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Design of Reduced-Rank MMSE Multiuser Detectors
Using Random Matrix Methods

Linbo Li, Antonia M. Tulino, Member, IEEE, and Sergio Verdú, Fellow, IEEE

Abstract—Reduced-rank minimum mean-squared error
(MMSE) multiuser detectors using asymptotic weights have been
shown to reduce receiver complexity while maintaining good per-
formance in long-sequence code-division multiple-access (CDMA)
systems. In this paper, we consider the design of reduced-rank
MMSE receivers in a general framework which includes fading,
single and multiantenna receivers, as well as direct-sequence
CDMA (DS-CDMA) and multicarrier CDMA (both uplink and
downlink). In all these cases, random matrix results are used to
obtain explicit expressions for the asymptotic eigenvalue moments
of the interference autocorrelation matrix and for the asymptotic
weights used in the reduced-rank receiver.

Index Terms—Code-division multiple access (CDMA), fading
channels, minimum mean-squared error (MMSE) receivers,
multiantenna systems, multicarrier CDMA, multiuser detection,
random matrix theory.

I. INTRODUCTION

THE analysis of randomly-spread direct-sequence code-di-
vision multiple access (DS-CDMA) in the asymptotic

regime of number of users and spreading gain going to in-
finity with a constant ratio has received much attention because
it helps gain insight into the behavior of multiuser receivers for
large DS-CDMA systems employing pseudonoise spreading
sequences (e.g., [13], [33], [38], [39]). Particular attention
has been paid to the linear minimum mean-squared error
(MMSE) receiver, which maximizes the output signal-to-inter-
ference-plus-noise ratio (SINR). For single and multiantenna
DS-CDMA, the output SINR of the MMSE receiver is shown
to converge [18], [33] in the asymptotic regime to the solution
of a fixed-point equation by using results on the eigenvalue
distribution of large random matrices.

To maximize the output SINR, the MMSE receiver needs
to invert a matrix whose dimensionality is equal to either the
number of users or the spreading gain. In large systems, this is
a computationally intensive operation. It is therefore desirable
to find a receiver which approaches the optimal output SINR
of the MMSE receiver at a lower computational cost. Multi-
stage MMSE receivers, studied in [21], [28], approximate the
MMSE receiver by a linear operator on a signal subspace and,
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hence, reduce the computational complexity. The multistage
Wiener (MSW) filter, originally proposed in [10], [11], is
analyzed in [21] for unfaded DS-CDMA in the asymptotic
regime. It is shown in [21] that the MSW filter is equivalent
to the reduced-rank MMSE receiver, which approximates the
matrix inversion through a polynomial expansion. It is further
demonstrated in [21] and [26], numerically and analytically,
respectively, that the number of stages needed in the re-
duced-rank receiver to achieve a desired output SINR does
not scale with the system size; in fact, is sufficient to
achieve near-full-rank output SINR regardless of the dimension
of the signal space. However, the weights of the reduced-rank
receiver depend on the spreading sequences. Therefore, for
long-sequence CDMA, where the period of the spreading
sequences is usually a large multiple of the symbol duration,
they need to be re-evaluated and updated from symbol to
symbol, which hampers real-time implementation.

To overcome this problem under the random spreading
model, [29], [35], and [25] proposed the asymptotic re-
duced-rank MMSE receiver, which replaces the optimal
weights by their limiting values calculated in the asymptotic
regime ( with ). In contrast to the exact
weights, the asymptotic weights depend neither on the realiza-
tion of the spreading sequences nor on the realization of the
channel. Since the asymptotic weights depend only on and
the channel fading distribution, they do not need to be updated
from symbol to symbol. Therefore, real-time implementation
becomes feasible. In order to compute these asymptotic weights
explicitly, explicit expressions for the asymptotic moments of
the received spreading sequence matrix have been derived using
random matrix theory. The scenario considered in [29] is that
of DS-CDMA with equal-power users and no fading. In turn,
[25] considers the more general scenario of DS-CDMA with
unequal-power users and flat-fading.1 In addition, [25] extends
the analysis to multiantenna receivers (with the constraint that
the received amplitudes at those antennas be equal).

Although, theoretically, the difference between the asymp-
totic weights and the optimal weights only vanishes in the limit
of infinite system sizes, the numerical results in [25] show that
the asymptotic weights work well for even moderately large
effective spreading gain (the spreading gain multiplied by the
number of antennas). For instance, for a system with effective
spreading gain equal to , the performance loss due to the
use of the asymptotic weights is at most 1 dB for the input
signal-to-noise ratio (SNR) considered.

Section II gives several definitions and general results on
asymptotic reduced-rank receivers used throughout the paper.

1Similar results were later reported in [5].
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In addition to random matrix theory, we import results from
noncrossing partition theory and their connection with the min-
imal factorization of a cyclic permutation. Using these tools, we
obtain recursive expressions (which may be of independent in-
terest) for the asymptotic moments of random matrices with in-
dependent nonidentically distributed entries. These expressions
depend on the variance of the entries of the random matrix and
generalize the relationship relating moments and free cumulants
found in [32]. In the special case in which the matrix of vari-
ances can be written as an outer product, we prove an explicit ex-
pression for the asymptotic eigenvalue moments which had been
independently conjectured in [42] in the context of the analysis
of least squares algorithms for DS-CDMA. We also compute the
asymptotic moments of some classes of random matrices whose
entries are correlated across the columns but independent across
the rows. This result encompasses the case of a product of a ma-
trix with independent and identically distributed (i.i.d.) entries
and an independent Hermitian matrix analyzed by [43].

Applying the technical results developed in Section II, we go
beyond the design methodology put forth in [25] for DS-CDMA
channels subject to flat fading. While adhering to the setting of
spreading matrices with independent entries, Section III extends
the analysis of reduced-rank MMSE by [25] in two different
directions. First, DS-CDMA channels subject to frequency-se-
lective fading are considered for both uplink and downlink sce-
narios2 and, then, DS-CDMA flat-faded channels with multiple
receive antennas are studied (removing the constraint, imposed
in [25], of equal amplitude at each such antenna). Unlike pre-
vious works that deal exclusively with the downlink, our up-
link analysis requires finer random matrix tools and is general
enough to encompass non-Gaussian chip distributions.

In Section IV, we generalize the channel models to embrace
multicarrier CDMA (MC-CDMA) subject to frequency-se-
lective fading. In particular, Sections IV-A and IV-B derive
the asymptotic reduced-rank receiver for uplink and down-
link MC-CDMA, respectively. Further, in Section IV-C, the
full-rank MMSE receiver is analyzed for both uplink and
downlink MC-CDMA. A fixed-point equation for the asymp-
totic maximum output SINR is derived for both cases,3 which
particularizes to the Tse–Hanly equation for the special case of
DS-CDMA subject to frequency-flat fading [33].

