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Abstract—We present two results related to the computational
complexity of lossy compression. The first result shows that for
a memoryless source Ps with rate-distortion function R(D), the
rate-distortion pair (R(D) + v, D + €) can be achieved with
constant decoding time per sgmbol and encoding time per symbol
proportional to C (fy)efc2(”Y . The second results establishes that
for any given R, there exists a universal lossy compression
scheme with O(ng(n)) encoding complexity and O(n) decoding
complexity, that achieves the point (R, D(R)) asymptotically for
any ergodic source with distortion-rate function D(-), where
g(n) is an arbitrary non-decreasing unbounded function. A
computationally feasible implementation of the first scheme
outperforms many of the best previously proposed schemes for
binary sources with blocklengths of the order of 1000.

I. INTRODUCTION

Rate-distortion theory assures us that for an ergodic source
with rate-distortion function R(D), there exists a lossy
compression scheme that achieves the rate-distortion pair
(R(D), D) asymptotically. However all achievability proofs in
the literature rely on schemes with encoding complexity grow-
ing at least exponentially in the blocklength n. An interesting
question is whether there exists a compression/decompression
scheme with low complexity that can achieve the optimal
performance asymptotically.

Asymptotically optimal block codes based on sparse ma-
trices have been proposed for the nonredundant source with
Hamming distortion criterion [1], [2] and [3]. Unfortunately,
these schemes rely on the exponential time ML encoder for
asymptotic optimality. Other schemes based on sparse-graph
codes and low complexity message-passing encoders are not
theoretically optimal, but perform well in practice [4], [5].
Recently, sparse graph codes have been constructed which
combine asymptotically optimality for a general discrete mem-
oryless source and an arbitrary separable distortion criterion
under ML encoding and suboptimal quadratic encoders with
good empirical performance [6]. A universal, asymptotically
optimal lossy compression scheme, for memoryless sources is
proposed in [7], however the scheme performs far away from
R(D), for blocklengths of the order of 1000 for the simple
case of compressing the Bernoulli source with Hamming
distortion criterion. An asymptotically optimal low (poly-
nomial) complexity compressor with near optimal empirical
performance, has not yet been found in the literature.

In this paper we construct lossy compressors by partitioning
a source string of length n into words of length [ each and
use a short block code (with blocklength equal to /) to encode
each of these words (Figure 1). The short code has the same
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rate as the long code (with blocklength equal to n). If the
average distortion (over the source realization) achieved by
the short code is less than D + ¢, then the probability that the
long code distortion exceeds D + ¢ vanishes asymptotically.
We show that that there exists a short code with rate R(D)+y
that achieves average distortion less than D + ¢ and has
blocklength I < ¢1(y)log(1/€)+ g2(7). By concatenating this
code (as shown in Figure 1) we obtain a lossy compressor
with constant decoding time per symbol and compression time
proportional to C;(v)e~¢2("). Using the code construction in
Figure 1, we also show the existence of a universal lossy
compressor with encoding complexity O(ng(n)) (for a non-
decreasing unbounded g(n)) and decoding complexity O(n),
that asymptotically achieves the rate-distortion pair (R, D(R))
for any ergodic source with distortion-rate function D(-).

The rest of the paper is organized as follows. In Sec-
tion II we present the code design. In Section III we use
the code design in Section II to obtain a scheme that has
rate R(D) + ~, and achieves distortion less than D + e
asymptotically with encoding time per symbol proportional
to C1(y)e=“21). In Section IV we show the existence of a
universal lossy compression scheme with near-linear encoding
complexity and linear decoding complexity that asymptotically
achieves the optimal rate-distortion tradeoff for any ergodic
source. In Section IV we also show a near-linear complexity
extension of the lossy compression scheme in Section III, that
asymptotically achieves the optimal rate-distortion tradeoff. In
contrast to the universal scheme which is only of theoretical
interest, this scheme is also amenable to practical implemen-
tation as demonstrated by the empirical results in Section V.
In Section V we show empirical results obtained when the
scheme in Section III is used to encode binary sources with
various distortion criteria and compare its performance to other
schemes in the literature.

