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Abstract—Consider the minimum mean-square error (MMSE)
of estimating an arbitrary random variable from its observation
contaminated by Gaussian noise. The MMSE can be regarded as
a function of the signal-to-noise ratio (SNR) as well as a functional
of the input distribution (of the random variable to be estimated).
It is shown that the MMSE is concave in the input distribution at
any given SNR. For a given input distribution, the MMSE is found
to be infinitely differentiable at all positive SNR, and in fact a real
analytic function in SNR under mild conditions. The key to these
regularity results is that the posterior distribution conditioned on
the observation through Gaussian channels always decays at least
as quickly as some Gaussian density. Furthermore, simple expres-
sions for the first three derivatives of the MMSE with respect to
the SNR are obtained. It is also shown that, as functions of the
SNR, the curves for the MMSE of a Gaussian input and that of a
non-Gaussian input cross at most once over all SNRs. These prop-
erties lead to simple proofs of the facts that Gaussian inputs achieve
both the secrecy capacity of scalar Gaussian wiretap channels and
the capacity of scalar Gaussian broadcast channels, as well as a
simple proof of the entropy power inequality in the special case
where one of the variables is Gaussian.

Index Terms—Entropy, estimation, Gaussian broadcast channel,
Gaussian noise, Gaussian wiretap channel, minimum mean square
error (MMSE), mutual information.

I. INTRODUCTION

HE concept of mean-square error has assumed a central
T role in the theory and practice of estimation since the
time of Gauss and Legendre. In particular, minimization of
mean-square error underlies numerous methods in statistical
sciences. The focus of this paper is the minimum mean-square
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error (MMSE) of estimating an arbitrary random variable
contaminated by additive Gaussian noise.

Let (X,Y) be random variables with arbitrary joint distribu-
tion. Throughout the paper, E{-} denotes the expectation with
respect to the joint distribution of all random variables in the
braces, and E { X'| Y'} denotes the conditional mean estimate of
X given Y. The corresponding conditional variance is a func-
tion of Y which is denotee by

var{X|Y'} = E{(X — E{X|Y}?|V}. ()

It is well known that the conditional mean estimate is optimal
in the mean-square sense. In fact, the MMSE of estimating X
given Y is nothing but the average conditional variance:

mmse(X|Y) = E{var{X|Y }}. (2)

In this paper, we are mainly interested in random variables
related through models of the following form:

Y = snrX + N 3)

where N ~ N(0, 1) is standard Gaussian throughout this paper
unless otherwise stated. The MMSE of estimating the input X
of the model given the noisy output Y is alternatively denoted
by

mmse(X,snr) = mmse(X|/snrX + N) 4)
_E{(X — E{X|VETX + ND)?}. (5

The MMSE (4) can be regarded as a function of the signal-to-
noise ratio (SNR) for every given distribution Px, and as a func-
tional of the input distribution Px for every given SNR.! In par-
ticular, for a Gaussian input with mean m and variance o3, de-
noted by X ~ N (m,c%)

o2
mmse(X, snr) = X

(6)

1+ o%snr’

If X is equally likely to take 1, then

2
Je'e) ¥y

o=
tanh(snr — v/snry)dy. (7
o ( Vsnry)dy. (7)

The function mmse(X, snr) is illustrated in Fig. 1 for four spe-
cial inputs: the standard Gaussian variable, a Gaussian variable

mmse(X,snr) =1 —

INote that snr in (3) coincides with the usual notion of signal-to-noise power
ratio only if EX?=1. For simplicity, we refer to Snr as SNR regardless of the
input power.
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Fig. 1. MMSE of Gaussian and binary inputs as a function of the SNR.

with variance 1/4, as well as symmetric and asymmetric binary
random variables, all of zero mean.

Optimal estimation underlies many fundamental information
theoretic results, which describe the boundary between what is
achievable and what is not. In addition, simple quantitative con-
nections between the MMSE and information measures are re-
vealed in [1]. One such result is that, for arbitrary but fixed Px

mmse(X, snr) = Q%I(X; VsnrX + N) (8)

for every snr > 0. This relationship implies the following inte-
gral expression for the mutual information:

X VaRg () + N) = 5 [ el )y 9

which holds for any one-to-one real-valued function g. By
sending snr — oo in (9), the entropy of every discrete random
variable X can be expressed as (see [1] and [2]) follows:

1

HX) =5 [ mmse(s(x), )

5 (10)

whereas the differential entropy of any continuous random vari-
able X can be expressed as

hx)=1 / " mmse(g(X),7)

dy.  (11)

2 _27re+'y

The preceding information-estimation relationships have
found a number of applications, e.g., in nonlinear filtering [1],
[3], in multiuser detection [4], in power allocation over parallel
Gaussian channels [5], [6], in the proof of Shannon’s entropy
power inequality (EPI) and its generalizations [2], [7], [8], and
in the treatment of the capacity region of several multiuser
channels [9]-[11]. Relationships between relative entropy and
mean-square error are also found in [12] and [13]. Moreover,
many such results have been generalized to vector-valued
inputs and multiple-input multiple-output (MIMO) models [1],
(71, [14].

Partially motivated by the important role played by the
MMSE in information theory, this paper presents a detailed
study of the key mathematical properties of mmse(X, snr). The
remainder of the paper is organized as follows.
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In Section II, we establish bounds on the MMSE as well as on
the conditional and unconditional moments of the conditional
mean estimation error. In particular, it is shown that the tail of
the posterior distribution of the input given the observation van-
ishes at least as quickly as that of some Gaussian density. Simple
properties of input shift and scaling are also shown.

In Section III, mmse(X, snr) is shown to be an infinitely dif-
ferentiable function of snr on (0, co) for every input distribution
regardless of the existence of its moments (even the mean and
variance of the input can be infinite). Furthermore, under cer-
tain conditions, the MMSE is found to be real analytic at all
positive SNRs, and hence can be arbitrarily well-approximated
by its Taylor series expansion.

In Section 1V, the first three derivatives of the MMSE with
respect to the SNR are expressed in terms of the average cen-
tral moments of the input conditioned on the output. The re-
sult is then extended to the conditional MMSE. We note that
a contemporary work [15] derives the Jacobian (a generalized
first derivative) of the MMSE in the context of vector Gaussian
channels.

Section V shows that the MMSE is concave in the distribu-
tion Px at any given SNR. The monotonicity of the MMSE of a
partial sum of independent identically distributed (i.i.d.) random
variables is also investigated. It is well known that the MMSE of
a non-Gaussian input is dominated by the MMSE of a Gaussian
input of the same variance. It is further shown in this paper that
the MMSE curve of a non-Gaussian input and that of a Gaussian
input cross each other at most once over snr € (0, o), regard-
less of their variances.

In Section VI, properties of the MMSE are used to establish
Shannon’s EPI in the special case where one of the variables
is Gaussian. Sidestepping the EPI, the properties of the MMSE
lead to simple and natural proofs of the fact that Gaussian input
is optimal for both the Gaussian wiretap channel and the scalar
Gaussian broadcast channel.