Our numerical results in Section V show that, for practical
processing gains, the performance loss due to the use of asymp-
totic—rather than exact—weights is very small for input SNR
levels of interest.

II. ASYMPTOTIC EIGENVALUE MOMENTS

Throughout the paper, indicates the th entry of
the matrix , indicates its th column, indicates the
submatrix obtained by removing from the th column, and,
finally, indicates the th entry of the vector .

2For the downlink, the full-rank MMSE receiver for isometric spreading see-
quences is studied in [3], [4] under the assumption that the users are partitioned
into a finite number of classes, each having a distinct power.

3For downlink MC-CDMA in the special case of equal-power users, a fixed-
point equation for the asymptotic maximum output SINR was independently
derived in [6] for both isometric and i.i.d. spreading sequences.

The basic model used throughout the paper is a general linear
model that accommodates most single and multiuser communi-
cation scenarios. Such multiple-input multiple-output (MIMO)
model is

(1)

where is the -dimensional input vector whose entries are
modeled as zero-mean unit variance and uncorrelated, is the

-dimensional output vector, and the -dimensional vector
is the additive Gaussian noise, whose components are indepen-
dent complex Gaussian random variables with zero mean and
independent real and imaginary parts each with variance
(i.e., circularly symmetric). , in turn, is
the complex random matrix describing the channel and
it is independent of .

Model (1) encompasses a variety of channels of interest in
wireless communications such as multiaccess channels, linear
channels with frequency-selective and/or frequency-dispersive
fading, multidimensional channels (multisensor reception, mul-
ticellular system with cooperative detection, etc), crosstalk in
digital subscriber lines, signal space diversity, etc. In each of
these cases, , and take different meanings. For example,

and may indicate i) the number of transmit and receive an-
tennas, respectively, with describing the fading between each
pair of transmit and receive antennas, ii) the spreading gain and
the number of users with the signature matrix, or iii) time/fre-
quency slots with the tone matrix. Naturally, the same linear
model applies to problems that incorporate more than one of the
above features; in these cases, it may be more convenient to use
matrices or higher dimensional objects to represent the input and
output quantities (for example, in a multiantenna DS-CDMA
system with processing gain , with the number
of receive antennas.)

In the remainder of the paper, we always consider a linear
MMSE receiver that has perfect knowledge of the channel ma-
trix. Consequently, the decision statistic adopted at the receiver
to decode the th input signal is where4

(2)

(3)

where is the matrix defined as

(4)

The complexity of computing the inverse of the ma-
trix can be lowered by approximating the ma-
trix inversion with the following polynomial expansion:

(5)

4For convenience, the explicit dependence of ccc on k is omitted.
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where is the rank (or the number of stages) of the receiver. The
weights, chosen to minimize the mean-squared error (MSE), are
given by [21], [25]

...
. . .

...
...

(6)

where the th entry of the matrix in (6) is
with

(7)

corresponds to the full-rank MMSE receiver. From
(7), we note that the optimal weights depend on the channel
matrix . Therefore, for applications where changes at every
symbol interval (like in the case of aperiodic DS-CDMA with
long spreading sequences), the weights must be re-evaluated
and updated at every symbol interval. To lift the burden of
computing the weights from the received spreading sequences
for every symbol interval, [29], [35], and [25] proposed the
asymptotic reduced-rank MMSE receiver which replaces the
optimal weights with their limiting values in the asymptotic
regime ( with ) with the intuition that
their dependence on the received spreading sequences would
vanish asymptotically. For the scenarios considered in [25],
namely, single and multiantenna (with the constraint of equal
received amplitudes at those antennas) receiver for DS-CDMA
subjected to flat fading, with and without linear conjugate
transformations, as for scenarios analyzed in [29] and [35], this
intuition was validated.

In this paper, following the philosophy in [25], we also cal-
culate the limits of the optimal weights (6) in the asymptotic
regime for more general and diverse scenarios whose mathe-
matical model can be described by (1). From (6), the asymptotic
weights boil down to the asymptotic value of , namely

(8)

from which it follows that the asymptotic weights ’s are
given by (6) where each is replaced by its asymptotic coun-
terpart , i.e.,

...
. . .

...

... (9)

The calculation of the asymptotic weights (9) is closely re-
lated to the evaluation of the asymptotic eigenvalue moments of

. Several models for the random matrix are adopted in
the various problems studied in this paper.

• A matrix with zero-mean independent entries, arbitrarily
distributed.

• A matrix of the form
where is an arbitrary deterministic diagonal
matrix, for is an arbitrary sequence of

(possibly random) Toeplitz matrices, while is
an zero-mean random matrix with i.i.d. entries and
variance .

We always assume that

(10)

is finite and strictly positive.
Let us now introduce some convenient definitions.

Definition 1: The empirical distribution of
, is defined as

(11)

where denotes the indicator function. For an matrix ,
the empirical distribution (of the square of its singular values),

, is defined as

(12)

where is the th eigenvalue of .

If (11) and/or (12) converge as , then the corre-
sponding limits (asymptotic empirical distributions) are denoted
by and , respectively.

Let us first focus on the case that is an matrix whose
entries are zero-mean independent complex random variables
arbitrarily distributed with variances

(13)

where is an deterministic matrix whose entries are
uniformly bounded. For each , let

be a function given by

satisfying (14)

and assume that the sequence converges uniformly
to a limiting bounded measurable function , which will
be referred to as variance profile of .

Denoting by

(15)

the th moment of , we give the following theorem.
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Theorem 1: The th moment of converges almost
surely (a.s.) to

(16)

with obtained through the following recursive equation:

(17)

where and where, in the second summation, the
’s are strictly positive integers. Finally, and are two in-

dependent continuous random variables uniformly distributed
in .

Proof: See Appendix A.

Define through the following recursive equation:

(18)
with

from which and . In
several interesting special cases, such as ,
we can show , with given by
the recursive expression in (17). In other cases, there is strong
numerical evidence that the relationship holds in general. How-
ever, a general proof has not been found.

Furthermore, for a given , let be a function defined
in such that

satisfying (19)

whose limit as is denoted by .

Theorem 2: Consider the following quadratic form:

(20)

As and go to infinity

(21)

where is a random variable uniformly distributed on ,
and is given by (17) in Theorem 1.

Proof: See Appendix B.

Corollary 1 follows from Theorems 1 and 2.

Corollary 1: The relationships between the moments
’s and the ’s are

(22)

and

(23)

with

Notice that represents the quadratic form given in (20) for
with denoting the normalized column index.

