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Abstract—In some channels subject to crosstalk or other types
of additive interference, the noise is the sum of a dominant Gauss-
ian noise and a relatively weak non-Gaussian contaminating
noise. Although the capacity of such channels cannot be evaluated
in general, we analyze the decrease in capacity, or sensitivity of
the channel capacity to the weak contaminating noise. The main
result of this paper is that for a very large class of contaminat-
ing noise processes, explicit expressions for the sensitivity of a
discrete-time channel capacity do exist. Moreover, in those cases
the sensitivity depends on the contaminating process distribution
only through its autocorrelation function and so it coincides with
the sensitivity with respect to a Gaussian contaminating noise
with the same autocorrelation fanction.

Index Terms— Non-Gaussian channels, channel capacity,
water-filling formula, regular process, entropy-singular process,
channels with memory. :

I. INTRODUCTION

DDITIVE Gaussian noise channels subject to power

constraints are one of the few examples in information
theory where closed-form formulas for capacity exist. In some
applications, such as channels subject to crosstalk or other
types of additive interference, it is of interest to evaluate the
capacity of channels where the noise consists of the sum of
a dominant (so-called nominal) Gaussian noise {N;} and a
relatively weak contaminating noise

Yi=X;+ N, +0Z; D

where for convenience, we have normalized the power of {Z;}
to E[Z2] = 1.

Unfortunately, unless {ZZ} is also a Gaussian process, no
closed-form expressions are feasible for the capacity C(6) of
channel (1) if § # 0. However, since an explicit expression
for C(0) is indeed available, it makes sense to consider the
sensitivity of the channel capacity to the weak contaminating
noise defined as

. C(0) - C(9)
Sz=8=lim == xe)

The main result of this paper is that for a very large class
of contaminating noise processes, explicit expressions for the
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sensitivity of channel capacity do exist. Moreover, in those
cases, the sensitivity depends on the contaminating process
distribution only through its autocorrelation function.

Let us first consider the case where {Z;} is Gaussian, and
moreover, let us find the sensitivity of channel capacity in
the special case when both {N;} and {Z;} are independent,
identically distributed. If the input power is constrained to P,
a simple derivative of the Gaussian capacity formula

1 P
yields
P 1
S =P ro? @
which means that
6> P/o? 5, 2

The worst case degradation occurs for high signal-to-noise
ratio; in which case we lose 1/2 nat per symbol times the
relative power of the contaminating noise. Conversely, for
vanishing signal-to-noise ratio, the degradation in capacity
decreases faster than 62,

A nontrivial generalization of the simple formula in (4) is
obtained in this paper by dropping the assumption that {N;}
and {Z;} are white. In that case, the channel capacity admits
the well-known water-filling solution

1 [Ko — No(f) = 62Z(f)]*
o) = 5[1/2 tn (” Nl + P20 )df

(6)
where No(f) and Z(f) are the power spectral densities of the
nominal and contaminating noises, respectively, and the water
level Ky is adjusted so that the integral of the optimum input
power spectral density Sp(f) is equal to P, where

Se(f) = [Ks = No(f) — 02Z(£)]*. 7

We show in this paper that the sensitivity of the water-
filling channel capacity formula admits the following simple
So(f)

expression:
1 1/2
S—gic [ 2
2Ko J-1/2 (f)No(f)

where Ky is the nominal water level. Thus the sensitivity of
Gaussian channel capacity is equal to (2K)~! nat times the
inner product of the contaminating spectral density and the
nominal optimal signal-to-noise spectral density.

It follows that the sensitivity is maximized by a contami-
nating random process which concentrates its power at those

df ®
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frequencies where the optimal nominal signal-to-noise spectral
density is maximum, which corresponds to the case where the
nominal noise spectral density iS minimum

setf 11
- 5 mmNo(f) Ky
1 1
< 2 min No(f) ®

Note that the latter upper bound is independent of the input
power. The worst case sensitivity is minimized over the
nominal noise spectral density by white noise, in which case
the sensitivity is equal to (4), regardless of the power spectral
density of the contaminating process.

Let us now return to the general case of non-Gaussian
contaminating noise. Since for a given power-spectral density,
Gaussian noise minimizes capacity [1] it follows immediately
that (8).is an upper bound to sensitivity for non-Gaussian
contamination

1 12 So(f)
5= 2Ky /—1/2 Z00) No(f) v

In fact, in the applications that motivate our model (such as
twisted pairs channels in subscriber loops), it is customary to
evaluate lower bounds on capacity by replacing the additive
interference by a Gaussian process with the same spectrum [2].
even though the interference is far from Gaussian.

The results of this paper establish that (10) holds with equal-
ity :hject to a mild regularity condition on the contaminating
noi: ", which is satisfied in most situations of practical interest.

It is interesting to point out that the results of [3] imply
that the sensitivity of channel capacity does not increase if
the decoder assumes that the noise statistics are Gaussian;
in fact, the decoder can even assume that the noise is white
without decreasing capacity as long as the encoder is allowed

-to z2ccount for such a mismatch.

"The rest of the paper is structured as follows. It is useful
in cur development to use the measure of non-Gaussianness
discussed in Section II along with its relationship to mutual

(10)

information. Section III proves our main result for regular

contaminating noise. Section IV shows that the sensitivity
is equal to O if the contaminating noise is entropy singular.
Section V gives a proof of (8) as the derivative of the water-
filling capacity.

II. NON-GAUSSIANNESS

In this section we find a general decomposition of mutual
information that will be useful throughout the paper. We apply
this decomposition to the sensitivity problem in its most simple
setting which avoids the major technical hurdles we will face
in Section III and enables the use of existing results.