II. BASIC PROPERTIES

A. The MMSE

The input X and the observation Y in the model described by
Y = /snr X + N are tied probabilistically by the conditional
Gaussian probability density function

py|x (ylz;snr) = o(y — /snrx) 12)
where ¢ stands for the standard Gaussian density
1 2
olt) = —=e " (13)
Let us define for every a € Randz = 0,1, ...
hi(y: a) = E{X"p(y — aX)} (14)

which is always well defined because ¢(y — az) is bounded and
vanishes quadratic exponentially fast as either x or y becomes
large with the other variable bounded. In particular, hq(y; /snr)
is nothing but the marginal distribution of the observation Y,
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which is always strictly positive. The conditional mean estimate
can be expressed as [1], [4]:

E{X]Y =y} = % (15)

and the MMSE can be calculated as [4]

mmse(X snr)

//( 1w ))2<p(y—ﬁx)dydpx(w) (16)

o(y; v/snr)
which can be simplified if E {X?} < oo

" h2(y; \/snr
mmse(X,snr) = E{X?} — [ %dy.

Note that the estimation error X — E{ X|Y} remains the
same if X is subject to a constant shift. Hence, the following
well-known fact:

A7)

Proposition 1: For every random variable X and a € R

mmse(X + a,snr) = mmse(X,snr). (18)

The following scaling property is also straightforward from
the definition of MMSE.

Proposition 2: For every random variable X and a € R,

mmse(aX,snr) = a’mmse( X, a? snr). (19)

B. The Conditional MMSE and SNR Increment

For any pair of jointly distributed variables (X, U'), the condi-
tional MMSE of estimating X at SNR v > 0 given U is defined
as

mmse(X,v|U) = E{(X - E{X|\/7X + N,U})*} (20
where N ~ AN(0,1) is independent of (X,U). It can be re-
garded as the MMSE achieved with side information U avail-
able to the estimator. For every u, let X,, denote a random vari-
able indexed by u with distribution Px|y—,. Then the condi-
tional MMSE can be seen as an average

mmse(X,snr|U) = / mmse(X,, snr) Py (du). 21

A special type of conditional MMSE is obtained when the
side information is itself a noisy observation of X through an
independent additive Gaussian noise channel. It has long been
noticed that two independent looks through Gaussian channels
is equivalent to a single look at the sum SNR, e.g., in the con-
text of maximum-ratio combining. As far as the MMSE is con-
cerned, the SNRs of the direct observation and the side infor-
mation simply add up.

Proposition 3: For every X and every snr, v > 0

mmse(X,v|v/snr X + N) = mmse(X,snr + 7) (22)

where N ~ AN(0,1) is independent of X .
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Fig. 2. Incremental Gaussian channel.

Proposition 3 enables translation of the MMSE at any given
SNR to a conditional MMSE at a smaller SNR. This result was
shown in [1] using the incremental channel technique, and has
been instrumental in the proof of information-estimation rela-
tionships such as (8). Proposition 3 is also the key to the regu-
larity properties and the derivatives of the MMSE presented in
subsequent sections. A brief proof of the result is included here
for completeness.

Proof of Proposition 3: Consider a cascade of two
Gaussian channels as depicted in Fig. 2

5/snr+'y =X4+o01Vy
Your = snr+~ 1 02N>

(23a)
(23b)

where X is the input, and Ny, No ~ N (0, 1) are independent.
A subscript is used to explicitly denote the SNR at which each
observation is made. Let oy, 05 > 0 satisfy o7 = 1/(snr + )
and 0 4+ o5 = 1/snr so that the SNR of the first channel (23a)
is snr 4+ «y and that of the composite channel is snr. A linear
combination of (23a) and (23b) yields

(Snr + ’7) Y;nr+w = srlrsznr + ’YX + WW

where we have defined W = (yo1N1 — snroz N2)/\/7.
Clearly, the input-output relationship defined by the incre-
mental channel (23) is equivalently described by (24) paired
with (23b). Due to mutual independence of (X, Ny, Na), it
is easy to see that W ~ N(0,1) and (X, W, 01 N1 + g2N3)
are mutually independent. Thus W is independent of (X, Y5,/)
by (23). Based on the above observations, the relationship
of X and Y4~ conditioned on Y, = y is exactly the
input-output relationship of a Gaussian channel with SNR
equal to « described by (24) with Y;,, = y. Because Y,
is a physical degradation of Ygnry., providing Yi, as the
side information does not change the overall MMSE, that is,
mmse(X |Yenr4+~) = mmse(X, v|Ysnr), which proves (22). =

(24)

C. Bounds

The input to a Gaussian model with nonzero SNR can always
be estimated with finite mean-square error based on the output,
regardless of the input distribution. In fact, X = Y/\/snr
achieves mean-square error of 1/snr, even if E{X} does not
exist. Moreover, the trivial zero estimate achieves mean-square
error of E {Xz}.

Proposition 4: For every input X
mmse( X, snr) < snr™! (25)
and if the input variance var{ X } is finite,

mmse(X,snr) < min{var{X},snr '}. (26)
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Proposition 4 can also be established using the fact that snr -
mmse( X, snr) = mmse(N|/snr X + N) < 1, which is simply
because the estimation error of the input is proportional to the
estimation error of the noise [7]

Venr(X — E{X|Y}) =E{N|Y} - N. 27

Using (27) and the moments of the Gaussian density, the
higher moments of the estimation errors can also be bounded
as shown in Appendix A:

Proposition 5: For every random variable X and snr > 0
2 n
E{|X — E{X|vsnr X + N}|"} < (ﬁ) Val (28)

forn =0,1,..., where N ~ A/(0,1) is independent of X.

D. Sub-Gaussian Distributions

In order to show some useful characteristics of the posterior
input distribution, it is instructive to introduce the notion of sub-
Gaussianity. A random variable X is called sub-Gaussian if the
tail of its distribution is dominated by that of some Gaussian
random variable, i.e.,

P(IX| > \) < Ce N (29)
for some ¢, C' > 0 and all A > 0. Sub-Gaussianity is equivalent
to the growth of moments or moment generating functions not
exceeding those of some Gaussian [16, Theorem 2].

Lemma 1: The following statements are equivalent:
1) X is sub-Gaussian;
2) there exists C' > 0 such that forevery k = 1,2, .. .,

E{|IX|*} < C*"VR!; (30)
3) there exist ¢, C' > 0 such that for all ¢ > 0,
E{eX} < Cet”. 31)

Regardless of the prior input distribution, the posterior
distribution of the input given the noisy observation through a
Gaussian channel with nonzero SNR is always sub-Gaussian,
and the posterior moments can be upper bounded. This is
formalized in the following result proved in Appendix B:

Proposition 6: Let X,, be distributed according to Px |y —,
where Y = aX + N, N ~ N(0,1) is independent of X, and
a # 0. Then X, is sub-Gaussian for every y € R. Moreover

2

2 eT a2s2
{| J| } Who(y;a) ( )
and, foreveryn = 1,2,...
ne% V2 "
E{IX,"} < —— [ — n—1)! 33
and
E{|Xy — E{X,}["} < 2"E{|X,["}. (34)
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III. SMOOTHNESS AND ANALYTICITY

This section studies the regularity of the MMSE as a function
of the SNR, where the input distribution is arbitrary but fixed. In
particular, it is shown that mmse( X, snr) is a smooth function
of snr on (0, 00) for every Px. This conclusion clears the way
towards calculating its derivatives in Section IV. Under certain
technical conditions, the MMSE is also found to be real analytic
in snr. This implies that the MMSE can be reconstructed from
its local derivatives. As we shall see, the regularity of the MMSE
at the point of zero SNR requires additional conditions.