When the matrix of variances introduced in (13) has a spe-
cial structure, a nonrecursive explicit expression for the asymp-
totic moments of can be derived by resorting to techniques of
noncrossing partitions (see [32] for definition) and the comple-
mentation map (see [24] for definition). More concretely, let us
consider now those cases where the variances of the entries of

are such that the matrix is the outer product of two
vectors with deterministic nonnegative entries

(24)

Equivalently, is given by the product of two deterministic di-
agonal matrices that pre- and post-multiply a random matrix
with zero-mean and variance independent entries, i.e.,

For this common structure, we prove the following result.

Theorem 3: Suppose that the empirical distribution of
converges as to an asymptotic distribution and the
empirical distribution of converges to an asymptotic distri-
bution as , then as while ,
the th moment of converges a.s. to (25) at the bottom of
the page, with

(26)

where

(27)

(25)
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with equal to the number of entries of the vector
equal to .5 The random variables and are independent
and distributed according to and , respectively.

Proof: In Appendix C.

Note that is the number of
noncrossing partitions on satisfying the following
conditions:

i) the cardinalities of the subsets in are (in increasing
order) ;

ii) the cardinalities of the subsets in , which is the com-
plementation map (see [24]) of , are (in increasing order)

.

Corollary 2: If , then as with

(28)

where can be computed through the following recursive
equation:

(29)

with

(30)

For the special case in which the variances of the random en-
tries change only from column to column and are row-wise uni-
form (i.e., in (24) with denoting the -dimensional
vector with all entries equal to one), the eigenvalue moments
admit the following explicit expression.

Theorem 4: [25]6 If the matrix of the variances of is
, the th moment of converges a.s. to

(31)
with

(32)

Theorem 5: Consider an matrix with
denoting the Hadamard (element-wise) product and with

and two independent random matrices where
has independent columns. The entries of , , are modeled

5For example, f(1; 1; 4; 2; 1; 2) = 3! � 2! � 1!.
6A related result with an additional condition on TTT is given in [43].

as zero-mean i.i.d. complex random variables arbitrarily dis-
tributed with variance .7 Denoting by the closest smaller
integer, assume that for a given the empirical distri-
bution of

converges a.s. to a nonrandom limiting cumulative distribution
with all moments finite and that, for a given , the

empirical distribution of

converges a.s. to a nonrandom limit also with all moments
finite.

Let be a two-dimensional function such
that, if is uniform in , the distribution of equals

and, if is uniform in , the distribution of
equals . Analogously, define for every the one-dimensional
function such that if is uniformly dis-
tributed in , the distribution of equals the nonrandom
asymptotic empirical distribution of .8

Then, as with , the results derived in
Theorems 1 and 2 hold with replaced by . More-
over, if the elements of admit the factorization

with and nonnegative random variables—indepen-
dent on —whose empirical distributions converge a.s, then

(33)

where is obtained through the recursive equation (34) at
the bottom of the page, where and are independent random
variables with cumulative distribution equal to the asymptotic
empirical distribution of and , respec-
tively.9 Furthermore

(35)

Proof: In Appendix D.

Next, let us focus on the case that the entries of are corre-
lated. In particular, let

(36)

where is an arbitrary deterministic Toeplitz matrix, is
a zero-mean random matrix with i.i.d. entries with variance

, and is an arbitrary deterministic diagonal matrix.
Important scenarios where this matrix appears include unequal

7The assumption of identical distribution can be replaced by that of equal
variance 1=N if the entries have bounded fourth-order moments [36].

8For a given y (respectively, for a given x) �(x; y) is the generalized inverse
of the distribution functionF (respectively, F ). For a given y (respectively, x)
�(x; y) is a left continuous and nondecreasing function. If for a given y (respec-
tively, for a given x) �(x; y) and F (respectively, F ) are strictly increasing,
then they are inverse to each other [27]. Analogously, considerations hold also
for � (x).

9An explicit expression for (33) is given in (25) with and replaced,
respectively, by C and P .

(34)
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power DS-CDMA subject to frequency-selective fading (the
spreading sequences for different paths of a given user are
linearly shifted versions of the original sequence) and unequal
power MC-CDMA subject to frequency dispersive and/or
selective fading.

If is a zero-mean complex Gaussian matrix10 or a uni-
tarily invariant matrix11 with independent entries, then it fol-
lows immediately that the moments of are given by (25)
with and two random variables distributed according to
the asymptotic distributions and , respectively. There-
fore, in terms of its moments and, consequently, its asymptotic
distribution, is equivalent to a matrix with zero-mean inde-
pendent unequally distributed entries whose variance matrix
is the outer product of two vectors and representing the
squared singular values of the matrices and .

For arbitrarily distributed , we prove the following—more
general—result.

Theorem 6: Consider the random matrix

(37)

where represents an matrix with zero-mean i.i.d.
entries with variance ; defines an arbitrary deterministic
diagonal matrix whose empirical distribution converges to .
The matrices , are either finite order
or infinite order absolutely summable Toeplitz12 independent
random matrices, independent of , whose empirical distribu-
tion converges a.s. to a nonrandom distribution function. Then,
as while , for any , the th mo-
ment of converges a.s. to

(38)

where is a random variable uniformly distributed in ,
and is obtained through the recursive (17) with the
function in (17) replaced by the two-dimensional func-
tion , such that denoting by the th eigenvalue of

and by the th coefficient of the diagonal matrix :

• if is uniformly distributed in , the distribution of
for a given is equal to the asymptotic empirical

distribution of

• if is uniformly distributed in , the distribution of
for a given is equal to the asymptotic empirical

distribution of

Analogously

(39)

with defined as in (38) and such
that if is uniformly distributed in , the distribution of

10A complex Gaussian matrixTTT is a matrix whose entries are jointly Gaussian
complex random variables.

11A unitarily invariant random matrix TTT is a random matrix whose distribu-
tion is invariant to unitary transformation [20].

12The assumption of finite order or infinite order absolutely summable
Toeplitz matrix is made in order to simplify the proof. For the extension of the
results to summable Toeplitz matrices, the reader is referred to [36]

equals the nonrandom asymptotic empirical distribution
of .

Proof: In Appendix E.

From Theorem 6 it follows that the empirical distribution (of
the squared singular values) of converges a.s. to a nonrandom
limiting distribution , whose transform is [36]

(40)

where satisfies the equation

(41)

for every with and defined as in Theorem 6.
The following corollary is a direct consequence of The-

orem 6.

Corollary 3: When ’s, defined in Theorem 6, are such that
for every , then the th moment of converges

a.s. to (25) where the two random variables and are dis-
tributed according to and , respectively, and with as
defined in Theorem 6.

