminishes for allz andP in the zero-
noise limit. The bounded convergence theorem [36] guarantees that the integral of (166) also converges to 0
as long as the integrand is bounded for allz, P and sufficiently largeE, F . Boundedness is straightforward
by noticing that the integrand is upper bounded by

x2e−
z2
2 e−4y(x+z) ≤ e−7/4 (167)

wherex =
√

PE2/F > 0 andy =
√

PF > 1 for F > 1/Pmin. Note that the multiuser efficiency (164)
is a lower bound of the true multiuser efficiency in case replica symmetry is not valid. In all, the optimal
multiuser efficiency is unanimously 1 regardless of the order to take the zero-noise and large-system limits.

6 Discussions

The parametersm andq have interesting physical meanings. Take the linear detector for example. Consider
a degenerate energy distribution in which the firstK1 users take equal energyP1. By letting i = 1 in (133),
we get

lim
K→∞

〈〈
1

K1

K1∑
k=1

〈dk〉

〉〉
=

P1E

1 + P1E
(168)

and by lettingi = 2,

lim
K→∞

〈〈
1

K1

K1∑
k=1

〈dk〉2
〉〉

=
P 2

1 E2 + P1F

(1 + P1E)2
. (169)

With slight abuse of notation we define

〈〈x〉〉 = lim
K→∞

〈〈
1
K

K∑
k=1

Pkxk

〉〉
. (170)

Then we easily find

〈〈 〈d〉 〉〉 = lim
K→∞

〈〈
1
K

K∑
k=1

Pk 〈dk〉

〉〉
(171)

= E
P

{
P

PE

1 + PE

}
(172)

= m. (173)
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Figure 2: A canonical interference canceller.

Similarly, 〈〈
〈d〉2

〉〉
= q. (174)

The same expressions are resulted if we start with (158) for the optimal detectors. Indeed, (173)–(174) are
true for all multiuser detectors studied in this paper.

Let

ζ = 1− 2m + q. (175)

One finds that

ζ = 1− 2 〈〈 〈d〉 〉〉+
〈〈
〈d〉2

〉〉
(176)

=
〈〈
(1− 〈d〉)2

〉〉
. (177)

Recall that the transmitted symbold0k = 1 for each userk. The right hand side of (177) is the mean square
error of the conditional mean estimator output. Interestingly, the multiuser efficiency is then expressed in the
mean square error as

η =
1

1 + ζ β
σ2
0

(178)

by (140). Comparing it with the matched filter efficiency (16),

η(mf) =
1

1 + β
σ2
0

, (179)

we see that a multiuser detector behaves as a matched filter with a spreading factor expanded by a factor of
1/ζ, or a user population reduced by a factor ofζ, or an enhanced Gaussian noise variance byζβ, whereζ
is the mean square error of the soft output of the corresponding conditional mean estimator. The expression
also reminds us a simple interpretation of the multiuser efficiency. The “1” in the denominator in (178) is
contributed by thermal noise, while the termζβ/σ2

0 is contributed by the output MAI.
We conclude by giving a canonical interference canceller as shown in Fig. 2 which makes use of the
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conditional mean estimator’s output to reconstruct the interference for cancellation before matched filtering
by the desired user’s spreading codes. The soft output for user 1 is expressed as

d̃1 = sH
1

(
r−

K∑
k=2

√
Pk sk 〈dk〉

)
(180)

=
√

P1 d01 +
K∑

k=2

sH
1sk

√
Pk (d0k − 〈dk〉) + σ0w1 (181)

wherew1 is a standard Gaussian random variable. An important observation here is that the MAI term is
asymptotically Gaussian with a varianceζβ, so that the resulting multiuser efficiency as expressed by (178).
The canonical structure suggests interference cancellation structure for implementing the multiuser detectors,
if the posterior mean output for interfering users can be approximated by interference cancellers of the same
structure.

