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Proofi P; = 2-mCj~1,210gpJ+m < 2-“Cje1,2-‘~ 5 2-“. 
The last inequality follows from the Kraft inequality. 0 

Lemma: Any node with property XL has probability p < 
2pc(m-1) where c = (1 - log g>-’ - 1 = 2.27 with g = (6 + 
o/2. 

Proof: Property X: implies 1 > 1 -log p + ml, where 1x1 
denotes the largest integer less than or equal to x. It is shown in 
[2] that if p and I are the probability and level of a given node, 
p 2 l/F, implies 1 5 n - 2 for n 2 3, where F, = [gn - 
(-g)r”l/ Js 2 gnp2 is the nth Fibonacci number (n 2 1). 
Therefore, if ]-log p + m] 2 1, the inequality 1 > ]-log p + 
m] implies p < (F _ For (-log p + m, iI;““r:+i2)-l 5 g-‘-@=PfmJ 5 2-y1. 

10gP-mf i holds trivially. Solvmg 
for p proves the lemma. 13 

Theorem 2: Pz = Cj,,;pj < 27(m-2)+2 where I,’ = {i& > 
-log pi + m}, i.e., the probability that a letter has property X2 
is smaller than 2-“(” -‘)+‘. 

Proof: Suppose there is at least one letter-and hence a 
corresponding leaf-having the property Xz. Then, among all 
nodes having the property XA, there is a nonempty subset with 
minimum level n,, > 0. In this subset, there is a node having 
maximum probability pO. In other words, there is no node having 
property Xz on a level n < no, and on level n,, there is no 
node with probability p > pO. Thus property X,’ implies 

p0 > 2-no+m. 

Now, let k, be the number of nodes on level no - 1, and define 
the integer I, < n,, such that 2’0 I k, < 210f1. Then the number 
of level-n,, nodes is less than 2’0~‘. Since all nodes having 
property Xz are on levels n 2 no, it follows that 

P,’ < 2[o+2p0. 

In order to turn this into a useful bound, note the following. The 
sibling property or, more directly, the optimality of a Huffman 
code implies that all level-& - 1) nodes have probability p 2 
pO. Since there are at least 2’0 level-(no - 1) nodes, it is again a 
consequence of the sibling property that there exists a level-& 
- 1 - 1,) node with probability p1 2 2’op, > 22’Qfm+‘o and 
thus having property .X2-i. Using the lemma, one finds p1 < 
2-C(m-2), and therefore, 

p,’ < 2’o+2po 5 2zp, < 2-c(m-2)+2. 0 

The following examples illustrate the theorems. Examples 2 
and 3 contain slightly modified versions of the sources intro- 
duced in [2] and further discussed in [6]. 

Example 1: Consider a two-letter source with probabilities 
(pl, p2> = (0.9,O.l). The (unique) Huffman codeword lengths 
are (1r, Z2) = (1,l). One finds PC = P; = 0.1 and P; = 0. 

Example 2: Here the source consists of a seven-letter alphabet 
with probabilities (& + E, &, &, 3, &, & - 2~, E) with 0 < E < 
2-a. Huffman coding leads to codeword lengths (1,2,3,4,5,6,6). 
It can easily be seen that these codeword lengths are unique-the 
only freedom in the coding being a trivial relabeling of equiprob- 
able letters. One finds P: = & - 2~, Pz = & - 2~, and PC 
= 0. 

Example 3: The probabilities in Example 2 are slightly changed 
to ($ - E, & + E, & - E, A, &, &, E) with 0 < E < 2-*. 
Huffman coding leads to the (unique) codeword lengths 
(2,2,3,3,3,4,4). One finds PC = PC = 0. 

One might ask the question if there is a connection between 
the quantities P: and the redundancy r = Cp,(l, + log pi>. 

