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Maximin Performance of Binary-Input
Channels with Uncertain Noise Distributions

Andrew L. McKellips, Student Member, IEEEand Sergio Verd, Fellow, IEEE

Abstract—We consider uncertainty classes of noise distributions Worst case power-constrained partial-band noise and multi-
defined by a bound on the divergence with respect to a nominal tone jamming for a variety of spread-spectrum transmission
noise distribution. The noise that maximizes the minimum error strategies are considered in [5]-[10]. Worst case amplitude-
probability for binary-input channels is found. The effect of . . f f . .
the reduction in uncertainty brought about by knowledge of @nd power-constrained interference for an additive Gaussian
the signal-to-noise ratio is also studied. The particular class of channel with intersymbol interference is considered in [11].
Gaussian nominal distributions provides an analysis tool for near- \Worst case power-constrained noise in “very noisy” channels
Gaussian channels. Asymptotic behavior of the least favorable js considered in [12] as an extension to [1]. A full solution
noise distribution and resulting error probability are studied in for this problem is developed in [13] for maximum-likelihood
a variety of scenarios, namely: asymptotically small divergence > P P ) S
with and without power constraint; asymptotically large diver- detection, where the least favorable noise distributions for
gence with and without power constraint; and asymptotically binary-input additive-noise channels with fixed signal-to-noise
large signal-to-noise ratio. ratio (SNR) are found for several performance measures.

Index Terms—Detection, Gaussian error probability, hypothe- An extension in [15] considers the zero-sum game between
sis testing, Kullback—-Leibler divergence, least favorable noise. ~communicator and jammer when the communicator transmits
an antipodal signal with pseudorandom amplitude pattern
known only to the receiver.

o _ In addition to, or in lieu of, a power constraint, a constraint

ADDlTlVE noise is most often represented by a fixedy, the proximity of the noise to a prescribed nominal dis-
random variable, typically Gaussian, modeling the joifihytion is interesting as it represents prior knowledge of
effect of such signal distortions as ambient channel noisge approximate behavior of the channel. Such knowledge
crosstalk, intersymbol interference and/or fading. In many gyailaple, for instance, in a channel subject to dynamic
Instances, h(_)wev_er,_lt may r_10t be feasible or desirable to rturbations, a system analysis which is computationally
the exact noise distribution; instead, there might be a classgfonsive, or a hypothesis test regarding the distribution of
noise dls'Fnbutu.)ns t_hat deser.ves analysis. channel noise which involves decision classes determined by
There is a rich literature in the area of worst case co roximity bounds. Consider, for example, a linear multiuser

strained noise .an.d mterfgrence analysis, covenng a Wigtector which mitigates multiple-access interference in such
range of transmission and interference strategies. For instance

worst case transition probabilities for a finite-input-alphabe Manner that the overall channel distortion, made up of
P h b .[gultiple—access interference and background noise, resembles

finite-output-alphabet channel are considered in [1], whi e _noise that would prevail in the absence of interfering

assumed knowledge of the noise moments is used to generate a o }
. T users but whose exact error probability is hard to determine.
maximum-entropy distribution in [2]. Most often, a peak or av: . . .
S : ) Such multiuser detectors have received much attention; for
erage power constraint is imposed on the noise or |nterfere%cne overview see [16]. In [17], a bound is obtained for the
and a worst case distribution is sought, either for guarante . o ' L
9 9 ullback—Leibler) divergence between the distribution of

performance quantification [3]-[13] or in the context of a zer . . : .
sum game formulation between communicator and jammlgluItlple—access interference plus Gaussian channel noise and a
[14], [15]. Worst case performance for power-constrain minal Gaussian distribution for the minimum-mean-square-
interference in a direct-sequence spread spectrum (DS/S@E?r (MMSE) linear multiuser d_e_tector. It begor_nes ofmtere_st,
system with Gaussian background noise and linear match&in: O study the error probability characteristics of the noise
filter detector is considered in [3], with an extension tG'ass defined by a divergence (proximity) bound. _
nonlinear detection considered in [4] for large spreading gain.WOrst case noise under constraints of power and diver-
gence was studied in [18] for a zero-threshold detector. In
this paper, we consider instead maximum-likelihood (ML)
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Fig. 1. Probability of maximum-likelihood detection error under various constraints.