A special case of this corollary, where is a unitarily in-
variant random matrix with independent entries and ,

, has been analyzed in [16], [17]. Results for the
asymptotic distribution and, consequently, for the moments of
random matrices with more general correlation structures than
the model considered in (37) have been obtained in [34] and in
[36].

In the following sections, we consider a variety of wireless
communication problems corresponding to the models for an-
alyzed in this section.

III. DIRECT-SEQUENCE CDMA

We begin by considering DS-CDMA and expanding the anal-
ysis of [25] in order to incorporate frequency-selective fading as
well as multiple receive antennas. Both uplink and downlink are
analyzed and, in fact, it is shown that the downlink reduces to a
special case of the uplink.

A. Single-Antenna DS-CDMA With Frequency-Selective
Fading

1) Uplink: Let us consider a synchronous DS-CDMA up-
link with active users employing random spreading codes
and operating over a frequency-selective fading channel. The
receiver as well as each of the transmitters is equipped with a
single antenna.

Denote by the -dimensional
vector representing the baseband equivalent of the transmitted
signal with

where , , and represent the amplitude, th
symbol of the th user, and signature waveform of the th user
in the th symbol interval, and is the symbol duration. De-
noting by the chip pulse, the received signal over a linear (in
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general time-varying) channel, at the output of the chip-matched
filter is

(42)

where the th entry of the -dimensional vector repre-
sents the impulse response of the channel for the th user. As-
suming that the symbol duration is much larger than the delay
spread, we can disregard the intersymbol interference. Stacking
the samples corresponding to observed in the th interval
into an -dimensional vector we obtain

(43)

where is the transmitted signature sequence of user while

with being a deterministic diagonal matrix containing
the amplitudes of the users. In turn, is an Toeplitz
matrix defined as

with denoting the impulse response of the channel for
the th user independent across the users.

The signature matrix is modeled as having i.i.d. complex
random entries arbitrarily distributed with zero mean and vari-
ance . Furthermore, is assumed to be either a finite order
or an infinite order absolutely summable Toeplitz matrix.13 It is
convenient to define a two-dimensional variance profile func-
tion on the unit square

(44)

such that denoting by , the th eigenvalue of

• if is uniformly distributed in [0, 1], the distribution of
for a given is equal to the asymptotic empirical

distribution of

• if is uniformly distributed in the distribution of
for a given is equal to the asymptotic empirical

distribution of

Analogously, we also introduce a one-dimensional variance
profile for a given as the one-dimensional function

such that if is uniformly distributed in , the
distribution of is equal to the asymptotic empirical dis-
tribution of . Assuming that
the channel behaves ergodically,14 a.s. neither nor
depend on the channel realization.

13The results derived in this section can be extended to the case of summable
Toeplitz matrices [36].

14In the absence of ergodicity, the results derived in this section remain valid
but become dependant on the specific realization of the channel.

Let us now evaluate the asymptotic reduced-rank- MMSE
receiver for the th user, which is given by (5) with the asymp-
totic weight vector defined as in (9). Through a binomial ex-
pansion of (7), the calculation of boils down to the limiting
value of the quadratic form

(45)

(46)

Straight application of Theorem 6 yields

(47)

with obtained through the recursive (17) given in The-
orem 1 with the function in (17) replaced by de-
fined in (44). Therefore, the asymptotic reduced-rank- MMSE
receiver is characterized in very general conditions.

Specializing this result to the case that the signal transmitted
by each user propagates through discrete chip-spaced paths
(where does not grow with ), the channel matrix for the th
user becomes

...
...

...
...

...

...
...

...
...

...

where represents the channel fading coefficient for path
of user , modeled as a Gaussian random variable with zero

mean and variance i.i.d. across both users and
paths. As , since the ’s are finite-order Toeplitz
matrices, their singular values are bounded. Using the explicit
expression for the eigenvalues of the circulant approximation
[12, Theorems 4.1 and 4.4], we have that the th moment is
equal to

(48)

where are the eigenvalues of . Let be a random
variable whose distribution is given by the asymptotic empirical
distribution of

then we have the following.
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Fig. 1. The solid line is the spectrum of ~TTT ~TTT while the dashed line is the density of TTTTTT with N = 64,K = 15, and L = 4.

Corollary 4: As with , while is
kept constant, the th expected moment of , , converges
to

(49)
with

(50)

Moreover, denoting by , we obtain

(51)

Proof: Appendix F.

Corollary 4 shows that with perfect knowledge of the fading
coefficients at the receiver, the asymptotic expected moments
for multipath fading channels have the same expression as those
for a single-path fading channel with the received power of
each user equal to the total received power of that user over
all the paths. From the equivalence of the moments and using
the same technique as in [25], the equivalence of the asymp-
totic full-rank MMSE output SINR between a multipath and a
single-path system can also be established. Therefore, we con-
clude that, asymptotically as , each multipath interferer
with a fixed number of resolvable paths acts like a single-path
interferer with received power equal to the total received power
of that user from all the paths. Fig. 1 depicts the eigenvalue den-
sity function of with , , and and
compares it with the corresponding eigenvalue density function

of where with and
. Notice that, even for these moderate

numbers of dimensions, both nonasymptotic distributions are al-
ready very close.

Let us now consider the case when, as grows large, the
chips become shorter and, equivalently, the system bandwidth
scales up. The temporal resolution thus increases and hence the
number of resolved paths grows with . In accordance with
the classic wide-sense stationary uncorrelated scattering prop-
agation model [15], these paths remain uncorrelated and thus
we model them as zero-mean Gaussian random variables with
variance , i.i.d. across users and paths. In this
case, if the matrix satisfies the hypothesis of Theorem 6
then ; moreover, using steps analogous
to those in Corollary 4, we have that as with

, and the th moment of the limiting
eigenvalue distribution of is given by (49) where is a
random variable whose distribution equals the limiting distribu-
tion of .

2) Downlink: In the downlink, all users experience the same
frequency-selective fading i.e., . Consequently, (43)
particularizes to

(52)

which, contrasted with the linear general model in (1), corre-
sponds to . The assumptions on are as in
Section III-A1. This implies that the empirical distribution of
converges a.s. to a nonrandom limit.

Applying Corollary 3, we obtain that the expression given in
(47) simplifies to15

(53)

where is a random variable whose distribution equals the
asymptotic eigenvalue distribution of , is a random vari-

15A special case of this result can be found in [16], [17], where the asymp-
totic weights are calculated using free probability theory for CDMA with uni-
tarily invariant i.i.d. spreading in frequency-selective fading; the case of iso-
metric spreading is also studied in [16], [17].
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able whose distribution is given by the asymptotic distribution
of , and satisfies (54) at the bottom of
the page.