Examples 2 and 3 show that there is at least no simple connec- 
tion. In Example 2, PC = & - 2~, and in Example 3, P: = 0. 
On the other hand, the redundancy in both these examples 
approaches in the limit of small E the value r = 0.174 bits. 
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Generalizing the Fano Inequality 

Te Sun Han, Fellow, IEEE, and Sergio VerdG, Fellow, IEEE 

Abstract-The Fano inequality gives a lower bound on the mutual 
information between two random variables that take values on an 
M-element set, provided at least one of the random variables is 
equiprobable. We’show several simple lower bounds on mutual informa- 
tion which do not assume such a restriction. In particular, this can be 
accomplished by replacing log M with the infinite-order Renyi entropy 
in the Fano inequality. Applications to hypothesis testing are exhibited 
along with bounds on mutual information in terms of the a priori and a 
posteriori error probabilities. 

Index Terms-Shannon theory, Fano inequality, mutual information, 
hypothesis testing. 

I.THEFANOINEQUALITY 

One of the most useful results in the Shannon theory is the 
following lower bound on mutual information, which, in the last 
forty years, has proven to be the key tool in the proof of 
converse results in information theory. 

Theorem 1: Suppose that X and Y are random variables that 
satisfy the following. 

a) X and Y take values on the same finite set with cardinal@ 
M; 

b) either X or Y is equiprobable., 
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Then, the mutual information between X and Y satisfies 

Z(X;Y) 2 P[X = Y]log M - h(P[X = Y]), (1) 

where h is the binary entropy function, i.e., the continuous 
extension on [0, 11 of 

1 
h(x) =x-log; + (1 -x)log- 1 -x’ 

Proof: If X is equiprobable, then H(X) = log M and 

Z(X; Y) = log M - H(XlY), 

b) X and r are independent. 

which is then lower bounded, using the Fano inequality [l]: 

H(XlY) I P[X # Y]log(M - 1) + h(P[X = Y]). (2) 

If Y (instead of X) is equiprobable, then the bound must still be 
true because of the symmetry of both sides of (1). 0 

The power of Theorem 1 stems from its ability to lower bound 
the mutual information between two random variables in terms 
of a single quantity easily computable from their joint distribu- 
tion: the probability that the random variables take the same 
value. 

The purpose of Section II is to generalize Theorem 1 so that 
mutual-information lower bounds can be given without the as- 
sumptions therein, i.e., that the random variables are finitely 
valued, and more important, that at least one of them is 
equiprobable. As a bonus, the proofs of the new bounds of 
Section II are particularly simple and intuitive. Since it is possi- 
ble to construct independent (nonequiprobable) random vari- 
ables (X, Y) for any arbitrarily specified P[X = Y], it is appar- 
ent that dropping the assumptions of Theorem 1 will require a 
lower bound that depends on the distribution of X and Y not 
only through P[X = Y], but through some other, hopefully 
simple, quantity. 

Several of the mutual-information lower bounds found in 
Section II involve the Renyi entropy, which is defined as [2] 

R,(X) = & log c P,(o) 
loEn 

for (Y > 0 and (Y # 1. R,(X) is monotone decreasing in a. 
R,(X) is equal to the log of the number of nonzero atoms, and 
the infinite,-order RCnyi entropy is equal to 

1 
R,(X) = log 

maxP,(o) ’ 
OJtn -- 

It is shown in Section II that one way to generalize Theorem 1 
is to replace the zero-order Renyi entropy (log M) that appears 
in (1) by the infinite-order Rtnyi entropy R,(X) (or R,(Y)). 
Then, the resulting general bound reduces to (1) when the 
assumptions of Theorem 1 are satisfied. This new bound finds 
applications in the proof of a generalized source-channel separa- 
tion theorem in a nonstandard setting [3]. Other applications of 
the mutual-information lower bounds of Section II are illus- 
trated in Section III, where we explore their relationship with 
minimum error probability in hypothesis testing. 