Lagrange-multiplier optimization approach over fixed zerasymptotic behavior of the solution in a variety of scenarios.
threshold detection regions, such regions are unkrewmori  Section V presents a summary of the results.

in the ML detection formulation. Although zero-threshold de-

tection is optimal for the least favorable distributions obtained
in this paper, the least favorable noise distributions obtained
are different from those of [18], implying that the maximiny power and Divergence Constraints
problem of interest does not have a saddle point.

Fig. 1 depicts the worst case error probability for a binar)g.
input channel over a range &NRvalues, with each curve '
representing a distinct set of constraints on the noise. The curve Hy:Y =—14N
depicting standard Gaussian error probabilities corresponds
with the constraining of the noise probability density function Hyi:Y =+1+N (1)
(pdf) to zero divergence with respect to a nominal Gaussian

i . wWhere A/
The worst case power-constrained curve was obtained iBise. Fi
[13] and corresponds to a total relaxation of any proximitg :
constraint, including divergence. The worst case power- an
divergence-constrained curve depicts worst case ML detection 5 5 5
error probability subject to a finite, nonzero divergence-from- 0" = E[NT] = /_Oo @”fn(z) dz
Gaussian constraint and is based on the results of this paper.
As the divergence tolerance is decreased, this curve @md consider a class of pdf's constrained in power and diver-
proaches the Gaussian performance curve, which repres@gce with respect tgy. Within this class, we wish to find
a lower limit; as such tolerance is increased, the worst cagepdf fo which maximizes the ML probability of detection
power-constrained curve represents an upper limit, a resultesfor criterion

Il. WORST CASE NOISE FOR
MAXIMUM -LIKELIHOOD DETECTION

Consider the decision hypothesis test for the standard
nary-input additive-noise channel:

is a random variable representing additive channel
X a random variabl&/ with symmetric probability
8nsity function (pdf)fy exhibiting second moment

oo

Theorem 1. o0

In Section I, we develop an expression for the least Pur(fv)=3 / min{ fa(z — 1), fx(z + 1)} de
favorable divergence-constrained noise, both with and without o
a power constraint. In Section Ill we focus on the particular :% / min{ far(z), fa(z +2)} dz (2)
class of Gaussian nominals. In Section IV, we study the —o0
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corresponding to (1), where the random variaBlewith pdf The objective functionPy, is concave as demonstrated for
[ represents worst case power- and divergence-constraiaeg two pdf's f, f, and any0 < a < 1 by the following
noise. relationship:

The divergence of any pdfs with respect to a nominal
f]\" is defined by P]\'TL(afl + (1 - a)f?)

1 a
e == min{ o f1(x 1l—« T
Dillin) = [ ftayiog 200 o 3 [, minlafo) + Q-5

—o0 N afi(z+2)+ (1 —a)fo(z+2)} de
whenever fs exhibits absolute continuity with respect to a
f~, and is otherwise set by convention to infinity (see [19], > < / min {f1($)7f1(37 +2)} d
for instance); we takéog (-) to represent the natural (base 2 J-a
¢) logarithm. We assume, unless otherwise noted, that the l—a [°
nominal fx is symmetric continuous with support + 5 / min{ fa(x), fo(z + 2)} dx

{z: f(2) > 0} = (=a,0). = aPyr(f1) + (1 — ao)Pur(f2).
We note that the class of worst case candidate pdf’s is restricte
in support to the same intervgla,«) through absolute
continuity for any finite-divergence tolerance. Since any pdﬁé
with mass restricted to the intervél-1,1) exhibits zero ML
probability of error according to (2), the problem is triV|a
unlessa > 1. Relaxation of the continuity restriction ofty
is discussed in Section II-C.
Explicitly, the described optimization problem is given by

(Note that, as opposed to the divergence measure, concavity
not necessarily strict in the objective function.