Throughout the paper, we will employ the notation X to
denote a Gaussian random variable with the same mean and
variance as the random variable X. The distribution of X
will be denoted by Px.

We define the non-Gaussianness D(X) of a random vari-
able X with finite variance as its distance (in the sense of
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divergence) from X
1D

Obviously, D(X) > 0 with equality if and only if X is
Gaussian. If X has point masses, then D(X) = +o0.

We can express non-Gaussianness as the difference between
the differential entropies of X and X

D(X) = D(Px||®x).

D(X) = h(X) — h(X)
= —In2wec%k — h(X)

BN | =

zllnﬁ

(12)
2 %

where 7% is the entropy power of X , i.e., the variance of a
Gaussian random variable with the same differential entropy
as X .

It is immediate to generalize this concept and define the
(joint) non-Gaussianness of several random variables

D(Xl‘,"',XK) = D(PXr"XKH(I)Xl"'XK) (13)

where ®x,...x, is the Gaussian density with the same mean
and covariance matrix as (X7, - - -, X ). Furthermore, we can
define the conditional non-Gaussianness of X given Y using
the conditional divergence [4]

D(X|Y) = D(Pxy||®xv|Py) (14)
where © x|y (-|y) denotes the conditional density of X given
Y =y, where (X,Y) are jointly Gaussian random variables
with the same means, variances, and correlation coefficient as
(X,Y).

It is easy to see that non-Gaussianness satisfies the tele-
scoping property

K
D(Xy,++, Xg) = D(Xi|Xi_y, -, X1).

=1

(15)

Note that
/‘I’X|Y('ly) dPy (y)

does not necessarily equal ®x(-), and, consequently, we
cannot claim that D{X|Y') > D(X). However, the difference
between conditional and unconditional non-Gaussianness does
admit an interesting representation: ‘

N Pxy(X1Y) ‘I)X(X)] .
@xy (X[Y) Px(X)

@ x|y (X]Y)
Dx(X)

D(X|Y) - D(X) = E[l

:I(X;Y)—E[ln ] (16)
where the expectations are with respect to the joint distribution
of X and Y. The second term in the right-hand side of (16)
would coincide with the mutual information if X and Y were
jointly Gaussian; in fact, it depends on the joint distribution
of X and Y only through their correlation coefficient. We will
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refer to this quantity as the second-order information between
X and Y

L(X;Y) = I(X;Y)

_ Dx)y(X]Y)
= [“‘ B x(X) ]
Ll an

2 ' 1= oy
where pxy is the correlation coefficient between X and YV
E[XY] - E[X]E[Y]

oxy = .
ogxoy

(18)

Thus we have the decomposition of mutual information as

I(X;Y)=L(X;Y)+ DX|Y)-D(X)

=L(X;Y)+ DY|X)—- DY) 19
where we have used the symmetry of I(X;Y) and I,(X;Y)
to write the last equation.

The second-order information is obviously nonnegative;
it may be greater or smaller than mutual information. For
example, if X is not Gaussian and N is Gaussian and
independent of X, then

I(N;N + X) > I(N; N + X) (20)

and

I(X;N + X) < L(X; N + X). 1)

Note also that the decomposition in (19) is not useful for
discrete random variables as in that case D(X|Y) — D(X) =
00 — 00.

The second-order information can be generalized to any
number of random variables

I2(X1a"'>Xn;Yla"'7Ym)

using the formula in [5, Th. 9.2.1]. For the purposes of
our results, it is important to use (19) in the special case
where Y = X + V and X and V are independent. Since
D(Py 4+4||®v+aq) is constant in a

D(X +V|X) = D(V).
Therefore, it follows from decomposition (19) that

IX; X +V)<IX; X +V)+ D(V) (22)
a result anticipated in a continuous-time context by lhara [6]
and which actually goes back to Shannon’s 1948 paper [7] in
a different guise.

It is well known {8] that among all V' with the same
variance, I(X; X + V) is minimized by V'

I(X;X+V)<IX;X+V). (23)

This result follows immediately from decomposition
(19) upon noting the inequality (from the divergence data-
processing theorem)

DX +V) < D(V) = DX + V[X). (24)

1879

In our setting, we are interested in the case where V is
almost Gaussian: V = N + 67, with N a Gaussian random
variable. The bounds in (22) and (23) immediately provide
the following bounds for the sensitivity of the memoryless
channel (1):

P 1
202 P 4 o2

D(N +62) P 1
<S5S< —=—
<8< 202 P + o2

— lim (25)

6—0 02
The following result proves: that the nuisance term in (25)
is zero, and, thus the exact formula (4) for the sensitivity of
the capacity of the memoryless nominally Gaussian channel
is established.
Theorem 1: If N is Gaussian, Z has finite variance and N
and Z are independent, then

D(N +0Z) = o(6%). (26)
Proof: Define the é.uxiliary random variéble
1, if|1Z|<M
§= {0, otherwise @7

for some constant M. Consider the following lower bound on
differential entropy:
h(N +82Z) > h(N +0Z|S)
=P[S=1h(N+0Z|S=1)
+ P[S = 0Jh(N+0Z|S =0)
>P[S=1h(N+0Z|S=1)

+ P[S = 0]1(N). (28)

Thus (13) yields (assuming without loss of generality that Z
has unit variance)
1
D(N +62) < 3In 2re(a? + 6%)
— P[S=1h(N+6Z|S=1)

—P[S = 0]% In 27ea?. (29)

The remaining differential entropy is taken care of using the
following result.

