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Abstract — A randomly spread direct sequence
code division multiple access (DS-CDMA) multi-cell
system operating in ftat fading is considered. The
model adheres to Wyner’s (1994) infinite linear cell-
array setting, where only adjacent-cell interference
is present, and characterized by a single parameter
) < «r < 1. Users are assumed to employ cqual rates
and transmit powers. The rcceiver ranks the intra-
cell users according to their received powers, and
decodes only the subset that can be reliably decoded.
Confining the discussion to asymptotic analysis (in
terms of number of users and processing gain), we
study four multiuser detection strategies, differing
in the amount and type of information available to
the receiver with respect to (hoth intra-cell and out-
of-cell) interfering users. The total capacities under
outage constraint, derived as functions of the frac-
tion of users that cannof be reliably decoded {equiv-
alent to the “outage probability”), are analyzed and
compared.!

1. INTRODUCTION

Focusing on the limiting scenario, where both the
number of users and the processing gain go to infinity.
while their ratio gocs to some finite constant. the max-
imum achievable throughput, or “spectral efficiency”,
of single-cell randomly spread direct sequence code di-
vision multiple access (DS-CDMA) systemns with flat-
fading channels has been thoroughly analyzed in [1].
These results were extended in [2] to a simple multi-
cell odel (10 be described in the following).

Tacit in the spectral efficiency analysis is the as-
sumption that all active users are decoded regardless
of their received powers, and that the users adjust their
rates (and possibly their powers) as a function of the
channel fading level they expevience {via feedback from
the receiver). Unfortunately, in practice, such feedback
and ideal tuning of the users' transmissions can hardly
be accomplished if the fading varies too fast. Moti-
vated by practical considerations and excluding any
form of feedback from the receiving cell-site, bul an
ACK/NACK type, it is assumed in this paper that all
users transmit at egual rares and powers regardless of
the individuul fade levels. Therefore, due te fading, the
receiver at the cell-site can no longer guarantee reliable

Thix work was supported by the UiS-Isracl Dinational Science
Foundation.

258

Shiomo Shamai (Shitz)
Dept. of Electrical Engincering,
Technion-IT, Haifia 32000, Israel. Technion-lIT, Haifa 32000, Israel.
sshlomogilee.technion.ac.il

Sergio Verdu
Dept. of Electrical Engineering.
Princeton Univ. USA 08544
verdu(@ee.princeton.edu

decoding of all active users (only of users with high

‘enough reccived powers).

The above stroagest-users decoding scheme was first
considered in [3] for a single~cell setup in which no
spreading is employed (and all bandwidth is available
for coding). It was then extended to randomly spread
DS-CDMA systeins (in the limiting regime) in [4] and
[5]. In this paper, it is applied (o a simple nudri-cel!
model {as in [2]) based on the infinite linear cell-array
model suggested by Wyner in (6] (sce also {7]). Ac-
cordingly, a fully synchronous cellular system is as-
sumed, where the celfs compose an infinite fincar ar-
ray, and where the received signal at each cell-site is
the sum of the faded signals recetved from intra-cell
users, plus a factor o (0 < a < 1) times the sum of
the faded signals generated by users in the two adja-
cent cells. Non-adjacent-cell users are assumed Lo pro-
duce no interference, The received signal is embed-
ded in ambient Gaussian noise. The multi-cell effect
on performance is thus specified by a single parameter
{). Independent fiat-fading channels are assumed. as
in [1], and system performance is analyzed while em-
ploying optimally coded rgndomly spread DS-CDMA
with multiuser detection. The limiting scenario is con~
sidered in which the pumber of active intra-cell users
I, and the spreading factor IV (processing gain), both
go to infinity, while & — 3 < o (referred 10 as the
“system load”). )

Considering single cefl-site processing, it is assumed
that each cell-site receiver ranks all active intra-cell
users by their received powers, and then only decocles
the transmissions of a subser of these users. The num-
ber of decoded intra-cell users is chosen as the largest
integer for which decoding is successtful (1his number
depends on the realizations of both the fade levels and
the additive background noise). The underlying as-
sumption of our analysis is that the syslem designer sets
lhe transimission rate of all users in order to achieve a
target maximum fraction of undecoduble users {FUU}
per cell, which is cquivalent to the notion of outage
probability. Since different users experience indepen-
dent fades, as the nomber of users grows, the percent-
age of undecodable users converges to a deterministic
constant. Specifically, deneting by J the numbei of
decoded users per ccll, it is assumed that at the limit-
ing scenario _11? — 1 — @, where Q € [0,1) denotes
the limiting system FUU. Optimization of the overall
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throughput in this regime, by choosing the optiniun Q.
is also considered. The rationale behind such optimiza-
tion is the tradeolf between the (fixed and equal) rate
to be employed by each individual user, and the FUU.
As shown 1n the following, the above tradeoft docs not
lead to trivial results for the optimaum Q.

