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Operational Duality Between Lossy Compression
and Channel Coding

Ankit Gupta, Member, IEEE, and Sergio Verdu, Fellow, IEEE

Abstract—We explore the duality between lossy compres-
sion and channel coding in the operational sense: whether
a capacity-achieving encoder-decoder sequence achieves the
rate-distortion function of the dual problem when the channel
decoder [encoder] is the source compressor [decompressor, resp.],
and vice versa. We show that, if used as a lossy compressor,
the maximum-likelihood channel decoder of a randomly chosen
capacity-achieving codebook achieves the rate-distortion function
almost surely. However, operational duality does not hold for every
capacity achieving encoder-decoder sequence, or rate-distortion
achieving compressor-decompressor sequence. We show that there
exist optimal channel coding [lossy compression] schemes, which
fail when used for the dual lossy compression [channel coding
resp.] problem.

Index Terms—Channel coding with cost constraints, discrete
memoryless channels, discrete memoryless sources, lossy data
compression, rate-distortion theory, source-channel coding
duality.

I. INTRODUCTION

A. Functional Duality

HE functional duality between the solutions for the
T capacity of memoryless channels and the rate-distortion
function of memoryless sources was recognized by Claude
Shannon since the inception of information theory [1] (and
further developed in [2]): the capacity-cost function is obtained
by maximizing mutual information over input distributions that
satisfy an average cost constraint for a fixed conditional output
distribution, while the rate-distortion function is obtained my
minimizing mutual information over conditional distributions
that satisfy a distortion constraint for a fixed source distribution.
Functional duality has been exploited in the design of iterative
algorithms for the extremization of mutual information [3],
[4] and is retained in the presence of side information at the
encoder, at the decoder, or at both [5].
In this paper we deal exclusively with the setup where neither
encoder nor decoder have side information. In that model, the
following general formalization of functional duality was put
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forth in [5]: Fix a random transformation 3*’| » input/output
alphabets A and B, and a cost function f : A — R. Consider
the following optimization problem:

c(wW) = max I(Px, Py x) (1
E[f(X)]<W

=1(Px,Pyx) @

—I(X*;Y™), 3)

where the maximum is attained by P% and its corresponding
output distribution is denoted by Py-.

On the other hand, fix a distribution P& on B and a distortion
function d : B x A — R, where A is the reproduction alphabet.
Consider the following optimization problem:

R(D) = min  I(Ps, Py) 4)
3|8
E[d(S,9)]<D
=1(P3, P ) ®)
=1(8%; §%) (6)

where the minimum is attained by Pgl 5
distribution of P;PS*| =
The optimization problems (1) and (4) are said to be dual if

and Pg is the marginal

P)*((a)P;lX(bm) = Pgi(b)Pkig"IS(cdb)7 Y(a,b) € Ax B. (7)
In which case
C(W) = R(D). (8)

It was shown in [5] that duality holds if {P)*,| . [, W, P¢,d, D}
is such that

Pi(b)=Pr(b) VbeB ©)

1
d(b,a) = alog m + 6(b) (10)
D =E[d(Y*, X*)|=aHY*|X*)+E[BY*)] (1)
are satisfied or whenever
P{;lX(b|a) = P;|S(b|a) Y(a,b) e Ax B (12)
f(@) = aD(Py_ IIP8) +7 (13)
W =E[f(57)] (14)

are satisfied, where « > 0, are arbitrary constants and (3 :
B — R is an arbitrary function.
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Fig. 1. Operational duality: channel decoder as lossy compressor.