7 Spectral Efficiency

The sum capacity of a multiuser channel is equal to the maximum mutual information between transmitted
symbols and the received signal, or, equivalently, the reduction in uncertainty about the source due to the
received signal. The free energy turns out to be a very relevant measure of the uncertainty of the system. In
this section, the relationship in between the sum capacity and the free energy is revealed. We explicitly find
the sum capacity of a multiuser CDMA channel given an arbitrary energy distribution for both binary and
Gaussian inputs, the latter of which is the optimal input distribution to the multiuser channel.

Assuming the spreading sequences are known and fixed, the mutual information between the symbols
and the received signal is

I(d; r|S) = E

{
log

p0(r|d,S)
p(r|S)

}
(182)

= E {log p0(r|d,S)}+ E {− log p(r|S)} . (183)

Note thatp0(r|d,S), given as (6), is a Gaussian density, and we have

E {log p0(r|d,S)} = E
{
log p(σ2

0ν)
}

(184)

= −N

2
(
1 + log(2πσ2

0)
)
. (185)

In the meantime,p(r|S) is proportional to the partition functionZ(r,S) given in (45)

p(r|S) = (2πσ2
0)−

N
2 Z(r,S). (186)

Hence by (185) and (186), the mutual information per dimension is

1
N

I(d, r|S) = −1
2

+ β
1
K

E {− log Z(r,S)} , (187)

the maximum of which is the spectral efficiency. By definition of the free energy (74), the capacity is found
in the large system limit as

C = βF − 1
2
, (188)

i.e.,β times the free energy minus a half nat.
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7.1 Gaussian Inputs

The Gaussian prior is known to give the maximum of the mutual information. Letdk ’s be independent
standard Gaussian random variables so that the prior distribution is expressed by (47). Then the free energy
is obtained similarly as in Section 4,

F = F (l) |σ=σ0 . (189)

Noticing (130a)–(130b) and thatη(mmse)= σ2
0E, we have

F =
1
2
E

{
log
(

1 +
η(mmse)

σ2
0

P

)}
+

η(mmse)− log η(mmse)

2β
(190)

whereη(mmse)is the multiuser efficiency of an “optimal” detector for Gaussian inputs, i.e., the MMSE receiver.
Therefore, the spectral efficiency is exactly (31), which is repeated here,

C =
β

2
E

{
log
(

1 +
η(mmse)

σ2
0

P

)}
+

1
2
(η(mmse)− 1− log η(mmse)). (191)

Not surprisingly, independent fading on an equal transmit energy system is a perfect cause of the energy
distribution. Therefore we have obtained the spectral efficiency as a function of the multiuser efficiency. In
fact, we can identify the first term on the right hand side of (191) to be the spectral efficiency of the linear
MMSE receiver, i.e., if single-user decoding is applied to the linear MMSE output.

7.2 Binary Inputs

It is practically very interesting to know the spectral efficiency of the multiuser channel where the input
symbols to the channel are constrained to be antipodally modulated. Equally probable±1’s maximizes the
mutual information in this case. The free energy is obtained similarly as in Section 5,

F = F (o)|σ=σ0. (192)

The resulting capacity of the multiuser CDMA channel subject to binary inputs is

C = −βE

{
log cosh

(
η(io)P

σ2
0

+

√
η(io)P

σ2
0

z

)}
+

βη(io)

σ2
0

+
1
2
(
η(io) − 1− log η(io)

)
(193)

whereη(io) is the efficiency of the individually optimal detector.
We can identify that the first term on the right hand side of (191) is the total capacity of the multiuser

CDMA channel if single-user decoding is applied to the output of the MMSE receiver. Similarly, first two
terms on the right hand side of (193) add up to be the total capacity of the multiuser CDMA channel if only
binary inputs is allowed and single-user decoding is applied to the individually optimal detector output [37].
Striking similarity in the capacity loss due to separation of detection and decoding in the two cases is also
pointed out in [37].

The spectral efficiency gives the maximum total number of bits per second per chip that can be transmitted
reliably from all users to the receiver over the multiuser channel. Unfortunately it does not easily break down
to a rate combination of individual users that achieves it as (191) and (193) may seem to suggest.

