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Channel Simulation and Coding
With Side Information

Yossef Steinberg and Sergio Verda, Fellow, IEEE

Abstract—We study the minimum random bit rate required to
simulate a random system (channel), where the simulator oper-
ates with a given external input. As measures of simulation
accuracy we use both the variational distance and the 4 dis-
tance between joint input—output distributions. We find the
asymptotic number of random bits per input sample required
for accurate simulation, as a function of the distribution of the
input process. These results hold for arbitrary channels and
input processes, including nonstationary and nonergodic pro-
cesses and do not hinge on a specific simulation scheme. A
by-product of our analysis is a general formula for the minimal
achievable source coding rate with side information.

Key Words—Channel simulation, channel sup-entropy, condi-
tional sup-entropy rate, conditional resolvability, source coding
with side information.

1. INTRODUCTION

HIS paper studies the minimum randomness neces-

sary to simulate an arbitrary given random system
(channel). The problem we solve is complementary to that
of approximation of output statistics introduced in [1] by
Han and Verdu. For a given channel and input process [1]
studies the minimum randomness of those input processes
whose output statistics approximate the original output
statistics arbitrarily accurately. The maximum randommness
over all input processes is called the resolvability of the
channel, which is shown in [1] to equal the Shannon
capacity.! Han and Verdd show that the problem of
channel resolvability has strong connections with the
problems of source coding, channel coding, and identifi-
cation via channels [2].

If in [1] the focus is on the complexity of generating
random inputs to a given channel (which need not be
simulated), here we consider the dual problem where the
input process is given and the channel random transfor-
mation has to be simulated. As an example, consider a
telephone-channel simulator which operates with real ex-
ternal speech signals. Since the channel is noisy, a ran-

'For all finite input channels that satisfy the strong converse.
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domness source is needed for its simulation. In this paper
we determine the minimum complexity of the channel
simulator so that the resulting joint input—output statistics
are arbitrarily close to the desired ones. As in [1], we
measure the complexity of the simulator by the number of
fair bits per input sample required to generate every
realization of the simulated process, and we adopt the
variational (or ;) distance as a measure of similarity
between probability distributions. By arbitrarily close ap-
proximation of the desired input—output statistics we mean
that the variational distance goes to zero as the block-
length goes to infinity. If we were to insist that the
distributions are identical (zero variational distance), then
the problem would have a very different nature. For
example, we could only simulate channels whose condi-
tional probabilities have finite binary representations. The
conditional resolvability of a channel given a specific input
process X is defined as the minimum number of random
bits per input sample required to simulate a random
transformation of X, so that the joint input—output statis-
tics are simulated arbitrarily accurately.

The problem considered in [1] and this paper share the
special case of approximating a given source statistics (by
considering an identity channel in [1] and a deterministic
input in the present setting). It was shown in [1] that the
resolvability of any finite-alphabet source is equal to its
minimum achievable fixed-length source coding rate. Fur-
thermore [1] shows that this quantity is equal to the
sup-entropy rate of the source, without assuming any re-
strictions such as ergodicity or stationarity. Those two
results are generalized in this paper: we show that the
conditional resolvability is equal to both the conditional
sup-entropy rate and the minimum achievable fixed-length
source coding rate with side information.

As in [1], we deal with arbitrary input processes and
channels. In particular, we do not impose stationarity or
ergodicity conditions. In this work, the purpose of channel
simulation is to approximate the channel so that the joint
input-output distributions are accurately approximated. It
may seem that this is a point of departure from [1].
However, that kind of approximation criterion can also be
incorporated in the problem of [1] by considering a chan-
nel whose output is equal to (X, Y), the input and output
of the original channel. On the other hand, we would
arrive at different, and less interesting results, had we
adopted the output approximation criterion in this work.

The related problem of channel approximation has been
studied by Neuhoff and Shields in [3], [4]. They focus
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attention on stationary channels whose input and output
memories satisfy conditions called d continuity and condi-
tional almost block independence (CABI), respectively. A
class of those channels, called primitive channels (nonlin-
ear, time-invariant sliding-block transformations of input
and iid noise) is shown in [3] to be dense in the class of
d-continuous CABI channels. This result suggests a ques-
tion related to the one treated in this paper: quantify the
complexity necessary to simulate a d-continuous CABI
channel by the minimum noise entropy among its approxi-
mating primitive channels. Neuhoff and Shields [4] show
that the maximum complexity (over all input processes) is
the so-called channel entropy: the supremum of the con-
ditional output entropy over all stationary input sources.

Motivated by [3] and [4], we consider the d-distance as

an approximation measure in addition to the variational
distance and we show that the conditional channel resolv-
ability is the same in both cases. Since we do not restrict
ourselves to stationary, d-continuous or CABI channels,
in contrast to [3], [4] we do not restrict ourselves to the
specific simulator structure suggested by the primitive
channel which need not be sufficient to approximate a
channel not encompassed by the class considered in [3],
[4]. Moreover, we adopt a worst-case randomness measure
instead of the average measure (entropy) used in [3], [4]
(cf. [1, Section 3]). Another difference with [1] and [4] is
that in this paper we find an expression for the condi-
“tional resolvability as a function of the statistics of the
input process. Specifically, we do not need to take the
worst case over all input processes. It should be noted
~ that the resolvability of a channel with a given input is
known only within specific channel models such as dis-
crete memoryless channels with full rank [5].

To fix ideas, let us consider the following examples
(solved in Section V) where it is desired to simulate a
binary symmetric channel:

Y, =X 02,

where all the sequences are binary, and {Z} is an inde-
pendent sequence conditioned on {X;}, such that the
crossover probability may depend on the input sequence:

PlZ,=1] = a,(X,--, X,).
Example 1:
a, (X, X,) = a.

In this case, the conditional resolvability is equal to
h(a), the binary entropy of «, regardless of the actual
input statistics. This means that no matter how complex
the input process is, the most economical way to simulate
the channel is actually to implement it directly. Note that
we would have arrived at a different result had the objec-
tive been the reproduction of output statistics rather than
joint input—output statistics. For example, no random bits
are necessary to obtain a Bernoulli-(1,/2) process at the
output if the input is itself Bernoulli-(1,/2).
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Example 2:

1 =»
a (X, X)) ==Y X,
ni-1

This channel is not encompassed by the channels con-
sidered in [3], [4]. Now the conditional resolvability of the
channel does depend on the input process. If the input is
Bernoulli(#), then the conditional resolvability is 4(6). If
the input is deterministic, then the conditional resolvabil-
ity is

1 7
limsup — Y A(a;).
n—ow® i=1

Example 3:
1 n
an(Xl’“"Xn) =f(_ ZXi)’
i
where

2u, u € [0,3],

=2 d1 2
f(u) = 2umo w1, weGl.