B. Multiantenna DS-CDMA With Flat Fading

In this subsection, we study the impact of having a base sta-
tion equipped with multiple receive antennas. The focus here is
entirely on the uplink, as the downlink was analyzed in [25].

The full-rank MMSE receiver for such a synchronous uplink
is analyzed in [18] and the asymptotic maximum output SINR
of the desired user has been found as the solution to a fixed-point
equation. In [25], the asymptotic reduced-rank MMSE receiver
is proposed and the asymptotic weights are calculated for the
multiantenna receiver. In [25], the received amplitudes of each
user at different antennas are constrained to be equal, a restric-
tion that we lift in this section.

Let us denote the amplitude of user by . The output
of the chip-matched filter at the th antenna is

(55)

where indicates the fading of user at the th antenna,
is the transmitted symbol of user , assumed to be i.i.d. across
users and to have unit energy as in the previous section, and

is the additive white Gaussian noise vector distributed as
that is independent across . , the signature se-

quence of user , has independent zero mean entries with vari-
ance that are independent across . With rich scattering
and a sufficient separation between antennas, the fading coef-
ficients can be modeled as independent across and
with uniformly distributed phases on . For a given user

, are identically distributed. However, due to
the different geographic location of the users, their fading dis-
tributions are different. This models the usual microdiversity
scenarios (see, e.g., [18]) in which all the receive antennas are
placed at the same base station.

Equation (55) can be written as

(56)

where

and

This scenario corresponds to the general linear model in (1)
where . The rank- reduced-rank MMSE receiver for
user is found in (5) with the weights given by (6) and

(57)

with

As discussed in [25] and in the previous section, in a long-se-
quence DS-CDMA system we can use the asymptotic weights
instead of the actual weights to reduce the complexity of the re-
ceiver. Therefore, we need to calculate the large system limit of

.
Let . We note that the ’s are again inde-

pendent across and and, for a given user ,
are identically distributed.

Proposition 1: Let be the total received
power of user and be the asymptotic empirical distri-
bution of as . Then, as with

, converges in probability to

with a cumulative distribution function with th moment

(58)

and

(59)

(60)

with defined as in the previous section.

We note here that is the same as that in a single-antenna
system with processing gain while user ’s received power
is given by the total received power . This point can be proved
using [18, Theorem 17] or, alternatively, generalizing the com-
binatorial approach of [25, Proposition 2]. In the latter case, the
condition of bounded is not needed (as already conjectured
in [18, Theorem 17]).

For the sake of brevity, we will not make explicit the results
that consider the impact of frequency selectivity and multiple re-
ceive antennas on the DS-CDMA uplink. They can be obtained
using the results in Sections III-A and III-B.

IV. MULTICARRIER CDMA

MC-CDMA is one of the most promising technologies for
wireless high data rate transmission [19]. In MC-CDMA, there
are subcarriers shared by all the users. As in DS-CDMA, the
information symbol to be transmitted by each user is spread onto
the entire bandwidth available to the system. First, the spreading

(54)
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sequence of each user is modulated by its information symbol.
Then, the resulting chips are modulated onto the subcar-
riers and transmitted in parallel. Therefore, plays a similar
role as the spreading gain does for DS-CDMA. In the remainder
of this section, we present our results for both uplink and down-
link MC-CDMA.

A. Uplink

Given synchronous users, the received vector at the output
of the front-end is

(61)

(62)

where and is the spreading sequence
of user modeled as a vector with independent zero-mean
random complex entries with variance . Furthermore,

with the fading
of the th subcarrier of user , is the amplitude
of user , is the transmitted symbol of user , assumed
to be i.i.d. across users and to have unit energy as in the
previous sections, the noise is complex and distributed as

, , ,
and . Thus, this scenario corresponds to

and , which is assumed to be known
at the receiver.

In what follows, our results on the asymptotic moments of the
autocorrelation matrix of the received vector and the asymptotic
weights of the reduced-rank receiver are presented.

Define the variance profile as the two-dimensional
function on the unit square such that, if is uniform in

, the distribution of equals the asymptotic empirical
distribution of

and, if is uniform in , the distribution of equals
the asymptotic empirical distribution of

Analogously, we also define a one-dimensional variance profile
for a given as the one-dimensional function

such that if is uniformly distributed in , the distribu-
tion of equals the asymptotic empirical distribution of

. The channel is assumed to be ergodic
in the sense that a.s. none of these asymptotic empirical dis-
tributions for any given and depend on the actual channel

realizations.16 Under these hypotheses, applying Theorem 5 to
the binomial expansion of (7), we have that

(63)

where

(64)

with obtained through the recursive equation

(65)

with . Plugging (63) into (9), the asymptotic weight
vector and, therefore, the asymptotic reduced-rank- MMSE
receiver are derived in very general conditions. Notice that here
we have not imposed independence of the fading coefficients

, but just ergodicity. If ergodicity is not satisfied, then the
results depend on the specific realization of the channel.

Let us next specialize the general result in (63) to the relevant
case that the fading experienced by the users is independent
across but statistically identical with

(66)

As a result, the empirical distribution of
converges to a nonrandom limit that does not depend on .
While the fading at different subcarriers is usually statistically
identical, in the presence of interference, the noise may not be
and such differences can be accounted for by scaling the fading.
Thus, we keep the model general and allow for to depend on
. Furthermore, the fading experienced by each user across dif-

ferent subcarriers is zero-mean and asymptotically (in the car-
rier separation) independent.17 Denote by the limiting
distribution as . Further,
denote by the limit to which the empirical distribution
of converges for .18 Applying Theorem
5, we have that as with , the th

moment of converges a.s. to (67) at the bottom of
the page, where and are random variables whose distribu-
tions are and , respectively, while the coefficient

is defined as in (26).

16A special case where this assumption holds is when the fading H (1 �
i � N; 1 � k � K) is independent across i and k.

17This would be the case if the total bandwidth were scaled up while the width
of each subcarrier were kept constant.

18If V = 1 8i, then (67) and (69) reduce to their counterparts derived in [25].

(67)
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For example, let , , , , ,
and , ,

(68)

In this case, since and are small, it is even possible to
enumerate all five noncrossing partitions that satisfy conditions
i) and ii):

Because the asymptotic distributions of
and do not depend on or on , (64) partic-
ularizes to

(69)

with

(70)

and

(71)

In turn, (63) simplifies to (53) where the random variables and
are replaced by and , respectively. From (69), explicit

expressions for the first six ’s are listed in (72)–(77) at the
bottom of the page.

To close our analysis of the MC-CDMA uplink, we further
specialize it to the case of equal power users where the fading
is not only independent across users, but also asymptotically in-
dependent across subcarriers and marginally equally distributed
with . In this case, the asymptotic weights and the
corresponding asymptotic rank- MMSE receiver are obtained
plugging

(78)

into (9).