Four types of muliiuser delection strategies are con-
sidered. The first is the “convenlfional " matched-filier
detector that treats aff {either intra-cell or tnter-cell) in-
terference as additive white Gaussian noise (AWGN}
The second is the linear MMSE detecror that knows the
signature sequences of all interfering users (both intra-
cell and i adjacent cells) and mitigates their interfer-
cnce by means of a linear MMSE filter. The third is
a detector that “optimally” decodes the lransmissions
of the maximum decodablc subset of intra-cell users,
while taking into account the structure of the multiuser
interference generated by all remaining undecodable
intra-cell users {assuming their signatures are known
at the receiver). Out-of-cell interference is treated as
AWGN. This detector is referred to henceforth as the
“single-cell optimum (SCO) detector”. Finally, an “op-
timun™* detector is considered (analogous to the SCO
detector) that takes into account the structure of ¢!/ un-
decodable maultiuser interference (hoth intra-cell and
out-of-cell). assuniing all signatures are known at the
receiver. This detector is referred to henceforth as the
“single cell-site processing optimum {SCPQ) detector™.

1t is emphasized that neither the lincar MMSE detec-
tor, aor the SCPO detector, try to decode the transmis-
stons of adjacent-cel! nsers (which might be prohibitive
il x {s small), and that these detectors are only aware
of the signature sequences of such users. In addition
to the above, it is also assumed that ail detectors are
provided with the required knowledge regarding the re-
ceived powers of the interfering signals,

These multiuser detection strategies are analyzed
and compared in terims of their total achievable rate sum
aver all decodible users, 10 be referred to henceforth as
the “outage constrained capuacity”. In this context, il is
assumed that the system designer may in general mod-
ify the target FUU as a function of the signal-to-noise
ratio (SNR), or %, to optimize the outage constrained
capacity. It is noted however that in some scenarios,
practical considerations such as the receiver’s complex-
ity, or its available resources (translatiag to a maximen
number of simultaneously decodable users), may re-
strict the minimum FUU. System performance can be
further optimized if the system load 3 is a degree of
freedom.

1. SYsTEM MODEL

Using the standard discrete time equivalent channel
representation, the signal vector received at an arbitrary
cell-site. at the discrete time related to the transmission

0-7803-7627-7/02/$17.00(C)2002[EEE

of the ith symbol, is given by

y, = S H i +aS; H al + oSTH e +n;.
(2-H)
The vector a; = [wl',,...,:r:)(XiJT in (2-1) com-
prises the f{ code symbols transmitted by intra-cell
users at the ith discrete time. The vectors zF

+ + 17 ortarc nf
[.‘l'[:i: .. ,rn,(_.i] denote the vectors of code symbols
originated from users operating in adjacent cells. These
symbols are assuined lo be t.i.d., circularly symimetric
complex Gaussian random variables (which conforms
with the capacity achieving statistics), with E{uy ,} =
0 and Eflay |} = P vk, j, where P is the equal
transmit power of all users. This model is justified by
assuming that the codebooks of all users are chosen ran-
domly, governed by an underlying i.i.d. Gaussian distri-
bution per symbol., and independently for each message
transmission (see {7]).

The columns of the N x K matrices S; and SF
are the spreading sequences (signatures) of the J¢ users
in the considered cell and in its adjacent cells, respec-
tively. The entries of the above matrices are treated
as 1.i.d. zero mean random variables, with variance
1/N. The vector n; represents a zero mean white cir-
cularly symmetric complex Gaussian noise vector, with
E{mnl} = I, Vi. Without loss of generality all re-
ceived powers are thus normalized with respect 1o the
notse spectral level, and represent in fact the signal to
notse ratios (SNRs) at the input to the inualtiuser delee-
tors.

Finally, Hi ) (liag (/71_,, N ,}LK‘;) and H;!- e

diag (hf,,... i ,), where {h.k,i}}}r‘;l and {hii} ¥
designate the i.i.d., zero mean, channe! fading gains as-
sociated with the signals of the different users. at the ith
discrete timne. It is assumed henceforth that as the sys-
tem size becomes Jarge (N, K -+ 20, % - <o),
the empirical distribution of the channel fading (power)
levels, vi™) & {n(H) r. converges almost surely (2.s.)
to a distribution F,. The fading levels are assumed
throughout to be normalized so that Ex {v} = 1
(where 1+ denotes some arbitrary fading level). 1t is
noted that the analysis to follow applies for a gen-
eral fading distribution, however Ravleigh fading is as-
sumed whenever explicit results are obtained.