II. NEW MUTUAL-INFORMATION LOWER BOUNDS 

First, we observe a simple inequality between information 
divergences. -- 

Theorem 2: Suppose that the random variables X,Y, X, Y 
satisfy the following: 

a) they take values on the same set R (which need not be 
finite); 

Then, 

Z(X;Y) 2 d(P[X = YlllP[x = Fl> 
- D(P,IIPx) - D(P,IIP,), (3) 

where Px denotes the distribution of the random variable X, 
D(PllQ> denotes the information divergence, and the binary 
divergence function d(x]] y) is defined as the continuous exten- 
sion on [0, 11’ of 

l-x 
d(xlly) =*1og; + (1 -x)log--, 

1-Y 

i.e., d(xlly) = D(tx, 1 - xlll[y, 1 - yl). 
Proof: Under the assumption that X and y are indepen- 

dent, 

D(P,,IIP~~) = D(P,,IIP~P~) 

= Z(X;Y) + D(P,lIPx) + D(P,IlPp). 

Now, inequality (3) follows by applying the data processing 
theorem for divergence (“processing reduces divergence”) to a 
processor whose input is (x, y) and whose output is 1(x = y] 
under the different input distributions Pxu and Pxy. 0 

Various useful lower bounds can be derived from Theorem 2 
depending on the choice of the auxiliary random variables x 
and 7. We will consider three different choices: 

l Cl is a finite set with cardinal@ M. 
l X is equiprobable. 
l Pj?=P,. 
It is easy to check that with this choice, the inequality in 
(3) becomes the Fano inequality (2). This way of deriving 
the Fano inequality is due to Blahut [4]. 
l Pz=Px. 
9 Py=P,. 
Then, (3) becomes the general mutual information lower 
bound 

Z(X; Y) 2 P[X = YlR,(X) 

- h(P[X = Y]) - D(P,lIP,). 

3) l Pz = Px. 
l Pi? = P,. 
This leads to the following result. 

Theorem 3: If X and Y take values on the same set a, then 

Z(X; Y> 2 d(P[X = YlllP[X = Yl), (4) 

where X and y are independent, and have the same marginal 
distributions as X and Y, respectively. Furthermore, equality 
holds in (4) if and only if for some constants (Y and /3, 

pAxfy) = i 

aP,(x)P,(y), x = y> 
/3Px(x)Py(y), 

(5) 
x fy. 

Proofi The bound follows from Theorem 2 as noted. The 
necessary and sufficient condition (5) for equality in (4) follows 
from the identity 

ZXP,IIQ,) = Nf’,llQv) + W’u,vllQa,vlf’v~~ 

applied to the case where U = (X, Y), I’ = 11X = Y], P, = Pxu, 
and Q, = P,P,. 0 
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Regarding the lower bound in (4), note that and Y are independent with identical distribution 

P[X= i] = 
i 

4, i = 0, 
(1 - q)/N, i = l;.. N, (9) P[X= F] = c P,(w)P,(w), 

oEn 

i.e., the inner product between the marginals of X and Y, which 
is often easy to obtain from the description of X and Y. 

It can be checked that except in the trivial case where X and 
Y are independent, condition (5) implies that the marginals are 
either nonoverlapping or both equiprobable (on a subset of Cl). 

We will now loosen (4) so that we can obtain bounds with the 
same structure as (1). We do so simply by lower bounding binary 
divergence. 

Theorem 4: If X and Y take values on the same set, then 

1 
Z(X;Y) 2 P[X= Yllog 

P[X = F] 
- h(P[X = Y]). (6) 

Proo$ The desired inequality follows from Theorem 3 and 
the lower bound on binary divergence 

dxlly) 2 x log $ - h(n). q 

In some cases, the marginal distribution of Y may not be 
immediately available, in which case it is convenient to replace 
P[x = r] in (6) by a quantity which is a function of the 
marginal distribution of X only. This is done in the next result. 

