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Worst Case Additive Noise for Binary-Input In many situations, there is some available information about the
Channels and Zero-Threshold Detection unknown noise distribution in addition to the power, leading to
under Constraints of Power and Divergence the consideration of a smaller uncertainty class centered around a

nominal distribution. In particular, we can consider the uncertainty
Andrew L. McKellips, Student Member, IEEE class defined by the intersection of the set of distributions with power
and Sergio Verd, Fellow, IEEE not exceeding that of the nominal and the set of distributions differing

from the nominal by no more than a specified amount, where the
discrepancy between noise distributions is quantified in a specific
vt oo o oSy s e e ey TN I this Crtespondence e use the (Kulback-Leber d
the criterion of maximum error prdbability Wi)t/h constraints on both vergence (see [4], for m;tance)_ as a_‘ njeas.ure of dlstgnce between
power and divergence with respect to a given symmetric nominal noise the worst case and nominal noise distributions. We will study the
distribution. Particular attention is focused on the cases of a) Gaussian worst case error probability of the zero-threshold detector achievable
nominal distributions and b) asymptotic increase in worst case error py any noise distribution constrained in both power and divergence
probability when the divergence tolerance tends to zero. with respect to a given symmetric nominal distribution. It should be
Index Terms—Petection, Gaussian error probability, hypothesis testing, noted that, although the zero-threshold detector is optimum for the
Kullback-Leibler divergence, least favorable noise. important special class of symmetric unimodal distributions, it does
not follow that the pairing we obtain of threshold detector and least
favorable noise forms a saddle point for the game where the detector
is unconstrained; indeed, it is not a saddle point for nominals with
Consider a binary-input channel with additive noi3e and the symmetric continuous pdfs, since, as shown in Section II-A, the
associated hypothesis test zero-threshold detector is not a maximum-likelihood detector for the
Ho: V=+14+N least favorable distribution in this case.
) Q) In addition to its intrinsic interest, our solution has applications to
H: Y =-1+N problems in data communications subject to intersymbol interference,

whereN is a random variable with probability density function (pdfcrosstalk, multiuser interference, or jamming, where the decision

f~. The probability of error achieved by a zero-threshold detect§kalistic is the sum of a signal component, a noise component
is given by which is easy to characterize, and an interference component whose

- - distribution is hard to characterize, but such that the divergence
P= 1{ fn(x)de + / fN(x)dx}. (2) between noise plus interference and noise can be studied analytically.
2 /e 1 For instance, a bound on the divergence-from-Gaussian of the total
In many situations of interest, the distribution F is not known Interference in a multiuser system with a linear minimum-mean-
exactly, and we wish to consider worst case performance for a certfif/are-error (MMSE) transformation followed by a zero-threshold
class of noise distributions. detector is obtained in [5]. . , ,

The case where the uncertainty class is the set of all nois¢nOther direct application is the scenario where a jammer wishes
distributions bounded in second moment (power) is particularly @oid being detected while degrading error performance in an
interesting as it quantifies the worst case probability of error as@dditive-noise channel wherein the receiver makes zero-threshold
function of the channel signal-to-noise ratio (SNR). This case wigcisions. Using training data sequences, the decision as to whether
considered in [1] for “very noisy” channels. A full solution for the®' N0t & jammer is active is based on the hypothesis test

I. INTRODUCTION

maximume-likelihood detection problem was obtained in [2] where it Hy: fn
was shown that the worst case error probability is given by Hi: fa
a2 _ 2 _
p(al) _ 1 _ 1 "(‘T Jk) where N and N represent the channel noise with and without a

2 2/1+302 2k(k+1)2k+1) jammer, respectively. The discernibility of this test can be quantified
2 2 2 21,5 through the divergence betwedhand N, making our result the best
<o° < ) ==-(k"-1), k=1,2,--- : ' I .
Tk S0 Tkt Tk 3( ) o ®) a jammer can do for a fixed acceptable detection level.
where ¢* is the noise power. It was also shown in [2] that the l‘l’hedgen%rlal forl;n_ of worst E‘?‘sﬁ .n0|Te IS pres_entecjjl_n Ssctlon ”.' A
least favorable noise distribution achieving (3) is a mixture dpiated problem of interest which is also investigated in that section

two equiprobable distributions, each taking values on a @pana_lrises when the noise uncertainty class is enlarged by dropping the

lattice. An extension to the zero-sum error probability game betweRRWer constraint. Section Il studies the worst case error probability
communicator and noise where the communicator is allowed \f\ﬂﬁen the divergence constraint tends to zero; this reflects the common