B. Operational Duality

Operational duality refers to the property that optimal en-
coding/decoding schemes for one problem lead to optimal en-
coding/decoding schemes for the corresponding dual problem.
As established in various degrees of generality in [6], [7], oper-
ational duality holds between linear lossless compression and
linear encoding for channels with additive discrete noise. In
that setup, the source realization is linearly transformed by the
channel code parity-check matrix and the decompressor is the
syndrome decoder of the channel code. This duality was ex-
ploited in [7] and [8] to obtain lossless compressors from ca-
pacity-achieving sparse-graph codes. These compressors have
performance comparable to or better than existing data com-
pressors such as Lempel-Ziv or Context-Tree Weighting for a
wide variety of sources. Returning to lossy compression, it was
shown in [9] that linear encoding cannot achieve the rate-distor-
tion function. Therefore, a different approach must be explored
for operational duality between lossy compression and channel
coding.

It is natural to explore the operational duality depicted in
Fig. 1 where the channel decoder becomes the lossy compressor
and the channel encoder becomes the lossy decompressor, and
vice versa, where the channel encoder/decoder are chosen as
a given lossy decompressor/compressor. In addition to the in-
sight offered by functional duality, the operational duality de-
picted in Fig. 1 might be fruitful because the channel decoder
partitions the set of channel output n-sequences into subsets of
sequences that are similar in the sense that they are the likely
responses of the channel to a given codeword. Analogously a
lossy compressor partitions the source n-sequences into subsets
of sequences that are similar in the sense that they can be repre-
sented by an n-sequence within some distortion. The outputs of
both the channel decoder and the lossy compressor simply iden-
tify the subset corresponding to the channel output and source
realization, respectively.

One of the incentives of establishing operational duality is to
capitalize on technological advances in one area in order to pro-
vide practical efficient schemes in the other (see Section I-C).
Another incentive is the possibility of borrowing proof tech-
niques from one problem to the other. An operational duality
argument is used in [10] to prove the achievability side of
the rate-distortion theorem. The twist in this argument, which
follows the paradigm in Fig. 1 is that good compressors are

Encoder

Decompressor

obtained via large error-probability channel codes. Specifically,
let PZ be a memoryless source with a distortion function d(-, -)
and corresponding optimal P;I 3 obtained through (4). Now
consider coding for the memoryless channel with the transition
probability given in (12). Let Tﬁg* denote n-sequences typical
according to PZ, and let B (§™) denote the set of sequences

in B" that are typical according to []i_, P;_l G._s - Now
choose codewords {ci1,...,car} € T};S* and decoding sets
{D=Y(c1),...,D"Ycar)} for channel coding such that
D (c;) = B(e;) — UZ1 D7 () (15)
and
F e DT )] > 1 —¢ (16)

Sn ‘S’n

until all sequences in T},‘Sx which satisfy both (15) and (16) are
exhausted. Let € be the probability that the distortion between
the source and its reproduction exceeds D, when compressed by
this maximal! channel code in the manner shown in Fig. 1. It is
shown in [10] that for any 7 > 0

1
—logM < R(D)+ 1 (17)
n

and

E<1l—e€+27 (18)
for all sufficiently large n. Thus, by choosing a large error prob-
ability for channel coding (¢ ~ 1), we can achieve the rate-dis-
tortion limits asymptotically. We show this result in greater gen-
erality in Theorem 3.

In the special case of the binary symmetric channel (BSC)
and the dual problem of compressing the fair coin source with
bit error distortion, it was shown in [11] that any sequence of
codes for the BSC(p) that have asymptotic rate 1 — h(6), with

1

p < 6 < 3 and probability of error vanishing exponentially

in the blocklength, achieve asymptotic distortion less than § +
v/2(h(6) — h(p)) for compressing the fair coin source under
bit error rate criterion, when the maximum-likelihood decoder
is used as the lossy compressor.

'Where by maximal channel code we mean that no other codeword satisfying
both (15) and (16) can be added to the codebook, and thus, its size cannot be
increased any further.
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Fig. 2. Lossy compression setup.