Theorem 5: If X and Y take values on the same set, then 

Z(X; Y) 2 P[X = Y]R,(X) - h(P[X = Y]), (7) 

where by symmetry we can replace R,(X) by R,(Y). 
Prooj! The result follows from (6) and 

PIX = Y] I min ( FE%PJ w), ~C~P,(w)). c3 

Note that Theorem 5 takes the same form as Theorem 1, 
replacing the zero-order RCnyi entropy by the infinite-order 
RCnyi entropy. If the conditions of Theorem 1 are satisfied, then 
both bounds are identical. However, Theorem 5 holds in full 
generality; neither X nor Y need be equiprobable or even 
finitely valued. 

The infinite-order Rtnyi entropy R,(X) is a measure of the 
randomness of X, which quantifies how hard it is to guess the 
value of X knowing only its distribution. The probability of 
error with no information on X, Ed (prior Bayes risk with a 
Hamming loss function), is the monotonic transformation 

E x = 1 - (exp(-R,X)). 

The infinite-order Renyi entropy satisfies the properties 

0 I R,(X) I H(X) (8) 

and 

R,(X,, ... XJ = RJX,) + ..* +R,(X,), 

if X,, ... X,, are independent. If X is restricted to take M 
values, then the bounds in (8) can be improved. The region of 
allowable (R,(X), H(X)) pairs as a function of M has been 
determined in [5]. If the cardinal&y of X is not bounded, then 
the bounds in (8) cannot be improved. 

It is now tempting to strengthen the lower bound in Theorem 
4 with 

Z(X; Y) 2 P[X = Y]H(X) - h(P[X = Y]). (!?> 

However, this bound does not hold in general. For example, if X 

then the left side of (!?) is 0, whereas the right side is positive for 
any 0 < q < 1 provided N is large enough. 

Introducing the maximal probability of error in lieu of the 
average probability of error, it is possible to modify the incorrect 
bound (!?) and obtain the following result involving the input 
entropy. 

Theorem 6: Assume that X and Y take values on the same set 
R and denote 

Then, 

p = in’,P[X = YIX = w] 

= inf Py,x(wJw). 
ldtn 

Z(X; Y) 2 pH(X) - h(P[X = Y]). 

Pro05 

1 
Z(X; Y) = c P,,,(alu)P,(a) log - 

a=ll P*(a) 

+ c P,,,h&+&) log 
P,,x(aldP&> 

aen P,(a) 

+ c c Py\x(blu)P,(u)log 
P,,,(bla)P&d 

at0 b#a P,(b)P,(u) 

2 pH(X) 
+ P[X = Y] log P[X = Y] 

+ P[X # Y] log 
P[X f Yl 

P[X# Y]’ 

where we have used the definition of p, the log-sum inequality 
(e.g., [2]), and the notation P[ x = r] = C, E n P,(o)P,(w). 0 

If, in addition to the sufficient condition in Theorem 6, the 
following condition holds: 

p2P[XZ Yl 
(which occurs, for example, when p > i), then the bound in 
Theorem 6 can be replaced by the weaker bound 

Z(X; Y) 2 pH(X) - h( p), 

which was known ([6], Lemma 3.5) to hold in the special case 
p > 1 - e-i. 

To conclude this section, we note that the restriction that X 
and Y take values on the same set has been made throughout 
for convenience in expressing the results. It is easy to see from 
the mutual-information data processing lemma that the restric- 
tion can be lifted in the foregoing results by replacing P[X = Y] 
and P[ X = 71 by P[X = 4(Y)] and P[x = 4(Y)], respectively, 
where 4 is an arbitrary function mapping the set of Y values to 
the set of X values. 

III. MUTUAL IFORMATIONAND ERROR PROBABILITY 

In this section we illustrate the use of the results found in 
Section II in order to lower bound the error probability of M-ary 
hypothesis testing. 