transmit an antipodal signal with pseudorandom amplitude pattesrﬁuay.on where the noise is known to be “very close. to some.
known only to the receiver is considered in [3] specified nominal. Throughout the correspondence, special emphasis
' is placed on the important case of Gaussian nominal pdf's.
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noise V with pdf fx satisfying corresponding to (4), wherg;., represents the standard indicator
) . - function. The Lagrangian (8) is maximized by
P = 5{ i fN(.r)dI —|—/ fN(;l')d.’E} fAA/ (’L‘) = fj\(l) exp {—)\21‘2/A3}
1 —1 X exp {—(2)\1+1{|m|21}—|—2)\3)/2k3} 9)
= max { I dﬁ"’/ fs dﬁ} ) \Wwhich is justified since\s is nonzero in light of the demonstrated

activity of the divergence constraint [6, ch. 9]. An immediate con-

sequence of (9) is that the optimal form obtained by ignoring

/-oo fo(@)d . the pointwise constrainfy (z) > 0 always leads to nonnegative-
AN{x)de =

subject to the constraints

) valued realizations of ., justifying the relaxing of this constraint.
Further analysis also reveals that worst case power-constrained noise,
resulting from the dropping of the divergence constraint (7), can

/OO 2 fa(2)de < o (6) @always be realized by a probability mass function with mass restricted
—o0 ‘ to the set of three point§—1,0, 1}, and is hence easy to study.
We can rewrite (9) more intuitively and with full generality as
fu () (1— a0 fs(@), |2 <1
1 r(z)lo de <6 7 () = mjynie),
Dxliin / far(e)log oy do < ") fa(@) {<1+mfw<z), o] > 1 (10)
where P denotes the associated worst case probability of error. where fy is a proper pdf, prres&bls as
Taking note from (2) that a zero-threshold error probability is fn(x) = Cfn(a) exp{—ca”} (11)
restricted to the intervgD, 1/2], we demonstrate in Appendix | that -0 . -1
the constraints (6) and (7) are active whenéver P < 1/2. We also / fn (@) exp{—ca” }da 12)

demonstrate that the extreme cdse= 0 is trivially uninteresting and
that the extreme cagde = 1/2 cannot occur in a channel with SNR
0 dB, and hence restrict attention to the cise P < 1/2. Ouir first
observation concerns symmetry ff for symmetric nominal pdf’s.
Proposition 2.1: Given a symmetric nominal pdfx, the worst

andc, 77, and#j; are positive constants, which depend on the nominal
f~ and choice of divergence toleranée If we denote byP the
zero-threshold probability of error associated with the additive noise
N, then the constraint (5) yields

2P

case pdffy in (4) is also symmetric. =1 _ (13)
Proof: Assume by contradiction thgt;, is not symmetric. Note _100_ 2r
that P= / Cin(x) exp{—ca®} da. (14)
1
D(fx (o)l fn(2)) = D(fx(=2)||fn(x) =06 The divergence constraint (7) can now be rewritten under activity

- in the equivalent form
by the assumed symmetry ¢gfy and demonstrated activity of the g

divergence constraint. Define the pdf (1-2P)(1-7 2P _Jlog (1 - ﬁi
) 1-2P 1-2P
fr(@) = (fx (@) + fr(=2))/2. + 2P(1 4 i7) log(1 + 7j)
Note that the second momentﬂ( is equal to that off;, and that the +log C — QC/‘OO e fo(x)de =6 (15)
achieved zero-threshold error probability matches thatothrough 0

(2). By strict convexity of the divergence measupé-||-) in the first ~after some straightforward manipulation.

