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Abstract-A popular way to measure the degree of dependence II. OPERATIONAL CHARACTERIZATIONS OF LAUTUM
between two random variables is with mutual information, INFORMATION
defined as the divergence between the joint and product-of-
marginal distributions. We introduce an alternative measure of A. Non-Bayesian Testing ofIndependence
dependence we refer to as lautum information: the divergence
between the product-of-marginal and joint distributions. Some Suppose we observe n independent identically distributed
operational characterizations and properties are provided for this realizations of pairs of random variables (Xi, Yi) where Xi
alternative measure of information, and Y, have known marginal distributions. We need to decide

whether the pairs are drawn from a given joint distribution orI. INTRODUCTION they are independent. Using Stein's lemma [3], for the best hy-

A popular measure of the degree of dependence between pothesis test upon observing n iid realizations of (X, Y) such
X and Y is the mutual information defined as the divergence that Pr [decide (X, Y) Pxy (X, Y) - PxPy is true] <

between the joint and product-of-marginal distributions: 6, the complementary error probability is characterized by the
lautum information as

I(X;Y) AD(Pxy PxPy) (1) 1
D (Pylx Py |Px). (2) lir -logl/Pr[decide (X,Y) PxPy (X,Y) Pxy]

In this paper we explore an alternative measure of depen- = L (X; Y) (5)
dence where the roles of the joint and product-of-marginal

inomain provided that L (X; Y) < ooi. Observe that swapping thedistributions are swapped. We define the lautum informationidsrbutioensX are Yaswapped. We definethelautumhypothesis we obtain that for the best hypothesis test suchbetween X and Y as that Pr [decide (X, Y) PxPy (X, Y) Pxy is true] <

L (X; Y)-D (PxPy|| Pxy) (3) 6, the complementary error probability is characterized by the
L D (P PY IxPxx) (4) mutual information as

Mutual information is, arguably, the most important spe- n- - log 1/Pr [decide (X,Y) Pxy (X,Y) PxPy]
cialization of divergence. Even before Kullback and Leibler I (X; Y). (6)
introduced D(P Q) [1], Jeffreys [2] introduced the sym-
metrized form D(P Q) + D(Q P). Yet (3) appears to have A result similar to (5) can be obtained from the method of
remained unexplored. This paper provides several operational types [4, Lem. 11.2]:
characterizations for the lautum information and derives a
number of useful properties. Pr [(XTP,Y-n) ] exp (-nL (X; Y)) (7)

Notation: We define (X,Y) to be independent random
variables with the same marginals as the random variables where TpjXPy is the set of sequences with "product type"
(X, Y). Unless the logarithm basis is indicated, it can be (finite input/output alphabets are assumed). Thus, lautum infor-
chosen arbitrarily as long as both sides of the equation have mation controls the exponential decay of the probability that
the same units. a dependent pair of random variables will behave as being

independent.
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1Th word lautum ("elegant" in latin) is the reverse spelling of mutual. log-likelihood ratio of the posterior of the n iid observations
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to a threshold the extra expected codeword length per symbol AL is given

In ((X 1, Y1) , .- -

, (Xn, Yn)) by the lautum information:
l Pr [X, Y dependent] + o Px (xi, yi) AL = L (X; Y). (14)

Pr [X, Y independent] Ppx (xi) Py (yi) E. Doubling Rate Penalty in Optimal Portfolio Investment
(8) Consider a stock market represented by the vector X

Then, (c.f. [5, Prob. 3.6]) (Xl, ,Xm), where m is the number of stocks and Xi is
the relative price of the ith stock (i.e., ratio of the price at the

I
In I (X; Y) if (X, Y) - Pxy (9) end of the day to the price at the beginning of the day). A

n a.s. -L (X; Y) if (X, Y) 'v PxPy. portfolio b = (bl, , bn), where bi > 0 and Ei bi = 1, is an

C. Capacity per Unit Cost of the Dependence-Test Channel allocation of wealth across the stocks (i.e., bi is the fraction of
one's wealth invested in stock i). The doubling rate of a stockThe capacity per unit cost [6] iS defined similarly to the market portfolio b is defined as W (b,X) E [log (b,X)]

conventional capacity, except that the ratio of the logarithm of andea portfolio t ieves ax W (b, X) is
the number of codewords to their blocklength (rate) is replaced p t

called a log-optimal portfolio (c.f. [7]). The justification for
by the ratio of the logarithm of the number of codewords the definition of the doubling rate is that, if.X , Xn are iid
their cost (rate per unit cost) The capacity p unit cost ca drawn from Px, then the wealth after n days using portfolio
be computed from the capacity-cost function C (Q), where i b satisfies [7]
denotes the cost, by finding sup0>0 C (Q) /Q or, alternatively,
as1