Let X take values on {l, .*. M}, and let Z be the observable 
whose conditional distribution given that X = j is Q,. Define 

E x = 1 - max 
lsjciw 

PJj) 



1250 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 40, NO. 4, JULY 1994 

and where x is independent of Z and has the same distribution as 
X. In order to check (12), note that 

E x,z = 1 - E max Qj(ZlPx(j)/Pz(Z) , 
1sjrM 1 

where P,(b) = Cf”= ,P,( j)Q,(b>. Note that eX and l xiz are the 
a ptioti and a postetioti mmimum probabilities of error, respec- 
tively. In decision theory [7], the following bound on the error 
probability of equiprobable hypothesis testing is well known.’ 

Theorem 7: The minimum probability of error for any test 
between equiprobable hypotheses {Q,, i = 1, ... M) is lower 
bounded by 

Proof: Fix a test, and let Y be its output. Theorem 7 follows 
by applying Theorem 1 to (X, Y) and bounding: 

Z(X; Y) I Z(X; Z) 
1M / IM \ 

2 $ ,i ,i D(QiIIQj), 
L-1 J-1 

where the inequalities follow from the data processing lemma 
and the convexity of divergence, respectively. q 

Following a similar proof, Theorem 7, which holds only for 
equiprobable hypotheses, can be generalized via Theorem 5 as 
follows. 

Theorem 8: The minimum probability of error for any test 
between hypotheses {Qi, i = 1, ... M} is lower bounded by 

Ex,z 2 1 + C C qiqjD(QiIIQj) + log’ 

where q, is the a priori probability of the j-th hypothesis. (Note 
here that M need not be finite.) 

where $*(~~,z) is the piecewise linear convex function defined 
in [5] and shown to be the tightest lower bound on the condi- 

Rather than using Theorem 7, it is more common in informa- 
tion theory to use (in converse proofs) the tighter result 

tional entropy H(XIZ) as a function of ex,z. However, it does 
not follow that 

Eqz 2 1 - 
Z(X;Y) + log2 

log M ’ 
(10) 

which follows directly from Theorem 1. However, (10) holds only 
for equiprobable hypotheses. In the general nonequiprobable 
case, Theorem 5 results in 

1(X; Z> I ex log(M - 1) + h(ex) - +*GxIz) 

is the tightest possible bound in terms of E~ and exlz because 
the foregoing bounds have not been shown to be simultaneously 
tight. 

EXIZ 2 1 + 
Z(X; Z) + log2 

log(1 - Ex) ’ 
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which can be viewed as a lower bound on mutual information as 
a function of eXrZ and ex. A tighter such bound is given by the 
following result. 
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On n-Phase Barker Sequences 

Ning Chang and Solomon W. Golombl 

Abstract-An n-phase Barker sequence can be easily distinguished 
from the time-shifted versions of itself. This property is important for 
such applications as radar systems, synchronization systems, and 
spread-spectrum communications systems. In this paper, we study some 
transformations on n-phase Barker sequences. Also, we give an efficient 
algorithm for finding sextic Barker sequences. Through an exhaustive 
computer search, numerical data for n-phase Barker sequences are 
given. Specifically, we extend the list of known n-phase Barker se- 
quences to length L = 19. 

adjoined) have the useful property of being partially closed 
under addition, as well as closed under multiplication. We give 
an efficient algorithm for finding sextic Barker sequences. 

By a computer search, we have found all sextic Barker se- 
quences for all lengths L, 1 I L I 22. We give some other 
computer search results: all 5-phase Barker sequences of length 
L I 16, all g-phase Barker sequences of length L I 16, and all 
12-phase Barker sequences of length L I 14, with partial results 
for lengths L = 15 and 16. Moreover, we have found a 15-phase 
Barker sequence of length L = 17, a 24-phase Barker sequence 
of length L = 18, a 360-phase Barker sequence of length L = 19, 
and a 180-phase Barker sequence of length L = 19. (As pointed 
out to us by Luke (private communication), the example of a 60 
phase Barker sequence of length L = 19 in [6] is erroneous. The 
180-phase sequence of length L = 19 given in this paper is the 
example with the fewest phases which is currently known.) 