II. CODE CONSTRUCTION

The code construction in this section results in a “long”
lossy compressor by bootstrapping a “short” lossy compres-
sion code Cy (consisting of 2! codewords) that encodes a
vector of length [ into a binary vector of length [R, with
average distortion equal to

E[d'(S1, Sz, Si;C0)] = D, (1)
where  d'(sq,s2,---,5;C) is the distance from
(s1,82,-++,81), to its nearest neighbor in Cp. For an
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integer k, we now construct a lossy compressor for a vector
of length kI = n as follows:

Source

\ .
IEEE

Encoding ‘k -1 ‘ k
F—r—
Fig. 1. Encoding procedure

A. Encoding

Given a source realization s, we partition it into k& words
of length [ each. Each word is encoded by the index of the
nearest codeword in Cy (Figure 1), since the code contains 2%
codewords this can be done in /2!% operations. Thus encoding
time per symbol is equal to K;2'%, where K, depends only
on the underlying computational model. The index of the
corresponding codeword is represented by [ R bits. The output
of the encoder is the sequence of % blocks of [ R bits each i.e.
nR bits.

B. Decoding

Using the indices corresponding to each block, the decoder
outputs the sequence of codewords corresponding to each of
the k& words using [ symbols for each word. Total number
of operations required is equal to [k = n, thus the decoding
time per symbol is a constant K» which depends only on the
underlying computational model.

III. ASYMPTOTIC OPTIMALITY AND COMPUTATIONAL
COST PER SYMBOL

Theorem 1. Given a memoryless source, a separable bounded
distortion criterion and a point (R(D),D) on the rate-
distortion function, for arbitrary €,y > 0 there exists a
compression/decompression scheme with blocklength n and
rate R = R(D) + v such that the probability that the
normalized distortion between the source realization and its
reproduction exceeds D + € vanishes with n — oo, and

1) Encoding time per symbol

C1(y)e= @2,
2) Decoding time per symbol is independent of € and ~.

is proportional to!

We will show this theorem using the following result.

Lemma 1. Given a memoryless source with rate-distortion
Sfunction R(D), v >0, € >0 and D > 0, there exists a code

Co with rate R = R(D) + v and blocklength 1, such that
E[d'(S',Co)] < D +e, )

1C1 (), C2(7) do not dependent on e.
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and

1= gi(3)log < + 92(7). G)

Proof. Denoting the distortion-rate function by R~!(-), let

D = R Y(R(D) +~/2) = D — g(v), Solve the optimization
problem - .
R(D) = min  I(S5;9), 4)
Psis
E[d(S,3)]<D

to obtain PéD) and PéDS). For now choose an arbitrary integer

I. Let C' denote a random codebook consisting of 2/(F(P)+7)
codewords of length [, such that all symbols are independent
and identically distributed with the distribution P( ) Define

the following subsets of A! x A!

D={xy:d(xy) <D}, )
and
P (y]x)
1 y 3
T = X,yzjlogg%_R(D)—l—% 6)

The sets D¢ and 7°¢ are composed of the pairs (x,y)
such that the empirical averages * ZZ 1 d(x[i], y[i]) and
%21 1logP(‘D)( []|x[])/P(D) y[z] differ from the ex-
pected value by a gap Wthh is a function of ~. Therefore,
using the Chernoff bound

P) (D) < exp(—1(f1(7)), )
and
P (T°) < exp(=1(f2(7))), ®)

5180
where f1(7), f2(7) are large deviations exponents. Define

D(x)={y e A" : (x,y) € D}, ©)
and
Tx)={yec A : (x,y) e T}. (10)
Averaging over source and codebook we have
P[d'(S',C") > D] (11
=E[(1- P (D(s")? ") (12)
<E[(1- P (D) NTs)” T ay)
<E[(1- PL, (D(S') N T(S)]S")
_I(R(D)+37/4))21<R<D)+w>] (14)
<E[l - Péfl))s, (D(SHNT(SHISH +2774  (15)
= 1—Pé?s>l(DmT)+2 by/4 (16)
= PS(?S)Z(D”UT”) 270/ (17)
< PO) (D%) + P (T¢) + 2700/* (18)
<3270, (19)

where (14) follows from the definition in (10) and (15) follows
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from
(1—”5)M<1—p+1, (20)
M B
for0<p<1,and § >0, and
fr(v) = min{f1(v), f2(7),~7/4}. @n
Using (19) and averaging over code and source,
E[d'(S',ch] < Pld'(S',C") < DID
+P[d'(S",C") > D]Dsmas (22)
< 3(Dynge — D271 ) 4 D, (23)
We finally choose the blocklength [ :
l= [f#(v) log, <3D:“””ﬂ . (24)