entry (see [4], for instance) we have that An important observation is that the term
1 s [ i (a)da
D(f5(0)llfx () < 5{D(Fx ()l () o et
+D(fi(=o)||fn(x)} =6 in (15) is governed by the independent active power constraint (6),
’ so that we can rewrite (15) as
which leads to the desired contradiction in view of the demonstrated op 9P
activity of the divergence constraint. o (1-2P) <1 1135 ) log < ] —)
. e ) - 2P 1-2P
We assume throughout that the nominal gf is symmetric, and 9B(1 4 ) log(1 4 7) - log C 2
restrict attention to symmetric feasible pdf's as a result of Proposition +2P(1+ 7)log(1+17) +1logC —co” = 6. (16)
2.1. Note that the nominal error probability is then given by So, given a prescribed nominal distributigiiy and divergence
. tolerances, we can determine the worst case noise distribufign
P :/ In(x)de through the use of (13) and (16). Given an initial valuecofi
1 is related to7; through (13) using the definite integrals (12) and
and the worst case error probability by (14). Then7 is related toé through (16). The proper value ef
- is determined through (6) under activity by the relation
P= ¢(@)da. P .
/1 Tx) 2<1—ﬁ131-3213)30+2(1+"7>31202 7
Consider the Lagrangian where
-1
Lfar: A1, A2, 4s) ) By :C/ 22 f () exp{—ca’} da (18)
/ fn (-T){ Lei>1y + M + Xox? + As log Jw(@) }dw 0
fy(z) :C'/ & f (2) exp{—ca®} da. (29)
® 1
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Each choice ofc involves the computation of the four definitewhich, when subjected to the active divergence constraint, yields the
integrals (12), (14), (18), and (19). Upon solving the above systesingle-variable two-parameter equation
the worst case error probabilit] is given by

R oo ~ (1—2P)<1—7]12P2P>10g <1—77%>
P= / fr(x)de = (7+1)P - -
1 +2P(1+n)log(l+n) =6 (25)

as evidenced by (10). A sample of numerical results is to be fou

) ) pc()j solve for .
in Section 1I-D.

. . As before, the special cage = 0 holds if and only if the nominal

The form of the worst case noise pdf, leads to the following . o . o . .

. . . ' pdf fx exhibits P = 0, and is hence trivially uninteresting. The case

interesting observation. = ) ; : ; -

o . . P = 1/2 requires more care than in the power-constrained analysis,
Proposition 2.2: For any symmetric-continuous pdiv and any _. ; ) . .

divergence tolerancé > 0, the zero-threshold detector falls outsideSlnce the divergence constraint may be inactive even for channels

9 ' with an SNR> 0 dB. As before, there will exist for any nominal pdf

:)hdef ??SS of maximum-likelihood detectors for the worst case no'\?ﬁth P > 0 some valueb, for which the worst case error probability
N*

o . . is P = 1/2 under an ive divergen nstraint; for any val
Proof: From (11) it is clear thaf is continuous whenevefy S /2 under an active divergence constraint; for any value

. . . . 6> b i i ’ i
is continuous. It follows directly from (10) that there exists 0 such thg d?\/’;?iﬁc\glltlole;;g&dfs gifc\ll(v?rr;t Zifiinp(iffs(;g)rr:ﬁg\?vzdtlﬂgtto
thatf, () < fx(y) forall1—c < |a| < Landl < |y| < 1+¢. With 9 A A P

reference to the hypothesis test (1), any maximum-likelihood detecfs(gern:erl;l?t(‘12281?2’4?"\?\,\31;?9 us to rewrite the solution with complete
must, therefore, decidely if —e <Y < O0andH, if 0 <Y <g¢g, ) y

recluding maximum-likelihood performance for the zero-thresho . 2P , 2P y
(Fj)etector.g P O I(q_zp)<1_7’1—2P>10g <1_n1—2P>+2P<1+n>

A direct implication of Proposition 2.2 is that the pairing of a zero- ) 1
threshold detector and worst case noise does not form a saddle point x log(1+1) = o, b0 = min {67 log ﬁ} (26)
for the game of noise versus unconstrained detector for symmetric- ) o
continuous nominal pdf's. for all nominals f~ exhibiting P > 0.

Having solved (26) for a give® andé, we can write
B. Divergence-Constrained pdf P=(n+1)P 27)

We turn attention to the determination of worst case divergence- . -
- - - as the solution to (20) and as an upper boundFanin terms of
constrained noise, where we drop the power constraint (6). That IS . . L
. ) computational efficiency, it is important to note that (26) depends on
we wish to find f5 such that

f~ only throughP. An interesting consequence is that all nominal

P l{ 1 Fo(e)de+ /” fe (r)dr} random variables with the same zero-threshold error probatflity
T2 AR exhibit the same worst case divergence-constrained probability of
1 1 oo error P. _
= max 5{ fa(z)da +/ fN(fL’)fl:C} (20) Our hope in utilizing the divergence-constrained solutras an
- e ! upper bound approximation 18 in (4) is that the power constraint (6)
subject to has a significantly lower relative cost than the divergence constraint
00 ; (7), rendering the upper bound relatively tight. Indeed, we will see
/ fxv(e)de =1 (21) in a later section that the power constraint is actually extraneous for
o nominal pdf's satisfying certain decay restrictions in the asymptotic
o0 N case6 — 0.
/ Far(x)log & w0 g <, (22)
e fn(w)