A. Smoothness

Proposition 7: For every X, mmse(X,snr) is infinitely
differentiable at every snr > 0. If E{X 2k+2} < oo, then
mmse( X, snr) is k right-differentiable at snr = 0. Conse-
quently, mmse(X,snr) is infinitely right differentiable at
snr = 0 if all moments of X are finite.

Proof: The proof is divided into two parts. In the first part
we first establish the smoothness assuming that all input mo-
ments are finite, i.e., E{X*} < coforallk =1,2,...

For convenience, let Y = a X + N where a2 = snr. For every
1 = 0,1,..., denote

) = mz (1) (s 39
and
mi(a) = /_ : 9i(y; a)dy (36)
where h; is given by (14). By (17), we have
mmse(X, a?) = E{X?} — myq(a). (37)

Let H,, denote the n-th Hermite polynomial [17, Section 5.5]

o) = o
5] .
=n! 2 il 2 ((n__l);k)! (2a)" 2k, (39)

Denote hgn)(y; a) = 0"h;(y;a)/0a™ throughout the paper.
Then

W (ya) _ E{XTHu(y —aX)p(y —aX)}
ho(y; a) ho(y; a)
=E{X"""H,(N)|Y =y}

(40)

(41)

where the derivative and expectation can be exchanged to obtain
(40) because the product of any polynomial and the Gaussian
density is bounded.

The following lemma is established in Appendix C:

Lemma 2: Forevery i = 0,1,...and all w > v, (y,a) —
9i(y; a) is integrable on R X [v, w].



GUO et al.: ESTIMATION IN GAUSSIAN NOISE: PROPERTIES OF THE MMSE

Using Lemma 2 and (36), we have

/ i1 (a)da = / / gin(ya)dyda  (42)
=/ gi(y;w) — gi(y;v)dy  (43)
=m;(w) — m;(v) (44)

where (43) is due to(35) and Fubini’s theorem. Therefore for
every ¢« > 0, m; is continuous. Hence for each a € R,
dm;
";—a@ = mis1(a) 45)
follows from the fundamental theorem of calculus [18, p. 97].
In view of (37), we have

d‘mmse(X, a?)

da’ (46)

= —m;(a).
This proves that a — mmse(X, a?) € C*°(R), which implies
that mmse( X, snr) is infinitely differentiable in snr on (0, c0).

In the second part of this proof, we eliminate the requirement
that all moments of the input exist by resorting to the incre-
mental-SNR result, Proposition 3. Fix arbitrary v > 0 and let
Y, =X + N.Forevery u € R, let X,,., ~ Px}y, =y By
(17), (21) and Proposition 3, we have

mmse(X, 7 + a®) = /mmse(qu,aZ)Pyv(du) 47)

=E{X?} — 1o (a) (48)
where
hi(y; alu;v) =E{ X o(y — =u} (49
9i(y; alu;y) = 8;1 (h—%> (y; alu; ) (50)
and
= /R /Rgi(y; alu;y)dyho(u; y)du (5D
for: = 0,1,.... By Proposition 5, for each u, all moments of

X, are finite. Each m; is a well-defined real-valued function
on R. Repeating the first part of this proof with h;(y;a) re-
placed by h;(y; a|u;v), we conclude that a — mmse(X, v +
a’) € C™ in a at least on |a] > /7, which further im-
plies that a — mmse(X, a?) € C*°(R\[—/27, v/27]) because
a — +/a?® — v has bounded derivatives of all order when |a| >
\/27. By the arbitrariness of vy, we have a — mmse(X,a?) €
C*>(R\{0}), hence mmse(X,-) € C>((0,00)).

Finally, we address the case of zero SNR. It follows from (41)
and the independence of X and Y at zero SNR that

1an(
o dar

Since E {|H,(N)|} < \/JE{H2(N)} = v/n! is always finite,
induction reveals that the n-th derivative of mg with respect to
a at 0 depends on the first » + 1 moments of X. By Taylor’s

0) = E{X"*"}H,(y). (52)
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theorem and the fact that mg(a) is an even function of a, we
have

. agj + O(|a|2i+2> (53)

[=)
—
N
o
~

Jj=

in the vicinity of ¢ = 0, which implies that my is ¢ differentiable
with respect to a* at 0, with d'mgo(0+)/d(a®)" = ma;(0), as
long as E { X%**2} < oo, ]

B. Real Analyticity

A function f : R — R is said to be real analytic at x if it
can be represented by a convergent power series in some neigh-
borhood of zg, i.e., there exists 6 > 0 such that

9= Yo

for every x € (z¢ — 6,0 + &). One necessary and sufficient
condition for f to be real analytic is that f can be extended
to some open disk D(z¢,8) = {z € C : |z — xo| < &} in
the complex plane by the power series (54) [19]. If f is only
defined on [0, 00), its analyticity at zero is defined via (54) for
all z € [0,6) in lieu of (=4, 6).

The analyticity of snr — mmse(X, snr) defined on [0, c0) is
equivalent to the analyticity of @ — mmse(X, a?) on R. This is
immediate for snr > 0 because a +— a? and snr + \/snr are
both analytic on (0, 00) and composition of analytic functions
is analytic [20]. To see the equivalence at snr = 0, note that the
Taylor series expansion of mmse(X, a?) at a = 0 contains only
even terms because it is an even function.

The following result provides sufficient conditions for the
MMSE to be real analytic. The proof is relegated to Appendix D.

(54)

I—J}Q

Proposition 8: As a function of a, mmse(X, a?) is real ana-
lytic at ap € R if either one of the following two sets of condi-
tions holds:

1) X is sub-Gaussian, and there exist ¢ > 0 and r» > 0 such

that for every y € R

inf  |ho(y;2)| >0 55
et ho(y; 2)] (55)

and
liminf inf [ho(y; 2)] (56)

ly|—oo z€D(ag,r) m

2) ap # 0, and there exist ¢ > 0,7 > 0 and § € (0,a3) such
that for every y, v € R

inf ho(y; ) 0 57
zeé?ao,rﬂ o(y: z|u, 6)] > (57)

and
liminf inf M >c (58)

ly| =00 z€D(ag,r) hO(yv Re( )|u7 6)

Moreover, whenever mmse( X, a?) is real analytic at a € R, the

function mmse(X, snr) is also analytic at snr = a2,
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Conditions (55) and (56) can be understood as follows. Recall
that ho(y; a) denotes the density of Y = aX 4+ N. The function
ho(y; a) stays positive for all ¢ € R, and decays no faster than
the Gaussian density. However, ho(y; a) may vanish for some
a € C, so that the MMSE may not be extendable to the conplex
plane. Hence the purpose of (55) and (56) is to ensure that the
imaginary part of ¢ has limited impact on |hg|.