At first glance one might have expected that the condi-
tional resolvability given X plus the resolvability of X
(i.e., the complexity of generating X) be equal to the
resolvability of the joint process XY. If this were the case,
then conditional resolvability would follow straightfor-
wardly from the results in [1]. This channel disproves that
behavior. Let the input be a nonergodic process which is
Bernoulli-(1,/4) with probability 1/2 and Bernoulli-(1,/2)
with probability 1/2. The resolvability of X is equal to 1
bit, and the conditional resolvability of the channel given
X is also equal to 1 bit. However the resolvability of the
pair XY is equal to 1 + /4(1/4) bits. Thus, it is harder to
simulate X and then Y given X, than XY.

Section II presents the main definitions and the state-
ment of our central problem. Section III gives the main
results characterizing the conditional resolvability as the
conditional sup-entropy rate. Section IV examines the
canonical Slepian—Wolf setting of source coding with side
information. It shows that for an arbitrary source (not
necessarily stationary/ergodic) the minimum achievable
fixed-length source coding rate with side information is
equal to the conditional sup-entropy rate. Finally, in Sec-
tion V we solve Examples 1-3 of the Introduction.

11. Basic DEFINITIONS

Let A, B be finite sets. We denote by M (A) [resp.
M (B)] the set of all probability distributions on A (resp.
B). Throughout, by a source X with alphabet 4 we mean
a sequence Py = {P2(-)}, . of finite dimensional distribu-
tions P% € M,(A"), where as in [1], we do not impose any
consistency requirements on this sequence. To denote a
source we will use both notations X and P, interchange-
ably. Similarly, a channel Wy, with input alphabet A and
output alphabet B is a sequence of conditional distribu-
tions {Wy,x(|-)},., such that Wy x(la") € M(B") for
every a" € A". A joint input—output process {Pgy, €
M(A® X B")}, ., will be denoted by XY and Py,. All
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logarithms in this paper have an arbitrary base and exp (-)
refers to that base. We start with a few definitions in the
spirit of [1].

Definition 1: Given a joint distribution Py,(a", b") =
Pg(a™ Wy, x(b"|a"), the conditional entropy density is the
function

i, (0"1a") = —log Wy, (bla™).

The distribution of the random variable (1,/n)i% x(Y"|X")
where X”,Y" have joint distribution Py, is referred to
as the conditional entropy spectrum, and the expected
value of the conditional entropy spectrum is the normal-
ized conditional entropy (1/n)H(Y"*|X").

Definition 2: Let Pyy = {PgWy x}, ., be glven The
conditional sup-entropy rate H(Y|X) of Y given X is defined
as the lim sup in probability of the sequence of random
variables {(1/n)i§’,|X(Y"IX”)},,2 L e,

H(Y|X) = inf {h:

1
lim P;Y(a”b": ;i’{,w(b"la”) > h) = 0}.
n—w
Analogously, the conditional inf-entropy rate H(Y|X) is the
lim inf in probability of the sequence {(1/n)i} x
Y™ XM}, le,

H(Y|X) = sup {h:

;0}_

In case that the input process X is deterministic, or in
case that Y" is independent of X" for every n, HY|X)
and H(Y|X) coincide with the sup-entropy rate H(Y) and
inf-entropy rate H(Y) of Y as defined in [1], respectively.

The conditional entropy rate of Y givenn X is defined as

1
lim P}Y(a”b": ;i@lx(b”la”) <h

n—w

1
H(Y|X) = lim —H(Y”IX")

n—ow

D

provided that the limit exists. The following lemma states
that convergence in probability of the conditional entropy
density implies that the limit in (1) exists.

Lemma I: If |A| < », |B] < o, then H(Y|X)
implies that H(Y|X) exists and

H(Y|X) = H(Y|X).

Proof: The proof follows the lines of the proof of [1,

Lemma 1] and is therefore omitted. O

Definition 3: (e.g., [6]). The variational distance or I,
distance between two distributions P and Q on A is

= H(Y|X)

d(P,Q)= )Y |P(a) — Q(a)l=2 max |[P(A"Y — Q(A")).

acA

In a slight abuse of notation, the variational distance
between any pair of distributions P and P will be de-
noted by d(P, P) and d(X, X) interchangeably, where
X, X are the corresponding random variables.
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Definition 4: [1] The resolution R(P) of a distribution P
on A is the minimum log M such that P is an M-type
(i.e., its masses are integer multiples of 1/M). If such M
does not exist, R(P) = x,

Definition 5: The resolution R (Wy,y) of a conditional
distribution Wy x(:| - ) is defined as

R (Wyx) = max R(Wy x(la)).

Definition 6: Let Wy x and Py be given and let Py, be
the sequence of joint input-output distributions
{P"WY| xhs1- R is an eachievable resolution rate of XY
given X if for every y > 0 there exists a channel WY‘ X

-satisfying

R(Wpx) <R+
and

(P, PAWY k) < € 2
for all sufficiently large n.

Definition 7: o (XY|X) is the minimal e-achievable res-
olution rate of XY given X.

R is an. achievable resolution rate for XY given X if it is
e-achievable for every € > 0. The minimal achievable res-
olution rate of XY given X is called the conditional
resolvability of XY given X, and is denoted by o(XY|X).
Note that ¢.(XY|X) is monotone nonincreasing in €, and
that

o(XY|X) = hm 0.(XY|X) = sup a.(XY|X).

e>0

€))

The operational meaning of o (XY|X) can be summarized
as follows: For a given channel Wy, and an input process
X, o(XY|X) is the minimal number of pure random bits
per input sample required to simulate the random trans-
formation Wy, so that the variational distance between

" the resulting joint input—output statistics and the desired

statistics vanishes as n — . This statement follows from
Definitions 4-7 and the following lemma in a straightfor-
ward fashion. B
Lemma 2: 1et Wy x be a channel such that for all
n > n, and every a" € A" the normalized resolution of
Wy x(la") is less than «. Then for every &> 0 there
exists a sequence -of mappings
¢,: A" x {1,2,--,M'} - B"
such that for all sufficiently large » and every input
process X
da(x"y", 4

M'}, and

X"¢,(X",2Z") < &
where Z” is uniformly distributed over {1,2,--,
M’ =exp(na+ nd).