From (24) and (23) it follows that E[d'(S',C!)] < D + e,
which implies that there exists at least one codebook Cy for
which (2) is satisfied, with the blocklength given in (24). O

Lemma 1 may be compared to Theorem 1 in [8], where it
is shown that there exists a sequence of codes with rate R(D)
and blocklength n that achieve average distortion D,, such that

Dy —D = —D'(R(D)" 1 (1°g”> . (25)
2n n

where D’(R) is the derivative of the distortion-rate function at
R. In other words if we allow no slack in the rate, to achieve
performance within e of the optimal distortion the scheme in
[8] requires blocklength growing at least as (1/¢€)log(1/e),
whereas Lemma 1 shows that if we allow a slack of ~ in
the rate, then n  log(1/€) is enough to achieve a distortion
D + €. Note that (19) is reminiscent of Marton’s reliability
function result [9]: There exist a sequence of block codes C(1)
with blocklength I and rate R(D) + +, such that d'(S',C(1))
satisfies

1 !
fm gl gt ey s oy 0 29

where
)= wmim D(BIR), @D

R(Ps,D)>R(D)+~

where R(Pg, D) denotes the rate-distortion function of the
source Pz. However Marton’s result is not sufficient to prove
Lemma 1 for which we need a nonasymptotic bound on

P[d!(S,C(1)) > D).

Proof of Theorem 1. Choose [ from (3), construct a code for
compressing a source with blocklength n = ki, using Cy as
described in Section II. Let D’(n) be the random variable
that denotes the normalized distortion between the source
realization and its reproduction obtained with this scheme, and
let D; be the normalized distortion achieved in the 7" word,
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i=1,2,--- k. Then
1 k
. / . . - . _
lim P[D (n)>D+e]—k1LI€OP[kZ;DZ>D+e 0.
iz
(28)

where (28) follows from the law of large numbers, because
D; are i.i.d. random variables with E(D;) < D + e. From
Section II-A, the encoding time per symbol is proportional to
QZ(R(D)J'"\/) — Cl ('}/)6_02(7) where
Ci(y) = 292(v>(R(D)+v)’ (29)
and
Ca(7) = 1 (N(R(D) + 7).

The decoding complexity per symbol is a constant as demon-
strated in Section II-B. O

(30)

Theorem 1 establishes that for a given source Pg, R =
R(Ps,D) + ~ and arbitrary € > 0, there exists a lossy
compression scheme, with rate R that achieves distortion D +¢
asymptotically almost surely, with encoding time per symbol
o C1(7)e= €20, However if

R> max R(Ps, D) 31
S

then there exists a lossy compression scheme, with rate R that

achieves guaranteed distortion less than D for any source on

that alphabet. This scheme is described below:

Marton [9] shows that if R satisfies (31), then there exists
lo such that if [ > [y there exists a block-code C(l) with rate
R and blocklength [, such that for any sequence s' € A,
d'(s',C(l)) < D. Thus for any n = kl, [ > Iy we can obtain
a lossy compressor by concatenating k copies of C(l) as in
Section II. This compressor has guaranteed distortion less than
D for any source realization and any blocklength n = kI with
encoding time per symbol proportional to 2!%. In particular if
Pz achieves the maximum in (31) then for any rate close to
(but slightly larger) than R(Pg, D), there exists a linear-time
lossy compression scheme that guarantees distortion less than
D.

