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Abstract—We explore the duality between the Gelfand-Pinsker
problem of channel coding with side information at the trans-
mitter and the Wyner-Ziv problem of lossy compression with
side information at the decompressor in the operational sense:
whether a capacity-achieving encoder-decoder sequence achieves
the rate distortion function of the dual problem when the channel
decoder (resp. encoder) is the source compressor (resp. decom-
pressor). We show that there exist capacity-achieving channel
coding schemes that also achieve the rate-distortion function for
the dual problem. However, this duality does not hold for every
capacity-achieving channel coding scheme. In particular, we show
that the original capacity-achieving encoder-decoder scheme of
Gelfand-Pinsker operates far from the Wyner-Ziv rate-distortion
function.

I. INTRODUCTION

Duality between the problems of channel coding and lossy
compression has been recognized since [1], wherein Shannon
remarked: “There is a curious and provocative duality between
the properties of a source with a distortion measure and
those of a channel”. At least three notions of duality viz.
formula, functional and operational are found in the literature.
These notions of duality have proved crucial towards solving
various problems in information theory and designing practical
coding systems. For example, functional duality has provided
numerical optimization algorithms for the channel capacity
and rate distortion functions [2], [3], while operational duality
has been the motivation for designing lossy compressors [4]
based on channel codes [5], and viceversa [6] and [7].

Formula duality refers to the relationship between the
optimization problems corresponding to solving for the chan-
nel capacity and the rate-distortion function. In [8] it was
shown that for the memoryless channel P;}‘ X.5,.5, With side
information S; at the encoder and side information S at the
decoder jointly distributed according to Pg g . and a channel
cost function! ¢(-,-) : X x S; — R, the capacity is given as

cw) = [[(U;82,Y) = I(U;S1)], (1)

max
U|S1
X=f(U,51)
E[e(X,S1)]<W
where f(-,-) : U x & — X, and U is an auxiliary random
variable, such that [{/| < |X| 4+ |S|. Analogously for lossy
compression of source Y, with joint distribution P, S5,

'We denote the alphabet of random variable Z as Z.
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where side information S is available at the decompressor
and S}, at the compressor, and the reproduction alphabet is X"/
the rate distortion function is given as

R(D) = [I(U';85,Y") = I(U; 8], ()

min

U'ly’,sh
X'=f"(U',57)
E[d(Y’,X")]<D
where f/(-,-) : U’ x 8] — X', and U’ is an auxiliary random
variable such that [I/'| < |X’| 4 1. Together (1) and (2) cover
all the scenarios where (possibly noisy) side information is
available to either encoder, decoder, or both. The defining
equations for capacity and rate distortion function make the
formula-level duality apparent.

We next consider functional duality. We say that the pair
of problems given in (1) and (2) are functionally dual if
y=Y,x =X, 8 =8] and S = &}, and there exist
a distribution Py 17 5, s,, and a mapping f(-,) : S x U —
X, that simultaneously optimize both problems. In such a
case it follows that C(W) = R(D). In the four special
cases where side information is available for channel coding
(lossy compression) at the encoder (decompressor) or decoder
(compressor) or both or none, conditions on the optimization
problems corresponding to the capacity and rate-distortion
functions were identified in [9], such that functional duality
holds.

Operational duality takes a pair of functionally dual prob-
lems as its starting point. For the the problem considered in
(1) a channel encoder with blocklength n, and rate R, is a
mapping: {0,1}"% x 8 — X", while a channel decoder is
a mapping: V" x 8§ — {0, 1}"£. For the functionally dual
problem, a lossy compressor with blocklength n and rate R is
a mapping: V" x S — {0,1}"%, and a lossy decompressor
is a mapping: {0, 1}"% x S} — A™. Thus, a channel decoder
can be used as a lossy compressor and the channel encoder can
be used as a lossy decompressor and viceversa. It is natural to
enquire whether an optimal scheme for one problem remains
optimal when used for the functionally dual problem. In [10],
we explored the scenario without side information: we showed
that with overwhelming probability a codebook with symbols
randomly selected from the capacity-achieving distribution and
the maximum likelihood channel decoder achieve the rate-
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distortion function for the dual problem. However, we also
showed in [10] that this operational duality does not hold in
general: there exist capacity-achieving encoders and decoders
that operate far from the rate-distortion function when used for
the dual lossy compression problem. In fact, for any capacity
achieving channel codebook, there exists a decoder which
preserves optimality for channel coding, while rendering it
completely useless for lossy compression . Strengthening the
result in [11], we also constructed a maximal code in [10],
such that the probability of error for channel coding ¢, and
the probability of exceeding the desired distortion for lossy
compression € satisfy