Lemma 1 [9]: If N is Gaussian and independent of Y such
that

E[1Y|2+"] <K <oo
for some o > 0, then
1 2 1 21 TY
h(N +0Y) = = In2neoy + 5[6° + 0(8°)] =0 — 0 (30)
2 2 0%

where 0(6%) depends only on K.
Using Lemma 1 in order to evaluate h(N + 6Z|S = 1) in
(29) yields

DIN+67) < tm(1+ L
‘ -2 o2

var (Z|S =1)

2 P[S =1].

(3D

~ 5162+ o(6?)
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But because of the assumption that Z has finite (unit) variance,
we can choose M so large that for any given § > 0

PlS=1>1-6
var (Z|S=1)>1-6

which implies that

and the result follows because ¢ is arbitrarily small. 0

Some intuition about the nature of Theorem 1 can be gained
as follows. It is well known [4] that divergence between
neighboring distributions can be expanded as

D(QolQ0) = 5T(0)6* + o(6?)

where I() is the Fisher information

16) = E[(%mczem)z]

where the expectation is with respect to Q. If Q¢ = Pnisz,
it turns out that I(0) = 0.

We have made use of the decomposition of mutual informa-
tion in (19) in order to derive (25), which as we have seen leads
to sensitivity formulas in simple cases. Other applications of
(19) will be fruitfully used in the next section.

1II. REGULAR CONTAMINATING NOISE

The capacity of the channel with colored noise can be
written as the limit of the capacities of memoryless vector
channels

1
C(0) = lim =C,(0) 32)
n—oo 1
where C),(0) is the capacity of the memoryless channel
Y =X+ N7 +0Z7 (33)

where the average power of the input codewords is constrained
to be less than or equal to P, and {Z7} and {N'} have the
distributions of the consecutive noise samples (Ny,---, Ny)
and (Z1,- -+, Zy). If C,,(6) denotes the capacity of (33) where
Pz~ is substituted by ®z-, then (22) and (23) yield the
well-known result [6]

Tn(6) < Ca(6) <T(8) + DN +6Z").  (34)
This implies that we could conclude that the sensitivity is equal
to the sensitivity of the channel with contaminating Gaussian
noise (i.e., the sensitivity of the water-filling formula which is
found in Section V), if we could show that
. . 1 n ny
;l_I)I(lJ nh_{go mD(N +6z")=0. (35)
Unfortunately, it is not possible to directly interchange the
limits of (35) and the sought-after result is far from a direct
consequence of Lemma 1.
The key sufficient condition on the contaminating noise in
our proof of (35) is that it is regular:
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Definition 1 (cf. [10]): A random sequence {Z;} is called
regular, if the o-algebra

() Az(—00,1)

is trivial, i.e., if it contains only events of probability 0 or
1, where Az(—00,t) is the minimal o-algebra containing all
events

{Zi1 S Ela"'aZis S Es}

for any integers 41, --,%s € (—o0,t) and any Borel sets Ej
of real line.

Regularity-is one of the weakest conditions in the literature
for capturing the weakening of dependence between past and
present events as their time separation increases.

It is well known [11, ch. IV, sec. 1 ] that a stationary
Gaussian random sequence {NV;} is regular if and only if it
has a spectral density No(f) and

1/2

/ In No(f)df > —o0. (36)
—1 / 2
Moreover, condition (36) means that C(0) is finite.

The purpose of this section is to show the following general
result on the invariance of sensitivity to non-Gaussian noise.

Theorem 2: Assume that the contaminating noise is a reg-
ular, stationary, second-order process. Then (35) holds under
either of the following conditions:

i) {N;} is iid. Gaussian.

ii) {NV;} is a regular Gaussian stationary process and the
ratio of spectral densities of contaminating to nominal noises:
Z(f)/No(f) is bounded on [0, 1].

Proof: We shall denote

Vi=N;+0Z,. (37
Accordingly, the goal is to show
1
lim lim — D(Vy,---,V,) =0. (38)

60 n—oco nf?
Using property (15), we can write

1 1<
=D e V) == D(V;|Vi_q,---,
- (Vi,-+, Vo) ”;:1 (V31Vi—1 i) 39

and each of those terms can be decomposed via (19) into
D(‘/}l‘/j——h T 'vvl) = I(Vl’ o '7‘/]'—1;‘/;')
~ L(V1,- -, Vj—1;Vj) + D(V5).
(40)
We will deal first with case i) of Theorem 2 where {N;} is
i.i.d. Using the nonnegativity of the second-order information,

and the stationarity of {V;} it will be enough for our purposes
to show

D(Ny +0Z;) = o(6?) (41)
and
lim I(Ny+0%1; No+0Zp,--+,N_; +8Z_;) = o(6?) (42)
Jj—ro0
as 6 — 0.
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Since (41) has been shown in Theorem 1, the additional
complexity over the memoryless case is brought about by the
need to show (42). A main difficulty in the proof of (42) is
that § appears in both of the arguments of mutual information.