IV. ALMOST LINEAR-COMPLEXITY ASYMPTOTICALLY
OPTIMAL UNIVERSAL LOSSY COMPRESSOR

We present a sequence of universal encoding/decoding
schemes indexed by blocklength n. These schemes have linear
decoding complexity, O(ng(n)) encoding complexity (for an
arbitrary non-decreasing and unbounded function g(n)) and
asymptotic rate equal to R. Further, when used to compress
an ergodic source with distortion-rate function D(R), the
probability that the distortion between the source and its
reproduction exceeds D(R) vanishes with n. A constructive
proof of the existence of such schemes is given below:

Theorem 2. For a given R and an arbitrary non-decreasing
and unbounded function g(n), there exists a sequence of uni-
versal encoding/decoding schemes indexed by n with asymp-
totic rate equal to R, encoding and decoding complexities
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O(ng(n)) and O(n) respectively, such that

lim P[d"(S™, ") > D(R) + €] = 0, (32)
for any € > 0, where D(+) is the distortion-rate function for
the ergodic source S™.

Proof. We show this result assuming that g(-) is sub-
exponential, it then follows a-fortiori for all other g(-).
Encoder: Let

) = | B 00 (33)

N (R+1)

and let C!(™)(R), denote the set of all codebooks with rate
R, and blocklength I(n) with symbols chosen from the repro-
duction alphabet A. Given a source realization s™ choose a
codebook from C(™)(R) that achieves the minimum distortion
when used to encode the sequence s™ as shown in Figure
1. Describe the selected codebook and the encoding with
nR 4+ log, |C'™(R)| bits. An upper bound on the number
of codebooks is given as

' (R)| < A (34)
Using (34) and (33) and the fact that g(n) is sub-exponential

I(n) x 2UME
n

lim R, < R+ log, |A| lim =R. (35

Encoding takes n2!("%|C!(™)(R)| operations. From (34) it
can be shown that n2!ME|CIM(R)| < n22 ™™ for all
sufficiently large n. Thus from (33) the encoding complexity
is given as O(ng(n)).

Decoder: Identify the codebook using log, |C!(™ (R)| bits and
obtain the reproduction as described in Section II-B. Decoding
takes n operations thus the decoding complexity is O(n).
Optimality See [10]. (I

A. An extension to Theorem 1

We now modify the lossy compressor in Section III, such
that it achieves the rate-distortion point (R(D), D) asymptoti-
cally, with O(n) decoding and O(ng(n)) encoding complexity.
In contrast to the universal scheme which is only of theoretical
interest, this compressor is also amenable to practical imple-
mentation as suggested by the results in Section V.

Code Construction: Choose arbitrary ¢ > 0. Let

- log, g(n)
i) = [R(D) n c—‘ (36)
and log ()
An) = £ ( oo > , (37)
where f*(-) is defined in (21) and
[N @) =inf{y > 0: f*(y) > }. (38)

Choose a codebook C(l)(n) with rate R(D) + ~v(n), and block-
length [(n), that satisfies

P[dl(Sl("),Cé(”)) > D] < 3(2—l(n)f*('y(n)))7 (39)
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such a codebook is guaranteed to exist from (19). The
lossy compressor is obtained by concatenating k = n/l(n)
copies of Cé(n) as shown in Figure 1. It can be shown that
lim, 0o y(n) = 0 (see [10]), thus the asymptotic rate is
equal to R(D). From Section II-A encoding complexity is
given as O(n2FP)+7(m)In)) " choosing 7 large enough such
that v(n) < ¢ the encoding complexity is upper bounded by
O(ng(n)). The decoding complexity depends neither on I(n)
nor on y(n) and is equal to O(n).

Optimality: Let D; denote the distortion in the 5*" block. It
can be shown that (see [10])

lim P[D; > D] < lim 3(27/™WF0M)y =g (40

n—oo

Therefore for any ¢ > 0 there exists n(d) such that for n >
n(9), P[D; > D] < 4. Defining the binary random variables
B; =1{D; > D}, and ¢’ = €/ D4, we have

1 k
% E Bl > 6/
i=1

Let 0 < § < €. For n > n(d), from (41) and the Chernoff
bound we have

P[D,>D+¢ <P (41)

P[Dn > D+ 6] < P < Q_ﬁd(slﬂ‘s)_ (42)

1 k
EzBi>6/

i=1

Therefore
lim P[D,, > D+ ¢] = 0.