8 Conclusion

This paper exploits the connection between large-system multiuser detection and statistical mechanics, and
presents a new interpretation of multiuser detection in general.
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We first introduced the concept of Bayes retrochannel, which takes the received signal as the input and
outputs a stochastic estimate of the transmitted symbols. By assuming an appropriate prior distribution and
a channel characteristic that may be different to the true ones, a multiuser detector can be expressed as a
conditional mean estimator that outputs the mean value of the stochastic output of the Bayes retrochannel.

The Bayes retrochannel is equivalent to a spin glass in the sense that the distribution of its stochastic
output conditioned on the received signal is exactly the distribution of the spin glass at thermal equilibrium.
The performance of the multiuser detector is then found as a certain macroscopic property of the spin glass.
In particular, the BER can be obtained through calculating the overlap of the spin glass. In the large-system
limit, the macroscopic properties as such can be solved by powerful tools developed in statistical mechanics.

In this paper we have solved through a unified analysis the large-system uncoded BER of the matched
filter, the MMSE detector, the decorrelator, the individually and jointly optimal detectors. We show that
under arbitrary received energy distribution, the large-system BER is uniquely determined by the multiuser
efficiency, which has a very simple relationship with the output mean square error of the conditional mean
estimator. The relationship also implies that a multiuser detector is in general equivalent in performance
to interference subtraction using a conditional mean estimator obtained for certain prior and conditional
distribution (depending on the detector), and the remaining interference is always Gaussian distributed in the
large-system limit.

By identifying the relationship of the mutual information and the free energy, we have also obtained the
spectral efficiency of the multiuser CDMA channel with binary input constraint or not.

9 Asymptotic Jointly Gaussian Distribution of {v}
A proof of asymptotic joint normality in [28, Appendix B] using the Edgeworth expansion [33] of the prob-
ability density function is flawed since the discrete nature ofv does not allow a density function. A simple
remedy is to use the cumulative distribution function (c.d.f.) instead. Odd order cumulants ofv are all zero.
The second- and fourth-order cumulants ofv are given by

κa,b = E {vavb} = Qab (194)

and

κa,b,c,d = E {vavbvcvd} − E {vavb}E {vcvd} − E {vavc}E {vbvd} − E {vavd}E {vbvc} (195)

= K−2
K∑

k=1

P 2
k dakdbkdckddk (196)

= O(K−1) (197)

for all a, b, c, d = 0, . . . , u. Higher order cumulants areO(K−2). Therefore, the joint c.d.f. ofv allows an
Edgeworth expansion,

F (v) = F0(v) +
1

4! ·K

u∑
a,b,c,d=0

(
1
K

K∑
k=1

P 2
k dakdbkdckddk

)
∂4F0(v)

∂va∂vb∂vc∂vd
+ O(K−2) (198)

whereF0 is the c.d.f. of joint Gaussian variables with a covariance ofQ [33]. In the limit of K → ∞, the
distribution converges to the Gaussian distrubutionF0.
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10 Evaluation ofG(u)

Equation (111) can be evaluated as follows.

exp
[
G(u)(Q)

]
= E

v(Q)

{∫
(2πσ2

0)−
1
2

u∏
a=0

exp
[
− 1

2σ2
a

(
r −

√
β va

)2
]

dr

}
(199)

= E
v(Q)

{
(σ2

0)−
1
2

∫
(2π)−

1
2 exp

[
−1

2

(
u∑

a=0

1
σ2

a

)
r2 +

u∑
a=0

√
βva

σ2
a

r − 1
2

u∑
a=0

βv2
a

σ2
a

]
dr

}
(200)

= E
v(Q)


(

σ2
0

u∑
a=0

1
σ2

a

)− 1
2

exp

1
2

β
(∑u

a=0
va

σ2
a

)2

∑u
a=0

1
σ2

a

− 1
2

u∑
a=0

βv2
a

σ2
a


 (201)

=
(

1 + u
σ2

0

σ2

)− 1
2

E
v(Q)