We shall prove a statement stronger than (42)
I(N1+0Zy;No +0Zo,--- ,N_; +0Z_;) = o(8?) (43)

where 0(#%)/6% — 0 uniformly with respect to all integers j
as § — 0.
Let us denote

UJ(H) = (Ng+ 02y, - ,N_; + HZ_J').
It follows from (12) that
I(Nl +87; UJ<0)) = h(Nl + 071) - D(N1 + 9Z1)

— h(N1 + 8Z,|U;(9))
= L in2reo? + s
=g AT T 5

—~ h(N1 4 0Z1|U;(6)) + o(8%) (45)

(44)

using the result of Theorem 1. In order to lower-bound
h(N1 + 6Z1|U;(0)) we introduce again the auxiliary random
variable (cf. (27))

~ 10, otherwise
for some constant M and will proceed analogously to the proof
of Theorem 1.
h{(N1 +0Z,|U;(0)) > h(N1+0Z:1|U;(8), S)
= P[S = 1|h(N1+02Z:1|U;(9),5 = 1)
+ P[S = 0Jh(N1+6Z1]U;(6),S = 0)
> P[S = 1]h(N1+6Z:1|U;(8),5 = 1)

(46)

+ P[S = 0]h(Ny) 47)
because
h{N, + 0Z:|U;(8),5 = 0)
> h(N1|U;(8), S =0) = h(Ny). (48)

According to Lemma 1 for every realization of U;(0) = u

1
h(Ny +021|U;(6) = u, § =1) = 5 In27es®
92
=+ FV&I‘ (leUJ(H) = ’U,,S = 1)
+ o(6%) (49)
where 0(#?) depens only on M, because for any o > 0
E[ZF|U;(0) = u, 5 = 1]
is uniformly bounded with respect to all u and j.
Putting together (45), (47), and (49) we obtain
I(Nl + 674 U](Q))
02
< ﬁ[l — P[S = 1]var (Z1|U;(8), S = 1)] + o(6%). (50)
It is evident that

Jim PlS=1]=1. 1)
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Thus in order to show that the right-hand side of (50) is o(6?),
all we need to show is that the conditional variance of Z; given
U;(8) and S = 1 converges to the unconditional variance,
which is equal to unity, uniformly with respect to all integers
jas f — 0 and M — oo. This is where regularity of {Z;}
comes into play.

Lemma 2: If {Z;} is a regular, stationary, second-order
process, and {N;} is i.i.d. Gaussian, then

var (Z1|U](9),S = ].) — var Zl (52)

uniformly with respect to all integers j as § — 0 and M — oo.
Proof: The main idea is the following. First, using the
regularity of the sequence {Z;} we prove that

I(Zy+ Wy;U;(6)) — 0

uniformly in j as # — 0, where W is a Gaussian random
variable independent of {N;} and {Z;} (unfortunately, we
cannot prove directly that 7(Z1; U;(8)) — 0 uniformly in j as
# — 0). Then, using this fact we show that

I(Zy + Wi, U;(0)]S = 1)

also converges to zero uniformly with respect to all j as § — 0
and M — oc. It means that Z; and {U;{6)} become ‘‘almost”’
independent under condition S = 1as § — 0 and M — oo
and so the conditional variance of Z; given U;(f) and S =1
converges to the unconditional one.

Let § > 0 be an arbitrarily small positive number. To prove
that

uniformly with respect to all j as § — 0 we shall show that
there exists 8y = 8¢(8) > 0 such that for all 8, 0 < 8 < gy

](Zl + Wl;Uj(B)) < (53)

simultaneously for all j.
For some integer m = m(6), which will be chosen later,
and for any j,j > m we have
I(Zy + W13 U;(6))
S I(Zl +Wl;V07'"7V—m>N—m—1a"‘,N—ja
Z—m—la"‘7Z—j)
= I(Zl -+ W17 Z—m—17 T )Z—j)
+ I(Zy + Wi Vo, Vel Zomer, o+ Z-5) (59

because (N_,,—1,--+,N_;) is independent on all other ran-
dom variables.
We estimate first the second term of the right-hand side of

(54). It is readily shown that

I(Zl + Wl;‘/(]a c '7V—le—m—17 o '7Z—j)
SI(Z1, W1); Vo, -+, Ve Zmme1, 0+ Z—5)
= I(Zl; VO, ot '7V—m|Z—m—1’ v ‘7Z—j)

< I(Zla'"7Z—m;‘/1a"'7V—le—m—1a"'aZ—j)
SI(ZI)”')Z—m;‘/la"'uV—m)

m+ 2 62 5
< In{1+ — -
2 n( +02)<3

(53)
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26

f<by=0 m

(56)

Indeed, the third inequality in (55) follows from the fact that

(Z—m—lv"'7 Z—m) - 7V—m)

Z_;) = (Z1,--, Vi,
forms a Markov triple of random vectors, and the fourth
one means that [(Zy,-+, Z_; Vi, -+, V_p,) is less than the
capacity of a parallel white Gaussian channel in which the sum
of input signal powers is not more than (m + 2)6%.

To estimate the first term of the right-hand side of (54) let
us introduce {Z;(M)}, a stationary ‘‘quantized’’ version of
{Z;}, with a finite number M of values such that

K? = E[Z1 (M)} < ;w (57)

where

Zy(M) = Z1 — Zy(M)

and
)\2 = var W]_.
Now we have

Zy+ Wy Z e, 225)
< H(Zy(M), Wy + Zy(M); Z—1, -, Z—5)
= (Zy(M); Z—p_1,--, Z—5) + I(Wy + Z1(M);
Zmt,, Z5|Z1(M)). (58)

It is easy to see that the parameter m can be chosen such
that for all j > m
KZ\(M); Z_ 1y, Z-5) < 6/3
because we assume that the sequence {Z;} is regular and
Z1(M) has a finite number of values.
Indeed, it follows from regularity of {Z;} that for m — oo
[11, ch. IV, sec. 1] (see (60) at the bottom of this page)
where d(-, -) is the variational distance between corresponding

probability measures.
It is shown in [12] that

M
Z_j) S ,U,mhl —.

m

I(Zl(M);Z—m—la"'a (538

Thus choosing m large enough so that

fm I (M i) < 6/3

(59) .
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and using (61) we obtain (59). Then, we have
Wi+ Z1(M); Z—m1,+ - 25| Z0 (M)
=h(W1+ Zl(M)IZI(M)) ‘
—h(W1 + Zl(M)IZI(M)a Lm0y
< Wy + Zy(M)) — h(Wh)

1 K2 6
< Z - hd
< 21n<1—|-)\2> < 3
by virtue of (57).

The inequality (53) for all j > m follows from (54), (55),
(58), (59), and (62) if § < 6y, where 6y was defined in (56)
and m = m(M(6)) and M = M (6) are chosen such that the
inequalities (57) and (59) are satisfied.