C. Sparse-Graph Based Schemes

In view of the fact that sparse-graph codes have been highly
successful for approaching channel capacity with practical
complexity, a number of schemes have been proposed recently
which use sparse-graph channel codes in the fashion shown in
Fig. 1 to obtain a lossy compressor. Sparse-graph code based
compressors are constructed in [12] and [13] which are optimal
for compressing the binary symmetric source with Hamming
distortion. In [14] and [15] asymptotically optimal sparse graph
codes are constructed for the problem of compressing the m-ary
source with Hamming distortion, and the discrete memoryless
source with separable distortion respectively. The empirical
performance achieved by these schemes is also very close to the
optimal rate-distortion tradeoff as seen in [15], [16], and [17].

D. Organization

In Section II we show that a single randomly constructed
codebook with maximum likelihood channel decoding is al-
most surely optimal for both problems. In Section III we show
that there exist channel codes which are optimal for channel
coding but operate far from the rate-distortion function, when
used for lossy compression of the dual source. In Section IV
we establish that if a lossy-compression scheme achieves the
optimal rate-distortion performance, its dual channel coding
scheme (from Fig. 1) may not achieve vanishing probability of
error for channel coding. Thus, while operational duality does
not hold in general, a random construction in conjunction with
the maximum likelihood channel decoder is asymptotically op-
timal for both problems almost surely. In Section V we revisit
the maximal channel coding scheme used in [10] (Section I-B)
in greater generality by considering a pair of functionally dual
problems, and by removing the restriction of typicality on the
maximal codebook selection.

II. RANDOM CODEBOOK OPTIMALITY

A channel codebook with blocklength n and rate R is a 2" x
n matrix C whose coefficients are drawn from .A. The collection
of codebooks with blocklength n and rate R and average cost
W, whose maximum likelihood decoder achieves error proba-
bility not larger than ¢ is denoted by F(n, R, W, ¢). A channel
codebook C, with blocklength n and rate R can be used for lossy
compression as depicted in Fig. 2. In that case an n-tuple source
realization is compressed into nRR bits by passing it through the
maximum likelihood decoder of the channel codebook C. The
collection of codebooks with blocklength 7, rate R such that
when used for lossy compression achieve distortion less than
or equal to D with probability exceeding 1 — ¢ is denoted by
G(n, R, D, ¢). The following result shows that a randomly con-
structed codebook with rate below the capacity of the channel,
operates with vanishing error probability on the channel and
achieves distortion arbitrarily close to D (for compressing the

dual source) as the rate approaches capacity (and n — 00), with
high probability.

Theorem 1: Fix a memoryless channel P;}I » and a code-
word cost function and cost constraint f : A — R, and W re-
spectively. Choose a source PZ, a bounded distortion function
d:BxA—R,d(-,-) < Dpaz and D such that (9)—(11) are
satisfied. Let C denote a 2" (F(P)=7) x 5, random matrix with co-
efficients chosen independently from a capacity-achieving dis-
tribution P%. Then

lim P[C Ef(?%C(W) - ’77W + ’776>

NG(n,R(D)—~,D+71(v),e)] =1 (19)
foralle > 0 and v > 0, for some function 7(-y), which vanishes
as vy — 0.

Proof: Before providing the formal proof, we present an in-
tuitive justification for this result. Thanks to functional duality,
the distribution according to which the random channel code
is drawn is also the optimal distribution for the random source
code. Further, from (10) the maximum likelihood decoder also
acts as the minimum distance lossy compressor. Note that for
the channel code to work, we need a rate slightly lower than
capacity, which means that for the source coding problem, we
are working at a rate slightly lower than the rate-distortion func-
tion. Thus, in this theorem we show that the slight decrease in
the source code rate will only incur a slight penalty in distortion.
It must also be emphasized that the penalty is caused from two
factors: a) operating at a rate below the rate-distortion function
and b) from using a distribution for the random codebook that is
not the prescribed one at the given rate. The proof of Theorem 1
is in essence a continuity argument and seeks to show that this
penalty vanishes with the gap from capacity.