{
exp

[
−1

2
v>Σv

]}
(202)

=
(

1 + u
σ2

0

σ2

)− 1
2
∫

exp
[
−1

2
v>(Σ + Q−1)v

]
dv (203)

whereΣ is a(u + 1)× (u + 1) matrix with the(a, b) entry given by

Σab =
β

σ2
a

δ(a, b)− βσ2
0σ2

σ2
aσ2

b (σ2 + uσ2
0)

. (204)

Regarding the integral in (203) as a scaled total mass of a Gaussian random vector with covariance(Σ + Q−1)
yields

exp
[
G(u)(Q)

]
=
[(

1 + u
σ2

0

σ2

)
det(I + QΣ)

]− 1
2

(205)

and taking logarithm leads to (112).
Under the replica symmetry assumption (122) for linear detectors, we evaluate (112) through careful

algebra. Note that bothΣ andQ take the form of
x y · · · · · · y
z v + w
...

... v
... v

...
z v + w

 , (206)
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the matrix(I + QΣ) takes the same form where

x = 1 +
uβ(1−m)
σ2 + uσ2

0

(207a)

y = −β(1−m)
σ2 + uσ2

0

(207b)

z =
β(um− uq + q − p)

σ2 + uσ2
0

(207c)

v =
β

σ2 + uσ2
0

[
q −m +

σ2
0

σ2
(q − p)

]
(207d)

w = 1 +
β

σ2
(p− q). (207e)

Using

det(I + QΣ) = [x(uv + w)− uyz] · wu−1, (208)

it is straightforward to show that

exp
[
G(u)(Q)

]
=
(

1 +
β

σ2
(p− q)

)−u−1
2
[
1 +

β

σ2
(p− q) +

u

σ2

(
σ2

0 + β(1− 2m + q)
)]− 1

2

. (209)

Taking logarithm yields (124).

11 Evaluation of I(u)

We first use the Fourier transform representation of Dirac function

δ(x) =
1

2πj

∫ j∞+t

−j∞+t

exp
(
Q̃ · x

)
dQ̃, ∀ t ∈ R (210)

to rewrite

δ

(
K∑

k=1

Pkdakdbk −KQab

)
=

1
2πj

∫
exp

[
Q̃ab

(
K∑

k=1

Pkdakdbk −KQab

)]
dQ̃ab. (211)
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From (116),

µ
(u)
K (Q)

= E
{dak}


∫ u∏

a≤b

′

exp

[
Q̃ab

(
K∑

k=1

Pkdakdbk −KQab

)] u∏
a≤b

′
dQ̃ab

2πj

 (212)

=
∫

E
{dak}

exp

 K∑
k=1

Pk

u∑
a≤b

′

Q̃abdakdbk


u∏

a≤b

′

exp
[
−KQ̃abQab

] u∏
a≤b

′
dQ̃ab

2πj

 (213)

=
∫ K∏

k=1

E
{da}

exp

Pk

u∑
a≤b

′

Q̃abdadb


u∏

a≤b

′

exp
[
−KQ̃abQab

] u∏
a≤b

′
dQ̃ab

2πj

 (214)

=
∫

exp

K

E
P

log E
{da}

exp

P
u∑

a≤b

′

Q̃abdadb


−

u∑
a≤b

′

Q̃abQab

 u∏
a≤b

′
dQ̃ab

2πj

(215)

where the integral over each̃Qab is from −j∞ + tab to j∞ + tab for some real numbertab. It is then
straightforward to write (118) by definingX(u, P ) as (119).

The integrand in (118) is an analytical function on the multi-dimensional complex space. Due to the
exponential factorK, the integral (118) is dominated by the value of the integrand evaluated at its maximum.
This can be justified as follows. The saddle point of the integrand can be found by setting its derivative with
respect to each̃Qab to 0. The exponential function can be expanded by Taylor series at the vicinity of the
saddle point. Higher order terms can be shown to diminish with a rate faster than1

K . Therefore, the leading

term dominates the integral in theK →∞ limit and the rate ofµ(u)
K is given as (120).