In the case j < m we obtain

I(Z1+W1,UJ(9)) <I(Z17%, .. —m)
<I(Z1; Z—mavla'

v
m4 2 62 6
< h
~—In <1+ ) .

Z_;)

(62)

m)

if 8 < 8. Thus (53) is proved.
Let us show that I(Z; + Wy;U;(8)]S = 1) also converges
to zero uniformly with respect to all j as § — 0 and M — oc.

This statement immediately follows from the relations
I(Z, + W1 U5(6), S)

= I(Zy + Wy; U;(8)) + I(Zy + W13 S|U;(8))
< I(Zy + Wi U5(8)) + H(S) (63)
and
I(Zy + W13 U5(9), S)
= I(Z1 + W13 8) + I(Z1 + W1; U;(8)|S)
> I(Z, + Wi; U;(0)S)
> P[S = 1]I(Zy + W1; U;(0)|S = 1) &
because
Jim P[S=1]=1
Jm H(S) =
and
I(Z, + W1 U;(0)) — 0

uniformly with respect to all § as § — 0. L
__ Now Lemma 2 can be easily proven. Indeed, let Z7, W1, and
U;(8) be the random variables whose distribution coincides
with the conditional joint distribution of Z;, W1, and U;(6)
given the event {S = 1}. Then we have
I(Zy+W1; U;(0)|S=1) = I(Z1+W1; U;(8))

> I<21+W1,E[21+W1|[7](9)])

H.,(Zi+Wh) (65)

APz, (MY(Zmr, 2 _J)7PZ1(M)><(Z metrnZo5)) S tim = AP 2, (M)(Z- s, 2y )y P2y (MY X (Z i1, Z 2 ) = O

(60)
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where
€2 = var (Z, + Wh|U;())
=var (£, + W1|UJ((9),S =1)
and

H (&) I(¢; X)

= inf
X:E[(6-X)?]|<e?

is the e-entropy (rate-distortion function) of random variable

€.
The inequality (65) shows that H. (Z; + W;) — 0 uni-
formly with respect to all j as § — O and M — oo. In a
view of the well-known property of e-entropy [1, ch. IX] it
means that

var (Zl + W1|UJ(9),S = 1)
= var (Z1|U;(6),S = 1) + \?
—s var (Z; + Wh) = var Zy + \?
uniformly in all j as § — 0 and M — oo from which the
statement of Lemma 2 follows. O
Let us proceed now to the case ii) of Theorem 2, where {N;}
is a regular Gaussian stationary process. First of all we note

that, by regularity of {V;}, the following Wold representation
holds for all ::

i
Ni= > aijn

j=—oc0

(66)

o0

2
E a; < 0o
=0

where {7,} is a sequence of orthonormal random variables.
Moreover, since {N;} is Gaussian, the sequence {7;} is a
sequence of i.i.d. Gaussian random variables (see, for example,
[11, ch. IV, sec. 1 ]). It is also well known [10, ch. II, sec. 3]
that for the Wold representation (66), we can write for all ¢

(67)
i.e., n; is the limit in mean-square sense of a sequence of

finite sums :
!
> e,
Fysi
Applying the linear transform (67) to the sequence {Z;} we
obtain

G=lim 3 ¢z, foralli. (68)

3:3<8
At first, we note that the limit on the right-hand side of
(68) exists, so that (; is defined. To see this, denote by
©(f),—3 < f < % the spectrum of the linear transform (67).
Then, we have

Z(f)
N()(f)NO(f) df

@*(f)No(f)df < oo (69)

1/2 1/2
/ ()2 (F) df = / R

-1/2
1/2

< L/
—1/2
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where
Z(f)
L =su < o0
fp No(f)
by condition ii), and the integral
1/2
| P a
—1/2

converges by virtue of (68). The existence of the limit in mean
square on the right-hand side of (68) follows from (69) [13,
ch. X, sec. 9].

Next, it immediately follows from (68) and regularity of
{Z;} that the stationary sequence {(;} is regular, because it
is evident that Az(—o0,t) = A¢(—00,t) for every £ (see
Definition 1).

Now, to finish the proof of Theorem 2, we shall show that

1
lim —D(Nl +87y,---,Nn +0Zn)

n—oo N,

1
=lim —=D(m + 6, ---,nn +0¢.).  (70)

n—oo 7

This will suffice because (70) yields

. . 1
lim lm s D(Ny + 021, NN +623) =0

since the equality

lIim lim
§—0 n—oo

1

was already proved in statement i) of Theorem 2. To prove
(70) it is enough to show that

h(m + 0¢i|no + 0G0, n—1 +0¢—1,- )
= h(Nl + 9Z1|N() +0Zg, N1 +6Z_4,-- ) +co (71)
where ¢ is some constant, by stationarity of the sequences
{N:}, {mi}, {Z:}, and {¢;}. But (71) trivially follows from
(66)—(68), because (o + 8¢o, 71 + 6¢_1,---) is a function
of (No+ 079, N_1 +6Z_1,---) and vice versa. O
Remark 1: It should be noted that in the condition ii) of
Theorem 2 we can assume that the function [Z(f)/No(f)] is
essentially bounded (rather than strictly bounded) on [0, 1],
ie., that esssup [Z(f)/No(f)] < oo on [0, 1]. The proof of
the theorem under this weaker condition is basically the same.