The first observation about the solution set for (3) concerns
unlqueness of the solution. The proof is deferred to the
Appendix, along with the proofs for Lemmas 2-5, 7-9, 15,
16, and Theorem 1. For either of the inequality constraints
(5) and (6), the constraint will be considered active whenever
optimality of (3) is achieved only by a solution or solutions

[ = arg max Pur(fv) (3) for which the constraint is met with equality.
N

Lemma 1: Given a continuous symmetric nomingl with

subject to the constraints support(—a, a), the solutionf, to (3) is unique whenever the

a

divergence constraint is active.
Iar() de =1 @ g
vl The second observation concerns symmetry of the solution.
/ o* fn(w) dz <o () Lemma 2: Given a continuous symmetric nominal pflf
- with support (— , the solution f;, to (3) is symmetric
D(fullfx) 6 ©) Ppon () S0 B 15y

whenever the divergence constraint is active.
where, for a general séf and real-valued functiog(-) with
domain containingY’, we take arg maxy g(Y) to be any
y* in Y for which g(y*) > g(y) for all y in Y. Note that
the divergence tolerancé can take values ir{0, ) since
divergence is always nonnegative and the cése- 0 is
trivially realized by i, = fn.

We take all integrals to be with respect to Lebesgue meas
We also adopt the convention that any gdactually denotes
the equivalence class of all pdf's agreeing withup to a
set of measure zero, since such discrepancies affect nei
the objective function nor the constraints in (3). The ML {-Myz,—Myz+1,--+ , M,2}
probability of detection erroPyr.(fy ) achieved by the worst
case noiseV is often of as much interest as the form B
itself, and will be denoted by’y,. The augmented notation M, = [m_ 1]
fx x5 and Py s will be used to represenfy and Py,
respectlvely, whenever dependence on the nomfialand with o2 representing the noise power. It was additionally
divergence tolerancé deserve particular attention. shown thaﬂ’f‘ is a mixture of two equiprobable distributions,

An important observation regarding the optimization protene taking the valug; on the sparg lattice {— Mz, — M-+
lem (3) concerns convexity of the feasible set. Given ar®y---, M,:} and the other the valug, on the spart lattice
nominal fy and any two distinct feasible pdf'g, and fo, {-M,2+1,—M,2+3,---, M, — 1} wherep; > 0,ps > 0,
the candidate pdff; defined by and (M,2 + 1)p1 + M,2ps = 1.

_ We might intuitively expect the solutiorf, , , to (3) to
fo(@) = @ ful@) + (1 = @) fola), O<a<l approacW’fzv as we allow the divergence toléréfnce to tend to
clearly satisfies (4) and (5). Furthermore, the divergence funnofinity regardless of the prescribed nomirfal. However, we
tional D(:|| f~) is strictly convex (see [19, p. 30] for instance)immediately discount this tendency for nominals without mass

We now turn our attention to characterizing the conditions
under which the divergence constraint is active. The approach
we take makes use of the asymptotic behavior of the solution
fxns @S the divergence toleranéegrows unbounded, which
is of independent interest. The worst case power-constrained
solution corresponding to (3), without an imposed divergence

Whstraint (i.e., without reference to a nominal noise distribu-
tion), was shown in [13] to be realized by a probability mass
tfh unction P2} taking mass on the set

where M, is a positive integer given by
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at any of the points-M,2, —M_,> + 1,---, M,= since finite then, to analyze the counterpart scenario to Theorem 1, when
divergence requires absolute continuity of the worst case ghie nominal has suppoft-a,a) with a < M,-.