B. Downlink MC-CDMA

In the downlink, the fading experienced by the subcar-
riers is common to all users. If these fading coefficients are

, the received vector at the output of the multicar-
rier front end is

(79)

(80)

which corresponds to and in
the general linear model (1). The assumptions on are
as in Section IV-A. Since the downlink can be seen as a special
case of the synchronous uplink when for all , it is
immediate that in terms of the asymptotic moments of

and of the limiting value of as defined in (20), the downlink
scenario is a special case of the uplink.

Consequently, the asymptotic weight of the rank- MMSE
receiver in the downlink scenario can be easily derived com-
puting

(81)

with given by (71) and where is now the random vari-
able whose distribution is the asymptotic empirical distribution
of while is defined as in Section IV-A.

(72)

(73)

(74)

(75)

(76)

(77)
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C. Asymptotic Maximum Output SINR

In this subsection, we analyze the asymptotic output SINR
of the full-rank MMSE receiver for MC-CDMA. A compar-
ison between the results obtained in Section IV-B for the down-
link and the ones derived in Section IV-A for the uplink subject
to (asymptotically) independent fading across subcarriers and
users immediately yields that, if the asymptotic empirical dis-
tributions of and in (80) equal, respectively, the cumula-
tive distributions and as defined in Section IV-A,
then the asymptotic moments of in the (synchronous) up-
link and in the downlink MC-CDMA (and consequently, the
asymptotic reduced-rank receiver weights) are the same. From
this equivalence, the equivalence of the respective asymptotic
full-rank MMSE output SINRs follows. Our numerical results
also show that the difference between the output MMSE SINRs
of the two links is negligible for moderate system size ( ,

).
For the uplink, the SINR at output of the MMSE receiver is

(82)

Proposition 2: Let be the signal-to-noise ratio (SNR) of
the th user . As , the SINR of the

user, , at the output of the MMSE receiver con-
verges a.s. to a deterministic constant , which can be
obtained by solving the fixed-point equation

(83)

where the two-dimensional variance profile is defined
as in Section IV-A, and and are independent and uniformly
distributed in .

Proposition 2 is an immediate consequence of Lemma 1 in
Appendix B whose proof can be found in [34, Lemma 7].

The downlink can be analyzed as a special case of Proposi-
tion 2.

Proposition 3: As , the SINR of the user,
, at the output of the MMSE receiver converges a.s. to a

deterministic constant , which is the solution to the
fixed-point equation

(84)

where and are defined as in Section IV-B.

D. Precoding

The assumption of perfect knowledge of at the receiver but
not at the transmitter is very reasonable for the uplink. How-
ever, it becomes questionable if we focus our attention on a mul-
tiuser downlink where, at each receiver, only partial knowledge
(specifically, the th column) of will be available. For this
case, [23] proposes a scheme where, assuming perfect knowl-
edge of the channel matrix at the transmitter, the signal input
is suitably precoded in order to manage the mutual interference
between the signals being broadcasted to multiple users. The

precoder is such that the th precoded input signal is given by
the th element of the vector

(85)

with defined as in (4) and the information symbol vector.
Consequently, the decision statistic will be obtained simply by
projecting the received -dimensional vector onto . In
order to avoid the complexity of computing ,
we could use the framework of this paper and replace (85) with
a lower complexity input

where is the rank (or the number of stages) of the precoder.
Then the asymptotic weights can be evaluated using the
results presented in this paper.

V. NUMERICAL RESULTS

In this section, we compare the output SINR of two re-
ceivers: i) the reduced-rank MMSE receiver that uses the
actual weights; and ii) the asymptotic reduced-rank MMSE
receiver that uses the asymptotic weights. The output SINR of
the matched filter and the full-rank MMSE receiver are also
plotted for comparison. In every simulation, the channel is
assumed perfectly known at the receiver. For each input SNR,
the plotted output SINR is the average of the output SINRs of
a large number of independent simulations. Therefore, it can
be viewed as the time-average performance of the receivers in
a long-sequence system.

For the implementation of the asymptotic reduced-rank re-
ceiver, the moments of , the limiting empirical distribution
of , are approximated for finite by those of
the empirical distribution of , i.e.,

(86)

A. Frequency-Selective Fading Channels

Specializing the expression of to the case of three chip-
spaced paths, we have

...
...

...
...

...

The channel-fading coefficient , for path of user , is mod-
eled as a Gaussian random variable with zero mean and variance

independent across both users and paths. The total average
received power over the three paths of the interfering users is
5 dB above the desired user, which makes for a relatively chal-
lenging environment. The horizontal axis represents the input
SNR where is the total received power over the three
paths of user 1. In the results, , , and
(number of stages of the reduced-rank receiver) are used.
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Fig. 2. Frequency-selective fading: the spreading sequences for each of the three paths of a given user are independent. N = 64,K = 15, and D = 6.

Fig. 3. Frequency-selective fading: the spreading sequences for each of the three paths of a given user are shifted with partial overlap. N = 64,K = 15; and
D = 6.

Fig. 2 shows the performance of the receivers when the
spreading sequences for different paths of a given user are
independent. We can see that the output SINR of the asymptotic
reduced-rank receiver approximates very closely that of the
receiver using actual weights for the input SNR considered,
and both of them perform much better than the matched filter.

Fig. 3 plots the performance of the receivers when the
spreading sequences for different paths of a given user are
shifted with partial overlap (i.e., with zeros preceding the
shifted sequence). The resemblance of Fig. 3 to Fig. 2 but-
tresses the analytical results in Section III-A1.

B. Multiantenna

In these numerical results, , , (number
of antennas), and (number of stages) are used. The
received amplitudes ’s are independent Rayleigh random
variables, and for a given , are identically dis-
tributed. The distributions across users have different second
moments (powers) and are chosen so that the powers of the in-
terfering users are 5 dB higher than the desired user. From Fig. 4,
we can see that the performance of the asymptotic reduced-rank
receiver approximates that of the reduced-rank receiver using
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Fig. 4. Multiantenna: N = 32, K = 65, L = 4, D = 6.

Fig. 5. Uplink MC-CDMA: N = 64, K = 33; and D = 3.

actual weights and the maximum loss in the output SINR is less
than 1 dB for the input SNR considered.