IV. ENTROPY-SINGULAR CONTAMINATING NOISE

Let us consider now the case when the contaminating noise
{Z;} is a singular random sequence.

Definition 2: A stationary random sequence {Z;} is called
entropy-singular if the entropy of any subordinate process
{Z} with a finite number of states equals zero, i.e.

57 > e . 1 -
A({Z}) ¥ im —H(Z") =0
n—oo N
(for the definition of subordinate process see, for example, [5,
sec. 5.



1884

Remark 2: In the theory of dynamical systems, entropy-
singular sequences are usually referred to as zero-entropy
sequences. It should be noted that, normally, a stationary
random sequence {Z;} is called singular if for any integer
n the random object (- -, Z,_2, Z,,—1, Zy) is anywhere tight
in the random variable Z = {Z;}, (cf. [5, sec. 5]). It is known
that any singular sequence {Z;} with a finite number of states
is an entropy-singular sequence (see [5, Th. 6.2.1]).

Theorem 3: If {N;} is a regular Gaussian stationary se-
quence and {Z;} is a second-order entropy-singular stationary
sequence, then C(#) = C(0) for any § > 0 and, in particular,
Sz = 0.

Proof: We start by writing the obvious equality

I(X™Y") = I(X™ X" + N")
+1(0Z™ X" + N™ + 6Z")

—I(6Z";N™ +6Z™). (72)

Let us show now that the entropy-singularity of {Z;} yields
the relations

lim SI(6Z% X" + N + 62"

n—oo N,

= lim LI(6Z"N" +60Z%) =0. (73)

n—oo N,

We need to prove only the second of the equalities in (73),
because

0 < I(8Z™ X™ + N™ +0Z") < I(§Z™; N™ + 62™).

Let § > O be an arbitrarily small positive number. Now,
given this §, we choose £ > 0 such that

cE90) < 6 (74)

where ng"’(o) is a capacity of the channel (1) with § = 0
under input constraint P = £242.

We introduce again a stationary sequence {Z;(M)} subor-
dinate to {Z;} with finite number M of values (see also proof
of Lemma 2) such that

E[Z:(M)] << 3)

where Z;(M) = Z; — Z;(M) for all i, and ¢ was defined in
(74). Then, we have

I(0Z™,0Z™ + N™) < I(ez"(M), 0Z" (M); 02" + N")
= I(0Z"(M);0Z" + N™)
+ I(eZ"(M); 0Z" + N"|0Z”(M)).
(76)
Since
1(62™(M);62™ + N™) < H(Z"(M)) an
and »
I(HZ"(M); 07" + N"|9z"(M))
< I(@i"(M); 0Z" (M) + N") (78)

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 41, NO. 6, NOVEMBER 1995

we obtain using (76)-(78) that

lim L1(62"02" + N™)

n—oo 7

< lim LH(Z"(M))

n—=00 7

+ tim 1(07"(M);0Z" (M) + N")

n—oo 1,

<é (79)

because the first term on the right-hand side is equal to zero
by entropy-singularity of {Z;} and

. 1 ~n ~n n (6)

lim —I(az (M);6Z" (M) + N ) <80y <6

n—o00 N,
by- virtue of (75) and (74).

Since § > 0 can be arbitrarily small it follows from (79)
that (73) is valid, which proves Theorem 3, because (73) and
(72) lead to the equality Cz(6) = Cz(0) forall § > 0. O

Corollary: Let {Z;} be a sum

Z; = VaU; + V1 — aV;,

where {U;} and {V;} are two independent stationary random
sequences, such that

E[UZ] = E[V?] =1.

0<ax<l

If {N;} is a regular Gaussian stationary sequence and {V;}
is entropy-singular, then the sensitivity Sz of the channel
capacity (1) satisfies

Sz = aS’U.
Proof: Analogously to (72) we have
I(X™y") = I(X";X" +N" + \/EHU”)
+I(V1—-abV™*; X"+ N" + Z")
- I(\/l —affV™";N" + Z").

In a similar manner as (73) was proved, we can show that

(80)

lim lI(\/l —afV™; X"+ N" + Z")

n—o0 N

= lim ~I(VI=afV™N"+2") =0 (81)

n—oo 1

because {V;} is an entropy-singular sequence.
Now from (80) and (81) it follows that

Cz(6) = Cy(Vabh). (82)
Thus taking account (82) we conclude
S = lim o S0 = CuVab) _ o O
6—0 a92

V. DERIVATIVE OF WATER-FILLING FORMULA

In this section we shall prove formula (8) for the sensitivity.
According to Theorem 2 we can assume that the contaminating
noise {Z;} is regular Gaussian satisfying condition ii) of
Theorem 2. But for Gaussian contaminating noise we shall
prove (8) without any additional conditions.
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Theorem 4: Let {N;} be a regular Gaussian stationary
process. Then the sensitivity of the channel capacity (1) with
Gaussian contaminating noise {Z;} having a spectral density
Z(f) is given by (8). This formula holds even if the integral
on its right-hand side diverges.