As an example, consider the case where X is equiprobable
on {£1}. Then

ho(y; a) = @(y) exp(—a®/2) cosh(ay). (59)

Letting a = jt yields ho(y;jt) = @( yZ — t2) cos(ty),
which has infinitely many zeros. In fact, in this case the MMSE

is given by (7), or in an equivalent form:

mmse(X,a%) =1 — /

J —oo

o(y) tanh(a? — ay)dy.  (60)
Then for any r > 0, there exists |ag| < 7 and yo € R, such
that a2 — agyo = J5 and the integral in (60) diverges near yj.
Therefore, mmse( X, a?) cannot be extended to any point on the
imaginary axis, hence it is not real analytic at « = 0, and thus
the corresponding MMSE is not real analytic at snr = 0. Nev-
ertheless, when Re(a) # 0, condition (56) is satisfied. Hence
mmse(X, a?) is real analytic on the real line except zero, which
can be shown from (60) directly. Similarly, for any finite-al-
phabet, exponential or Gaussian distributed X, (57) and (58)
can be verified for all @ # 0, hence in those cases the corre-
sponding MMSE is real analytic at all positive SNR.

IV. DERIVATIVES

A. Derivatives of the MMSE

With the smoothness of the MMSE established in Proposition
7, its first few derivatives with respect to the SNR are explicitly
calculated in this section. Consider the third-order Taylor series
expansion of the MMSE around snr = 0%:2

snr?
2

3
—115 — 12(EX?)? — 6EX* + (EX)212"" 4+ O(snr?
6

mmse(X,snr) = 1 —snr + [2 — (EX?)?]
(61)

where X is assumed to have zero mean and unit variance. The
first three derivatives of the MMSE at snr = 0% are thus evident
from (61). The technique for obtaining (61) is to expand (12) in
terms of the small signal \/snr X, evaluate h;(y; v/snr) given by
(14) at the vicinity of snr = 0 using the moments of X (see [1,
Eq. (90)]), and then calculate (16), where the integral over y can
be evaluated as a Gaussian integral.

The preceding expansion (61) at zero SNR can be lifted to
arbitrary SNR using Proposition 3. Finiteness of the input mo-
ments is not required for the expansion to be valid for snr > 0

2The previous result for the expansion of mmse(snr) around snr=o0+, given by
(91) in [1] is mistaken in the coefficient corresponding to snr2. The expansion
of the mutual information given by (92) in [1] should also be corrected accord-
ingly. The second derivative of the MMSE is mistaken in [21] and corrected in
Proposition 9 in this paper. The function mmse(x,snr) is not always convex in
snr as claimed in [21], as illustrated using an example in Fig. 1.
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because the conditional moments are always finite due to Propo-
sition 5.

LetY = /snrX + N and snr > 0. We define the following
random variables (whose explicit dependence on Y and snr is
omitted for convenience):

M; =E {(X —E{X|V)}) (62)

Y}, i=1,2,....

The variables M;, according to Proposition 5, are well-defined
in case snr > 0, and reduce to the unconditional moments of X
when snr = 0. Evidently, M; = 0

My = var{X|y/snrX + N} (63)
and
E{M>} = mmse(X, snr). (64)

If the input distribution Py is symmetric, then the distribution
of M; is also symmetric for all odd .

The derivatives of the MMSE are found to be the expected
value of polynomials of M;, whose existence is guaranteed by
Proposition 5.

Proposition 9: For every random variable X and every snr >
0

dmmse (X, snr)

dsnr --E {MS} (65)
d?mmse(X, snr
% =E{2M3 — M3} (66)

and

d*mmse(X, snr)
dsnr3
= E{6MsM; — M} +12M3M> — 15M35}. (67)

The derivatives in (65) and (66) and (67) are also valid at
snr = 07T if X has finite fourth, sixth, and eighth moments,
respectively.

We relegate the proof of Proposition 9 to Appendix E. It is
easy to check that the derivatives found in Proposition 9 are
consistent with the Taylor series expansion (61) at zero SNR.

In light of the proof of Proposition 7 (and (46)), the Taylor
series expansion of the MMSE can be carried out to arbitrary
orders, so that all derivatives of the MMSE can be obtained
as the expectation of some polynomials of the conditional mo-
ments, although the resulting expressions become increasingly
complicated.

Proposition 9 is easily verified in the special case of standard
Gaussian input (X ~ A(0, 1)), where conditioned on Y = y,
the input is Gaussian distributed

Vsnr 1>'

1+ snr ' 1 + snr

X~ N( (68)
In this case My = (1 +snr)~!, M3 = 0 and My = 3(1 +
snr)_2 do not depend on Y, and (65) and (66) and (67) are
straightforward.
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B. Derivatives of the Mutual Information

Based on Proposition 8 and 9, the following derivatives of
the mutual information are extensions of the key information-
estimation relationship (8).

Corollary 1: For every distribution Px and snr > 0,

%1(}( Vsnr X + N) = —E{MQ} (69)
d? 1 )

g I(X;v/snr X + N) = _EE{M2} (70)
d3 3 1 2

dsanI(Xﬂ/san +N)= E{M2 — §M3} (71)
d4

dsnr4I(X;\/san—|—N)

1
=5E {—=M7 +6M4M3 + 2M3M> — 15M5} (72)

as long as the corresponding expectation on the right hand side
exists. In case one of the two set of conditions in Proposition 8
holds, v/snr — I(y/snr X + N; X) is also real analytic.

Corollary 1 is a generalization of previous results on the small
SNR expansion of the mutual information such as in [22]. Note
that (69) is exactly the original relationship of the mutual infor-
mation and the MMSE given by (8) in light of(64).

C. Derivatives of the Conditional MMSE

The derivatives in Proposition 9 can be generalized to the con-
ditional MMSE defined in (20). The following is a straightfor-
ward extension of (65).

Corollary 2: For jointly distributed (X, U) and snr > 0

d
Emmse(X snr|U) = —E{M3(U)} (73)
where for every w and 7 = 1,2, ...
M;(u) = E{ w “ snr X, } (74)

is a random variable dependent on w.

V. PROPERTIES OF THE MMSE FUNCTIONAL

For any fixed snr, mmse(X, snr) can be regarded as a func-
tional of the input distribution Px, whose various properties
have been studied in [23] and [24]. Moreover, the MMSE curve,
{mmse(X,snr),snr € [0,00)}, can be regarded as a “trans-
form” of the input distribution.

A. Concavity in Input Distribution

Proposition 10: The functional mmse(X, snr) is concave in
Px for every snr > 0.

Proof: Let Xy and X be arbitrary random variables. For
any « € [0, 1], let B be an independent Bernoulli variable with
P(B=0)=1-P(B =1) = a. The random variable X g has
distribution aPx, + (1 — ) Px,. As far as estimating Xp is
concerned, revealing B allows one to choose either the optimal
estimator for X or X1, so that the average MMSE is improved.
That is

mmse(X g, snr) > mmse(Xpg,snr|B) (75)

2377
= ammse(Xy, snr)
+ (1 — a)mmse( X, snr) (76)
which proves the desired concavity.3 ]

B. Conditioning Reduces MMSE

As a fundamental measure of uncertainty, the MMSE de-
creases with additional side information available to the esti-
mator. This is because an informed optimal estimator performs
no worse than any uninformed estimator by simply discarding
the side information.

Proposition 11: For any jointly distributed (X, U)

mmse(X,snr|U) < mmse(X, snr) a7
for every snr > 0. For fixed snr > 0, equality holds in (77) if
and only if X is independent of U'.