as I(X;Y) -log I(b,Xi) -* W a.s. (15)
C = sup (I10) n =

PX E[b(X)](1)T
Interestingly, it turns out that if Xl, ,Xn are iid drawn

where b(i ) iS the cost functhon. Interestingly, as shown in [6], from Px and the log-optimal portfolio is incorrectly designed
in the important case where the input alphabet contains a zero- for the distribution Qx, then there is a penalty in the achieved
cost symbol (labeled as "O") the capacity per unit cost is given doubling rate A/W upper-bounded by D (Px 11 Qx) [7, Thm.
by 15.4.1].

C suD (P x=x 1P x=o) (I1) Consider a market with two independent stocks (X, Y)
x b (x) PxPy. If a log-optimal portfolio is designed under the incor-

where the supremum is over the input alphabet. rect assumption that the stocks are dependent (X, Y) - Pxy
As an application of this result, consider now the binary- (with the same marginals as the true distribution), then there is

input dependence-test channel defined as a channel with binary a loss in the doubling rate AW upper-bounded by the lautum
input U and output (X, Y) such that (X, Y) - Pxy for U = 0 information:
and (X, Y) PxPy for U = 1. Defining the cost as b (u) = AW <L (X; Y). (16)
u, then the capacity per unit cost (11) is equal to the lautum Consider now a market with m stocks X (Xi XT)
information: drawn from a distribution Px independent of the side in-

C = L (X; Y). (12) formation given by the random variable Y. If a log-optimal
Note that we can think of this setup as one in which it portfolio is designed under the incorrect assumption that the
costs no 'energy' to send dependent realizations of random stocks are dependent on Y according to Pxy, then the loss
variables while it takes some given expenditure to make them in the doubling rate AW is upper-bounded by the lautum
independent. information:

The capacity of this channel can be upper bounded by AW < L (X; Y). (17)

1(I (X; Y) + L (X; Y))* (13) III. PROPERTIES OF LAUTUM INFORMATION
4 A. Basic Properties

D. Description Length Penalty in Optimal Data Compression Lautum information is indeed a bone fide measure of
Consider a source Px. It is well known that the minimum dependence. As an immediate consequence of its definition

expected codeword length to describe a symbol generated by L (X; Y) L (Y; X) > 0 (18)
the source with a binary prefix code is equal to H (X) bits
plus at most 1 bit. If the code is optimized for the distribution with equality if and only if X and Y are independent.
Qx instead of Px, there is a penalty in the expected codeword For a memoryless channel, it follows that the mutual infor-
length A\L quantified by D (Px 11Qx) [7, Thin. 5.4.3]. mation is upper bounded as (e.g., [7, Lem. 8.9.2])

It follows that if we have an optimum code designed for n2
dependent symbols (X, Y) Pxy, but the true source IX;n<,(iY)(9
generates instead independent symbols (X, Y) PxPy, then ~ in).SI(i=r.(9
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Similarly, for a memoryless source, the mutual information is of lautum information is
lower bounded as

D(QxxQy lPxy)= D(Qx |PxlryQy)+D(Qy lPy)

I(XT>;Yn Y). (20) D(Qy Pylx Qx) + D(Qx Px).>. I(i Y)(25)
The lautum information between the inputs and outputs of B. Bounds on Information Measures

a memoryless channel satisfies the counterpart of (20) (instead Since both mutual information and lautum information are
of (19)): defined as divergences, they inherit the properties and bounds

known for divergence (e.g., [10], [9], [7]). In particular, by theTheorem 1. (Lower bound on lautum information for a Cizi-ise-epra nqaiy[,p 8
memoryless~~~~~~~chne) IfP-X yhn Csiszar-Pinsker-Kemperman inequality [9, p. 58]memoryless channel): If PYnXn H> PYJX= then

n min{I(X;Y),L(X;Y)} > logeV2(X;y) (26)
L(Xn;Yn) > ZL(Xi;Yi) (21) 2

=1i where V (X; Y) is the variational distance between the dis-
tributions Pxy and PxPY, defined as the 11-norm:

with equality if and only if (Y.,.. , Yn) are independent.
When the inputs (or outputs) are independent, we can find V (X; Y) || PXY -Px

Y

l. (27)
channels with memory for which (21) is satisfied with strict For discrete input and output alphabets, the mutual infor-
inequality and we can also find channels for which (21) does mation is upper bounded by the log of cardinalities of the in-
not hold. put/output alphabets. Only when both input and output alpha-