Our goal is to show that for any v > 0, there exists 7(-y), such
that 7(y) — 0 asy — 0, and

Tim P[C € F(n,C(W) =%, W+, =1 (0)
and
lim P[C € G(n,R(D)—~,D+7(v),¢)] = 1. 21

n—oo

The codebook C contains 2 CMW)=7) x p symbols, each of
which is sampled independently from P%. Since according to
(1), E[f(X*)] < W, the law of large numbers implies that C
satisfies the cost constraint averaged over the message w.p.1 (as
n — 00). Further the random-coding proof of the achievability
part of the channel coding theorem shows that C achieves proba-
bility of error less than e (for any € > 0), when used for channel
coding w.p.1 as n — oo. Thus

lim P[C € F(n,C(W) —~, W +~,¢)] = 1.

n— o0

(22)
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We now compute the distortion achieved with C when used for
lossy compression. First of all note that, for the dual lossy com-
pression problem Pg = Py and P} = Px. Define

Ap(d) = inf D(Py5|IPs x PZ) (23)
z.,zZ

= inf [[(Z; Z) + D(Py]||P})] 24)

z,2

where P} is the optimum reproduction distribution when the
allowed distortion is D and where the minimum is chosen over

all joint distributions F 7.7 such that
Joy (25)
and
Ep, |d(7%, 7)) < d. (26)

The function Ap(d) was first introduced in [19]. Informally,
Ap(d) is the minimum rate required for a random codebook
with entries chosen independently from a given Pg‘, so as to
compress the source P§ with average asymptotic distortion less
than d [18]. Note that Ap(Dy,a.) = 0 (by substituting P, ,, =
P§ x P7). Further, dropping the non-negative term D(F;, ||P;)
from (24), we get

Ap(d)>  inf  I(Z;Z) = R(d)
PZ,Z

E[d(Z,Z)]|<d
Pz=P;

27)

with equality at d = D, because in that case the optimizing
distribution in (24) is P, = P; & Therefore

(28)

The following result shows that Ap(d) is strictly decreasing
in the neighborhood of d = D.

Lemma 1: Let R(D) > 0, for 0 < v < R(D)/2 there exists
p(~y) such that

lim p(y) = 0. (29)
v—0
and
Ap(D + p(7)) < R(D) — 1. (30)

Proof: Note that, by its definition, (24), Ap(d) is convex
and nonincreasing. Due to convexity, it must be continuous in its
region of definition. Moreover, if it is constant in some neighbor-
hood of distortion d; it must be constant for all d > d;. Since
Ap(d) cannot be negative and Ap(D,,q.) = 0, we conclude
that it must be strictly decreasing for any d such that Ap (d) > 0.

|
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Define the per-letter distortion as

& (a", b = 31)

and

&(n,d)

1
:{S"EB":—log PrIe——
no Pz [dr(sm, 5 < d]

<Ap(d) + 5}. (32)

It is shown in [18] that for all 6 > 0

lim Pg.(E(n,6)) = 1.

n— o0

(33)

For convenience we denote, with a slight abuse of notation, the
minimum distortion between a source sequence s” and a code-
word in C by

d"(s",C) = min d"(s", c"). (34)
cnec
Since we have 2"C(W)—nvy — 9nR(D)—nYy codewords
P[d"(s".€) 2 D + p(27)]
<(1- 2_7‘()‘13(D+P(27))+6)+o(n))2“(0(‘4’)77) 35)
S 6_217,(C(w)7'w7>\D(1)+p(27)),5) (36)

for s™ € &(n,6), where the randomness in (35) is only due
to C and (36) is obtained by using the inequality (1 — z)¥ <
e~*Y. The probability of exceeding distortion D + p(2v) on any
element of £(n, §) is given by

Pl U

{d"(s".C) =2 D + p(27)}

sne€(n,d)
_on(C(W)—5=Ap (D+p(27))—8)
< |E(n, 6] pET) 37y
< gnlog |B] (2= r=Ap(Dte(20))=0)) (38)

where (38) follows from the fact that £(n, §) C B™. Therefore,
if 6 < ~, then

lim P

n—oo

=0.