HI. QuTaGE CONSTRAINED CAPACITY

The outage constrained capacity results of each
of the four multiuser detection strategies, under the
strongest-users decoding scheme. are shortly presented
in the following (the reader is referred to [5] for more
details on the derivation). The notation (), ()
(). and {-}__ is used to designate entries related to
the matched-filter detector. the linear MMSE detector,
the SCO detector and the SCPO detector, respectively.
The outage constrained capacity of the linear detectors
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is most conveniently expressed n terms of their mud-
tiuser efficiency {8]. defined as the ratio between the
detector’s output signal-to-interference-plus-notse ratio
(SINR) and the SNR. The derivation of the outage con-
strained capacity of the SCO and SCPO detectors is
more involved and only the final results arc prescnted
here due to space limitations.

The multiuser efficiency of the matched-flter and
linear MMSE detectars is equal for all users and in-
dependent of the instantaneous fading realization cx-
perienced by any particular user at any time instant.
Denoting the muftiuser efficiency by s, and following
central himit results showing that the interference at the
outpul of each of the two linear delectors is well ap-
proximated by a Gaussian noise {see [1] and references
therein), the &th strongest intra-cell user is decodable if
the (equal) individual spectral efficiency (bits/sec/Hz)
satisfies H < +log {1+ 1,9 P), where i), denotes
the index of the kth strongest user at the receiver (i.e.,
v, =4y, > o 2, ) Hence, the outage constrained
capacity for a given FUU of Q) equals

Rp(Q) = lim

KNS,
L84 1 .Q

= A1 - Q) log (1 -+ F (QmF) .

%Jk:g (1 +uvi,nP)
: 3-13

Itis noted that when different systems are comnpared
(with possibly different spreading gains and data rates),
it is useful to express the outage constrained capacity in
terms of the systein average %‘L, which is done through
the relation

2 1 = Eb
P = = R e . -
ot f Ni G-2

For simplicity of notation, however, most of the equa-
tions to follow are expressed in terns of the transmit
power P, being in fact the SNR, following the normal-
izalion with respect to the noise speciral level.

Subslituting (3-2) nto (3-1}, focusing on the low
SNR regime £ — 0, and observing the limiting be-
havior of the multiuser efficiency {see below), the mini-
mum received -l\i,: that enables reliable communications
is found to be

Ey In?2
Zveo_ o me (3-3)

(1-QF

Since %: = 2 =~ —1.59dB when the rates are such

that alf users are decoded [}, the penalty in %m in-

duced by the strongest-users decoding scheme is a fac-
?

tor of [(1 - Q}f,’,’“(Q}j “7. Although less obvious,
the same result can be verified (analytically) for the
SCO and SCPO detectors as well. The above penalty
is explained by the power “wasted” when users fail to
be decoded.

For the particular cuse of Rayleigh fading
(FoUr)y = —In{l ~ »)) the outage constrained
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capacily of linear detectors is given by

Re(Q) = 31 — Q) log (1~ (1 -~ Q)‘l;}_’) .
(3-4)
Applying (3-3), it foliows that for ¢!/ four multiuser de-
tection sirategies

E, in2 .

- = - (3-5)

NO (-l - Q) '
the minimum ol which is !\‘j: = eln2 = 2.75dB,

achieved for @* = 1 - 1/¢ (b:mg hence the optimum
FUU i the low SNR regime, for Rayleigh fading chan-
nefs). As can be observed, the sirongest-users decod-
ing scheme induces a severe penalty of 10log je =~
4.34dDB in Rayleigh fading channels.

The multivser efficiency of the matched-filter detec-
tor. in the Himiting scenario considered here, converges
in probability to [2] n. = L/ [L+ 31 +20%) P].
The multiuser efficiency of the linear MMSE detector
converges as. as K& — o0, £ v 3 < x, toa
non-random fimit given by the unique positive solution
to the following implicit equation {2] {see also {9] and

()]

202 P,
1+ (1:2PV1],,,‘} ’
{3-6)
The outage constrained capacity for both linear detec-
tars, for a target FUU of Q. is evaluated by substituting
the above results into (3-1) (or (3-4) for Rayleigh fad-
ing).