5 C. Gaussian Nominals
A useful observation is that the solutidhprovides an upperbound  the most interesting and natural choice of nominal noise is
for P in the original problem (4), a result of the enlargened feasiblg,yssian, in which case we can significantly reduce the computation
class. We will see in this section that solving ¥ is a simpler j,yolved with determining worst case noise as outlined in Section I1-
task, and provides some idea of the accuracy’akhen used as an 5 | et N, be a zero-mean Gaussian random variable with variance
approximation for”” with a sample of numerical results in Section 2 a significant savings in computation stems from the fact that

-D. . . . the pdf
As in the analysis of Section II-A, it is easy to show that the )
divergence constraint is active f&r < P < 1/2, and that the fy(x) = Cfn, (x) exp{—ca”}

worst case pdff; is symmetric for any symmetric nominal pdf .
Subsequent Lagrange-multiplier analysis yields the optimal form 2c?)~". In other words, the worst case noige derives from first

folo) = {I&’] fv(x), |2l <1 (23) transforming the nominal Gaussian pdf with varianédnto a Gauss-

! Ko fn(z), |z >1 ian pdf with variances®> < o2, then performing the perturbation
Egescribed in (10), in so doing increasing the second moment back to
o2. This observation allows us to avoid the computatiorCoby the
integral equation (12), where we can now say

as described by (11) is also Gaussian with variahite= ¢2(1 +

where K arJd K, are constants, which allows us to derive gener
results for P dependent onfx only through the nominal error

probability P.
Setting K> = 1 + 1, and solving fork’; using the constraint (21), C =1+ 2co?
we rewrite (23) as and allows us to express (14) as

() = (1—7}%)]%(:5), l#] < 1 S < 1—1—2002)
faln = { el s e P2 (28)
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Fig. 1. Worst case zero-threshold pdf's for a Gaussian nominal, SNRO dB.

where((+) is the well-studied tail of the standard Gaussian distribu- If the power constraint (6) is dropped, the solution for worst case
tion. Furthermore, the quantitid3, and B, as defined, respectively, divergence-constrained noise is simply given by (24) and (26) with

in (18) and (19) satisfy the relation
2(Bo+ B1) = 2/ £l72fj\r'5(£lf) da
0

~2
=0

2
g

1+ 2co?
reducing the computation
definite integral.

These observations reduce to two, the number of definite integrgls
that need be computed for each choicecpfboth of which avail

aBy and B; to a single well-studied

themselves to well-studied numerical approximations. To ffrd

we chooser® = ¢%(1+2¢o?)"* and solve for; using the equation

, _ 2P 2P
1-2P)1—fj——=|log |1 —7 =
( )< "1—2P) °“< "1—2P)
= _ _ 1 o?
+2P(1+7)log(1+ 1) + 3 log =z

as specified by (16), whe® = Q(1/7). The value ofr* associated
with the solution is that which meets the power constraint

P
27 | B, — _
77{1 1_2p

where

B :/ ;l'szc_,(;l')d;E.
1

As above, the worst case error probability is given by

P=(+1)P.

—c®=6§ (29)

(30)

P = Q(1/s).

D. Numerical Results

Worst case pdf's are presented in Fig. 1 for a Gaussian nominal
with SNR= 10 dB and a variety of divergence tolerance values using
the results of Sections II-A and II-B. Note that the power constraint
precludes a full transportation of mass out of the interval, 1]
the power-constrained case. As the divergence tolerance grows
unbounded, the worst case power- and divergence-constrained pdf
will approach a three-point probability mass function with weight
0.05 at + = +1 and weight0.9 at + = 0, while the divergence-
constrained pdf will, for large enough take the form of weighted
Gaussian tails void of mass in the intenjall, 1].