The data processing inequality for a Markov chain X -Y - bets are continuous, I (X; Y) can be unbounded. The lautum
Z states that I (X; Y) > I (X; Z) and I (Y; Z) > I (X; Z) information, however, can be unbounded even with discrete
(e.g., [7]). Interestingly, the same result holds when the input/output alphabets: for example, L (X; X) =+oo unless
- log w in the definition of mutual information is substituted X is deterministic. As another example, L (X; Y) = +oo if X
by an arbitrary convex nonincreasing functional (under some and Y are connected through a discrete memoryless channel
technical conditions) such as e- [8]. Although the lautum (e.g. a binary erasure channel) such that Pylx(yo xo) = 0
information does not fall within that class of information while Px (xo) > 0 and Py (yo) > 0 for some (xo, yo).
measures (the equivalent functional would be w log w which Regarding the comparison between both measures of infor-
is convex but not monotonic), the data processing inequality mation, it turns out that lautum information is larger than or
holds as well. equal to mutual information for some cases of interests such

Theorem 2: (Data processing inequality): If X - Y - Z, as the input/output of the binary symmetric channel (BSC)
then and the Gaussian channel. In a general case, however, this is

not true as shown by the following counterexample with joint
L (X; Y) > L (X; Z) (22) distribution given by Pxy (0, 0) = 0.96, Pxy (1, 1) = 0.02,
L (Y; Z) > L (X; Z). (23) Pxy (0, 1) = Pxy (1, 0) = 0.01. In this case, (in bits)

A consequence of the data processing inequality in Theorem L (X; Y) = 0.0584, I (X; Y) = 0.0865. (28)
2 is that lautum information, like mutual information, is
insensitive to deterministic one-to-one transformations. For Both mutual information and lautum information are mea-
example, L (X; X + N) is insensitive to the mean of the input. sures of the dependence between random variables. However,

In parallel to mutual information we have (adapting the in cases where the distributions are unknown and their infor-

I(P, V) notation from [9]): mation measures are estimated through a universal estimator
[11], lautum information may provide a more useful gauge of

Theorem 3: Let dependence than mutual information. For example, if any of
the random variables has a small entropy, mutual information

L(Px, Pylx) L(X; Y). will also be small and may be indistinguishable from the
estimation noise whereas lautum information need not be small

Then L(Px, Pylx) is concave in Px and convex in PYlX. (siisntuprbnddythetoy)* (as it iS not upper bounded by the entropy).
Lautum information satisfies the following variational char-

acterization: C. Lower Bounds on Error Probability
In this subsection, we give counterparts to Fano's inequality

L (X; Y) =D (PxPy 1 Pxy) =inf D (PxPr | QxPy x) and its generalizations [12].

(24) Theorem 4. If X and Y take values on the same set, then
where QxPylx stands for the joint distribution
Qx (x) PY X (y x). Another useful identity in the context L (X; Y) > d (Pr [X = Y]1 Pr [X =Y]) (29)
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where X and Y are independent and have the same marginal and
distributions as X and Y, respectively, and d (x y) is the n

binary divergence function defined as the continuous extension Y=)< pL y

on [0, 1]2 of i-i
z 1 - Therefore, the upper bound liminf l supPXnL(Xn;Yn) is

d (x y)-x log - + (I - x) log i (30) off by at least a factor oftwo.

By using the lower bound on the binary divergence IV. LAUTUM INFORMATION FOR THE GAUSSIAN CHANNEL
d (x y) > xlog-h (x), wecan writed Consider a general discrete-time linear vector Gaussian

L (X; Y) > Pr [X =]j log Pr/[Xl-h (Pr [X = ]) channel represented by the following vector signal model with
Pr [X = Y] nT transmit dimensions and nR receive dimensions:

(31)
where h (x) is the binary entropy function. Y=HX+N (41)
A special case is when either X or Y is equiprobable on a

finite set of cardinality M In this case, Pr [X = = /M where all quantities are complex-valued, X is the nT-
and then it follows from Theorem 4 that dimensional transmitted vector arbitrarily distributed (not nec-

essarily Gaussian), H is the nR X nT matrix that denotes
L (X; Y) the linear transformation undergone by the signal, Y is the
> log 1 (1- log -/M nR-dimensional received vector, and N is an nR-dimensional
-M MPr [X = Y] MJ Pr [X #t Y] proper complex Gaussian noise vector independent of x.

/ 1 11 The input and the noise covariance matrices are E and 4,
> l1- lo[gPr[Xy - h (I/M). (32) respectively.