In the linear detector case, assuming replica symmetry (123), we have

X(u, P )

= E
{da}

exp

P
u∑

a=1

Q̃0ada + P
u∑

1≤a≤b

Q̃abdadb

 (216)

= E
{da}

exp

PE
u∑

a=1

da + PF
u∑

1≤a<b

dadb +
1
2
PG

u∑
a=1

d2
a

 (217)

= E
{da}

exp

PE

u∑
a=1

da +
1
2
PF

(
u∑

a=1

da

)2

− 1
2
P (F −G)

u∑
a=1

d2
a

 . (218)

We use a standard trick to linearize the exponent,

e
1
2 x2

= E
z
{exz} , ∀x (219)
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where we usez to represent a standard Gaussian random variable throughout this paper. We have

X(u, P )

= E
z

{
E
{da}

{
exp

[(
PE +

√
PF z

) u∑
a=1

da −
1
2
P (F −G)

u∑
a=1

d2
a

]}}
(220)

= E
z

{
E
d

{
exp

[(
PE +

√
PF z

)
d− 1

2
P (F −G)d2

]}}u

(221)

= E
z

(1 + P (F −G))−
u
2 exp

u
(
PE +

√
PF z

)2

2(1 + P (F −G))


 (222)

= (1 + P (F −G))−
u−1

2 (1 + (1− u)PF − PG)−
1
2 exp

[
uP 2E2

2(1 + (1− u)PF − PG)

]
. (223)

Meanwhile,

u∑
a≤b

′

Q̃abQab =
u∑

b=1

Q̃0bQ0b +
u∑

1≤a<b

Q̃abQab +
u∑

a=1

Q̃aaQaa (224)

= uEm +
u(u− 1)

2
Fq +

u

2
Gp. (225)

Hence, (120) yields the result (125).

12 Evaluation of the Correlation

The evaluation of the correlation follows from the evaluation of the free energy in Section 4.1 and Ap-
pendix 11.

By (92), the modified partition function for the linear replicated system is

Z(u)(r,S;h) = E
{dak}

{
exp

[
h

K1∑
k=1

i∏
m=1

damk

]
u∏

a=1

exp
[
− 1

2σ2
‖r− SAda‖2

]}
. (226)

Similar to (99),〈〈
Z(u)(r,S;h)

〉〉
= E
{dak}

{
exp

[
h

K1∑
k=1

i∏
m=1

damk

]
[∫

(2πσ2
0)−

1
2 E
v

{
exp

[
− 1

2σ2
0

(
r −

√
β v0

)2
] u∏

a=1

exp
[
− 1

2σ2

(
r −

√
β va

)2
]}

dr

]N
 .

(227)

Therefore,

〈〈
Z(u)(r,S;h)

〉〉
=
∫

exp
[
β−1K ·G(u)

K (Q)
]
· µ(u)

K (Q;h)

 u∏
a≤b

′

dQab

 (228)
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whereG
(u)
K is the same as defined by (111), andµ

(u)
K (Q;h) is a probability measure expressed as

µ
(u)
K (Q;h) = E

{dak}

exp

[
h

K1∑
k=1

i∏
m=1

damk

]
u∏

a≤b

′

δ

(
K∑

k=1

Pkdakdbk −KQab

) . (229)

For the purpose of calculating the correlation, onlyµ
(u)
K (Q;h) is relevant. We have

µ
(u)
K (Q;h)

= E
{dak}

exp

[
h

K1∑
k=1

i∏
m=1

damk

]∫ u∏
a≤b

′

exp

[
Q̃ab

(
K∑

k=1

Pkdakdbk −KQab

)] u∏
a≤b

′
dQ̃ab

2πj

 (230)

=
∫

E
{dak}

exp

[
h

K1∑
k=1

i∏
m=1

damk

]
exp

 K∑
k=1

Pk

u∑
a≤b

′

Q̃abdakdbk −KQ̃abQab


 u∏

a≤b

′
dQ̃ab

2πj

 (231)