Similar curves are presented in Fig. 2 for a Gaussian nominal
with SNR = 0 dB. In this case, full transportation of mass out
of the interval[—1, 1] is asymptotically achievable in the power-
constrained case because of the increased nominal power; note that for
& = 1 there is positive mass in the intenfat1, 1] although it is not
discernible at the resolution of the graph. As the divergence tolerance
grows unbounded, the worst case power- and divergence-constrained
pdf will approach a two-point probability mass function with equal
weights at the pointa = +1. The divergence tolerance = 1 is
sufficiently large for the worst case divergence-constrained noise pdf
to achieve the upper bound on zero-threshold error probability &f

In order to develop a feel for the relative costs of the power and
divergence constraints, Figs. 3—8 depict worst case error probabilities
as computed via the analysis of this section for a variety of nominal
pdf's and values of SNR andl.
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Fig. 2. Worst case zero-threshold PDF’s for a Gaussian nominal, SNR dB.
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i punder5:.01_
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4 6 4 6
SNR(dB) SNR(dB)

Fig. 3. Worst case error probability for Gaussian nominéls; 0.01. Fig. 4. Worst case error probability for Gaussian nominals; 0.1.

Figs. 3-5 depict worst case probability of error for Gaussian rigs 6-8 depict similar curves for the case of a Laplacian nominal
nominals over a range of SNR values. Each graph depicts curygsg, pdf

corresponding to (4) undér= 0 andé = +oc for reference. Note
that P = P for § = 0 and recall that worst case noise takes the
form of a three-point probability mass function undee= +oc as I, () = LZ exp {_2|x|/02}_
discussed in Section II-A. 4

The graphs show that the effect of the imposed power constraint
grows with increasing, which is expected since a larger transportaNote that the effect of the imposed power constraint is more pro-
tion of mass will lead to a greater increase in second moment una@unced than in the Gaussian case. This can be explained intuitively
transformations (10) and (24). In Fig. 5, it is interesting to note thay the fact that the tail of a Laplacian pdf contributes more to its
the power constraint is actually more restrictive than the divergensecond moment than that of a Gaussian; since the increase in second
constraint wher = 1, as evidenced by the relative positions of thenoment under either transformation (10) or (24) takes place in the
curves corresponding t& and the referenc® for 6 = +oc. tail, such effects are more pronounced in the Laplacian case.



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 43, NO. 4, JULY 1997 1261

Prob.
of 102 B
Punderé6 =1 Error P under § =1 |
P under § = co ™™ P under 6 = co ™™
Punderé=1 — 103~ Punder6=1 — B
103k Punder 6§ =0 —= | Punder 6 =0 — |
It L | L 104 | | | 1 L 1 L
0 2 4 6 10 0 2 4 6 8 10 12 14 16
SNR(dB) SNR(dB)
Fig. 5. Worst case error probability for Gaussian nominéls; 1. Fig. 8. Worst case error probability for Laplacian nominalss 1.

1 T T T T T T T divergence-constrained error degradation as the divergence tolerance

. tends to zero.
Recall the expression for worst case divergence-constrained error
probability developed in Section II-B, namely,

Prob. P= (n + np
of 1072 B . . o
Error P under § — 00— where P represents the nominal error probability apdatisfies (25)
" P under § = .01 -+ 7 in full generality since we are taking — 0 and can hence assume
102 P under § = .01 — i 6 < é¢ Iin (26). By inspection of (25), we note thattends to zero
Punder 6 — 0 — with 6, and fory < 1 we can rewrite (25) as
2P
10~ I L I I i 1 L (1—2P)<1—7,ﬁ>
0 2 4 6 8 10 12 14 16 -
SRR x (-2 - ﬁ( & ) - i( o )3_0(774)
Fig. 6. Worst case error probability for Laplacian nomindlss 0.01. 1-2P 2\1-2P 3\1-2P
o’ 4
1 T I T T T T T —|—2P(1—|—7/)<7/—?+§—0(q )):6
which leads directly to the relation
107t T
. 1-2P
~ lim —& = . (31)
Prob. §—0 \/g P
f 10-2 4
Efm P under § — 0o == If we denote byAPL[ the worst case divergence-constrained error
" Punderd=.1 " 4 degradatiorAP; = P — P, (31) yields the relation
1073 - P under § =.1 — B . APy . 7 —_——————
P under § = 0 — %li% (SL - P%ILT(I) ﬁ = Vri- QP). (32)
10 | | | l I L | Note that (32) depends on the nominal pfif only through the
0 2 4 6 8 10 12 14 16 nominal error probability?, so that all nominal pdf's exhibiting the

SNR(dB) same nominal error probability? also exhibit the same asymptotic

Fig. 7. Worst case error probability for Laplacian nomindlss 0.1. increase in worst case divergence-constrained error probability.

lIl. A sYMPTOTIC BEHAVIOR B. Power- and Divergence-Constrained pdf's: Upper Bound