Observe that for large M, we can write the approximation Theorem 5: Consider the Gaussian signal model in (41)
where X is arbitrarily distributed with zero mean.2 Then,3

L (X;Y) 1 og(33)
L X)> lo (3Y]3) I (X; Y) = aTr 1HEHt) loge-D (Py PN) (42)

One application of this result is the following. Consider L (X; Y) = Tr (-1HEHt) loge + D (Py PN). (43)
an encoder/channel/decoder system, where a message W is
encoded as Xn, received through the channel as yn, and An immediate corollary of Theorem 5 is that for the
decoded as W. Then Gaussian channel lautum information is greater or equal than

1 1 1I mutual information. Interestingly, the same relationship also
log [ A-] C -L W; (34) holds for the BSC.4

It is well known that mutual information is maximized,
<-L (xn; yn) (35) given the first- and second-order moments and under Gaussian

n noise, when the input is Gaussian. In the case of lautum
<- sup L (X1;Ynn) (36) information, the opposite happens in light of the relation

n Pxn
L (X; Y) +1 (X; Y) =2 Tr 4 HEHtl4

where the second upper bound follows from the data process- log e. (44)
ing inequality for lautum information (Theorem 2). It is remarkable that as measures of dependence between

Defining Pe (n, R) as the minimum error probability for a random variables, mutual information is maximized by a
code with blocklength n and rate R, we can upper bound the Gaussian input whereas lautum information is minimized.
channel reliability function (c.f. [13], [14]) as An interesting property of mutual information is the saddle-

F(R) inf- log <lim inf- sup L (Xn;lim 1 n point characterization of the Gaussian distribution:E (R) A lim inf log < lim inf-sup L (
in-- oo n P, (in R) - ~ in P (37) I (X; HX+ NG) < I (XG; HXG + NG) < I (XG; HXG + N)

However, this upper bound is loose as shown by the next (45)
example. where XG and NG follow Gaussian distributions and X and N
Example 1: The channel reliability function for the BSC follow arbitrary distributions with the same first- and second-

with crossover probability d is [14, Prob. 10.13] order moments as the Gaussian counterparts. Unfortunately,

F (0) =-log 1(38) 21f E [X] # O, then the same result holds substituting Y by Y -HE [X].
4 4(5 (1 - )' 3For the case of real-valued random variables, (42)-(43) require a factor

1/2 in front of the term with the trace.
whereas 1 1 4The proof of L (X; Y) > I (X; Y) for the BSC follows from (is, in fact,

sup~~~ g(X-)-o (39) equivalent to) the recent refinement of Pinsker's inequality in [15, Th. 2.1]
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lautum information does not admit a similar saddle-point char- V. LAUTUM INFORMATION FOR JOINTLY GAUSSIAN
acterization. As previously argued, Gaussian inputs minimize RANDOM VARIABLES
lautum information: This section evaluates the mutual information and the lau-

L (XG;HXG +NG) < L (X;HX+NG). (46) tum information between two proper complex vector joint
L(X-;HXc+Nc.L (X;HX+N ) (46) Gaussian random variables: X -CA\(mx,E,) and Y

However, the other required inequality for the saddle-point CJ" (my, EY).
characterization is not satisfied; simply by choosing PN such The mutual information can be easily evaluated as
that it vanishes at some set of nonzero measure we obtain I (X; Y) -log det (I E- lEYXE- l Exy (56)
L (XG; HXG + N) = +oo, which implies The lautum information can be similarly evaluated:

L (XG; HXG + N) > L (XG; HXG + NG). (47) Theorem 8: Let (X, Y) be two vectorjoint Gaussian random

For some other examples, however, the inequality is satisfied variables with covariance matrix [ E Ejy 1 Then,
in the opposite direction such as with a Laplacian noise (with L yx Yi
sufficiently small noise power). L (X; Y) = log det (I -E-EyXE -1EX)

Theorem 6: Consider the Gaussian signal model in (41) +2Tr -
whereX is Gaussian. Then, the mutual information and lautum & x

information are given by5 (57)
In the scalar case, the result simplifies to

I (X; Y) = logdet (I + 4lH Ht) (48)
1

L(X;Y)=2Tr(4-1HEHt)loge L(X;Y)=log(1 P2)+2y 2 -)loge (58)

- log det (I + -lHEHt). (49) where the normalized covariance is given by

- E [(X -mx) (Y - my)*] (59)
Proof: Particularize Theorem 5 using (Jx(Jy

From (56) and (57), it can be shown that L (X; Y) > I (X; Y).
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