e<1—¢, 3)

for sufficiently large blocklengths. Thus, choosing a large
probability of error for channel coding leads to small prob-
ability of error for lossy compression and vice versa. In [12]
a similar construction is shown for the Wyner-Ziv/Gelfand-
Pinsker problems by means of a maximal nested codebook,
with parameters €; and €s. Denoting the probability of error
for a pair of functionally dual Gelfand-Pinsker and Wyner-Ziv
problems as € and ¢, this construction achieves

e<(1—e)+ Ve “)

and

e<(1-e)+ Ve 5)

This result is analogous to (3), in that choosing a large
probability of channel error, we can obtain small probability
of error for lossy compression, and viceversa.

Establishing operational duality allows us obtain optimal
schemes for one problem by simply using optimal schemes for
the other. For example, the operational duality between chan-
nel coding and lossless compression, established in [13] and
[14], was used to obtain lossless compressors from capacity-
achieving error correcting codes in [14]. It can also be used as
a proof technique to show achievability results for one problem
using coding schemes for the other [11]. Recently, operational
duality has been a motivation behind using sparse graph codes
for lossy compression (for e.g. [15], [16]).

In this paper we focus on the case where side information
is available only at the channel encoder [17] and only at the
lossy decompressor [18]. We show that the capacity achieving
encoder/decoder sequence presented in the Gelfand-Pinsker
paper [17] performs poorly for the dual lossy compression
problem. In fact it achieves average distortion no better than
a lossy compressor operating at rate 0. On the other hand, we
show the existence of a sequence of encoders and decoders
that operate near the fundamental limits for both problems
simultaneously.

The rest of the paper is organized as follows. In Section
II, we state a pair of functionally dual Gelfand-Pinkser and
Wyner-Ziv problems. In Section III we present and analyze
achievability schemes for these dual problems. In Section
IV, we show that the capacity-achieving encoder and decoder
described in [17] operates far from the fundamental limit for
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the functionally-dual Wyner-Ziv problem, thereby establishing
that operational duality does not hold in general. A sequence
of encoder and decoders that are simultaneously good for both
the dual problems is presented in Section V.

II. FUNCTIONALLY DUAL WYNER-ZIV AND
GELFAND-PINSKER PROBLEMS

Consider the problem of coding for the channel Py x g
with the side information Pg available only at the transmitter,
where, X', ) and S denote the input, output and side infor-
mation alphabets respectively. The cost constraint is denoted
as c(-,) : X x § — RT. According to [17], the capacity is
given by?

CH (W) = max I(Y;U) - I(S;U) (6)
X=f[J(EaU)
E[c(X,8))<W

=I1(Y;U) - I(S;U), @)

where f(-,-) : S xU — X, and U is an auxiliary random
variable, taking values over an alphabet U/ such that || <
X+ 18],

Next consider the lossy compression problem with side
information at the decompressor such that source and side
information are jointly distributed according to Py g, and
source, reconstruction and side information alphabets are ),
X and S respectively. The rate distortion function is given by

R*(D)=  min I(Y;V)-I(S;V) 8)
Y:f"/(‘g,V)
E[d(Y,Y)]<D

=1(Y;V)—1I(S;V), ©)

where f'(-,-) : S XV — X, and V is an auxiliary random
variable taking values over the alphabet V), that satisfies
|V| < |X|+ 1. Functional duality holds between the problems
described in (6) and (8) if there exist a joint distribution
Py 5 and a function f(-,-) : U x & — X that solve both
optimization problems (6) and (8). In that case, the values of
R*(D) and C* (W) are identical.

III. ACHIEVABILITY SCHEMES FOR GELFAND-PINSKER
AND WYNER-ZIV PROBLEMS

We now present achievability schemes for the Gelfand
Pinsker channel-capacity problem and the Wyner-Ziv rate-
distortion problem. These schemes are used later to show the
main results of the paper in Section IV and V respectively.

A. Definitions

We will use the following notation henceforth:

o Tp (0) and T (0) respectively denote the set of all
(strongly) d-typical n-sequences according to Py and
all (strongly) d-jointly typical n-sequences according to
Pxy.