Proof: The proof of this theorem is divided into two
parts, depending on whether the power spectral density Z(f)
is bounded.

Case A: Z(f) is a bounded function:
It is well known [1] that for any 6 > 0

12 Se(f)
c0)=3 /_1/2 tn (1 * Ni(f)) i

AR

(83)

where
No(f) = No(f) + 6°Z(§)
and
So(f) = [Ko — No(£)]*
with Ky chosen so that
1/2

2 Se(f)df =P

0
because we suppose now that the contaminating noise {Z;}
is Gaussian.
Now we need the following lemma proven in the Appendix.
Lemma 3: Let us introduce for any f > 0 the sets

Ap = {f e [o, %] Ko > Ne(f)} (84)
{fe[ 1] Ko—-No(f)} (85)
= {f e [0, %] Ko < Ne(f)}~ (86)

Then, if Z(f) is bounded function on [0, 1], the following
relations hold:
a) gin(l)[mes (AgNGy) =0

b) (}%[mes (Ag\ 4p)] =0
¢) lim[mes {(A¢ \ A0) \ B}] = 0

2
d) Ko = Ko + g Ja, Z(F)df +0(6%), 6—0.
Let us return to the proof of the theorem. From (83) we
obtain

1 1 K,
7 [C(0) - >

o) = 0% Jag\as o No(f) i)

1 Ko
Nz /AS\AO AR

1 , 2(f) )
T /AA fn (1 %)Y

@7
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We evaluate now every integral in the right-hand side of
(87). At first we observe that

def 1 K,
Ji(0) = = In
1(0) 62 /Ao\Ag No(f)

To see this we note that for f € Ap \ Ag we have

=0 _gf =o(1), 6—0. (88)

Ko > No(f) > Ko — Z(£)8* > Ko — M6?

fe[o,%].

where
M = sup Z(f),
Therefore

1
0< Ji(6) < — /
1( ) 92 Ao\ Ay

since mes (Ag \ Ag) — 0 as # — 0 by b) of Lemma 3.
The second integral is divided into two parts as

Ko

KO-MHde o(l), 6—0

def 1

Ky
200 = g2 /AG\AO AR

df = J5(0) + J5(6)  (89)
where
Ky

No(f)

def 1/ In
02 Janao)\B

J5(0) = df

and
Ky
No(f)

O / In
02 J 40\ A0)nB

It is readily seen that

Jo(0) = o(1),

df.
9 — 0. (90)

Indeed, we have

0 < J5(8)
1 Ko
K0+92Z(f)

1 /
- —— | z(Hdf
/(Ae\Ao)\B [Komes Ay Ao (£

(f) + 0(1)] df

g — 0.

daf

= 6% Janao\B

= 0(1),

Here we used the inequality No(f) > Ko for f € Ag \ Ao
and the statements c) and d) of Lemma 3.

To evaluate J4(6) we note that No(f) =
so that

K, for f € B,

62 2
T = & 1o Ko mes gy Ja, 2N +067)
i & Ko+ 02Z(f)
(Ap\Ao)NB
mes {(Ag \ 4o)

= Komes Ay /Aa 2(f)df

1
X, Z(f)df + o(1),
Ag\Ao

6 — 0. on
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Here we used again statement d) of Lemma 3 and the relation

mes [(Ag \ Ag) N B] = mes (Ag \ Ag) +0(1), 6 —0

by ¢) of Lemma 3.
Assume for now that the integral on the right-hand side of
(8) converges and consider the integral

def 1 2 Z(f)
T3(6) = o /Aon In (1 +0 —No(f)) df. (92

First of all note that convergence of (8) implies that the
integral

V2 Z(f)
o No(f)
also converges (recall that now we assume the boundedness

of Z(f)). So, using the inequality In (1 + z) < x we obtain
from (92)

df 93)

Z(f)
J3(0) < . NolF) df +o(1), -0 (94)
because
Z(f) ~
Loon Tty 4= o0 80

by statement b) of Lemma 3 and convergence of (93).
To obtain a lower bound for J3(6) let us introduce momen-
tarily an additional condition
V2T 2(h) 1
‘ df < oo
[ ml

Then, using (95) and the inequality In (1 + z) > z ~ 22 for
z > 0 we also verify that

95)

Z(f)
J3(8) > d 1 —0 926
3( ) —_ AO NO(f) f+ 0( )’ ( )
and so frorh (94) and (96) we conclude that
Z(f)
J3(6) = d, 1 6 — 0.

Finally, using again statements b) and d) of Lemma 3, we
obtain

def 1/
ln——df
02 Japna, Ko

_ mes Ag
= B 5 |, D +o(0), 00, 08

Ju(0) =

Substituting (88)-(91), (97), and (98) into the right-hand side
of (87) and noting that

mes (Ag \ Ag) +mes Ag =mes Ag +0(1), 6 —0
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by b) of Lemma 3, we derive

glco-co)=[ Jharz [ a0
i [ 2o
-/ Aa-z [ () df+o()
:'1%/()1/2 Z(f)]iz((?) df+o(1), 6 — 0.

This completes the proof of the theorem in Case A under the
additional condition (95) and the assumption that the integral
on the right-hand side of (8) converges.