C. Uplink MC-CDMA

In these results, the transmitted amplitudes of the interfering
users are uniformly distributed and the interfering users have
the same transmitted power as the desired user on average. The
fading experienced by each user is zero-mean independent
across and across different subcarriers. The lim-
iting empirical distribution of is a Rayleigh dis-
tribution with unit second-order moment, and a three-stage re-
duced-rank receiver is used in the simulation. We point out that
significant gain in the output SINR of the reduced-rank receivers

can be achieved if more stages are used. In Figs. 5 and 6 we see
that the performance loss due to the use of asymptotic weights is
small for the input SNR considered. Moreover, the performance
gap between the upper two curves in Fig. 6 is smaller than that
in Fig. 5. This suggests that the performance of the asymptoti-
cally weighted reduced-rank receiver converges to that of the re-
duced-rank receiver using the actual weights in a large CDMA
system.

D. Downlink MC-CDMA

The power profile of the interfering users and the number of
stages are the same as in the uplink case. The fading coefficients
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Fig. 6. Uplink MC-CDMA: N = 128,K = 65, and D = 3.

Fig. 7. Downlink MC-CDMA: N = 32,K = 17, D = 3.

are complex Gaussian zero-mean and independent across dif-
ferent subcarriers with . The similarity of Fig. 5
to Fig. 8 is not surprising given the asymptotic equivalence be-
tween downlink and uplink. Figs. 7 and 8 present the same
downlink scenario with different numbers of users and different
processing gains, always such that . A compar-
ison of those figures also illustrates the rapid almost sure con-
vergence of the ’s to the same limit.

E. Downlink and Uplink Full-Rank MMSE

We compare the full-rank MMSE output SINR of the uplink
and donwlink MC-CDMA systems for and .
The power profile of the interfering users and the fading profile

of the subcarriers are the same as before. As seen in Fig. 9,
the difference between the two links is negligible in accordance
with Section IV-C.

APPENDIX A
PROOF OF THEOREM 1

The proof of Theorem 1 requires the following result [9,
Corollary 10.1.2].

Theorem 7: Let be an random matrix with inde-
pendent entries which are zero-mean and satisfy the condition

(87)
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Fig. 8. Downlink MC-CDMA: N = 64, K = 33,D = 3.

Fig. 9. Full-rank MMSE: N = 64,K = 33.

for some uniform bound . Moreover, define for each
a function as

satisfying (88)

and suppose that converges uniformly to a limiting bounded
function with a countable number of discontinuities.19 Then,
as with , for each the
empirical distribution (of the squared singular values) of con-

19The continuous assumption in [9] can be dropped following the method of
[14], [30].

verges a.s. to a nonrandom limiting distribution , whose
transform is

(89)

where satisfies the equation

(90)

for every . The solution of (90) exists and is unique in
the class of functions , analytical on and contin-
uous on .
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Here we note that the almost sure convergence of the empir-
ical distribution of can also be found in [14]. From this almost
sure convergence it follows that

(91)

(92)

Consequently, to prove Theorem 1 we need to prove the fol-
lowing equality:

(93)

with defined as in (16). To that end, let us notice that from
(90)

(94)

with a nonnegative real number and with and two fic-
titious independent random variables uniformly distributed in

. If we assume that also admits the following power
series in :

(95)

where , then, substituting (95) into (94), we obtain
(96) at the bottom of the page. Identifying and equating the coef-
ficients of every degree at either side of the equality, we obtain
(97) and (98), also at the bottom of the page, where we recall
that . From (89) in Theorem 7 we know that [40,
Remark 3.3.3]

(99)

where is a fictitious random variable uniformly distributed in
. Thus, represents the th moment of
.

APPENDIX B
PROOF OF THEOREM 2

The proof of Theorem 2 can be obtained following analogous
steps to the ones described in Appendix A using as a starting
point the following result.

Lemma 1: [34, Lemma 7] Let be an matrix as
defined in Theorem 7. Further define

with

As grow large with their ratio kept constant, con-
verges a.s. to a function that is the solution to the fixed-
point equation

(100)

with and two fictitious independent random variables uni-
formly distributed in .

APPENDIX C
PROOF OF THEOREM 3

Applying again Theorem 7 we know that the empirical distri-
bution of converges a.s. to the
nonrandom limiting distribution whose expression is given in
(89), (90). Consequently

(101)

(102)

(96)

(97)

(98)
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from which follows that in order to prove Theorem 3 we need
to prove that the th expected asymptotic moment of is
given by (25). For simplicity of notation we let

(103)

Consequently, the th expected asymptotic moment of is
as given by (104)–(108) at the bottom of the following page,
where, in (104)–(108), and are the th coefficients of the
diagonal matrices and , respectively, and represents the

th entry of .
From [25], we know that the only nonzero contribution

to (108) arises as follows: for a given partition of indexes
into disjoint subsets (recall that indexes

assigned to the same subset are identical in the summation,
whereas indexes assigned to different subsets are distinct), there
exists a good partition of into sub-
sets such that the product
is composed of modulo squares of random variables. Then,
we take expectation with respect to the random spreading
sequences. Considering the fact that each random chip value
has variance , we have (109) and (110), also at the bottom
of the page, where two partitions and are mutually good if
in

(111)

every ordered pair in the upper row is matched20 with exactly
one ordered pair in the lower row, and every ordered pair in the
lower row is matched with exactly one ordered pair in the upper
row.

20Two ordered pairs are matched iff the first indexes in both of them are in
the same set, and so are the second indexes.

The above matching ensures that no random variable appears
alone in the expectation, which would make the expectation
zero. If such a partition of exists, we call it a good
partition for the given partition of .

Suppose that the cardinalities of the subsets in are
, and the cardinalities of the subsets in are

, then (110) converges to

(112)
where and denote two random variables whose distribu-
tion is given by the asymptotic empirical distribution of and

, respectively, while is the number of disjoint subsets in the
partition.

To avoid cumbersome notations, is used to illustrate
the idea by which the convergence to (112) is proved. For gen-
eral , (112) can be proved by means of induction. Let ,

, , then .
According to (110) the contribution of is

(113)

(114)

(115)

(104)

(105)

(106)

(107)

(108)

(109)

(110)
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Since

(116)

(117)

(118)

because the first term in (117) converges to from the
convergence of the empirical distribution of , and
the second term converges to zero because

(119)

For the second factor in (115)

(120)

(121)

where (121) follows because the first term in (120) con-
verges to , and similar to (119) all the other
terms converge to zero. So the overall contribution of is

, which agrees with (112). For ,
all the other terms in (112) can be obtained by following a
similar argument.