Proof: The inequality (77) is straightforward by the con-
cavity established in Proposition 10. In case the equality holds,
Px|y=,, must be identical for P -almost every u due to strict
concavity, that is, X and U are independent. [ |

C. Monotonicity

Propositions 10 and 11 are simple facts included here for
completeness. They suggest that a mixture of random variables
is harder to estimate than the individual variables on average.
The same can be said about linear combinations:

Proposition 12 ([12]): For every snr > 0 and « € [0, 27]

mmse(cos @ X7 + sin a Xo, snr)

> cos® a mmse( X1, snr) + sin? ammse( X, snr).  (78)

A generalization of Proposition 12 concerns the MMSE of
estimating a normalized sum of independent random variables:

Proposition 13: Let X1, Xs, ... bei.i.d. with finite variance.
Let S, = (X7 + -+ + X,,)/+/n. Then for every snr > 0

mmse(Sy41,snr) > mmse(Sy,snr). (79)
Because of the central limit theorem, as n — oo the MMSE
converges to the MMSE of estimating a Gaussian random vari-
able with the same variance as that of X.
Proposition 13 is a simple corollary of the following general
result in [8].

Proposition 14 ([18]): Let X4, ..., X,, be independent. For
any Aq,..., A, > 0 which sum up to one and any v > 0

mmse Xiv | > A;immse | ———,v | (80)
<; ) ; (v (n—1DA; )

where X\; = 30, o, X

Setting A\; = 1 / n 1n (80) yields Proposition 13.

In view of the representation of the entropy or differential
entropy using the MMSE in Section I, integrating both sides of
(79) proves a monotonicity result of the entropy or differential
entropy of S,, whichever is well-defined. More generally, [8]
applies (11) and Proposition 14 to prove a more general result
(see also [26]), originally given in [27].

3Strict concavity is shown in [23].
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D. Gaussian Inputs are the Hardest to Estimate

Any non-Gaussian input achieves strictly smaller MMSE
than Gaussian input of the same variance. This well-known
result is illustrated in Fig. 1 and stated as follows.

Proposition 15: For every snr > 0 and random variable X
with variance no greater than o2

2

X < —.
mmse( X, snr) < T—

1)

The equality of (81) is achieved for all snr if and only if the
distribution of X is Gaussian with variance o2.

Proof: The right hand side of (81) is achieved by the op-
timal linear estimator regardless of the input. The inequality
(81) is evident due to the suboptimality of the linearity restric-
tion on the estimator. The strict inequality for non-Gaussian in-
puts can be established using the uniqueness in the orthogonality

principle. ]

Note that in case the variance of X is infinity, (81) reduces to
(25).

E. The Single-Crossing Property

In view of Proposition 15 and the scaling property of the
MMSE, at any given SNR, the MMSE of a non-Gaussian input
is equal to the MMSE of some Gaussian input with reduced
variance. The following result suggests that there is some ad-
ditional simple ordering of the MMSESs due to Gaussian and
non-Gaussian inputs.

Proposition 16 (Single-Crossing Property): For any given
random variable X (with not necessarily unit variance), the
curve of mmse(X, ) crosses the curve of (1 + +)~!, which is
the MMSE function of the standard Gaussian distribution, at
most once on (0, co). Precisely, define

f() = (1 47)"" — mmse(X,7)

on [0, 00). Then:

1) f(v) is strictly increasing at every y with f(y) < 0;

2) if f(snrg) = 0, then f(vy) > 0 at every 7y > snrg;

3) limy s f(7) = 0.

Furthermore, all three statements hold if the term (1 4 ~)~*
in (82) is replaced by 02/(1 + o) with any o, which is the
MMSE function of a Gaussian variable with variance o2.

Proof: The last of the three statements, lim, . f(y) =0
always holds because of Proposition 4.

If var{ X} < 1, then f(v) > 0 at all v due to Proposition
15, so that the proposition holds. We suppose in the following
var{X} > 1. The instance of the function f(~y) with X equally
likely to be ++/2 is shown in Fig. 3. Evidently f(0) = 1 —
var{ X} < 0. Consider the derivative of the difference (82) at
any v with f(y) < 0, which by Proposition 9, can be written as

(82)

F'(v) =E{M3} = (1+~)7" (83)
>E{M3} — (mmse(X,7))? (84)
=E{M;} — (EM,)? (85)

>0 (86)
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f() =0 +7) " —mmse(X,7)

Fig. 3. Example of the difference between the MMSE for standard Gaussian
input and that of a binary input equally likely to be £+/2 (i.e., with variance 2).
The difference crosses the horizontal axis only once.

where (85) is due to (64), and (86) is due to Jensen’s inequality.
That is, f'(y) > 0 as long as f(y) < 0, i.e., the function f
can only be strictly increasing at every point it is strictly nega-
tive. This further implies that if f(snrg) = 0 for some snr, the
function f, which is smooth, cannot dip to below zero for any
~ > snrq. Therefore, the function f has no more than one zero
crossing.

For any o, the above arguments can be repeated with o2y
treated as the SNR. It is straightforward to show that the propo-
sition holds with the standard Gaussian MMSE replaced by the

MMSE of a Gaussian variable with variance o2. [ |

The single-crossing property can be generalized to the condi-
tional MMSE defined in (20).4

Proposition 17: Let X and U be jointly distributed variables.
All statements in Proposition 16 hold literally if the function
f(-) is replaced by

f() = (147)7! — mmse(X,~|U).

Proof: For every u, let X,, denote a random variable in-
dexed by u with distribution Px7—,. Define also a random
variable for every u

(87)

M(u7’y) :MZ(XM’Y)
=var {X,|Vsnr X, + N}

where N ~ N(0,1). Evidently, E {M (u,~)} = mmse(X,,~)
and hence

(88)
(89)

F() =0+~ = E{E{M(U,7)|U}} (90)
=1+ = E{M(U.)}. ©1)
In view of (91), for all  such that f(y) < 0
iy - L gld
=E{M*(U,7)} = (1+7)? 93)
>E{M*(U,7)} - (E{M(U,7)})* (94)
>0 95)

where (93) is by Proposition 9 and (95) is Jensen’s inequality.
The remaining argument is essentially the same as in the proof
of Proposition 16. [ |

4The single-crossing property has also been extended to the parallel degraded
MIMO scenario [28].
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F. The High-SNR Asymptotics

The asymptotics of mmse(X,v) as v — oo can be further
characterized as follows. It is upper bounded by 1/ due to
Propositions 4 and 15. Moreover, the MMSE can vanish faster
than exponentially in v with arbitrary rate, under, for instance,
a sufficiently skewed binary input [29].5 On the other hand, the
decay of the MMSE of a non-Gaussian random variable need not
be faster than the MMSE of a Gaussian variable. For example,
let X = Z+ /0% — 1B whereox > 1, Z ~ N(0,1) and
the Bernoulli variable B are independent. Clearly, X is harder
to estimate than Z but no harder than ox 7, i.e.,

2
x

1
_ X. _9x
< mmse( /7)<1+C’42\"7

I+~ ©0

where the difference between the upper and lower bounds is
O (772). As a consequence, the function f defined in (82)
may not have any zero even if f(0) = 1 — 0% < 0 and
lim, o f(v) = 0. A thorough study of the high-SNR asymp-
totics of the MMSE can be found in [25], where the limit of the
product snr - mmse( X, snr), called the MMSE dimension, is de-
termined for input distributions without singular components.