Let us dispense with the condition (95). It should be noted
that the right-hand side of (8) is an upper bound on the
sensitivity Sz without the assumption (95) because it was used
only for deriving a lower bound on Sz (see (96)). So, we need
only prove that the right-hand side of (8) is also a lower bound
for S without the condition (95). To this end we introduce a
sequence of stationary Gaussian contaminating noises

Z(m) — {Zi(m)}’ m=1,2--

independent on {NV;} with power spectral densities given by

Z(m)(f) Q_Sf {Z(f)7 lffeQm

0, otherwise

=< g o <)

At first we note that for any m

(99)

where

(100)

Sz 2 Szm)
because it follows from (99) that
Cz(0) = Czem(0), Cz(0) < Czim),

Moreover, for any sequence Z (M) an analog of the condition
(95) is fulfilled, i.e.

(6)6 > 0.

v Z‘"‘)(f)r
I [N()(f) 4f < o0
and, therefore
Sgm = 7= / Z0m)(f ((J;))df (101)

It is readily noted that the condition (36) of nominal noise
regularity implies that mes @Q,, — 0 as m — oo, where
Qm = [0,3] \ Qm., and consequently for f € [0, 1]

Z(F) 1 Z(f) as m — o0 (102)

by the definitions (99) and (100).

Finally, it follows from (102) that the integral on the right-
hand side of (101) goes to the integral in (8) or goes to infinity,
if the integral in (8) diverges, as m — oo. This completes the
proof of Theorem 4 in Case A.
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Case B: Z(f) is an unbounded function:

Let us introduce two sequences of independent stationary
Gaussian contaminating noises

and
Z(m) {Z(m)}

m=1,2,

independent also of {N;} with power spectral densities given,
respectively, by

7(m) def Z(f)7 le(f)<m
27 = {0, otherwise (103)
and
Fmy gy def [2(f), if Z(f) = m
278 = {0, otherwise (104)
such that for any m = 1,2,--- we have
Z =7z 4 zm), (105)
It is easily verified now that
1Y Solf)
Sz > —/ VA df. (106
Indeed, (105) shows that for any integer m
Sz 2 S50 107)

and since Z (m)(f) is a bounded function by definition (103),
we can apply our theorem in Case A, such that

L [ sy Sol)
SZ(m) - KOA Z <f)NO(f) df

(108)
Noting that
ZU(f) T Z(f) as m — oo

by (103), we immediately obtain (106) from (107) and (108).
In particular, (106) implies that Sz = oo if the integral on the
right-hand side of (106) diverges.

To end the proof of the theorem we need only show that
the right-hand side of (106) is also an upper bound for Sz,
if the integral converges.

Observe that for any integers n and m we have

%I(X”;X" 4+ N™ 4 0Z™)
1 n n n H(m) "
ZEI X" X"+N"+0(Z
n
1 n n n 7(m) "
>27(xmx"+N"+6(2
n

—11(9(2('”)) ;9(2("‘)) +N").
n

(109)
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Since
lim %1(9(2("’)) ;o(é(m)) +N”)
M2 622 (f)
< In|{l4+ ——1)d
_/0 n< * No(f) f
1/2 7(m)
< 9? / Liﬁdf (110)
Jo  Nolf)
and
1/2 7(m)
lim z (f> df =0 (111)

m—0o0 0

No(f)

which follows from definition (104) and convergence of the
integral on the right-hand side of (106). Putting together
(109)—~(111) we get

1 [ So(f)
Sr< o /0 257 &

This completes the proof of the theorem. O

APPENDIX
PROOF OF LEMMA 3

a) By the definitions (84) and (86) we have

AN Gy = {f Ko — QZZ(f) < Ng(f) < K()}

C{f:Ko— M8 <Ny(f) <Ko} |0, 6—0
where
M= sup Z(f)
ref0,4]

and so that mes (Ag N Gp) — 0 as § — 0.
b) This follows immediately from a)

A()\Ag C Ag N Gy.
¢) To prove c) let us note that

(Ag \ A0)\ B
= {f: Ko+ 6°Z(f) < No(f) +0°Z(f) < Ko} \ B
C {f: Ko < No(f) < Ko+ }\
{f:Ko=No(f)} 10,6 -0
where c is some positive constant. Here we used the obvious

inequality Ky < Ko + (6%/2mes Ap). Thus we conclude that
mes {(Ag \ Ag) \ B} — 0 as § — 0 and ¢) is proved.

LX)

d) We start by writing the ‘‘balance’’ equation:
[ eana-[ @) =Ko)df = (Ko Kopmes 4y
A() AOOGG
[ e —K s
AgNANGy
-/ 02(f)df
(Ag\AQ)ﬂB

-/ (No(f)—Ko) df. 112)
(As\Ao)\B
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From a physical point of view, the left-hand side of (112) is
the volume of “‘ballast’” 62 Z( f) under the old water level K,
and the right-hand side of (112) is the water volume above the
level K, after we dropped this ‘‘ballast’’ into the water.

Now observe that

[ -k d =@, 80 13
AoNGo
/ (No(f) — Ko)df = 0(6%), 6—0 (114
AgNANGy
/ (No(f) — Ko)df = o(6%), 0—0  (115)
(Ao\Ao)\B
because
No(f) — Ko =0(6%), 6 —0
for any
fe€ (A() n Gg)f € (Ag N AgnN Gg)
or
f €[(40\ 40)\ B]
and
mes (AgNGy) — 0
mes (Ag N AgNGy) — 0
‘mes [(Ag \ A49)\ B] = 0
as # — 0 by a) and ¢) of the Lemma.
Moreover,
/ 622(f) df = 92/ 205 df+o(62), 6—0
(Ap\Ap)NB Ag\Ao

' (116)
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since
o [ 2(f)df = o(6%), 60
(Ag\Ap)\B

according to c). Now from (112)—(116) the statement d)
follows directly. d
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