Proof: Let n > n,. Define

1 -
C,(a") = {b" - log Wy, x(b"la") < a}.
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Then WY|X(C (a”)|a") = 1, and WY|X(b la”) =
exp(—na) for every b” € C,(a"), implying
|IC(a") < exp(na) Va"

By assumption on the type of Wy| x» there exist integers
{k(b"|a")}y» . such that

n n| n (b"'a") nonn
WY‘X(b |a)=m—)—— Va"b",
where
Y k(b"a™) = M(a") < exp(na).
b'l
Deﬁhe
kl bn n — n n .
(b"la™) lM(a”)k(b la )]
It is easy to verify that
k(b"|a") 1 k'(b"a™)  k(b"a™)
—_— - — < . 3
M(a™) M’ M’ M(a™)
and therefore
1
1 ~exp{na~{n(a+ &)} <— Y. k'(b"a™)
M breC (a™
<1.

Choose a default element b’ € B" and define a distribu-
tion V"(+|a”) on B":

k'(Bla™)

1- ) —B,— for b” = b’,
vecpriany = | pemomr M

k'(b™a") herwi

T, otherwise.

(6)

By (5), for sufficiently large n
AWy x(la™), v (la")) < exp(-n8) <6 Va". (D

Now the distributions {V(-|a")},» can be precisely synthe-
sized by taking a uniform distribution over a set of size
M', aggregating its elements into bins according to the
values of k’(b"la"), and identifying each bin with the
corresponding b". The maps ¢,(-,-) in (4) stand for this
aggregation procedure. Since the right-hand side in (7) is
independent of a”, the lemma is proved. O

Note that a uniform distribution over a set of size
M' = exp(na + nd]) is nothing more than a sequence of
[n(a + 8)] iid pure random bits (in case that the expo-
nent base is taken as 2). Thus Lemma 2 states that for n
large enough, Wy, x(-la”) can be approximated within dis-
tance & by mapping a sequence of [n(a + 8)] pure ran-
dom bits, and that this approximation is uniformly good
with respect to the input [although the mappings ¢,(:,)
depend on a"].

637

If we quantify the complexity of the simulation scheme
by the number of random bits per input sample needed
for the simulation, then in view of its operational mean-
ing, o(XY|X) serves as a measure of the worst case
complexity of the most efficient channel simulator acting
with “real” input X. The term worst case is with respect to
both the input and the output realizations.

Another measure of accuracy we shall consider in this
work is the d distance, introduced in ergodic theory by
Ornstein [7], [8] and used extensively by Gray and
Ornstein [9] and Neuhoff and Shields [3], [4]. The defini-
tion of this distance is as follows. Let 4 be a finite set.
Denote by d(-, ) the (per letter) Hamming distance on
A and by d,(-,-) the nth order normalized Hamming
distance on A"

1 n
d,(x",%") = - Y dy(x,,%) x"e€A",f"eA",
i=1
where x; is the ith coordinate of x”. We have

Deﬁmtton 8 (e.g., [3D. The d distance between two

distributions P” € M(A"), P" € M(A"), is defined as

d(pr, P) = _inf Ezd (X", X")

PeP(P", B") :

where P(P", P") stands for the collection of all distribu-
tions on A" X A" having P" and P" as marginals, and
E5 denotes expectation according to P.

Now the conditional resolvability o (XY|X) can be de-
fined also in the d sense. Thus, an e-achievable d resolu-
tion rate of XY giveri X is defined exactly as in Definition 6,
but with d replacing the variational distance in (2). Ac-
cordingly, 7.(XY|X) stands for the minimal e-achievable
d resolution rate for XY given X, and R is an achievable d
resolution rate for XY given X if it is e-achievable (in the
d sense) for every € > 0. Finally, the minimal achievable d

~ resolution rate for XY given X is called the conditional d

resolvability of XY given X and is denoted by o (XY |X). It is
clear that a relation analogous to (3) holds also for the
corresponding d-quantities, and the same type of opera-
tional significance holds for (XY|X).

It is interesting to compare ¢ (XY|X) with o(XY|X) in
view of the relation between the variational and the d
distances. It is shown in [9] that the d distance is upper
bounded by half the variational distance, i.e., for every
n > 1 and every pair of dlstrlbutlons P",P" on A",

J(P",ﬁ") < Ed(P",};"). ®)
This immediately implies that
g (XY|X) < o (XY]X). (9

The bound in (8) is far from being tight. In fact, it is easy
to construct sequences of distributions {P" ,,>1,{P" s 1
for which the variational distance is 2 for every n whereas
the d distance vanishes. Therefore one would expect it be
possible to find a channel Wy y and an input process X
for which strict inequality holds in (9). Surprisingly, this is
not the case: As shown in Section 3, (9) is satisfied with
equality for any joint input—output process XY.
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III. CONDITIONAL RESOLVABILITY AND SYSTEM
SIMULATION

In this section we state and prove our result on worst-
case complexity of channel simulation. We show thet the
conditional resolvability associated with a channel and an
input process is equal to the conditional sup-entropy rate
H(Y|X), for both the variational and the d accuracy
measures. In view of (8), it is enough to prove the direct
(achievability) part with the variational distance, and the
converse part with d distance. To this end, we need some
more definitions and notations. Let %, stand for the set
of all sequences of strings {a"},, ;. For an element a of
%, we denote by «; the string of length i in the sequence
a; thus, @; € A'. Observe that «; need not be a prefix of

ST
For every a €.%,, define the quantity

H(Y|a) 2 inf {h: lim W;',X(b":

1
- log Wy, x(b"|a,) > A X" = an) = 0}.
(10)

For a fixed a €.%,, the sequence of finite-dimensional
distributions {Wy,x(-|a,)}, . can be viewed as a source
whose resolvability is exactly H(Y|a) bits [1, Theorem 3].
Intuitively, the conditional resolvability of XY given X
should equal the minimal A such that H(Y|a) < h “with
probability 1 Py,” and the assertion that the conditional
resolvability of XY given X is equal to the conditional
sup-entropy rate should follow by investigating the rela-
tion between H(Y|a) and H(Y|X). However, since X is
an arbitrary sequence of finite-dimensional distributions
and ¢; need not be a prefix of «;,;, we do not have a
probability measure on .%,. Therefore, to prove achiev-
ability (and later also converse part), we first express
H(Y|a) and H(Y|X) as limits of quantities defined point-
wise in . v
For every € > 0, n > 1 and 4" € 4", define

h, .= inf {h: PX”Y(a"b”:
1
——log Wi x(b"la") > h) < e},
g (a") & inf {h: W;’,X(b":

1
—— log Wy (b"la") > hIX" = a”

< }
and let g, be the lim sup in probability of g, .(a"); that is,
g. £ inf {h: lim PZ(a": g, (a") > h) = O}.
n—w