Tuming to the SCO detector, it is noted that it
becomes in fact the “oplimum” detector, under the
strongest-users decoding scheme, in the particular case
in which & = 0, corresponding to the single-cell setup
(in such case the SCO and the SCPQ detectors coin-
cide). The outage constrained capacity of the detector
in the single-cell setup was derived in [4]. In the multi-
cell setting considered in this paper, adding a nild re-
striction that the additive adjacent-cell interference is
ergodic in second moment, the SCO detector is equiva-
lent to an “optimun” detector in a single-cell system,
where he additive white Gaussian background noise
process has a spectral level given by 1 + 280%P (see
[2] and references therein). The desired outage con-
strained capacity can then be obtained by substituting
Prq # P14 2802 P} instead of P into the corre-
sponding single-cell setup expressions. Explicit results
are omitted here for conciseness, however it is noted
that all results can also be derived from Theorem 1.1
ta follow, substituting o = ¢,

Finally, the outage constrained capacity of the SCPO
detector is established by the following theorem.

Puij,
1+ Py,

1=1n.,+43E, {

Theorem 1LY Let 1,,.(8: ) be the unique sobu-
tion o the equation § — 33 - &) = 7 —
S 1-w)
FHo

B85 Pl where 6,,.(w:5) = | /(1 +<e)
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AF. (81 + 2Ex, {17(0 + e’} Defing Tenl(ur;¢) =
f:FV\(m Dlog(dsa) dF(0) 1 2EF, {log (1= rx2c1/)_},
and €,,.(8; Py = 8l 0 (8 Prje{d; PY) — Yog 1 {8 P)
+ (N By = Wloge Then R, (Q). the outage con-

strained capacity of the SCPQ derector, for a wrget
FUU af Q. equals

g G 0= Q=) P =

0Lzl £

G [(1 — Q)1 F7)

3-7

IV. ANALYSIS AND NUMERICAL RESULTS

Comiparative outage-constrained capacity results in
Ravleigh fading channels, for the four multiuser detec-
tors, are presented in Fig. |. An interference factor of
a = } is assumed, to mimic the case in which the to-
tal out-of-cell interference power cquals one half of the
intra-ccll interference power. The outage constrained
“capacity for all detectors was evahuated for the (numer-
icatly obtained unless otherwise stated) optimum values
of both the system load /¥ and the FUU. Both optithum
parameters are in geperal functions of —E# For the sake
of comparison the spectral efficiencies of the foar de-
tec(ors {repraduced from [2]) are also incloded in Fig.

. Fig. 2 shows the comresponding optimum FUU as a
funchon of —'7’*

A careful examination shows that the outage con-
strained capacity of the matched-filter detector mono-
tonically increases with the system load 3. It is there-
fore aptimum to take 3 —+ oo, and it can be shown
that the optimum FUU in Rayleigh fading channels, for
all 7%: values, is @* = 1 — 1/e. The detector is ob-
viously interference limited, as can also be seen from
Fig. 1, and the outage constrained capacity reaches the

fimit of ?ﬁ% = (1.3538 bitsisec/Hz (for « = l,) as

% — o (as opposed to —61— = {10618 when all
users are decoded).
The SCO deiector is also interference limited (note

that ["cq e 240- as I\:, -> o). The results show that

while optimizing with respect to both 4 and Q, it is

optimun in terms of the outage constrained capacily
to take 8 — oo for all £+ F‘ values. The optimum Q

monatonically decreases wnh ,v.‘; as can be observed
in Fig. 2. eventually reaching a himit of @~ = (.4795,
for ¢ = —} as % — oo. However, fixing the FUU,
the optimum choice of systein load /# (as a function of
%} depends to the value of the adjacent-cell interfer-
ence factor «v, and may take on finite values in the bigh
X‘,‘ regxon {decreasing from infinity beyond some criti-
cal ﬁ), provided that the factor o is low enough. This
behavior is in agreement with the behavior of the de-
tector in a single-cell setup {5] corresponding to & = 0
{in which case it is the “optimum” strongest-users-only
detector), where it was shown that the detector is inter-
ference limited when /4 — o for any fived FUU, and
therefore finite system loads are optimum beyond some

0-7803-7627-7/02/817.00(C)20021EEE

critical % For the particular case of 0 = iz however,
thc results show that tuking 3 — o is opticium {ov alf
=t values.