=
∫

exp

K

α1(log X1(u;h)− log X1(u; 0)) + E
P
{log X(u, P )} −

u∑
a≤b

′

Q̃abQab

 u∏
a≤b

′
dQ̃ab

2πj

(232)

whereX(u, P ) is defined the same as in (119) and

X1(u;h) = E
{da}

exp

[
h

i∏
m=1

dam

]
exp

P1

u∑
a≤b

′

Q̃abdadb

 . (233)

It is important to note that

K−1
1

∂ log 〈〈Zu(r,S;h)〉〉
∂h

∣∣∣∣
h=0

=
∂

∂h
log X1(u;h)

∣∣∣∣
h=0

. (234)

Hence it suffices to consider the derivative ofX1(u;h) with respect toh for the purpose of finding the
correlation.

Assume replica symmetry as before but note thatG = F − E andp = 1−m + q in the limit of h → 0.
Then

X1(u;h) = E
z

{
E
{da}

{
exp

[
h

i∏
m=1

dam

]
exp

(
P1E +

√
P1F z

) u∑
a=1

da −
1
2
P1E

u∑
a=1

d2
a

}}
(235)

Therefore,

∂

∂h
log X1(u;h)

∣∣∣∣
h=0

=
E
z

{
E
{da}

{[∏i
m=1 dam

]
exp

[(
P1E +

√
P1F z

)∑u
a=1 da − 1

2 P̄1E
∑u

a=1 d2
a

]}}
E
z

{
E
{da}

{
exp

[(
P1E +

√
P1F z

)∑u
a=1 da − 1

2 P̄1E
∑u

a=1 d2
a

]}} (236)

=
E
z

{
[f0(z)](u−i)[f1(z)]i

}
E
z
{[f0(z)]u}

(237)
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where

f0(z) = E
d

{
exp

[(
P1E +

√
P1F z

)
d− 1

2
P1Ed2

]}
(238)

= (1 + P1E)−
1
2 exp

[(
P1E +

√
P1F z

)2
2(1 + P1E)

]
(239)

and

f1(z) = E
d

{
d · exp

[(
P1E +

√
P1F z

)
d− 1

2
P1Ed2

]}
(240)

=
(
P1E +

√
P1F z

)
(1 + P1E)−

3
2 exp

[(
P1E +

√
P1F z

)2
2(1 + P1E)

]
. (241)

Therefore,

∂

∂h
log X1(u;h)

∣∣∣∣
h=0

=
E
z

{(
P1E +

√
P1F z

)i (1 + P1E)−i exp
[

u(P1E+
√

P1F z)2

2(1+P1E)

]}
E
z

{
(1 + P1E)−

u
2 exp

[
u(P1E+

√
P1F z)2

2(1+P1E)

]} . (242)

Taking the limitu → 0, we have

lim
u→0

∂

∂h
log X1(u;h)

∣∣∣∣
h=0

= E
z

{(
P1E +

√
P1F z

1 + P1E

)i
}

. (243)

Therefore,

lim
u→0

K−1
1

∂ log 〈〈Zu(r,S;h)〉〉
∂h

∣∣∣∣
h=0

= E
z

{(
P1E +

√
P1F z

1 + P1E

)i
}

. (244)

13 Free Energy and Correlation for Optimal Detectors

The evaluation of the free energy for the optimal detectors follows mostly that for the linear detectors, where
the only difference is the postulated prior distributions. The free energy is still obtained using (117). In the
evaluation ofG(u), the covariance structure ofv under replica symmetry is

Q0a = E {v0va} = m (245a)

Qab = E {vavb} = q (245b)

for 1 ≤ a < b and withQaa ≡ 1 for all a = 0, . . . , u. As a result,

G(u) = −u− 1
2

log
(

1 +
β

σ2
(1− q)

)
− 1

2
log
[
1 +

β

σ2
(1− q) +

u

σ2

(
σ2

0 + β(1− 2m + q)
)]

. (246)