We have

Lemma 3: (a) lim,_, o limsup, &, .= H(Y|X).
_(b) For a €%, lim,_,limsup, . g, (a,) =
H(Y|a).
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(© lim__,, g. = H¥|X).
Proof: (a) Observe that

1
PX"Y(a”b”: - log Wy x(b"a") > hn,s) <e.. (1D

and define the sets

n, €

To see this, let A, N A

' 1
By = {a”b": - log Wy,x(b"la") > hk},

B:

Since B, » B (that is, B, C B,,; and B = U%_; B) (1D
follows by the continuity of probability measures (continu-
ity of Pgy).
To prove (a), assume first that
lim limsup &, , < H(Y|X).

e—0

1
{a”b”: - log Wy x(b"a") > hn,e}.

n-—o

Then, by the monotonicity of 4, . in €, for any € > 0 and
n sufficiently large

h,  <H(Y|X) -8 (12)
for some & > 0, independent of €. But by definition of
H(Y|X), there exists €; > 0 such that

1 —

P;Y(a"b": - log Wy x(b"la") > H(Y|X) — &
(13)

Choosing € < €5, (13) together with (12) contradict (11).
Assume now that the reverse inequality holds, i.e.,

lim limsup &, ., > H(Y|X).

e—0

> €5  infinitely often in 7.

n—ow

Then there exist 8 > 0, €, > 0, such that for every € < ¢,
there exists a subsequence {n,(e)}, , ;, denoted by J,, such

that
By > HYIX) + 8 (14)

By definition of 4, .

Vmel,.

1 )
Pr amb™: — —logWi (b™|a™) > h, .— =| =
XY(a m og Y|X( la™) me” 5 €

Vvmel,.

But this contradicts the definition of H(Y|X) since, ac-
cording to (14), h,, . — 8/2 > H(Y|X) + 8/2. Thus part
(a) follows.

(b) The proof follows exactly the lines of the proof of
part (a), and is omitted.

(c) For every h > 0, n > 1, define the sets

1
B,(a", h) & {b": =~ log Wy (b"la") > h}

1>

1
v,(h) {a"b": - log Wy, x (b"|a") > h}

U a" x B,(a", h).

a"eA"
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Clearly,
g, (a") = inf {h: W}y (B,(a", W)la") < €},
h, .= inf{h: P}y (v, (h)) < €}

(15)

=inf{h: Y Pr(a Wy Bn(a”,h)|a")<e}.
ateq”

(16)
Assume now that

lim g, < H(Y|X). 17

Then g, < H(Y|X) for every e. Moreover, there exists

e, > 0 such that for everv v < ¢

i <~ U Sulu wudr iU vvely v

quence {n,(v)}, ., denoted by J,, such that
gé < hm, v V m E JV

thera pv1cfc a

cithee.
€1 wiviav a Suudv

and this inequality is strict, uniformly in e. Choose h'
satisfying

lirr}) g <h'<h,, Vmel,. (18)
By (18) and the definition of g_, for every € > 0
lim Pg(a": g, (a") > h') =0, (19)
n— o
and by (16)
P,
=inf{h: Y PR (B (a", Wla™)

a”: g, (a™)>h'

+ X

a™: g, la™<h’

PE(am Wy (B (a” h)la”’)<v}

Ymel,. (0)

Now, (19) implies that for m large enough the first sum in
(20) vanishes. Setting & equal to A’, (15) implies that the
second sum in (20) is upper bounded by e. Thus if we
choose € < v and set & equal to 4’, the inequality in (20)
will be satisfied for m large enough. In turn, this implies
that A, ,<h’ for large m €J,, contradicting (18).
Therefore inequality (17) does not hold.
Assume that the reverse inequality

lim g_ > H(Y|X)
e—0

holds. Then there exists €, > 0 such that for every v < ¢,

g, > h, . for nlarge enough,

and the inequality is strict, uniformly in e.  Choose A’
satisfying
<H(Y|X) <h

n,e —

lim sup 4 (21)

n—ow

[The first inequality in (21) holds due to part (a).] By (21)
and the definition of g,, there exists 6 > 0 such that

Pg(a*: g, (a") > h') > &

<g,.

(22)
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infinitely often in n. Again, by definition

)»

gn,v(an)>h/

/

h, .= inf {h: PE(a Wy (B, (a", )la")

n,

+ )y Pg(a )Wy x(B.(a", h)la") < e}‘
" g Ad)<h'

(23)

By (15) and (22), for A = h’ and some subsequence of the
indices n, the first sum in (23) is larger than 8v. Choose
€ < év. Then according to (23) we must have &, . > h’
infinitely often in », contradicting (21). Thus part ©
follows. This completes the proof of the lemma. O

Observe that since g, increases as € — 0, part {c) of
Lemma 3 implies

lim Pg(a": g, (a") > HY|X)) =

n—w

Ve>0. (24)

We are now ready to state and prove the achievability
part.
Theorem 1: For every € > 0

0. (XY|X) < H(Y|X).
Proof: Fix v > 0, 8 > 0. Define the sets
#(8) = {a": 8.,(a*) <H(YIX) + 8},
H(8) = {a = {a*h1: a* e (8)).
For every a* € %,(8), define

(25)

1
B.(a*) = {bk: - log W§ x (b*|a*) > gk,,,(ak)}. (26)

Let b* be some default word in B,(a*). For every a* &
&,(8) define an approximate distribution

V}‘lx(bklak)

Wi x (b¥|a*), b* & B.(a"),
=10, b* € B.(a*) and b* # b*,
Wk x(Belala¥), b* = b*

and note that by definition Wy ( Bk(a")lak) < v and
therefore the variational distance between Wy, x( ‘|a*) and
VY|X( la¥) is at most ». Now, {VY|X( Ioz)}me w(5) 18 @ collec-
tion of sources for which H(Y|X) + & is an achievable
resolution rate [1, Theorem 3]. That is, for every a € %(8)
and every y > 0, € > 0, there exists Vy x such that

R(Vﬁx(‘mn)) <H(Y|X)+ 8+ v, Q27)
d(Vlf|X('|an)a I;;llx("a,,)) <e€ (28)

for all sufficiently large n. We claim that the achievability
in 27), (28) is uniform over #(8). To see this, let
ny(e, 8,7y, @) be the minimum 7, such that (27) and (28),
hold for every n > n,. The objective is to show that

sup ny(e,8,v,a) <o,
aey(8)
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Assume otherwise, Then there exists a sequence of ele-
ments of #(8), {a(k)), . ;, such that

i, = ny(e, 8,7y, a(k))

is an increasing sequence. We construct a new element &
as

&n=an(k+1) ﬁk$n<ﬁk+1.