[ Wwith respect tof. We nonetheless expect the tendency Inthe case: < M-, itis clear that the finite support restric-

to hold for nominals with mass at these points, and prove tlien on f, derived from the absolute continuity requirement
following result in the Appendix. of the divergence measure becomes more restrictive than the
power constraint in (3) for large values @fHence, in order to
characterize the asymptotic behavior of the solution, we make
use of the upper bound on performance provided by worst

Theorem 1: Given a nominalfy with second momens?
and support(—a,a) where

a> NW—H case amplitude-constrained rather than worst case power-

constrained noise. Such a problem was studied in detail in [21],

the solution to (3) satisfies where it was shown that worst case amplitude-constrained
_ o noise for an amplitude boundis achieved by a clas§t(a) of
611_{20 FN,N,(S =1L “picket-fence” distributions consisting @fperiodic pdf's (i.e.,

periodic with period2) with support restricted td—a, a] and
where Fg  ; and F2Y" represent the cumulative distributionwhich satisfy the requirement that every interval of positive
functions of f \ s and P2, respectively, and where themass exhibit|a] 4- 1 periods. Such distributions collectively
limit corresponds to convergence in distribution, defined tgxhibit ML probability of detection errota]/(2(|a]| + 1)),
pointwise convergence everywhere except perhaps at poiptsviding an upper bound for the problem at hand. This result
of discontinuity. leads to the following characterization.

Theorem 1 demonstrates convergence in distribution of
worst case power- and divergence-constrained noise to war,
case power-constrained noise with growing divergence toSI-
erance for pdf's with sufficient single-interval support. It is a<[V302+1-1]
worth noting that the result can be easily generalized to . ,
encompass all nominalgy with second moment? and there existsdy ,2 < oo such that the set of solutions to (3)

support that includes intervals of positive measure arouff's Within the classM(a) for all 6 > éy 2.

temma 3: Given a continuous symmetric noming with
ond moment? and suppor{—a,a) where

each of the points-M,2, —M,2 41, -+, M,> whereM,> = Armed with a description of the limiting behavior @, s
[V302 +1—1]; this is the most general class of nominal pdas § — ~o, we now characterize activity of the divergence
for which the result holds. constraint by making use of the convexity of the feasible set.

The class of nominal pdf's treated in Theorem 1 encom- . : , 2
passes most typical channel models, since channel noise iséMma 4: Given a nominalfy with second moment
most often assumed to have a symmetric pdf with infini@d SUPPor(—a, a), activity of the divergence constraint (6)

support, for instance a Gaussian distribution. Moreover, I} the optimization problem (3) satisfies the following. If
. ) A o V302 ¥ 1— i int is acti
we consider nominals with finite support and satisfying thig> [V39” +1—1], the divergence constraint is active for all

typical additional assumption of unimodality, where we takg If @ < [v30% 41 — 1], the divergence constraint is active

any symmetric pdff to be unimodal if f(z) is monotone 1OF @l & < én o2 where
decreasing forr > 0 in accordance with [20, p. 158], then Oy o2 = min D(fallfn)-
asymptotic behavior of those nominals with suppGfi, a) fveM(a): f_aa z? fi (z) dz<o?

h falls in th t . . .
Wherea Talls in the se The standing assumption throughout that the nominal pdf

g [j i \/m) fn has support on the whole interv(aJra, a) holds for typical
= ’ channel models and is conducive to the development of general
- results. Indeed, asymptotic behavior of worst case noise and a
is also governed by Theorem 1, justification stems from tleharacterization of activity of the divergence constraint have
observation that the second moment of such a distributiontisen established for such nominals earlier in this section. In
bounded above by that of the uniform distribution over thihe unusual event that the support of the nominal cosists of

interval [—a, a], given by a?/3, while disjoint intervals (requiring, for instance, that the nominal pdf
not exhibit unimodality), and for which the transportation of
[V3(@?/3)+1-1]=[va*+1-1]<a negligible quantities of mass in order to form a single interval

of support as discussed above is not warranted, the following

for all ¢ in S. Nominals which do not fall into the class . S . .
. - gbservation can aid in simplifying the analysis of worst case
governed by Theorem 1 can be subjected to a negligi 8i plifying y

. X " ise.
perturbation by transporting small quantities of mass to form
new intervals and/or tails in order to construct a new nominal Lemma 5: Any solution to the optimization problem ob-
which does. An exception to this idea arises when intervdgined by replacing the divergence constraint (6) with the
of zero mass in the pdf represent intentional restrictions earresponding equality constraint
potential noise values; for example, the choice of a nominal _