2The dependence of the cost function upon both X and S can be motivated
by the watermarking problem, wherein the distortion introduced by the
watermark (X) in the message (S) must be within certain limits.



o F(n,W,~) denotes the set of channel encoders and de-
coders with blocklength n, with average cost per channel
use W (where the averaging is with respect to both the
input message and the side information), that achieve
average probability of decoding error not exceeding ~.

e G(n,D,~) denotes the set of compressors and decom-
pressors with blocklength n, that achieve distortion less
than D with probability greater than 1 — .

e G(n,D,~) denotes the set of compressors and de-
compressors with blocklength n that achieve distortion
greater than D with probability greater than 1 — 7.

We first present a result that is crucial for the analysis of the
achievability schemes for the Gelfand-Pinsker and Wyner-Ziv
problems. This result can be proved by a simple extension of
Lemma 10.6.2 in [19]. The achievability schemes are covered
in Sections III-B and III-C respectively.

Lemma 1. Let C(n, R,U) denote a random codebook, with
blocklength n and 2™ codewords such that each symbol is
chosen independently from the distribution Py;. The probability
that at least one codeword is §-jointly typical according to
Py with an i.id. sequence distributed according to Py
satisfies

nh_)H;cP U {(an Cn) € Tgy,u (6)}

cneC(n,R,U)
_{ 0 R<I(Y;U)-—1(0)

1 R>IY;U)+7(d)
Sfor some 7(8), that vanishes as 6 — 0.
B. Achievability for the Gelfand-Pinsker problem

(10)

Consider the Gelfand-Pinsker channel coding problem as
stated in Section II. Fix € > 0 and construct the following
sequence of encoders and decoders, with asymptotic rate
C*(W) —e. o
Codebook: Construct a codebook containing 2/™(1(Y;U)=¢/2)]
codewords of length n such that symbols are independent and
identically distributed with distribution Pp. Divide the code-
book into bins each containing 2/ (5iU)+€¢/2)1 codewords.
Fix § > 0, and assume a lexicographic ordering on the
codewords. The encoder and decoder are given as follows:
Encoder: Let m = {1,--- , 2[7U(VU)=€¢/2)]=[n(I(S$;U)+¢/2)1}
denote the message. Given a codebook C,,, side information
realization s™ and message m, choose the first codeword c in
the m*" bin such that (s", c) € T, (6). If no such codeword
exists pick the first codeword ¢ € C,. The transmitted
sequence is given as

a" = [f(s1,¢1),-+  f(Snscn)l, (11)

where f(-,-) is the maximizing argument in (7).

Decoder: Given a codebook C,, and a channel output real-
ization 3", choose the first ¢/ € C,, such that (y™,c') €
Tp, , (0). Declare the index of the bin corresponding to ¢’. If
no such codeword exists declare the all-zero sequence.
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Achievability: We denote the sequence of random codebooks
constructed above as C, and the sequence of encoders and
decoders described above, when used with a codebook C, as
&c, and D¢, respectively. It can be shown that (see [17])

lim P[(éc,,De,) € Fn, W +7,7)] =1, (12

for any v > 0, and sufficiently small § > 0, where F is defined
in Section III-A.
C. Wyner-Ziv achievability scheme

Consider the lossy source coding problem with side infor-
mation as defined by (8), that is dual to the problem given in
(6). Fix € > 0 and construct the following sequence of com-
pressors and decompressors with asymptotic rate R*(D) + e.
Codebook: Construct a codebook containing 2/™(/(Y5U)+¢/2)]
codewords of length n such that each symbol is independent
and distributed according to Pg. Divide the codebook into
bins containing 2[*((S:V)=¢/2)1 codewords.

Fix § > 0, and assume a lexicographic ordering on the code-
words. The compressor and decompressor work as follows:
Compressor: Given a codebook C), and a source realization
y™, choose the first codeword ¢ € C,, such that (y",c) €
Tp, ,(6). If no such codeword exists choose ¢ as the first
codeword in C,,. Declare the bin index of c.
Decompressor: Given a codebook C), and side information
s™. Let m denote the bin index. Choose the first codeword ¢’
in the ' bin such that (s",¢’) € Tg__(9), if no such ¢’
exists choose the first codeword in C,,. The reconstruction is
given as

ay = [f(s1,€), -+, f(sn,c3)]s

where f is the optimizing function in (9).

Achievability: Denote the random codebook described above
as C!, and its k' bin as C’ (k). Denote the decompressor and
compressor when used with a codebook C,, as écn and @07,,
respectively. It can be shown that (see [18])

lim P{(éc:, Der) € G(n, D +v,7)] =1,

13)

(14)

for any v > 0, and sufficiently small § > 0, where G is defined
in Section III-A.