We turn attention to the asymptotic behavior of the worst case errory, upper bound on worst case asymptotic error degradation subject
probability achieved by the zero-threshold detector as the divergenge,oth power and divergence constraints follows directly from the
tolerances tends to zero in (4). This will convey some idea of thget that P (no power constraint) provides an upper bound for
expected worst case degradation in channel performance when ﬁ‘?imposed power constraint). We denote By the worst case
noise is “very close” to a given nominal, for instance the typicaﬁegradationf? — P and form from (32) the upper bound

scenario of near-Gaussianness.
lim 28 < im 22 VP(1-2P). (33)
A. Divergence-Constrained 5=0 /6 T 60 /5

As before, it is interesting to consider worst case noise subject toWe now turn attention to a class of nominal pdf's for which
a lone divergence constraint, without the power constraint (6). Thae can demonstrate equality of the upper bound (33), providing an
goal here is to quantify the asymptotic behavior of the worst casgact description of the asymptotic behavior of the worst case error
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degradationA P. We restrict our consideration to nominal randonand by making the key observation that for al> 0

variablesN for which the following conditions hold: )

2 1 ) 0" 2 1 ) . 2
There existse™ such thatfx (2) > 0 for all 2z > 2* (34) o =5 log > =co” — 3 log(1+ 2co”)
and > 0. (37)
lim 72 / ‘,erN(;,:) dr = oo. (35) Hence, a valid constructive lower bourd®, results from choosing
e z a2 so that the second moment after subjecting to transformation

Condition (35) limits the rate of decay of the tail of the pfif (z), (10) is no greater tham® and wherej and P satisfy
and is only satisfied by pdf's exhibiting decay less rapid thdn 2°);

it hence does not hold for the important class of Gaussian nominals,— 2 P) <1 - ﬁi_> log <1 - r‘;i_>
which we deal with in the following section. Condition (35) enables 1-2p _ 1-2pP ;
us to satisfy the power constraint (6) by transporting mass from the +2P(1+7)log(1+7) =6 (38)

tail in a manner which negligibly affects the divergence, providing a
construction which achieves worst case asymptotic error degradat?cﬂﬁ]I
equal to the upper bound (33). P, = (j+1)P (39)
Theorem 3.1: Given a nominalfy satisfying conditions (34) and '
(35) Note the strong match between (38) governing the lower baund
AP and (25) governing the upper bourid, where the only difference
zlsl—n(ln W = VP =-2P). (36) is that P is the unadjusted nominal error probability whilg
corresponds to a lower variance Gaussian chosen so that the solution

Proof: A proof appears in Appendix II. . . .
A direct consequence of Theorem 3.1 is that the power constraipgets the power constraint. This match enables us to easily analyze

(6) becomes extraneous &s— 0 for nominals satisfying (34) and the discrepancy between these two bounding values.

then taking

(35) The increase in second moment resulting from the application of
To gain further insight into the need for condition (35), we preseft®) IS given by

in Appendix Il an analysis of worst case noise based on a specific (- (7*-2B)P L

choice of discrete nominal distribution, where condition (35) is shown 25 <B - W) <237B

to be nonsuperfluous in order for (36) to hold. In this example

lim AP/V3 = /P(1 - 2P) where

if (35) holds, while
lim AP/VE=0

OO 2

- T 2 15=2

B = ———ecxp—x /20" tdx
/1 \ 27T P { / }

and hence we can satisfy the power constraint by taking

if this condition is not satisfied. We will see later that in the casgé” = o — 2ijB. If we denote byAP; the new constructive
of Gaussian nominals, the quantliyns_o AP/+/é takes on strictly lower bound on worst case error degradation, given by
positive values, although these values may fall short of the quantity

VP(1—-2P). AP, =(H+1)P-P

) ) then we have the asymptotic result
C. Power- and Divergence-Constrained pdf's: ~
Lower Bound for Gaussian Nominals . AP .. (+1)P-P
lim =lim ———
5—0 APL" &5—0 7]P

We now focus attention on constructing a lower bound for the

important case of Gaussian nominals. This bound can be paired Q(l) —Q< 1 7)
with the upper bound (33) to provide a relatively narrow envelope —1— lim 7 o2—27B
of uncertainty for the worst case error degradation in this special §—0 nP

case. As in Section IlI-B, we would like to limit local dependence Bexp{—1/205?)