U

sne€(n,d)

{d"(s",C) > D + p(27)} (39)

Define H(n, 6, ¢, R) as the set of all codebooks C of rate R such
that

A d"(s",C) < D +é. (40)
From (39) we have
Tim P[C € H(n,7.p(2y). R(D) —7)] = 1. (41)
From (33), for n large enough and arbitrary € > 0
Pg.(E(n,y)) <€ (42)
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thus for sufficiently large n

Hn, v, p27), RD) —v) C G(n, RD)—7, D + p(27), €). (43)

From (41)
lim P[C € G(n. R(D) =7, D +p(27),)] =1.  (44)
From (22) and (44)
lim P[C €G(n, R(D) = 7. D + p(27).¢)
NF(n,C(W) =, W +7,6)] =1. (45)

Any codebook in the intersection in (45) achieves a probability
of error less than e for channel coding, and achieves a distortion
D + p(2) with probability greater than 1 — € in lossy compres-
sion. Thus, we can simply choose 7(y) = p(27) to conclude
that a random codebook operating at rate C(W') — -y, where
is sufficiently small is good for both source and channel coding,
almost surely. ]

III. OPTIMAL CHANNEL CODES THAT ARE NOT OPTIMAL FOR
Lossy COMPRESSION

In Section II, we established that with overwhelming proba-
bility, a maximum likelihood channel decoder is a lossy com-
pressor that achieves the rate-distortion function of the dual
lossy compression problem for a capacity-achieving random
channel codebook ensemble. This prompts a natural question:
Is a sequence of channel encoders/decoders good for lossy com-
pression as long it operates close to capacity and achieves van-
ishing probability of error? In this section we show that the an-
swer is negative. Indeed we show that for any regular channel
codebook? that achieves capacity with a maximum likelihood
decoder, there exists an alternative capacity-achieving decoder
that leads to distortion far from the ideal when used as a lossy
COMpressor.

Theorem 2: Fix a memoryless channel P Y‘ » a codeword
cost function f : A — R, and cost constraint W respectively.
Choose a source P§, a distortion function d(-,-) : B x A —
R and D such that (9)-(11) are satisfied, and d(-,-) and (3(-)
are bounded. Choose any sequence of regular codebooks with
asymptotic rate strictly smaller than C'(W), whose maximum
likelihood decoders achieve
(46)

lim €, =0.
n—oo
Then, there exists a sequence of channel decoders with van-
ishing error probability that achieve distortion D,, when used
as lossy compressors of the dual source, such that

liminf D,, > D 4+ aC(W)

n—oo

(47)

with « specified in (10).3

A regular codebook [20] only contains symbols @ € .A that achieve
D( v ix=allPy) = C(W) for the capacity-achieving output distribution

3Note that the lower bound on the gap from the optimal distortion: aC' (W),
is independent of the gap from capacity.
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Fig. 3. Graphical representation of the sets defined in (50) and (54).
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Proof: Denote the number of codewords in the n** code-
book by M,,, and let
log M,
v =C(W) —limsup o8 > 0. (48)
The set of channel output sequences is partitioned by

M,

Jr (49)
=1

where D~1(¢;) C B" is the subset of channel outputs for which
the maximum-likelihood decoder D declares c¢;. We will show
that there exist subsets & C D~'(¢;) (see Fig. 3), such that
the probability that the channel output falls on &; given that the
codeword ¢; was transmitted vanishes asymptotically, and the
probability that the source P&, takes values on vail &; goes to
1 asymptotically. Therefore, if we modify the channel decoder
so that it outputs a fixed codeword when the channel output is
in UM" &;, it will still be asymptotically optimal for channel
coding, but will perform far from optimal as a lossy compressor,
because it outputs the same reproduction sequence for almost all
source sequences. The following lemma gives a construction of
the desired subsets {&;} 217

Lemma 2: Define for arbitrary § > 0

LS fsnreilf]) < O(W) - 5}

=1

&= {Sn € D_l(ci) :

(50

with the information density denoted by

Py x (bla)
Y|X

1(b,a) =log ——— (51

Py(b)