IV. GELFAND-PINSKER ACHIEVABILITY SCHEME FAILS
FOR LOSSY COMPRESSION

In this section we consider the encoder and decoder de-
scribed in Section III-B to show the achievability of channel
capacity with side information at the encoder. We show
that with overwhelming probability when used for the dual
lossy compression problem the random encoder and decoder
perform as poorly as a lossy compression system with zero
rate. More formally:

Theorem 1. Consider a pair of dual channel coding and lossy
compression problems as given in Section Il and let &, , De,
denote the capacity achieving random encoder and decoder
described in Section III-B. Then

th—>Holo ]P[(gcnvﬁcn) € G(na D*(O)’V)] = ]-7 (15)
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for all v > 0, where D*(0), is the Wyner-Ziv distortion-rate
function evaluated at zero rate.

Proof: Let DY denote the lossy compressor that outputs
a sequence of all zeros irrespective of the input and define

GE{(y",Cn) : D¢, (y") = 0}, (16)

where D¢, is the decoder described in Section III-B, when
used with the codebook C),, and O is the all zero sequence.

From Lemma 1, we have
P[(Y™ C,) €G] > 11—, (17)

for any ¢ > 0, for all n > ng(s). From the definition of the

Wyner-Ziv rate-distortion function we have
Pld"(Y", &, (Dp(Y"),8") 2 D*(0)] > 1—7,  (18)

for any 7 > 0 and n > n,(7), because the lossy compression
system with D%(-) as a compressor operates at zero rate.
Define

f(ynvsnycn)
= H{d"(y", ¢, (De, (y", s"),s™)) = D*(0)}
- H{d"(y", Ec, (D) (y"), ") = D*(0)}.  (19)

It follows that f(y",s™, C,) = 0, whenever (y",C,,) € G.
Therefore using (19) and (17), for n > ng(s) we have

E[f(Y", 5", Cy)] <. (20)
Therefore
Pd"(Y", &, (De, (Y™),S™)) > D*(0)] > 1—¢—1, (21)

where (21) holds for n > max{no(s),ni(7)}. Since ¢ and 7
are arbitrary we get

lim Pld"(Y",&c, (D, (Y"),8")) = D*(0)] = 1. (22)
To relate (22) to (15) note that
Pld" (Y™, &, (De,(Y")),S") < D*(0)]
Z P[’Dcn 5 gCn S g_c(n’ D (O)v 7)]7 (23)

where (23) follows form the definition of G¢. Taking limits
we get (15), in view of (22). [ |

V. SEQUENCE OF ENCODERS/DECODERS THAT ARE
OPTIMAL FOR BOTH PROBLEMS

In Section IV we showed that the sequence of en-
coders/decoders described in Section III-B to show the achiev-
ability of channel capacity with side information operate
poorly as a sequence of lossy compressors and decompressors
for the dual problem. In this section we describe a sequence
of encoders and decoders are are optimal for both the dual
problems presented in Section II. We first provide an intuitive
sketch of the proof. The traditional Gelfand-Pinsker coding
scheme fails for Wyner-Ziv coding, because the number of
codewords in the Gelfand-Pinsker codebook is not enough for
a random sequence generated from the source distribution Py
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to be jointly typical with any of the codewords. For the typical
codeword search to succeed, the number of codewords in the
codebook must be greater than on(I(Y3U)+e) which would then
rule out its applicability for channel coding. It would seem that
to construct a coding scheme that works for both problems is
a very challenging problem because currently in the literature
there exists no proof of achievability without using strongly
typical codeword search.

We solve this challenge by making use of two codebooks:
one codebook is designed to be used by the Gelfand-Pinsker
problem, and the other codebook is designed to be optimal
for Wyner-Ziv compression. The number of bins in both
codebooks are the same to ensure that the encoder and decoder
output the same number of bits. The Wyner-Ziv codebook is
designed to only compress part of the source sequence and
ignore the rest. As the rate approaches the capacity, the penalty
incurred by ignoring this segment vanishes.

However, note that the encoder is just a mapping that takes
in a sequence of bits and a side information sequence in S”
and outputs a sequence in X™. It cannot discover from the bits
and side information sequence which of the two problems it is
facing since the input statistics are the same for both problems.
Similarly the decoder just takes a sequence in Y™ and it has
no way of determining from the input which problem it faces,
and thus which of the two codebooks to use.