: : e - D(fxllfn) =46

f~ with mass restricted to a finite intervet-a, a) effectively
constrains the candidate noise in amplitude. It is of intere#d, also a solution to (3).
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Lemma 5 permits a simplified analysis using LagrangeC ={z € (—a,a): fa(z —2) = fx(z)}
multiplier techniques even in cases where the divergence | {z € (=a,a): fn(z) = falz+2)).

constraint is not necessarily active in the optimization problem . .
y P P Now further categorize the sétby defining forn = 2,3, - --

(3).
The next observation concerns continuity of the solution. C, ={z € C: far(z — 2n) < far(z —2n+2) and
Lemma 6: Given a continuous symmetric nomina{ with fn(e=2n+2)=fx(z —2n+4) = = fn(a)
support(—a, a), the solutionf, to (3) is continuous whenever and fa(z) > fav(z+2)}
the divergence constraint is active. Cp ={z €C: far(z —2n) > fr(z —2n+2) and
Proof: This result is shown to hold in the Appendix for Fo(@—2n42) = farla = 2n+4) = = furla)
nominals fx and values of for which there exists®), > ¢ A A TN
such that and fa(z) < far(z +2)}
L _ .
Par(fins,) > Pan(fans)- Ci={z €C fwle —2n) < fw(z =2 +2)
According to Lemma 4, such is the case for all values’ of =@ =2+d) = = fy(@) < Iz +2))
whenever > M,=, and for allé < éy ,2 whenever < M,-. CR={z e fxv(z—2n)> fa(z —2n+2)
Since the divergence constraint is inactive for @i éx 2 =fulz—2n4+4) = = fa(z) > f(z +2)}

whenevera < M,2, the result is therefore shown to hold . o )
under the given assumptions except perhaps in the partictédf the limiting conventions

casea < M,2,8 = Sy 2 for which the result is shown to CL={zeC: fxx+2)> far(x) =0
hold in Section IV-D. u =fuz—2)= fn(z—4) =}
This result will prove useful in characterizing the form of CE ={zcC: fy(z—2)> fa(z)=0

f % once a piecewise description has been established in a later . . .

result. We can further conclude from the proof of Lemma 6 = I +2) = vzt =

that there exists a continuous pdf among the solutions to (3) Coo ={z €C,2 €[0,2): - = fi(r-2)

even when the divergence constraint is not active. =frv(z) =0=fn(z+2)=---}.
Equipped with Lemmas 1, 2, 4, and 6 characterizing worst For example, any Gaussian nominal pdf with mean

case noise for continuous symmetric nominals with a Singé?(hibits the sup;port decomposition

interval of support, we now concentrate on developing a more

detailed description of worst case noise. The following result A=(—oco,p—1)U[p+1,00)

for symmetric unimodal nominals provides some insight into B=[p—-1,p+1)

the form of worst case noise, in addition to providing the basis, h all oth bei h d .
for a subsequent result characterizing activity of the pow tJt all other ;ets eing emp.ty. T € support decomposition
constraint. or the pdf depicted in Fig. 2 is given by

Lemma 7: Given a symmetric unimodal nomingly, the Ca=[5/2,7/2),C =[0,1/2) U [3/2,2)
zero-threshold detector is an ML detector for the worst caggth all remaining sets empty.
noise pdf f. Denote byA the collection

Note that unimodality (')ffjlq,’!\,jé i.s not a necessary impli- {A,B,B, 62,52,C§,C§,Cg,53,6§,c§, .
cation of Lemma 7. Nor is it implied that the zero-threshold _ o .
detector falls in the ML class for all candidate noise distrioidnd by 7 the set of pdf's which exhibit the decomposi-
tions for (3), but does so for at least the nominal and woréen A. Note that, while the collectiof A, B, 5,C} forms
case distributions. a partitioning of the support—a,a), for nonemptyC the