VI. APPLICATIONS TO CHANNEL CAPACITY

A. Secrecy Capacity of the Gaussian Wiretap Channel

This section makes use of the MMSE as an instrument to
show that the secrecy capacity of the Gaussian wiretap channel
is achieved by Gaussian inputs. The wiretap channel was intro-
duced by Wyner in [30] in the context of discrete memoryless
channels. Let X denote the input, and let Y and Z denote
the outputs of the main channel and the wiretapper’s channel
respectively. The problem is to find the rate at which reliable
communication is possible through the main channel, while
keeping the mutual information between the message and the
wiretapper’s observation as small as possible. Assuming that
the wiretapper sees a degraded output of the main channel,
Wyner showed that secure communication can achieve any rate
up to the secrecy capacity

C, :m)?X{I(X;Y)—I(X;Z)} 97)
where the supremum is taken over all admissible choices of the
input distribution. Wyner also derived the achievable rate-equiv-
ocation region.

Consider the Gaussian wiretap channel studied in [31]

Y=\snri X+ N (98a)
Z =/snro X + N (98b)

where snry > snry and N, No ~ N(0,1) are independent.
Let the energy of every codeword (1, ..., x,) be constrained
by % > x? < 1. [31] showed that the optimal input which
achieves the supremum in (97) is standard Gaussian and that the

secrecy capacity is

1 14 snr
Cy=-log | ——1).
2 1+ snry
SIn case the input is equally likely to be &1, the MMSE decays as e~ %S”r,
not e~ 25" as stated in [1], [29].

99)
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In contrast to [31] which appeals to Shannon’s EPI, we pro-
ceed to give a simple proof of the same result using (9), which
enables us to write for any X:

shry

I(X;Y)-I(X;2) = —/ mmse( X, v)dry. (100)

snra

Under the constraint E { X?} < 1, the maximum of (100) over
X is achieved by standard Gaussian input because it maximizes
not just the integral but the MMSE for every SNR under the
power constraint. Plugging mmse(X,y) = (1++) ! into (100)
yields the secrecy capacity given in (99). In fact the whole rate-
equivocation region can be obtained using the same techniques.
The MIMO wiretap channel can be treated similarly [11].

B. The Gaussian Broadcast Channel

In this section, we use the single-crossing property to show
that Gaussian inputs achieve the capacity region of scalar
Gaussian broadcast channels. Consider a degraded Gaussian
broadcast channel also described by the same model (98). The
formulation of the Gaussian broadcast channel is statistically
identical to that of the Gaussian wiretap channel, except for
a different goal: A convex combination of the rates between
the sender and both receivers is to be maximized, rather than
minimizing the rate between the sender and the (degraded)
wiretapper. The capacity region of degraded broadcast channels
under a unit input power constraint is given by [32]:

U Ry < I(X;Y|U)
‘ Ry <I(U; 7)
PU}(ZE{XZ}Sl

(101)

where U is an auxiliary random variable with U — X — (Y, Z)
being a Markov chain. It has long been recognized that Gaussian
Py x with standard Gaussian marginals and correlation coeffi-
cient E{UX} = /1 — « achieves the capacity [33]. The re-
sulting capacity region is

U {R1 < 1log(1 +asnr1)}

102
o s dlos () [0 T
The conventional proof of the optimality of Gaussian inputs
relies on the EPI in conjunction with Fano’s inequality [34]. The
converse can also be proved directly from (101) using only the
EPI [35], [36]. In the following we show a simple alternative
proof using the single-crossing property of MMSE.
Due to the power constraint on X, there must exist a € [0, 1]
(dependent on the distribution of X') such that

1

I(X;Z|U) :glog(l—l—ozsnrg) (103)

1 snro a
== . 104
A L

By the chain rule

U;2)=1U,X;Z) - I(X; Z|U) (105)
=I1(X;2)-I(X;Z|U). (106)
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'
1 s s L | L . L L 1 L s s s 1

snr
Isnrg 2 snrg 3 snri 4

Fig. 4. Thin curves show the MMSE (solid line) and mutual information
(dashed line) of a Gaussian input. The thick curves show the MMSE (solid)
and mutual information (dashed) of binary input. The two mutual informations
are identical at SNr,, which must be greater than Snr, where the two MMSE

curves Cross.

By (101) and (103), the desired bound on R; is established

1 1
Ry < 5 log(1 + snrq) — 5 log(1 + a,snrz)  (107)
1 1+ snry
=_1 - . 1
2 Og<1+asnr2) (108)

It remains to establish the desired bound for R;. The idea is
illustrated in Fig. 4, where crossing of the MMSE curves imply
some ordering of the corresponding mutual informations. Note
that

sSnro
I(X;Z|U =u) = 5 / mmse(X,, v)dy (109)
Jo
and hence
1 snra
I(X;Z|U) = 3 / E{mmse(Xy,~|U)}d. (110)
Jo

Comparing (110) with (104), there must exist 0 < snrg < snry
such that

E{mmse(Xy, snro|U)} = —— (111)

asnrg 4+ 1°

By Proposition 17, this implies that for all v > snry > snrg

E{mmse(Xy,7|U)} < avo; - (112)

Consequently
Ry <I(X;Y|U) (113)
=1 /snn E{mmse(Xy,v|U)}dy (114)

(/sz /th) E{mmse(Xy,v|U)}dy (115)

nro

snrq a

ay+1

log(1 + asnrg) + 2/ dry (116)

snro

og(1 + asnry) (117)

where the inequality (116) is due to (103), (110), and (112).
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C. Proof of a Special Case of the EPI

A simple proof of the general EPI using the properties of the
MMSE was given in [2]. As another simple application of the
single-crossing property, we show in this subsection that

eZh(X-I—Z) Z eZh(X) + 27['60'% (1 18)

for any independent X and Z as long as the differential entropy
of X is not equal to —oo and Z is Gaussian with variance o%.
This is in fact a special case of Shannon’s entropy power in-
equality. Let W ~ A(0,1) and a? be the ratio of the entropy
powers of X and W, so that

h(X) = h(aW) =

1
5 log(2mea?). (119)

Consider the difference

h(v/snrX + N) — h(y/snraW + N)

snr
= 5/ mmse(X,v) — mmse(aW,~)dy (120)
0

where N is standard Gaussian independent of X and W. In the
limit of snr — oo, the left hand side of (120) vanishes due to
(119). By Proposition 16, the integrand in (120) as a function of
v crosses zero only once, which implies that the integrand is ini-
tially positive, and then becomes negative after the zero crossing
(cf. Fig. 3). Consequently, the integral (120) is positive and in-
creasing for small snr, and starts to monotonically decrease after
the zero crossing. If the integral crosses zero it will not be able
to cross zero again. Hence, the integral in (120) must remain
positive for all snr (otherwise it has to be strictly negative as
snr — o0). Therefore

exp(2h(v/snrX + N)) > exp(h(v/sntW + N))  (121)
=27e(a’snr + 1) (122)

= exp(2h(v/snrX)) + 2me(123)

which is equivalent to (118) by choosing snr = 052 and appro-
priate scaling.