In the evaluation ofIu, the point that the derivation diverges from that for the linear detector case is the
following quantity,

X(u, P ) =
∑
{da}

2−u exp

P
u∑

a≤b

′

Q̃abdadb

 (247)
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which is an expectation over binary instead of Gaussian random variables. Assuming the same replica sym-
metry as in section 4, and noting thatp = 1, we have

X(u, P ) =
∑
{da}

2−u exp

PE
u∑

a=1

da +
1
2
PF

(
u∑

a=1

da

)2

− 1
2
PF

u∑
a=1

d2
a

 (248)

= exp
[
−u

2
PF
]
E
z

∑
{da}

2−u exp

[(
P1E +

√
P1F z

) u∑
a=1

da

] (249)

= exp
[
−u

2
PF
]
E
z

{
coshu

(
PE +

√
PF z

)}
. (250)

Note also that

u∑
a<b

Q̃abQab = uEm +
u(u− 1)

2
Fq. (251)

It is then straightforward to obtain the free energy as (156) and the saddle-point equations (157).
The evaluation of the correlation for the optimal detectors is also very similar to that for the linear detec-

tors. The quantities that differ are

f0(z) = E
d

{
exp

[(
P1E +

√
P1F z

)
d− 1

2
P1Ed2

]}
(252)

= e−
1
2 P1E cosh

(
P1E +

√
P1F z

)
(253)

and

f1(z) = E
d

{
d · exp

[(
P1E +

√
P1F z

)
d− 1

2
P1Ed2

]}
(254)

= e−
1
2 P1E sinh

(
P1E +

√
P1F z

)
. (255)

By (237),

lim
u→0

∂

∂h
log X1(u;h)

∣∣∣∣
h=0

= lim
u→0

E
z

{
coshu−i

(
P1E +

√
P1F z

)
sinhi

(
P1E +

√
P1F z

)}
E
z

{
coshu

(
P1E +

√
P1F z

)} (256)

= E
z

{
tanhi

(
P1E +

√
P1F z

)}
. (257)

By (93), (234) and (257), we have (158).

References

[1] S. Verd́u, Multiuser Detection. Cambridge University Press, 1998.

[2] D. Guo, L. K. Rasmussen, and T. J. Lim, “Linear parallel interference cancellation in long-code CDMA
multiuser detection,”IEEE J. Selected Areas Commun., vol. 17, pp. 2074–2081, Dec. 1999.

[3] A. J. Grant and P. D. Alexander, “Random sequence multisets for synchronous code-division multiple-
access channels,”IEEE Trans. Inform. Theory, vol. 44, pp. 2832–2836, Nov. 1998.

39



[4] D. N. C. Tse and S. V. Hanly, “Linear multiuser receivers: effective interference, effective bandwidth
and user capacity,”IEEE Trans. Inform. Theory, vol. 45, pp. 622–640, March 1999.

[5] S. Verd́u and S. Shamai, “Spectral efficiency of CDMA with random spreading,”IEEE Trans. Inform.
Theory, vol. 45, pp. 622–640, March 1999.

[6] D. N. C. Tse and S. Verdu, “Optimum asymptotic multiuser efficiency for randomly spread CDMA,”
IEEE Trans. Inform. Theory, vol. 46, pp. 2718–2722, Nov. 2000.

[7] R. R. Müller, “Multiuser receivers for randomly spread signals: fundamental limits with and without
decision-feedback,”IEEE Trans. Inform. Theory, vol. 47, pp. 268–283, Jan. 2001.

[8] P. Viswanath, D. N. C. Tse, and V. Anantharam, “Asymptotically optimal water-filling in vector
multiple-access channels,”IEEE Trans. Inform. Theory, vol. 47, pp. 241–267, Jan. 2001.

[9] J. Zhang, E. K. P. Chong, and D. N. C. Tse, “Output MAI distribution of linear MMSE multiuser
receivers in DS-CDMA systems,”IEEE Trans. Inform. Theory, vol. 47, pp. 1128–1144, March 2001.
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