II. TRANSFORMATIONS 

Index Terms-Barker sequence, n-phase Barker sequence, aperiodic 
autocorrelation, Barker-preserving transformation. 

We let {b, = eia,},k i be an n-phase Barker sequence of length 
L, where aj belongs to N,, for every j, where N,, = {2rrj/n)j=-$. 

Definition 1: 

I. INTR~DU~I~N 
1) The order-2 transformation of time reversal: 

In 1954, Barker [l] exhibited binary + 1 sequences {b& 1 of 
respective lengths L = 2, 3, 4, 5, 7, 11, and 13, with the aperi- 
odic autocorrelation property ]C(T)] I 1 for r = 1,2;.., L - 1, 
where C(T) = C~=-r’b&+,. 

2) The order-2 transformation of complex conjugation: 

It was shown (Storer and Turyn [2]) that there are no other 
Barker sequences of odd length. Moreover, Turyn [3] obtained 
constraints on possible even lengths L > 4 (e.g., they must be 
perfect squares, cannot be powers of 2, etc.), which make it 
appear quite unlikely that any such examples exist. In 1988, 
Eliahou et al. [4] proved that for any possible even length L > 4, 
there is no prime factor p of L such that p = 3 (mod 4). 

L C: {eLal}j=l + {&a,)}fzl. 

3) The order-n transformation of constant multiplication by 
eik. 

k : {eia,}fxl + {e’(a,+k)}fcl. 

4) The order-n transformation of progressive multiplication by 
successive powers of eik: 

An n-phase Barker sequence of length L is defined as an 
L-term sequence, b,, b2;*., b,, where bi is an nth root of unity 
and lC(~>l I 1 for all i, 1 I i I L and all r, 1 I r I L - 1, 
where C(T) = Cf=-I’bibi*,,. (Here, z* denotes the complex con- 
jugate of z.) 

p(h) : {eiaj}fEl + {&Qj+WIWl}~=l, 

where k and h belong to N,. 

In 1965, Golomb and Scholtz [5] found sextic Barker se- 
quences of all lengths L, 1 I L I 13. They also found a group 
of Barker-preserving transformations of order 4n2. As genera- 
tors of this group, we may take the two order-2 transformations 
of time reversal and complex conjugation, and the two order-n 
transformations of constant multiplication by pa and progressive 
multiplication by successive powers of pa, where p = e2?rL/n. 
Circa 1974, Scholtz found sextic Barker sequences of lengths 14 
and 15. Other examples, not using sixth roots, had been found 
for lengths L = 15 (Cphase) and L = 16 (g-phase), using con- 
structions by Price and Carley, respectively. 

5) Any transformation f belonging to the group generated by 
all of the above transformations is called a composed transforma- 
tion if it is neither an identity transformation nor a generator of 
the group. 

It is easy to verify that any n-phase Barker sequence under 
these transformations is still an n-phase Barker sequence. In [5], 
the first four transformations were called Barker-preserving 
transformations for obvious reasons. 

III. SOME PROPERTIES OF SIXTH ROOTS OF UNITY 

In this paper, we consider the effects of the Barker-preserving 
transformations. Also, we discuss some properties of sixth roots 
of unity. We observe that the sixth roots of unity (with zero 

tit p = e2ri/6 and A, = 11, p*, p2, p3, p4, p5}. We find that 
the sixth roots of unity (with zero adjoined) have the useful 
property of being partially closed under addition, as well as 
closed under multiplication. 
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Property 1: The sum of two vectors px and py lies within the 
unit circle if and only if Ix - y] (mod 6) > 1, where x and y 
belong to (0, 1,2,3]. 
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Property 2: The result of finite addition and multiplication of 
any sextic roots of unity is of the form “Ap” + Bpb,” where a, 
b, A, and B are four positive integers, and Ia - bl (mod 6) I 1. 

It is easy to show the following. 
7’heorem 1: Given any A p” + Bpb, where la - bl (mod 6) I 1 

and a, b, A, B are four positive integers, then F(x, y) = ( px + 
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