By construction, there is no n, such that ¥y y(-|&) satis-
fies (27) and (28) for every n > ny. On the other hand,
a € #(8), which implies a contradiction.
Define
ng= sup ny(e, 6 , Y, ).
acs(8)

For every n > n; and every a" € %,(8), we approximate
vy x(la") by H(Y|X) + & + y bits with error (in the
variational sense) less then e, and leave all other condi-
tional distributions unimplemented (or use a default dis-
tribution instead). We take PXV,','| x 8s an approximation
to PxWy x. The resulting variational distance satisfies

d(PWy, . PRV )

< d(PFW e, PRV + d( PRV, PRV k)
L PR (@) Y| Wik (b"la") — Vi x(b"a™)]
a” b"

+Z%W”2th%0—WMMW)

< Y P”(a")Z|WY|X(b”Ia”) — Vx(b"a")|
a"es(8)
+ X P"(a")}:|V;|X(b la") — V4 (b"a™)
a" e (8)
+ 4P} (5(8))
< v+ e+ 4P(2E(5)).

By (24), the contribution of the last term vanishes as
n — «_Since v, § are arbitrary, the theorem is proved. O

We proceed now to show that a converse statement is
also true: one cannot hope to approximate the joint
distribution arbitrarily well by simulating the channel with
less than H(Y|X) bits per input sample. The proof of a
converse part with respect to the d distance makes use of
continuity properties of the sup-entropy and conditional
sup-entropy functions, stated in the next two lemmas.
Lemma 4, whose proof can be found in [10], states that
the sup-entropy function is uniformly lower semicontinu-
ous (ls.c.) with respect to d. We use this property in
Lemma 5 to show the lower semicontinuity of the condi-
tional sup-entropy function.

Lemma 4: For every y > 0 there exists € > 0 such that
if Py, P, satisfy

d(Py,Pp) <e
for all sufficiently large », then

H(Y) > H(Y) — y.

Proof: Analogous to the proof of upper semicontinu-

ity of the inf-entropy rate H(Y) (cf. [10]. o

Lemma 5: Let Py, be given. For every y > 0 there
exists € > 0 such that if Py, satisfies

limsup d( Py, Pgy) <,

n—ow

then
H(YIX) > HYIX) — v.

Remark: this is more than we need. In channel simula-
tion the input process is fixed. Hence it is enough to show
the lower semicontinuity of H(Y|X) in ¥, where X is held
fixed and equal to the X-marginal of Py ,. However, with
almost the same effort we can prove the stronger result in
Lemma 5.

Proof: Assume the contrary, that exists y > 0 such
that for every € > 0

H(Y|X) > H(Y|X) + v.
Then there exists v’ > 0 such that for every v < v’
g, > HYIX) + y. (29)
Now, pick some € > 0 and let k
d(Pgy, Piy) < €.
Thus, for some u € P(P}y, P2y) we have
E,d (a"b", a"b") < €.
Define the set

A -~
S, = {a"a”

The d distance can be lower bounded as

E,[d(a"b", a"b"la"a"] < e).

€2 > E,d,(a"b",a"b")
Y ¥ d(a"b",a"b")uamd",

a"@* eSS prpn

Y E,[d,(a"b", a"bMla"" ]| plama) >
Sq

arb")

v

If

en(S:),

which implies

n(s,) =1 ~e. (30)

By definition of S, for every sequence of pairs a”a@” € §,,
the sequence of Y” distributions {WY| xCl@"}, 5, is an
e-approximation (in d distance) of the sequence of Y”
distributions {Wy x(-la")}, . ;.

Define the sets
bre

n

a"a’: gn,v(an) > H(Y~|X) + 7}7
ér:/ £ {a”dn: gn,u(dn) < E(ilj) + 8)

By definition of g, and by (29), we are assured that
w(D}) > p infinitely often, for some fixed p > 0 indepen-
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dent of €. Also, by the characterlzatlon of H(Y|X) in
terms of g, we are assured that ,u,(G )—>1 as n in-
creases. Define
=S, NnG'nDy.
Clearly
u(G}) = p — € infinitely often n. 3D

Next, for every a"d@” € G define
1 -
B,(a") = {b”: - log W{,‘[X(b”id”) > g,w(a”")}
and observe that

Wi (B(@)a") < v.

Let b" be some default word in B,(a"). For every a"d" €
G,, let Iy, (/") be an approximation for WY|X( [a*)

W;‘,X(b”la”), if b* & g, (a"),

Wy (B(@)lan, b = b,
0, otherwise,

vix(bmlan) =

and note that the d distance between Vg x(la") and

Wy x(1la") is at most ». We denote by Y the output
process of the channel Vy,y with input X. Finally, let J
be the sequence of indices indicated by (31), and let
aa = {a"a"}, ., be a sequence of pairs, a”a" € G2,
m € J. For this sequence, {Vy|x(la™)},  ; is a source for
which H(Y|X) + 6 is an achievable resolution rate. Thus

ﬁ(ﬁ&) <HFIX) + 8
and, since a"a™ € DA,',; s

H(Y|X) > limsup g,, ,(a™) > H(Y|X) + v,

"o

which implies that

H(YIX) > H(Y1&) + y - o. (32)

On the other hand, the dlstance between Vyiy(:[a™) and
Wyiy(la™) is at most € + v, which by Lemma 4 implies

E(YI&) > H(Y|a) — f(? + v),

where f(u) — 0 as u — 0 and is independent of «. Since
& and v are arbitrary, this contradicts inequality (32). O
We are now in a position to state and prove a converse
part with respect to the d distance.
Theorem 2:

lim G.(XY|X) > H(Y|X)

e—~0
Proof: Assume that
7 (XY|X) < H(Y|X).

Then there exist y > 0 and a sequence {WYl x} with reso-
lution H(Y|X) — v, such that

lim d(P"WYlX,PXWY|X) = 0.

n—> 0

But if W;’I y has resolution H(Y|X) — v, then

H(Y|X) < H(Y|X) — v

contradicting Lemma 5. ' O
Our main result is the following.
Theorem 3:
o(XY|X) = 5(XY|X) = H(Y|X).