If the codebook is regular, then

lim Py (Eile;) =0 (52)

n—oo

for every codeword c;, where the convergence in (52) is uniform.
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Proof: Thanks to the assumption that the code is regular
and the alphabets are finite, £ 37| 1(s¢, ¢;[¢]) is equal to the
arithmetic average of the random variables

Y. [a] :% Z (8¢, a)

LeS(a)

(53)

where j € S(a) if and only if ¢;[j] = a. For those, a € A
such that |S(a)| — oo, the law of large numbers ensures that
Y, — C(W ( ) in probability. For the other symbols, their contri-
bution to £ 3™ 4(s¢, ¢;[¢]) vanishes. Therefore, regardless of
the emp1r1cal distribution of ¢;, (52) follows. |

Henceforth, we choose § = 7/2 in definition (50). Let

gqj = D_l(ci) \gL (54)
We have (cf. Fig. 3)
M, M,
UernJé)=¢ (55)
i=1 i=1
and
M,
UeuvJé& e) = B (56)

i=1 =1 =1

‘We now show that the source realization lies in the union of the
sets {&; } 211 with overwhelming probability.

Lemma 3:
M,
lim P (| &)= (57)
=1

Proof: Denoting the output of the maximum-likelihood
channel decoder as D(-), from (54) we have

P:S’kn (Sn) < 27n(C(W)*’Y/2)P;n|Sn(8n|D(sn)) (58)
for any sequence s™ € &, therefore
M,
PZ, U &)
S Z P*nlsn( n|D(sn))2—n(C(VV)—'y/2) (59)
Q”GUMH &
< g-n(C) v/z)z Z o IS s™e;) (60)
i=1 s"€E;
< M, 2~ (CW)=7/2) (61)
<27/ (62)

where (62) follows from (48). Using (62) along with (56), we
obtain the desired result upon taking limits. ]

We now modify the decoder D such that the new decoder D
has an asymptotically vanishing error probability

(63)
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and for j # 1
D7H¢j) = D7) \ & (64)
With this modification for j = 1
Vo (D7 Hen)ler) > Py (D7 (en)ler)  (65)
Z 1- €n (66)
and for j # 1
Py (DTH(eg)lej) 2 Pin xn (D7H(es) \ Ejley) (67)
2 1-— €n — P1t71‘4Y71 (5]|C]) (68)
Accordingly, the modified scheme has an error rate
I < —e
€, <€n + max Py xn (Eilei) (69)
=o(1). (70)

Therefore, the codebook/decoder sequence {C,,D}
asymptotically optimal for channel coding. We now show
that the distortion obtained when this channel code is used
to compress the dual source, in the manner shown in Fig. 1,
satisfies (47). Define

n

1
"yt at) =~ ;z(ym) (71)
where ¢(+, -) is given in (51). The average distortion is equal to
1
P&, (s™)1 = + E[B(S*
S;‘ % (s™) log Pr o PG) [B(S™)]
(72)
Psn(s")
P& (s™)1 ST + aH(S*
T 2 P gy + S
[E[ﬂ(S*)] (73)
=aH(S*|S*) + aC(W) + E[3(S)]
—a Z P&, (s™)d"(s",D(s")) (74)

s EA
=aC(W)+ D —«

>

M
n n
smeU; 1 E;

P& (s™)"(s",D(s"))

-« Z P& (s™)"(s™, D(s™)) (75)
s"euf‘i’; E&;
where (75) follows from (11) and (56). Define
Tn = Q Z P& (s™)"(s™,D(s™)) (76)
sneunE;
and
l, =« Z P& (™) (s™, c1). a7
s”GUfVi”l“ &;
From Lemma 4 in the Appendix and (62), we have
lim »r, = lim [, = 0. (78)

n—oo n— o0
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We now evaluate (75) in the limit

limsup D, =aC(W)+ D — lim r,

n—00 n— oo

—alim sup Z P& (™) (s c1) (79)

n > M
n ne.
S €U7. 1 E;

=aC(W)+ D+ lim [,

— alimsup Z P (s™)"(s™,c1) (80)

n—oo sm GAH
=aC(W)+ D
+ lim supgD(Pgn
n

n— 00

>aC(W)+ D.