Therefore, in terms of noncrossing partitions and the comple-
mentation map, (112) can be expressed as (122) at the bottom
of the page, where the coefficient

is the number of noncrossing partitions satisfying the fol-
lowing conditions:

i) the cardinalities of the subsets in are (in increasing
order) ;

ii) the cardinalities of the subsets in , which is the com-
plementation map (see [24]) of , are (in increasing order)

.
For given small and , the coefficient

can be obtained by enumerating the noncrossing partitions
that satisfy conditions i) and ii). To obtain an explicit ex-
pression for , we need to
solve the above combinatorial problem for general values of

and . This problem can be solved by the embedding of
noncrossing partitions into the permutations group. It was
shown by Biane in [2] that
represents the number of factorizations of a cycle of length
into a product of two permutations of respective cycle type

and . An explicit expression
for is given by

(123)

with and defined as in
(27).

APPENDIX D
PROOF OF THEOREM 5

Let us first consider the case , whereby
simplifies to

with and random diagonal matrices defined as

(124)

In this case, it can be easily inferred from [31, Theorem 1] (for
details see [36]) that the empirical distribution (of the squared
singular value) of converges a.s. to a nonrandom limit
whose transform is

(125)

where is the solution of the following fixed-point equa-
tion:

(126)

with and two independent random variables whose distri-
butions equal the almost sure asymptotic empirical distributions
of and , respectively.

Let us next focus on the more general case . First,
we consider the scenario where the entries of , ’s, are
random variables compactly supported and such that

for some uniform bound . Then, applying Theorem 7 we
have that, conditioned on , the empirical distribution of con-
verges to (90) with defined as in Theorem 7. Denoting

(122)
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by and two independent random variables uniformly dis-
tributed in , for almost all we can rewrite (90) as

(127)

with satisfying the equation

(128)

where is the variance profile of , conditioned on ,
and is defined as in Theorem 5.

The scenario where the ’s are noncompactly supported
random variables requires more care. Denoting by a finite
deterministic constant, let us consider the following truncated
random variables:

(129)

with as the indicator function. Furthermore, let be de-
fined as with

At this point, we invoke the following lemma.

Lemma 2: [41] Denoting by the empirical distribution

of , the variance of , conditioned on , satisfies

with . Moreover

(130)

with

and with

(131)

where the summation ranges over all -tuples
satisfying and , such

that the cardinality of the set of distinct values of plus the
cardinality of the set of distinct values of equals , and
such that there is a one-to-one pairing of the unconjugate and
the conjugate terms in the products.

Denoting by the expected th moment of from Lemma 2
we have that

(132)

Furthermore, using again Lemma 2 and following the same
steps as those given in the proof of [41, Theorem 1.1.4], we
finally conclude that

from which it follows that

(133)

where is the so-called D-metric (or Dudley metric) [7].
With that, we have proved that the empirical distribution of

converges a.s. to a nonrandom limit. Again, we can apply The-
orem 7 and find that, conditioned on , the empirical distribu-
tion of converges a.s. to

(134)

with satisfying the equation

(135)

where denotes the variance profile of , conditioned on
, as defined in (13) and (14). Taking the limit as we

have that, for almost all realizations of

(136)

where is

(137)

This, in conjunction with Theorems 1 and 2, concludes the
proof.

APPENDIX E
PROOF OF THEOREM 6

Since for are either finite order or infinite
order absolutely summable Toeplitz matrices, each of them is
asymptotically equivalent to a circulant matrix, which we denote
by [12, Lemma 4.6]. Consequently, it follows from [43, eq.
3.4] that as the Dudley metric

(138)

with

(139)

Write in its spectral decomposition

It is immediate that if is a complex zero-mean Gaussian matrix
with i.i.d. entries, then the asymptotic empirical distribution of

equals the asymptotic empirical distribution of

where the -dimensional vector is still com-
plex zero-mean Gaussian with i.i.d. entries. From Theorem 5 it
follows that the moments of and, consequently, of de-
pend on which is a function of the asymptotic empirical
distribution of that equals the (nonrandom) limiting distri-
bution of the squared singular values of [12, Theorem 4.2].
Theorem 6 then follows immediately if is Gaussian.
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(148)

In the more general case of non-Gaussian the same argu-
ments given in [31, Sec. 3] and [43] allow us to replace the as-
sumptions on the entries of by standardized (i.e., zero-mean
and unit variance) variables bounded in absolute value by a fixed
multiple of . Furthermore, again the same arguments
applied in [31] and [43] allow us, also, to replace with the
diagonal matrix whose diagonal coefficients are

with , from which follows,
where is the asymptotic empirical distribution of

with

(140)

and is the asymptotic empirical distribution of as de-
fined in (139). Therefore, to prove that the empirical distribu-
tion of converges a.s. to a nonrandom limiting distribution,
we need only to prove that has an empirical distribution
converging a.s. to a nonrandom limit. From (140), we have

We first prove that the th expected moment of admits
expression (38) before we prove almost sure convergence.

For convenience of notation, in the following we denote

Consequently, the th expected asymptotic moment
is as in (141)–(146) at the bottom of the page, where in these
equations and is the th entry of .
Moreover, denoting by the matrix whose th entry,

represents the th eigenvalue of , we have that

with the th entry of .
Let us now investigate all possible ways to partition indexes

into disjoint sets for . Indexes in the
same set remain identical in the summation and indexes in dif-
ferent sets remain distinct in the summation. More precisely, we
decompose the summation in (146) into three terms

(147)

with

where the summation is as in (131). Since is the th entry of
, (148) follows (see the top of the page). Consequently,

(141)

(142)

(143)

(144)

(145)

(146)
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using (147) and the fact that ’s are independent and zero-
mean, it is easy to check by the following arguments analogous
to the ones in [41, Lemma 1.2] that

The assumption on of either finite order or infinite order
absolutely summable Toeplitz, implies that the eigenvalues of

(and, consequently, of ) are bounded. From this, thanks
to the truncation of and , and thanks to the structure of

, it follows that . Therefore,

(149)

with defined as in Theorem 6 and de-

noting the th expected moment of . From (149) it
clearly follows that, since for the case that is Gaussian the
limiting distribution of exists and its moments satisfy the Car-
leman sufficiency condition, the same considerations hold for
when the matrix is a matrix with i.i.d. entries arbitrarily dis-
tributed.

Finally, in order to prove almost sure convergence

for each as , we just need

which can be established following the same steps as those given
in [43].

Summarizing, we have proved that the transform of the
nonrandom limiting distribution (of the squared singular values)
of is given by (89) with satisfying

(150)

from which, following the same steps adopted in Theorem 7, the
expression of given in (39) follows immediately.

APPENDIX F
PROOF OF COROLLARY 4

Applying Theorem 7, the transform of is

(151)

where

(152)

with

independent across the users. Since the asymptotic empirical
distribution of does not depend on ,
using Parseval equality we have that

(153)
from which, invoking the fact that across users the fading coef-
ficients are i.i.d., it follows that the right side of (153) converges
to

(154)

with a random variable whose distribution equals the non-
random limiting distribution of
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