In contrast to the above two detectors. the hnear
MMSE detector is not intcrference limited, and its
optimized outage constrained capacity grows without
bound with —-"-. For low ’\5 values, it 18 optimum to
take ;3 - oc, in which case the outage constrained ca-
pacily ol the linear MMSE detector coincides with that
of the matched-filter detector. However, with the in-
crease of —% the optimautmn system load (7 starts to de-

% , eventually becom-
RN

,\,

crease beyond a critical ’\:—: &
ing lower than lj {notc that the detector processes the
signals of users ol three cells). As shown in [5], assum-
ing Ex, {17} < oo,

E, 2(1 + 20" )Ex, {12} {.ﬁ
Voo 2014209 Er, {2} - (14 2025 ()
A(1 4 2! )Nf;-m"
Il—,.i 4(1 -+ 2rr‘) 4 (14 2()2j In(l — Q) ;
(4-1)

where % is given by (3-3) (or (3-5) for Rayleigh
fading). The linear MMbE detector outperforms the
matched-filter detector for ; —* > . The optimum
FUU also decreases with —i bevond —h , below which
itequals @ = 1 /e for Raylelsh ladmg channels
(as observed in Fig. 2). For Rayleigh fading and o == %
4- l)ylelds = 1.5¢In2 = 4.51dB.

The SCPO (fc:teclor is also not interference limited,

provided that borh the system load i and the FUU are
appropriately chosen. For low £ > values 1tis opnmum

to take i3 — o, However, beyond soine critical £& = the
optimum system load starts to decrease monotonically
with -%f',- while the outage constrained capacity grows
without bound. With /§ — oo the outage constrained
capacity of the SCPO delector coincides with that of
the SCO detector, and the detector becomes interfer-
ence limited, regardless of the FUL. This behavior is in
sheer contrast to <iuglc-ccll setup [S), in which /7 — oc
is optimum for alf £ v values if the optimization is pre-
formed over bork Q *and 4. In fact in the single-cell
setup, letting the FUU vanish wuh % at an appropriate
rate, the outage constrained capacuy ‘of the detector ap-
proaches the optimum spectral efficiency at the high & —-lL
region. As can be observed from Fig. . this is no longer
the case when undecodable out-of-cell interference is
introduced, and a clear performance degradation is ob-
served as compared to the ultimate spectral efliciency
of the detector. Examining the optiinum FUU of the de-
tector, as plotted in Fig. 2, it is observed that in the low
E‘* region where it is optimum to take 7 -~ oo, the op-
t1mum FUU of the SCPO detector coincides with Ihat
of the SCO detector. However, beyond a critical 7‘%,
which corresponds to the point bevond which the op-
tianum systen load decreases to finite values, the opti-
mum FUU of the SCPO detector starts to decrease more
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Figure 1: Spectral efficicncy and outage constrained capacity
for optimum choice of 4 and FUU (Rayleigh fading).

“apbernym Valoes of ing FUY

e A " PR
. « » ) 2 Y] " i @2 n

t:, 8

W

Figure 20 Optimuin FUU (Rayleigh fading).

rapidly with £2 as comparcd to that of the SCO detec-
tor, which goes to a limit.

Comparing the outage constrained capacity of atl
four multiuser detectors to their comresponding opti-
mum spectral efliciency [2], the strongest-users decod-
ing scheme is observed to induce a severe penalty in
systemn performance, emphasizing the crucial role of
rate-adjustment feedback in this regime.

V. CONCLUDING REMARKS

We addressed a practically appealing transmission
and decoding strategy 1n randomly spread DS-CDMA
systems. Accordingly, all usets are assumed to employ
equal and constant transmission powers and rates, the
receiver ranks all users according to their received pow-
ers, and decodes only a subset of strongest users. The
FUU is assumed to be a system design parameter.

Considering the outage constrained capacity of the
matched-filter detector, the linear MMSE detector, the
SCO detector and the SCPO detector. the strongest-
users decoding scheine was shown to induce a penalty
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of at least W3ng 4 ¢ = 4.344B in the minimon £

atlowing reliable communications, for Rayleigh fading
chaunels. The above minimum penalty is attained by
setting the FUU to @ = | — 1 /¢, the optimuin choice
at the low SNR regime.

All of the four multiuser detection strategies suffer
a significant performance degradation for all —E«;‘L val-
ues, as compared to their spectral efliciency (specifying
the ultimate performance [1]). This performance degra-
dation emphastzes the crucial role of rate-adjustmenr
Seedbuck for all %‘7 values in the presence of undecod-
able out-of-cell interference. This comes in contrast
to the single-cell setup [5] (corresponding to o = 0},
in which case beth SCO and SCPQ detectors coincide
and becomne the “optimwmn” strongest-users-onty detec-
tor, and their outage constrained capacily can be made
to approach the ultunate spectral efliciency at the high
SNR region {properly optimizing with respect to bath
the system load and FUU).

Finally, it is noted that the outage constrained capac-
ities when decoding of adjacent-cell users is allowed,
and with multiple cell-cite processing, s currently un-
der investigation,
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