*

571'5’71:(‘1)

81)
(82)

Hence, we have shown a channel coding scheme that has van-
ishing probability of error for channel coding and rate arbitrarily
close to capacity, but performs far from the rate-distortion func-
tion when used as a lossy compressor. [ |

IV. OPTIMAL L0OSSY COMPRESSORS FOR CHANNEL CODING

We now consider the operational duality setup that is com-
plementary to the one resolved in Section III. We analyze
whether a rate-distortion achieving lossy compression scheme
also achieves vanishing probability of error for channel coding,
when the lossy compressor is used as a channel decoder and the
lossy decompressor is used as the channel encoder. Note that
the rate-distortion achieving schemes that we consider must
approach R(D) from below. Otherwise, the channel coding
theorem ensures that probability of error for channel coding is
bounded away from zero.

A simple counterexample shows that optimal rate-distortion
performance is not a guarantee of achieving channel-capacity
for the functionally dual problem. Consider the problem of com-
pressing the fair coin source with Hamming distortion §. The
dual channel-coding problem is transmission over the binary
symmetric channel with crossover probability 6. Given a se-
quence of codebooks and lossy compressors, that have asymp-
totic rate R(6) — e and asymptotic average distortion § + v, we
can obtain a new sequence of compressors and decompressors
by doubling the number of codewords simply adding a neighbor
at unit Hamming distance to each codeword in the codebook,
and using the maximum-likelihood channel decoder as a lossy
compressor. For this new sequence the asymptotic rate-distor-
tion performance is unchanged, while the channel error proba-
bility P. is lower bounded by ¢: the probability that the trans-
mitted codeword will be received as its unit Hamming distance
neighbor. Thus, irrespective the magnitude of € and ~y the prob-
ability of error for channel coding is bounded away from zero,
establishing that rate-distortion achieving schemes may fail for
the functionally-dual channel-coding problem.

V. Lossy DATA COMPRESSOR FROM MAXIMAL
CHANNEL CODE

In the spirit of [10], we give a duality result based on a
maximal channel code construction. In contrast to [10], we
consider a pair of functionally dual problems from which our
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codebook selection follows naturally, without imposing any
typicality constraints.

A. Code Construction

Consider the rate-distortion problem

RD) = min (P35, Pys) = 1(P5, Py) (89
5|8
E[d(S,3)]<D
and the dual channel coding problem (R(D) = C(W))
C(W)= max I(Pg,Pls)=1(P} Pyg).  (84)
E[f(S)]<W
Fix arbitrary 6,6" > 0 and 0 < € < 1. Define the balls
B(z")={s" e B":d"(s",2") < D+ 6}. (85)

Consider a codebook C = {¢; € A" : i =1,..., M} such that
each codeword satisfies

1 n
"(c;) = — i) < W+ 6§ 86
I (ci) n;f(c,m)_ + (86)
and
gy (D7 (ei)|ei) > 1 —e (87)
where
D™ (c;) = B(e;) — UIZ1 B(c)). (88)
Let the channel decoder* be defined as
ny _ Jcin D" e DT (ey)
b") = {ag, otherwise (89)

for an arbitrary fixed aj € A™.