The preceding proof technique also applies to conditional
EPI, which concerns h(X|U) and h(X + Z|U), where Z is
Gaussian independent of U. The conditional EPI can be used
to establish the capacity region of the scalar broadcast channel
in [34], [35].

VII. CONCLUDING REMARKS

This paper has established a number of basic properties of the
MMSE in Gaussian noise as a transform of the input distribution
and function of the SNR. Because of the intimate relationship
MMSE has with information measures, its properties find direct
use in a number of problems in information theory. In a very
recent work [37], the smoothness of the MMSE has proven to be
instrumental in the analysis of Gaussian channel capacity with
finite constellation constraint.

The MMSE can be viewed as a transform from the input dis-
tribution to a function of the SNR: Px +— {mmse(Px,~),7y €
[0,00)}. An interesting question remains to be answered: Is this
transform one-to-one? We have the following conjecture:



GUO et al.: ESTIMATION IN GAUSSIAN NOISE: PROPERTIES OF THE MMSE

Conjecture 1: For any zero-mean random variables X and Z,
mmse(X, snr) = mmse(Z, snr) for all snr € [0, co) if and only
if X is identically distributed as either Z or —Z.

There is a strong relationship between the real analyticity of
MMSE and Conjecture 1. In particular, MMSE being real-an-
alytic at zero SNR for all input and MMSE being an injective
transform on the set of all random variables (with shift and re-
flection identified) cannot both hold. This is because given the
real analyticity at zero SNR, MMSE can be extended to an open
disk D centered at zero via the power series expansion, where
the coefficients depend only on the moments of X. Since the
solution to the Hamburger moment problem is not unique in
general, there may exist different X and X’ with the same mo-
ments, and hence their MMSE function coincide in D [38]. By
the identity theorem of analytic functions, they coincide every-
where, hence on the real line. Nonetheless, if one is restricted to
the class of sub-Gaussian random variables, the moments deter-
mine the distribution uniquely by Carleman’s condition [39].

APPENDIX A
PROOF OF PROPOSITION 5

Proof: LetY = y/snr X + N with snr > 0. Using (27)
and then Jensen’s inequality twice, we have

E{JX — E{X[Y}]"}

=snr 22" E{27"|E{N|Y} — N|"} (124)
<snr 22" LE{|E{N|YVY" 4+ IN|"}  (125)
<snrm 2 2" E{|N|"} (126)
which leads to (28) because
2n n+1
E{|N|"} =4/ =T 127
vy =y Zr (5) (127
<Vnl (128)
|
APPENDIX B

PROOF OF PROPOSITION 6

Proof: We use the characterization by moment generating
function in Lemma 1:

- 1
E{e™v} = ol 0) E{e*o(y —aX)} (129)
_ 9y a®X?
= To(y:) Eexp <(t +ay)X — 5 ) (130)
¢(y) (t + ay)?
< () (3n
t2
< h:’(g)a) exp (; + y2> (132)

where (131) and (132) are due to elementary inequalities. Using
Chernoff’s bound and (132), we have

P{X, >} <E {e“Xr-””)} (133)
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y? +2
< e exp [ = — tx (134)
ho(y; a) a?
for all z, ¢ > 0. Choosing ¢ = %% yields
ey‘_Q axr
P{X, >z} < — . (135)
Xy 2} ho<y;a>“@<ﬁ)

Similarly, P{X, < —z} admits the same bound as above, and
(32) follows from the union bound. Then, using an alternative
formula for moments [40, p. 319]

E{IX,"} :n/ 2" P{|X,| > z}dx (136)
J0

2
¥
2ne2

e n—1 E
Sfm(y;a)./o v ‘”(ﬂ)dz (137

neé V2 ! ne1
— | — E{|N|" 138
= ho(y;a) < ) {vr=ty o ass

la]

where N ~ A(0,1) and (137) is due to (32). The inequality
(33) is thus established by also noting (128).

Conditioned on Y = y, using similar techniques leading to
(126), we have

E{|X — E{X|Y}["|Y =y}
<2THE{IXY =y} + [B{XY = y}") (139)

< 2ME{IX|"Y =y} (140)
which is (34). [ |
APPENDIX C
PROOF OF LEMMA 2

We first make the following observation:
Lemma 3: Forevery: = 0,1,..., the function g; is a finite
weighted sum of functions of the following form:
k
1 e
= h{yms) (141)
0 j=1

where n;, mj, k = 0,1,....

Proof: We proceed by induction on 7: The lemma holds
for 7 = 0 by definition of go. Assume the induction hypothesis
holds for <. Then

k k
0 1 , —(k-1) @ .
2 plmi) | — W ) ) H B(ms)
k—1 H n; k 0 nj
da \ hg e hg i1
L&
= > hGmEO T A (142)
0 =1 £
which proves the lemma. ]
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To show the absolutely integrability of g;, it suffices to show
the function in (141) is integrable

k .
O™ hy, (y;
1 II ;(y30) ay

da™i

1 O™ hi '
:E{H hoVea) G (Y;a) (143)
7j=1
k
=E H|E{X"1+’”1H (Y —aX)| Y} (144)
j=1

1
k

IN

E{(E{[X" " Hy, (¥ = aX)I|V})"}]

Jj=1
(145)
k 1
< I [E{ixtestm) Y E{ i, (V)Y 146)
=1
< ; (147)

where (144) is by (41), (145) is by the generalized Holder in-
equality [41, p. 46] and (146) is due to Jensen’s inequality and
the independence of X and N =Y — aX.

APPENDIX D
PROOF OF PROPOSITION 8 ON THE ANALYTICITY

We first assume that X is sub-Gaussian.

Note that ¢ is real analytic everywhere with infinite radius of
convergence, because (™ (y) = (—1)"H,(y)¢(y) and Her-
mite polynomials admit the following bound [42, p. 997]:

[ Ha(y)| < ¥/nle’™ (148)
where k is an absolute constant. Hence
) () |
T Kied )] K (149)
and the radius of convergence is infinite at all y. Then
— H.(y — ax)p(y — ax)a”
I : : I _\n
oy —d'z) = ZO - (@' —a)™ (150)

holds for all a, x € R. By Lemma 1, there exists ¢ > 0, such
that E {|X|"} < ¢"V/n!foralln = 1,2,.... By (148), itis easy
to see that |H,,(y)p(y)| < xv/n! for every y. Hence

E{|H.(y — aX)p(y — aX)X"|} < rc"nl. (151)
Thus, for every |a’ — a| < R 2 %,
Z E{I @)y —aX)X"|} <oo.  (152)
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Applying Fubini’s theorem to (150) yields

o(y;a Z

Therefore, ho(y; a) is real analytic at a and the radius of con-
vergence is lower bounded by R independent of y. Similar con-
clusions also apply to hi(y;a) and

E{H o)y —aX)X"}. (153)

oo

Z (a’ — a) E{H cp)(y —aX) X"}

(154)
holds for all y € R and all |[@’ — a| < R. Extend ho(y; a) and
h1(y; a) to the complex disk D(a, R) by the power series (153)
and (154). By (55), there exists 0 < r < R/2, such that hq(y; 2)
does not vanish on the disk D(a, ). By [20, Proposition 1.1.5],
forally € R

hi(y; 2)
; = (155)
9o(y; 2) = oy 2)
is analytic in z on D(a,r).
By assumption (56), there exist B, ¢ > 0, such that
|ho(y; 2)| > cho(y; Re(z)) (156)
for all z € D(a,r) and all |y| > B. Define
B
mg (2) = / 90(y; 2)dy. (157)
J-B

Since (y,z) — go(y; 2) i 1s continuous, for every closed curve
in D(a,r), we have ¢, f l90(y; z)|dydz < oo. By Fubini’s
theorem

B B
7{/ 9o(y; a)dydz :/ %go(y; a)dzdy =0  (158)
JyJ—B —BJy

where the last equality follows from the analyticity of go(y; -).
By Morera’s theorem [43, Theorem 3.1.4], m(l)? is analytic on
D(a,r).