Fortunately, can make use of the following idea: The
Gelfand-Pinsker decoder fails very rarely for channel coding.
However there aren’t enough codewords to ensure that one of
them will be jointly typical with a sequence randomly drawn
from Pgy.. Thus a failure of the Gelfand-Pinsker decoder
signals that with high probability we are facing a Wyner-
Ziv problem and we apply the compressor for the Wyner Ziv
problem.

How about the encoder? Here again we make use of the
fact that the Wyner-Ziv decompressor utilizes a codebook,
with 27U(5:U)=€) codewords in each bin. From the foregoing
argument a randomly generated sequence from Pg. will not
be able to locate a jointly typical codeword. Thus if we
are facing a Gelfand-Pinsker problem, running the Wyner-Ziv
decompressor will fail and we can run the Gelfand-Pinsker
encoder instead.

Putting everything together, at the encoder, we first run the
Wyner-Ziv decompressor, if it fails then we call the Gelfand-
Pinsker encoder. The order is reversed at the decoder we first
run the Gelfand-Pinsker decoder and then run the Wyner-Ziv
compressor. Note that the order of these blocks is crucial and
reversing it will cause this scheme to fail.

Let us now verify that this scheme works as desired.
Suppose we are facing a Gelfand-Pinsker problem, then at
the encoder we will first run the Wyner-Ziv decompressor.
It will fail with high probability and we will then invoke
the Gelfand-Pinsker encoder. At the decoder we will run the
Gelfand-Pinsker decoder and with high probability it will
recover the desired bits. Similarly for a Wyner-Ziv problem,
we first call the Gelfand-Pinsker decoder, which fails with high
probability. Subsequently, we run the Wyner-Ziv compressor,
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which succeeds with high probability. At the encoder (or
decompressor) we run the Wyner-Ziv decompressor which
succeeds with high probability.

We now present this scheme more formally.

Theorem 2. Fix, ¢ > 0 and v > 0. There exists a sequence
of encoders and decoders &,, and D,,, with asymptotic rate
R*(D) — ¢, such that for n sufficiently large

(En:Dn) € F(n, W +7,7), (24)

and
(&n,Dp) € G(n, D+ 0(e),7),

for some 6(¢€), that vanishes as € — 0.

Proof: We only present the code construction here. An
intuitive sketch of optimality was presented in the discussion
preceding Theorem 2. For a more rigorous treatment see [20].
Code Construction: Construct two random codebooks Ci ,,
and Cy ,, as follows:

Cin: Choose the largest integer [ such that

[UI(V30) +¢/2)] = [UI(S;0) - €/2)]
< [n(I(V;0) — ¢/2)] = [n(1(5;0) + ¢/2)].

(25)

(26)

Construct a codebook containing 2/t (Y5U)+¢/2)1 codewords
of length [ each such that each symbol is independently
distributed according to FPg. Divide the codebook into bins,
such that each contains 2M'(/(S:U)=¢/2)1 codewords.
Ca.nt Construct a codebook containing 2/(/(V5U)=¢/2)1 code-
words of length n each such that each symbol is independently
distributed according to Pp. Divide the codebook into bins
containing 2" (5:U)+¢/2)1 codewords.
Fix 6 > 0. Let zp be a symbol in the reproduction alphabet.
Assume a lexicographic ordering on the codewords. We next
describe the encoder and decoder.
Encoder: Given a side information realization s”, denote the
input [n(1(Y;U)—¢/2)] —[n(I1(S;U)+¢€/2)] bits as m, and
let k denote the first [I(I(Y;U) +¢/2)] — [I(I(S;U) —€/2)]
bits. Choose the first ¢ € C; ,,(k), such that
(s',c) € Th, _(6), (27

where s denotes the first [ symbols of the side information
realization. Declare

w" = [f(s1,€1), -

If no such c exists select the first ¢ € Ca ,(m), such that

(s",c) € TR, , (6),

7f(sl7cl)a$0ax0"' aIO]' (28)

(29)
and declare

" = [f(517C1)7"' ,f(Sn,Cn)]. (30)

If no such c exists declare 2™ = [xq, zg, - , Zo].
Decoder: Given the output realization y", select the first

c € Ca,p, such that
(y".c) € TR, ,(9), (31)

and declare its bin index. If no such c exists, choose the first
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c € Cy,, such that
l !
(y 7C) € TPYYCT((S)»

where 1’ denotes the first [ symbols of the output (or source)
realization. Declare the bin index of ¢ and append extra zeros
(if required) to make the desired total number of bits equal to
tn = [n(I(Y;U) —€/2)] — [n(I(S;U) + €/2)]. If no such
codeword exists declare the all-zero sequence.

(32)
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