on the nominalfx in order to obtain general results and to reduce =1- W

required computation; however, we take note that a constructive lower
bound must satisfy the power constraint (6). Nonetheless, we proviigere

a specific construction which yields a simple and tight lower bound. oo 2 sy
Given a Gaussian nominal pdfy, with variances?, we found in B= / Ton exp{—2"/20"} da.
Section 1I-C that the solution for worst case error probability takes ! 4
the form This leads directly to the following lower bound.
pP— (1+1)P Theorem 3.2:For Gaussian nominals
where 7 and P solve (29) and where” is the error probability TN if > /P1=2P)(1- Bexl’{—l/?ﬁz} . (40)
associated with the Gaussian pfif, once&? is chosen so that =0 /5 V2rPa?
the second moment after subjectiffg, to transformation (10) is ) ]
o%. We develop a lower bound,, for & by rewriting (29) as Fig. 9 depicts a graph of the bounds of Theorem 3.2 and result
_ s (33), providing an envelope of uncertainty for the asymptotic behavior
(1-2P) <1 -7 2P _ ) log <1 -7 2P _) of worst case error probability for Gaussian nominals over a range
1-2p 1-2pr of SNR values. Note the increasing tightness of the bounds with
ﬁ increasing SNR, and in particular the narrow band of uncertainty in

5 J T S S
+2P(L+ ) log(L+17) =6+ co 2 log %  the typical range of 8 dB and above.
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0.35 : : ] . : assume by contradiction that;, exhibits a strict inequality in the
power constraint, there must consequently be two ordered positive
disjoint intervalsJ, and.J; such thatf () > fx(x) throughout/,
and f () < fn(x) throughoutJ,. By displacing mass frord; to
J> in such a manner that the power constraint remains satisfied, we
can reduce the divergence and thus demonstrate nonoptimality with
reference to the preceeding argument. It should be noted that the last
argument does not hold if the limit on noise power is general (and
not necessarily set equal to the nominal power), making that problem
more difficult to analyze.

Having demonstrated activity of both constraints for the case
0 < P < 1/2, we now consider the respective extreme cases.

upper bound e B
lower bound —
0.2

Hm&—»o A7?
0.15

0.1

0.05

1 1 i ~
8 10 12 The caseP = 0 holds if and only if the nominalfx exhibits zero

6
SNR(dB) error probability as a direct consequence of the divergence constraint
(7), since fx, must remain absolutely continuous with respect to
f~ in order to achieve finite divergence, and is therefore trivially
uninteresting. The casE = 1/2 holds if and only if the worst case

IV. CONCLUSION pdf is void of mass in the intervdl-1, 1], which in turn implies that

We have seen that the worst case noise fidfunder constraints the second moment ofy is greater than or equal to According to

of power and divergence with respect to a prescribed nominal pé¢ constraint (6), then, we can immediately assume activity of the
f~ takes the form constraints for any channel with SNR 0 dB.

Fig. 9. Asymptotic worst case error probability for Gaussian nominals.

APPENDIX I
TIGHTNESS OFUPPERBOUND ON ASYMPTOTIC PERFORMANCE

while dropping the power constraint leads to the worst case ke any nominal pdffx for which there exists:* such that
divergence-constrained noise pfl§ of the form fx(x) > 0 for all «* > z, and for which

I" ), > 1 . oo
fle) = {zﬁlﬁgfi ||;f|| 2< 1. lim 7° / o () de = oo

Fole) = {Bfv@eyexpl=cath, a <1
A ko fn(a) exp{—ca®}, |z|>1

In Section Il we demonstrated an efficient procedure for computing, - > 1 and consider the random variahié with pdf
the parameters associated wify and fz, and took advantage of

the form of f, to reduce computation significantly in the case of \ (L=n)fn(x), o[ <1
Gaussian nominals. fu(e)= ¢l +nfn(z), 1<|2|<z (41)
Section Il provided a study of the asymptotic behavior of the 0, x| > Z.

worst case error degradation as the divergence tolerarieads to The following quantities will be useful in our analysis
zero. Without the power constraint, the worst case degradatibn

was shown to satisfy the relation P = /L Fn(x) dz Pt = /m fv(2)de
APy e b
= —_ 9 _ o)
Ly NG P(l-2P) B

whereP is the nominal probability of error. Upon imposing the power
constraint, the upper bound on worst case degradaiéhprovided

by AP, was shown to be exact for nominal pdfs satisfying certaif"@ke fx
decay conditions, namely, (34) and (35). For Gaussian nominals 2nP; — 2P*
we provided a lower bound for the quantityms .o AP/+/6 that m="T"5p
performed very well for high values of SNR.