Next, we show that as B — oo, m(])g tends to mg uniformly
in z € D(a,r). Since uniform limit of analytic functions is
analytic [44, p. 156], we obtain the analyticity of mg. To this
end, it is sufficient to show that {|go(+;2)| : z € D(a,r)} is
uniformly integrable. Let z = s + ¢t. Then

7 (y; 2)| = [E{ X o(y — 2X)} (159)
<E{|X[le(y — 2X)[} (160)
:E{|X|<p(y—sx)e%t2X2}. (161)

Therefore, for all z € D(a,r)
/ l90(y; 2)Pdy — / l90(y; )P dy
1 hl(lﬁz) 2.
>~ 62 R hO(y; S) hO(ya S)d’(j (162)




GUO et al.: ESTIMATION IN GAUSSIAN NOISE: PROPERTIES OF THE MMSE

E{|X]eb oy - )} |

1
< ?/R oD ho(y; s)dy
(163)
1 t2x2 4
< EE{(E{|X|8T‘YSZ}) } (164)
< %E{X462r2X2} (165)

where (162) is by (56), (163) is by |ho(y; s)| < 1, (164) is by
(161), and (165) is due to Jensen’s inequality and |¢| < r. Since
X is sub-Gaussian satisfying (29) and r < R/2 = 1/(2¢)

E{X462r2X2} < Z (2T ) E{|X|2n+4}

(166)

2\n

Sf(zm

n=0

V(20 4+ 4)! A (167)

| /\

Z n? 4 3n+2)(2rc)®  (168)

< 00. (169)

Therefore, {|go(;2)| : 2 € D(a,r)} is L?-bounded, hence
uniformly integrable. We have thus shown that mq(a), i.e., the
MMSE, is real analytic in @ on R.

We next consider positive SNR and drop the assump-
tion of sub-Gaussianity of X. Let ag > 0 and fix § with
0 < V6 < ag/2. We use the incremental-SNR representation
for MMSE in (48). Define X, to be distributed according to
X — E{X|Ys = u} conditioned on Y5 = wu and recall the
definition of and h;(y; a|u; §) in (49). In view of Proposition 6,
X, is sub-Gaussian whose growth of moments only depends
on ¢ (the bounds depend on w but the terms varying with n
do not depend on u). Repeating the arguments from (148) to
(154) with ¢ = /2/6, we conclude that ho(y;alu;§) and
h1(y; a|u; §) are analytic in a and the radius of convergence is
lower bounded by R = \/6/_2, independent of » and y.

Letr < V6 /4. The remaining argument follows as in the
first part of this proof, except that (162)—(169) are replaced by
the following estimates: Let 7 = #2/2, then

_ 9 4
< E{ E{IXIeT“‘ Ya}) } (170)
4 oo n
T > (2n;
= E{H > ni!E{IXIQ +1Ist}} (171)
i=1n;=0
< jii 87 2 >
a ni,ng,nz,ns=0 6 ni, N2, N3, Ng
(172)
87 S 327\ 2™
< <?) > <5—2) (73)
ny,no,n3,ng=0
8 < 7397\
= (= = (174)
6 n=0 ?
<00 (175)
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where (170) is by Jensen’s inequality, (171) is by Fubini’s the-
orem, (175) is because 7 < 72/2 < §2/32, and (172) is by
Lemma 4, to be established next.

Let M; be defined as in Section IV-A. The following lemma
bounds the expectation of products of |M;|:

Lemma 4: For any snr > 0, k, i;, n; € N

<snr 22"/l (176)

k
H |Mij|nj
j=1

k .
wheren = 370, in;.
Proof: In view of Proposition 3, it suffices to establish

(177)

e {1

j=11=1

k
H | M [
j=1

3

i

£
n o
¥

(E{IX E(X [V}[")T

IN
'E"V

~

Il
o

Il
-

—
m

—_
<

(178)

vy

IN
'E?’
Es

~

Il
—

Il
-

(179)

=E{|X —E{X |Y}|"} (180)
where (178) and (179) are due to the generalized Holder’s in-
equality and Jensen’s inequality, respectively. [ |

APPENDIX E
PROOF OF PROPOSITION 9 ON THE DERIVATIVES

The first derivative of the mutual information with respect to
the SNR is derived in [1] using the incremental channel tech-
nique. The same technique is adequate for the analysis of the
derivatives of various other information theoretic and estima-
tion theoretic quantities.

The MMSE of estimating an input with zero mean, unit vari-
ance and finite higher-order moments admits the Taylor series
expansion at the vicinity of zero SNR given by (61). In general,
given a random variable X with arbitrary mean and variance,
we denote its central moments by

m; = E{(X —E{X})"}, i=12,.... (181)
Suppose all moments of X are finite, the random variable can
be represented as X = E{X} + \/m3 Z where 7 has zero

mean and unit variance. Clearly, EZ = m, >m;. By (61) and
Proposition 2

mmse(X, snr)

= mgommse(Z, snrms) (182)
= may — m3snr + (2m3 — m3) %
snr3
— (m?l — 6mym3 — 12m§m2 + 15m‘%) —
+ O(snrt). (183)
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In general, taking into account the input variance, we have

mmse’(X,0) = — m3 (184)
mmse” (X, 0) =2mj — m3 (185)
mmse”’ (X,0) = — m3 + 6mym3 + 12m3ms

— 15mj5. (186)

Now that the MMSE at an arbitrary SNR is rewritten as the
expectation of MMSEs at zero SNR, we can make use of known
derivatives at zero SNR to obtain derivatives at any SNR. Let
Xyssor ~ Px|y,,—y- Because of (184)

dmmse(Xy.onr, Y)

_ N 2
vy ot (var {X|Yow = y})*. (187)
Thus
dmmse(X,snr)  d
g e S"r+v)‘7=0+ (188)
d
- d—’ymmse(X;’ﬂstr) o (189)
= — E{(var {X|str})2} (190)
= - E{M3} (191)

where (189) is due to Proposition 3 and the fact that the distri-
bution of Y, is not dependent on +, and (190) is due to (187)
and averaging over ¥y according to the distribution of Yg,, =
V/snr X + N. Hence, (65) is proved. Moreover, because of (185)

d?>mmse(Xy:snr, Y) ’
dry? =0
=2 (var {X Yo = y}>3
— (E{(X = E{X|Yaur})?| Ve =9})" (192

which leads to (66) after averaging over the distribution of Yy, .
Similar arguments, together with (186), lead to the third deriva-
tive of the MMSE which is obtained as(67).
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