n—o0

(43)
V. EXPERIMENTS

The scheme in Section III, with fixed blocklength [ boot-
straps a short code with rate R(D) +~y and average distortion
D¢ to obtain a long code, such that when a source realization
is compressed using this code, the probability that the resulting
distortion exceeds D + e vanishes asymptotically. Thus it
can achieve the rate-distortion function in the strong excess-
distortion sense. To further highlight this notion of guaranteed
distortion we plot the percentile distortion as a function of
rate. Where a p percentile distortion implies that in p percent
of empirical runs the distortion is less than the plotted value.
Empirically for blocklength of the order of thousands, this
scheme outperforms existing schemes under the percentile
distortion criterion. In each of these experiments we ran-
domly generate and fix a short random code with blocklength
1 =122/(R(D)+ ~v)]. Thus, the encoding scheme has linear
complexity in the blocklength n. Figure 2 shows the distortion-
rate performance of our scheme compared with the message
passing based encoder applied to a regular sparse graph
code described in [4] (with O(n?) complexity) when used to
compress a fair coin source with blocklength n = 1000. Each
point is obtained by running 1000 trials of encoding randomly
generated source vectors for each rate, and choosing the bit
error rate level such that 95% of the trials result in smaller
bit error rate. In Figure 3 we compare the performance of our
scheme when used for compressing the Bernoulli(0.4) source
with bit error rate-distortion criterion. It is noted in [11] that

Authorized licensed use limited to: IEEE Xplore. Downloaded on November 3, 2008 at 19:38 from IEEE Xplore. Restrictions apply.



ISIT 2008, Toronto, Canada, July 6 - 11, 2008

®  New Scheme
u  Algorithm in [4]
R(D)

Bit Error Rate

n
L]
L

=
.
—

0.8 0.9

0‘.5 0.‘6 0.‘7
Rate
Fig. 2. Bit Error Rate (95% percentile criterion) for the fair coin source with

blocklength=1000.
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Fig. 3. Bit Error Rate (95% percentile criterion) for the biased coin (bias=0.4)
source and blocklength=1000. Average Bit Error Rate shown for the scheme
in [11].

for this problem, even to beat the straight line connecting the
points (0,4(0.4)) and (0.4,0) on the (D, R(D)) curve is a
challenge for any encoder, and no constructive schemes are
known that perform near the optimal distortion-rate function.
The compressor proposed in [11] (with O(n) complexity) is
slightly better than the straight line, and is one of the best
implementable schemes for this problem in the literature. The
asymptotic (n — oo) average distortion obtained with the
scheme in [11] is compared to our scheme with n = 1000
in Figure 4. It should be noted that while the curve for [11]
represents the average bit error rate, the curve for our scheme
shows the stricter 95% percentile distortion criterion. In Figure
4 we show results for compressing fair coin flips with the
asymmetric distortion criterion:

d(0,1) = 2d(1,0) = 2. (44)

This problem was also addressed in [6] using sparse graph
codes. The new scheme also outperforms the scheme given in
[6] (which has a time complexity of O(n? log® n)).

In Figures 3 and 4 with biased coin and asymmetric
distortion, respectively, we use a short random code with
blocklength [ = [22/(R(D)+)], which is obtained in the fol-
lowing fashion. Choose a desired operating point (D, R(D))
and approximate the optimal binary reproduction distribution
P2 with a g-type (P2) over {0, 1}. First construct a random
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Fig. 4. Asymmetric distortion (44) (95% percentile criterion) for the fair

coin source with blocklength=1000.
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code over the ring {0,1,---,¢ — 1}, using a nR x n matrix
G, such that each of its elements is chosen from the set
{0,1,---,¢ — 1} uniformly at random. The codewords in
the code are obtained by c¢; = GTu;, where u; is a binary
vector and addition is modulo ¢. now apply a mapping
Q:{0,1,---,g—1} — {0,1} to each c; such that () maps
the uniform probability distribution over {0,1,--- ,¢ — 1} to
PP over {0,1}.

Increasing blocklength while maintaining the same short
code results in a further reduction in the probability of excess
distortion. Narrowing the gap with the distortion-rate curve
requires increasing the blocklength of the short code.

These experimental results establish that the code construc-
tion in Section III is not only theoretically interesting but
with small (computationally-feasible) wordlength outperforms
existing constructive schemes for blocklengths of the order
1000.
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