Proof: The theorem is a direct consequence of (9),

Theorem 1, and Theorem 2. O

In contrast to entropy rates, sup-entropy rates do not
obey a simple chain rule; in general

H(X,Y) < H(X) + HY|X) (33)

and it is possible to construct sequences of joint distribu-
tions for which strict inequality holds in (33). Thus, if we
aim at approximating the joint distribution, the number of
bits per sample we save by the fact that the X-marginal is
already implemented can be strictly less than H(X). (Re-
call Example 3 in Section 1.) _

The accuracy measure used in [3], [4] is the d distance
between channels. In our setting it is given by

J(WY|X’ WY|X)

= llmsup maX d( Y|X( |a ) WY|X( |an)) (34)

now a*

In a completely analogous way one can define the varia-
tional distance between channels as

d(WY)X’WY]X)

= lim sup max d(WY|X( la"), Wi x (- |a")) (33)

H—w a”

[Note that both (34) and (35) are pseudometrics rather
than metrics.] Now the minimum number of random bits
required to approximate a channel in the sense of (34),
(35) is actually the worst-case complexity over all input
sequences, and is equal to the supremum of H(Y|a),
defined in (10), over .%,. When simulating the channel
with a fixed input distribution, this turns out to be a
pessimistic bound since it brings into account all input
sequences, including those that have vanishing probabili-
ties according to P, and hence do not affect the simula-
tion accuracy when measured as distance between joint.
input—output distributions. The folowing example illus-
trates this. Let P be a uniform distribution on {0,1}",
pick an element « €%, and let Wy x be the sequence of
conditional distributions defined as

uniform distribution on {0, 1}",
ifa" =«

identity channel,
otherwise.

Wi xCla) = (36)

Then, H(Y|X) = 0 whereas sup,, c 5, H(Y|a) = 1.
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We can define now the channel sup-entropy (cf. [4]) as
H.(Wy ) & sup H(Y|X) 37
X

where the supremum is taken over all sequences of finite
dimensional input distributions. I?C(WY| x) is the minimal
rate of pure random bits required by the most efficient
channel simulation scheme in order to approximate arbi-
trarily well any joint input-output distribution. The chan-
nel sup-entropy serves as a measure of channel worst-case
complexity, and it is actually equal to the worst-case
complexity over all input sequences; i.e.,
H.(Wy ) = sup H(Y|a).
aes,

To see this observe that, on the one hand, the maximiza-
tion in (37) is over all input processes, including determin-
istic inputs, and hence H (Wy yx) = sup, c o, H(Y|a). On
the other hand, H(Wy ) < sup, c 5, H(Y[a) since oth-
erwise parts (b) and (c) of Lemma 3 would imply that
there exists a’' € &, such that H(Y|a') >
sup,  »», H(Y|a).

If the channel Wy y is stationary and ergodic and we
change the definition in (37) so that the supremum is
taken over all stationary input processes, then H (Wy x)
coincides with the channel entropy as defined by Neuhoff
and Shields in [4]. Since we do not restrict the approxima-
tion to be of a primitive channel type, our converse result
together with the results in [4] imply that for d-continuous
CABI channels one can restrict the simulator to be a
primitive channel scheme without losing efficiency (in the
sense of required randomness). This is not the case for
the general stationary channel; as shown in [3, Theorem
1], primitive channels cannot approximate in the d dis-
tance (and hence also in the variational distance) chan-
nels that are not d-continuous and CABIL. Our results
indicate that although the sense of approximation and the
method of simulation change, the channel entropy is still
the number of pure random bits per sample required for
accurate simulation.

IV. ConDiTIONAL RESOLVABILITY AND CODING
WITH SIDE INFORMATION

In this section we provide a connection between condi-
tional resolvability and source coding. In [1] it is shown
that the resolvability of a source is equal to its minimal
achievable block coding rate. A natural extension that fits
nicely in the present setup is the connection between the
conditional resolvability and coding with side information.
Coding with side information is a special case of the
canonical general problem of encoding of correlated
sources. The first results on encoding of correlated sources
are due to Slepian and Wolf [11], who treated the case
where XY is an iid sequence of pairs { X;Y;}. In {12], Cover
generalized the results of Slepian and Wolf to the case
where X,Y are jointly ergodic processes. The analysis
presented here provides a framework for further general-
ization of those results to nonergodic sources. We start
with several definitions.

Definition 9: A (n, exp(nR), A) source code for Y" with
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side information Y" is an encoder map
fG): B* - {1,2,-++,exp (nR)}
and a decoder map
o, ) A" x {1,2,--,exp (nR)} - A" X B”
with probability of error less than or equal to A; i.e.,
P £ Py (o(X", f(Y™) # (X", Y™) < A

Definition 10: Let Pyy = {Pgy},, be given. R is an
e-achievable source coding rate for Y with side information X

~if for every y > 0 and sufficiently large n there exists a

(n,exp{n(R + v)}, €) source code for Y” with side infor-
mation X”. R is an achievable source coding rate for Y with
side information X if it is e-achievable for every € > 0.

Definition 11: T(Y|X) denotes the minimal achievable
source coding rate for Y with side information X.

We turn now to prove that the minimal achievable
source coding rate for ¥ with side information X is equal
to the conditional sup-entropy rate H(Y|X). We will state
and prove first the direct (achievability) part and then the
converse. '

Theorem 4:

T(Y|X) < H(Y|X).

Proof: We will use a random binning argument, simi-
lar to that of Slepian and Wolf in [11]. Thus, indepen-
dently assign every b" € B" to one of the exp[nH(Y|X)
+ nvy] indices according to a uniform distribution U on
{1,2,+-,exp[nH(Y|X) + ny]}. Note that every index can
have—and usually will have—more than one data block
assigned to it. These assignments form the (random) en-
coder map f(-). Assume f(-) is known to the encoder and
decoder.

We turn to the construction of the decoder map. Fix
v> 0, 8§ > 0, and let {,(8)},., be a sequence of sets as
defined in (25). For every a”" € «/,(8), define

1
Z,(a") = {b": —— log Wy x(b"|a") <g, ,(a") + 8}.
. ,

By definition, the following holds

Wy x(Z,(a™))a") 21— v,

1
- loglZ,(aMl <g, ,(a") + 8. (38)

The sets Z,(a") will play the role of the jointly typical
fans in the Slepian—Wolf coding.

For every realization a"b” emitted from the source
P}, the receiver gets a” and the index j = f(b") assigned
to the specific b”" string by the encoder map f(:). The
decoder assigns ¢(a”, j) = (a”, b") only if a” € #,(8) and
there is only one b" € Z,(a") such that f(b") = j. Other-
wise, it declares an error.



STEINBERG AND VERDU: CHANNEL SIMULATION AND CODING WITH SIDE INFORMATION 643

Define the three error events
Ey = {X" €4,(8)},
E ={X"e%(8)and Y" & Z,(X")},
Ey = (36" # Y™ f(b") = f(¥™) and b" € Z,(X™).