81

z

= / :vsz (v)dx B = / :vzfl\r(;v) da.

1

We also defineB = B; + B* and note thatP = P; + P*. To
a proper pdf, we set

In order to satisfy the power constraint (6), we use the degree of

freedom provided by the choice afin (41), choosingz as that for
APPENDIX | which
DEMONSTRATION OF CONSTRAINT ACTIVITY _
) . ) B" =B (42)
We first demonstrate activity of the power constraint (6) and
divergence constraint (7) when the worst case probability of errahich is a well-defined specification af for any0 < n < B*/B
satisfies) < P < 1/2. We then study the extreme casks= 0 and in light of (34).
P = 1/2 in some detail, demonstrating that they are not typically With this choice ofz, we have that
of interest. “o0
Assume for now that < P < 1/2, and assume by contradiction /

that there exists a strict inequality in the divergence constraint. Pick R -
any three ordered disjoint intervalg, I, and Is where I, € <o” =28 + B
[0,1), I, € [0,1), Is € [1,00), and where each contains mass =0
corresponding to the pdfys. It will always be possible (perhaps
after interchanging/, and I) to displace mass frond, to both I; .
andIz in such a manner that the second moment remains unchan&vége -
and the divergence constraint remains satisfied, resulting in a larger P = / va(;L’)dw
error probability and thus renderinx, suboptimal. Similarly, if we &

2> fy(x)de = 6 — i (0” — 2B) — 2B" 4 2B,

—o0

where the last step follows directly from (42). Furthermore, we can
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~(z) dw

< i_z/ z?
);

= (43)

where the last step follows again from (42).
The divergence constraint (7) is satisfied as long as

(1=2P)(1 —m)log(l—ni)+2P(1+n)log(l+7) <6

2 3
= (1- 2P)<—771 + 7771 + %1 + O(Tﬁ))

o’ 4
+2Pf<ll+7— €+O(" )) <é

g, 2(nPz — P7)?
< —2nP, +2P" 4+ 2P, + 15
+9°Pr 4 o(n

217P7—
- 2
1_2P)+

<
1-2P

— 2P* <1 -

+7 + 0’ Pr 4 o(y’) < 6

+ P&) +o(’) <6

which is satisfied by
o 2(Ps)?
+n <1 —
) \2 9 N2
2(Px) 2B ) -1

5 2(P5)*
1-2P
B’ 29 P; 4 B’
2n° 1- 2
T 72ps < 1- 2P> T T (B
2P

using (43), allowing us to constructively achieve

lim — 779 - + P4+ —

§—0 6 \1—-2P - z2BF
implying that

2B?

72BT’

lim ; P(1—2P) +

s—0 5 ~\| P +2P:(P: — P)
Sincer, tends to zero withh, we havelims_.o z = +oc by (34) and
(42), so that

limP. =P
§—0
and
lim 2B°/(+*B7) = 0
by (35), allowing us to write

hm —_— >

§—0 /8

Combining with (33) ylelds the limiting expression

= /P(1-2P).

P(1-2P).

lim

§—0 T

We now turn attention to the analysis of a relatively simple
nominal probability mass function in order to demonstrate that (355 1
is nonsuperfluous for Theorem 3.1. Although a discrete nominal
distribution is chosen for ease of analysis, the example is intuitively3]
generalizable, for instance through approximation by a mixture of

low-variance Gaussians.

Consider the problem (4) and take as nomipal the five-point
probability mass function

0

P —_ c -

o

pn(r) =

=

1-2P, 2=
|
|«
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wherez > 1,0 < P < 1/2, and0 < = < P. We can immediately
write

lim ap < VP(1-2P)
Ve

§—0

from (33). The exact behavior is also easy to determine in this case
due to the limited number of degrees of freedom. Taking into account
activity of the power constraint, the worst case probability mass

function p5 must take the form

1—2P—92AP, 2=
2
pru(r)=S P—c+AP5—, |z[=1
:—APiZl—71 || =%

whereA P must be chosen to satisfy the active divergence constraint,

yielding

lim

i 7

By letting # — oc ande — 0, we obtain

AP [ 2 +1*%
V6 \1-2P P

P(1-2P)

lim
5—0

as long as

1/(e(z> = 1)*) = 0.

lim
—o0, e—0
Since

z2 / :csz(r)dx =zt

this last condition matches exactly with (35), ensuring that it is not

a superfluous requirement in Theorem 3.1.
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