B. Analysis

Theorem 3: Fix 6 > 0, 8" > 0, and € > 0. For the code
construction in Section V-A

1
limsup — log M < C(W + §').

n—oo M

(90)

If the codebook is maximal, i.e., we cannot find a™ € A"\
C that satisfies (86)—(87), then it attains the excess distortion
probability

limsupP[d"(Y",D(Y")) > D+ 6] <1 —¢, 1)
where Y is distributed according to Pg.. .
Proof: Let {e;} be a sequence such that
kli)n;o €, =0 (92)
and
kll)nolo \/Eek = 00. (93)

“Note that this decoder outputs a codeword rather than a message.
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Let Tk denote elements of .A*, which are e -typical according
to Pg. Any codeword ¢; satisfying (86) is in Tﬁ, with

n

Pia) =3 1fei =) (94
i=1
which satisfies
E[f(S) < W +¢ (95)
and therefore
I(P’ P;|s) < C(W+§). (96)

From [10, Corollary 2.1.4], for arbitrary ¢ > 0 there exists n(s),
such that for n > n(s)

ICNTp | < exp(n(I(Pg, P§ ) + <)) 97)
< exp(n(C(W +8") +%)) (98)

since the number of types is upper bounded by (n + 1)|A‘

M < (n+ 1D)Aexp(n(C(W +§) +)) (99)
therefore, the strong converse statement in (90) follows.

We now proceed to show (91). To that end, note from (85)
that every element of

(100)

M
B=JB(
=1

is reconstructed with distortion less than or equal to D + §. For
Y™ distributed according to Pg.., we have

Pld"(Y™",D(Y")) > D + 6] < P&.[B°). (101)
fs" e A" and
fE") <wW+ ¢ (102)
then
P* . [BNB(3")|§"] <1—¢ (103)

S71|S71

because the code is maximal. Since E[f(S$*)] < W, there exists
no(8") such that for n > ngy(8’)
(104)

fla") <W+§, Va" eTp..

Now, let 8™ € T5. and let S™ be generated through the random
transformation Pi”l Gne
large numbers guarantees the existence of n;(7) such that for
n > ni(T)

. Fix an arbitrary 7 > 0. The law of

P;n [Tﬁg] >1—-7 (105)
and
P[(S™,§")eTp. | >1—T. (106)
SS
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Furthermore, since E[d(S*, 5*)] < D, there exists ny(8), such
that for n > n2(6)

dr(b",a”) < D+, V(",a") € Tﬁgg. (107)
Combining (106) and (107), for n > max{ni(7),n2(6)}
Pd"(S™,§") < D+6]>1—-71 (108)
which, according to (54) implies that
P;H‘Sn [B(§™)|s"] >1—r. (109)

Therefore, for n > max{ng(¢’'),n1(7),n2(6)}, and §™* € Tp.
S

P [Blﬁn] =1—Pg, 5.[B5"] (110)
P;wsn [B° N B(5™)|5"]

P;n‘Sn[BcﬂBC(A")B ] (111)

P; |5n [BCNB°(§™)[s"] (112)

Pl BGEHE A

>e—T (114)

where we get (112) by using (103), and (114) follows
from (109). We may use (114) to conclude that for
n > max(ng(8’),n1(7), n2(8))

PS" B] Z P*nlsn [B|§n]P*n [An] (115)
neAn
= . [BI3"I P, [8"] (116)
smeTn,
Px
>(e—T1)(1-7) (117)
>€— 2T, (118)
Finally, (91) follows from (118) and (101). |
APPENDIX

Lemma4: Consider the rate-distortion problem given in (4)
with the distortion function d : B x A — R given in (10). Let
0 < d(,") < Dmaz and |B(*)] < Brmaz, then for an arbitrary
e A

[ (s™,8")| < K (119)
whenever PZ.. (s™) > 0, for some constant K, where 2" (-,
specified in (71).

Proof: In view of (10), for any (a,b) € A x B such that
Pg(b) > 0, we have

-) is

. ﬂmaa: Dmaz + /[3maz
log PE(Y) — 2192 < (b, q) < —mex T Pmaz
min - log Pg(b') — = = < —u(b.a) < "
Pg(b)#0

(120)
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Since by assumption P&(s;) > 0,5 € {1,2,...,n}, (71)
and (120) enable us to conclude that (119) holds with

D
K = max min log P5(b')— Pmaz i +Bmaz
b'eB (67 (o]
PE(F)£0
(121)
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