The probability of error associated with a given realiza-
tion of f(-) satisfies

P < PE(E,) + P2y(E)) + Piy(E,), (39)

where only E, depends on the encoder map f(-). By (24)
we know that PZ(E,) — 0 as n — . By (38)

PiAED)= Y Py (a™)Wy x(Zi(a")a") < v. (40)
a"est,(8)

It remains to bound the average of the last term in (39)
over all encoder realizations. Thus

EyPyy(E,)

= Y X Phla",b)P(Ab" # b
a"ed(s) b"eB"

f(B") = f(b™) and b" € Z,(a™))
= ) Y Pgy(an,b")

a"e/,(8) b"eB"

Y U(f(b™) = f(b™)

brrpn, bmez,(a™

= Y X Pylanbn)

a"es(8) b"EB"
cexp[—nH(Y|X) + nyllZ,(a")|

< Y P;(a")exp{—n[ﬁ(YlX)+y
a" ey, (8)

~g,.,(a" - 8]}

< exp(n28 — ny), (41)

where the last inequality follows from the definition of
#,(8). Since 8, v are arbitrary, the overall probability of
error averaged over all realizations of f can be made
arbitrarily small. Thus for every y > 0, € > 0 there must
exist at least one sequence of encoder maps with probabil-
ity of error not exceeding e and rate not exceeding
H(Y|X) + 7. This proves the theorem. O
Theorem 5:

T(Y|X) > H(Y|X)

Proof: Assume that R is an eZ-achievable source
coding rate for Y with side information X. We show that
it is also a 4e-achievable resolution rate of XY given X.

Fix y > 0. Let G, be the set of all a" sequences such
that Wy x(D,la") <1 — € for every set D, C B" with
cardinality |D,| < exp(nR + nvy). The probability of error
of any (n,exp(nR + nvy), €*) source code with side infor-
mation satisfies

€* > P! > P3(G,)e

(such a code exists for n large enough, by assumption).
Hence
PG =21 —e. (42)

With every a" € G; we can associate a set D, (a") C B"
which satisfies

|D,(a")| < exp (nR + ny),

Wy x(D,(a"a") = 1 — e.

Thus, repeating the arguments in [1, Theorem 1, converse
part}, for n large enough (depending only on ¢, y) and for
every a" € G,, we can construct a distribution Wy, ,(-la")
which satisfies the conditions (i) the resolution
of Wy x(la") is most n(R + 3y); (ii)
d(Wy x(la"), Wi x(la")) < 3e. Since the probability of
G, is upper bounded by e, this implies that we can
construct a channel approximation W such that (i) the
resolution of W;’, x is at most a(R + 3y); (D
d(PgWy,x, PgWy x) < 4e. Since vy is arbitrary, the proof
is complete. O

V. EXAMPLES

In this section we solve Examples 1-3 given in the
Introduction.

Example 1: Memoryless binary symmetric channel
(BSC). Here we have

It

1 1 n
i=1

S| =

Y log P,(Z).
i=1

Since Z; are iid, as n — o the last term converges to
Ma)= —aloga — (1 — a)log(l — @), with probability
1 Pyy. Thus H(Y|X) = H(Y|X) = h(a) independently of
the input statistics. Clearly, this channel is encompassed
by the class of channels treated in [4].

Example 2: Binary channel which is not d-continuous.
Here we consider a binary channel where the distribution
of the noise sequence depends on the input sequence via
the relation

X.

I

=

P, (1) !
Zn O]

This channel is not d-continuous since it has an infinite
input memory and for every N < n all the N-blocks of the
past share the same weight in determining P, (1). Clearly

1 1 n _
~—log Wy (Y"1X") = = — % log Wy x (F1X").
i=1

We now consider two cases:
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(a) {X} is iid Bernoulli with P,(1) = 6. We claim that

1z .

— .
n i=1

in probability Py,, (43)

and thus, H(Y|X) = H(Y|X) = h(#). The proof of
(43) is given in the Appendix.
(b) {X;} is a deterministic process. Define

-y
6,=— % X.
ni

Then, conditioned on the input, {Z;} is a sequence
of independent random variables with parameter
P,(1) = 6,. Application of the law of large numbers
yields

_ 17
H(Y|X) = limsup -~ Y h(e),
i=1

n—oo

: 1 n
H(Y|X) = liminf — ) h(9,).
‘ n— i=1

Example 3: Here we solve an example of a channel and
an input process for which (33) holds with strict inequal-
ity. The idea is to construct a nonergodic input process X
and an input-dependent noise process Z for which H(X)
and H(Y|X) correspond to separate ergodic modes of X
and hence “cannot appear together.” For convenience, we
repeat the details of the example here: X is an iid
Bernoulli process with parameter 6, where 6 is a random
variable taking values in {1/4,1/2} with a priori probabil-
ities 1/2,1/2. The distribution of the channel noise satis-
fies

1 n
P -5 £x)
i=1

0 1
€ |0, =
u b 2 b

2 1 11
- el—,1].
u , u 5

where

2u,
f(u) =2umod1 2

To evaluate H(X,Y), we first evaluate the sup-entropy of
- the joint process XY conditioned on 6. Clearly, H(X|6 =
1/2) = h(1/2), and

H(X|6=1/2) <H(X,Y|60=1/2)
<H(Y|X,0=1/2) + H(X|6 = 1/2).
_ (44)
Conditioned on 6 =1/2, (1/n)L}_,X; converges with
probability 1 to 1/2. By definition of f(-), this implies that

f(Xr. 1 X;/n) converges with probability 1 to the set {0, 1},
ie.,

Py( lim min (P, (1) - i)=0) =1

n-ox je{0,1}
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Using the fact that 4#(1) = #(0) = 0 and following exactly
the lines of Example 2(a), we arrive to the conclusion that
H(Y|X, 8 = 1/2) = 0. Hence by (44)

H(X,Y|0=1/2) =h(1/2) = 1. (45)
As for 6 = 1/4,
1
— —log P2, (X"Y"|0 = 1/4)
n
n
= ——Y log Py(X,|6 =1/4)
i=1
1 .
- Y log Wy x (Y| X', 0=1/4). (46)

1

Conditioned on 6 = 1/4, X is iid with parameter 1/4.
Thus, as n — o, the first term of the right-hand side of
(46) converges to h(1/4) with probability 1 Py. Again,
following exactly the lines of Example 2(a) one can verify
that

1 .
lim — — ) log Wy x(YIX',0=1/4)
nio

n— oo

=h(f(1/4)) = h(1/2) = 1 in probability Py .
47

Combining (46) and (47) we have

H(X,Y|0=1/4) = H(X,Y|0 = 1/4) = h(1/4) + 1.
(48)

Therefore, accurate simulation of the joint process XY at
mode 6§ = 1/2 requires asymptotically 1 random bit per
sample, whereas at mode 6 = 1/4 it requires h(1/4) + 1
random bits per sample. Since both modes have positive
probabilities, the worst-case complexity of the joint pro-
cess XY is equal to the maximum of the worst-case
complexities H(X,Y|8) over 6. [Note that this is the
essence of Lemma 3; see the discussion following (10).]
Thus

H(X,Y) =h(1/4) + 1. (49)

We turn now to evaluate H(X) and H(Y|X). By Exam-
ple 1,

H(X) = max {(H(X|0 = 1/4), H(X|6 = 1/2)}
=1
and by Example 2(a)
HYIX) = max {H(Y|X, 6 = 1/4), H(Y|X, 6 = 1/2)} = 1.
Therefore, with (49) we obtain A
h(1/4) + 1 =H(X,Y) < HY|X) + H(X) = 2.

APPENDIX

Here we prove (43). To this end, we show that for every § > 0,
v>0,

P}}y( >23) <y (50)

iz .
- Y log Wy x (Y1 X*) — h(6)
i=1
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for sufficiently large n. Indeed, pick 6 > 0, € > 0. A simple
union bound yields

1z .
Piyl|—= X logWy x(Y1X") — h(8)| > 25)
i=1
ng—1
< Pgy o X log Wy x (Y1X*)
i=1

1 2 .
+|—— Z 1OgWy|X(Y;|X’) _h(o)

i=n,

>26)

ng—1
- Y logWY‘X(Yi|X’)_>_6)

i=1
g

For fixed 8 and n,, the first term in the far right-hand side of
(51) can be made arbitrarily small by letting n — . We will
choose n, later. Define the set

< Pyy

1 2z .
_; Z lOgWYIX(Y,'IXl) _h(o)

i=ng

>8). (51)

1 J .
Gng,n) ={x":1 =Y x,€(8—€,0+e)ny,<j<ny,

Ji=1

that is, G(ng, n) is the set of all sequences x” € {0,1}" that
exhibit “good” behavior in the interval [y, n] in the sense that
their empirical mean up to any j € [n,, n] is close to 6. Since
(1/mXr X, converges (as n — ) to § with probability 1 (Py),
there exists n, = ny(e) such that

Pi(G(ng,n))>1—€ VYn>ng
To see this, define
1 n
G= {xe {0,1}V: lim - Yx,e(6—€,0+ e)}.
n-—w [=l
Clearly,
Py(G) = 1. (53)

We now decompose G into a sequence of increasing sets as
follows

G(ng) = {x e{0,}™:

12
- xi€(0—6,0+e)Vn2no}.
1

B

Then, by the definition of these sets
G(ng) cGlng+ D C -~ (54)

and

U G(ny) = lim G(ny).

ﬂo“—'l ny—>®

Thus (53) and the continuity of probability measures imply
lim Py(G(ngy)) =1

ng—®

(55)

and due to (54), the convergence in (55) is monotonic. The
sequence of sets G(n,) decomposes G from below. Now for any

(52) |

ng, we decompose G(n,) from above with the sets G(no,n)
“lifted” to {0, 1}™. Thus define

G'(ng,n) = {x e {0, )™:

1}
72 6(0—6,0+e)nosj$n}.

For these sets we have
G'(ng,n) 2G'(ng,n + 1 2 -
and

G(ng) = () G'(ng,n) = hm G'(ngy,n)

n>ng
and thus continuity of probability measures again implies

lim Py(G'(ng,n)) = 11m PE(G(ng,n) =

n— o

where the convergence is monotonically decreasing [ie.,
P(G(ny, n)) decreases as n increases]. Equation (52) is implied
by (55) and (56).

We choose ng so that (52) is satisfied. The second term in the
right-hand side of (51) can be bounded as follows

1
-7 Z log Wy x (Y| X*) — h(6)| > &

i=ng

PXY

1z .
-— X log Wy x (Y| X")

i=ng

= > P)’(ly(

a"€Glng,n) |
—h(®)l > 8|X" = a")P;'('(X” =q")

+ PE(G(ngy,n))

1z , .
= Y Piy||— )y (—logWY]X(Yile)
a"eG(ny, n) i=n
nh(0) \|°
_ BZIXn =g
n—nyg+1

‘PR(X" = a") + PE(G(ng, n)). &)

Note that for a” € G(ny, n) and ny < i <n,
min {h(0 — €), k(6 + )} < —E[log Wy x (V1 X)X = a"]
< max{h(6 — €),h(0 + €)}

and therefore there exists a function g(e), g(e) = 0 as € = 0,
such that for »n large enough

nh(6)

_____Xn= n
n—n0+1| a]

E[—log Wy x (Y1 X?) —

< g(e) Va" € Glny,n),nyg<i<n. (58)
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Observe that

E[(—log Wy x (Y1XD)’

2 N
1 7
- X
i=1 )] Ji=1
1
J

ol =5 el o 5.£0),

SN2
E[(—log Wy x(GIXD) X" = a"]
{[log 6'1°6
6-exf'<l+e

+[log(1 - 6171 — 8")
Va" € Glny,n),nyg<i<n

|X" = an]

=[10g( e

1 M\.

Thus

<

max

A
=Cl

from which it follows that there exists a constant ¢ such that for

n large enough
2

E|| —log Wy x (Y;|X") ) X" =a"
08 Wyix i n—ng+1 -
nh(9)
<c +2 E[log Wy iy (YIXDIX" = a
n—ng+
n2h(9)
t—
(n—ny+1
<c¢ Va"e€Gngn),ny<i<n.

[We have used here also (58).] Therefore, applying Markov
inequality and the fact that conditioned on X", {Y},

independent we get

2
o . nh(6)
Py li= T | ~logw, (YilX‘)—————)
Xy ni=n0( Yix n—ng+1
> 82| X" = a"
1
82( 2(e) + — )
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for sufficiently large n. Hence, using (59) and (57) in (51) we
conclude that

o

1z :
- Y. log Wy x(YIX') — h(8)

>26)
i=1

1 2 ¢ n c
£e+35(q (€)+;) + P3(G(ng,n))  (60)

for sufficiently large »n [we have used the fact that the first term
in the far right-hand side of (51) can be made arbitrarily small by
increasing n). Since e is arbitrary and g(e) — 0 as € — 0, (50)
follows from (60) and (52).
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