We now turn our attention to characterizing the worst cag@llection A does not. However, any candidafg is com-
pdf f5, making use of the results developed thus far. Rletely determined by its speglflcagon over, the setddds a
Lagrange-multiplier analysis similar to that carried through ifgsult of the definitions ot’,,C,,,C;, andC;". The purpose
[18] would be feasible were it not for the nonsmoothness 8f this construction is to restrict attention to the subset of the
the min{-,-} functional in the objective function (2). suppo_rt(—a, a) _overwhich the objec_tive function is smooth by

The form of (2) suggests the following partitioning of thedr0UpPing the singular points for which fi(x) = fx(z - 2)

support(—a,a) of fy given any candidate pdfy- or f/\((a:) = falz + 2) (i_.e.., those s _in C) in .order to
submit to a Lagrange-multiplier analysis. There is no loss of

A=Az € (=a,0): fx(z -2) < fn(z) < fw(e +2)} information in this grouping since the grouped points are fully
U {z € (—a,a): fav(z —2) > fv(z) > fv(z+2)}  reconstructable by the definition determining their candidacy
B={z € (—a,a) fn(z —2) < fa(z) and for grouping; for instance, knowledge ofy(x) over the
9 set C,, completely determinesfy(z) for all = for which
In(@) > fnle +2)} x+2i € Cp,i =1,2,---,n—1. This permits full expression of
B ={x € (—a,a): fx(x —2) > fa(z) and the objective function (2) and the constraints (4)—(6) over the
In(z) < far(z+2)} sets of A. Using this idea, the original optimization problem
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(3) can be written in a decoupled form. In this framework, the
worst case pdf, is the (not necessarily unique) pdf for which

PuL(fy) = max Pu(fa)

= max max Py
1§ f}\"é]:A ML(fN)

where

A
Palt) =4 [ fwte)dot [ vty o
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oo

+> e ueruerue, (@)

n=2

=0

where 1y () represents the indicator function for the 3ét
Recalling Lemma 5, which allows for the substitution of
an equality constraint on divergence, the worst case fpdf
reduces without loss of generality to the parametric form

1 Chbifg(z), zeA
+ 5 n—1 In(z) do LINAS
2 ,; [( ) C. (=) kofx (), rebB
kOfN(x)v reb
+n / fa(x) dz n—1 *
L R .
cruck k, <H Il — 2z)> ;
1=0
n+1) /a I dﬂ«"} 2 €Cnn =23,
) . frlx)=q  /n-1 w (11)
subject to the constraints En H felz=2)1 ,
/ fN(ﬂU)dﬂU‘i‘Zﬂ/ fnv(z)de =1 xe@n,?:z:s,...
AUBUB 2 C,UC, UCLUCE n—1 n
(8) k:(H fyle=20))
1=0
/ () do { r€CLUCR n =23 ...
AUBUB
o0 nl where
+Z/ Zx—% (z) dz < o .
n=2 UG UCHUCE i © fa(z) = Cfy(z)e™ (12)
Iv(x) g and wherec, C, ko, ko, k1, ka2, k2, k3, k3, k3, k%, -+ are con-

/AuzsuE Iv(z)log fN(a:) stants. Note that the constafit does not represent a degree
1 of freedom as it is determined by the value ofand the
+ Z / f/\/(w) log fN—(“’) dr  constraint thatfs have unit integral. We will refer tgf5y as
C,UC, UCLUCE I (@ —24) thevariance-scaled nominalorresponding to the nomingl.
< 6. (10) Of note is the fact that any specification of any one of the
multiplicative constantsy, k1, k2, k3, - - - fully determines the
The worst case decomposition represented by the ougghers through continuity whenever the divergence constraint
optimization of (7) corresponds to an optimal choice of & active according to Lemma 6.
set of labelled intervals within the support. The Lagrangian In turn, the single remaining degree of freedom is fully
associated with the inner optimization of (7) is given by  determined by the constraint (8). Hence, the optimization prob-
lem (7) has been reduced to the determination of an optimal
L(w; [N Ay Axs A2, As) value ofc and an optimal support decompositian Our goal
=1 1a(z) + 15(2) is to reduce the choice of labeled intervals representirtg
1] & one parameter, yielding a parametric expression for the worst
+ 3 Z ((n = Dle,(x) + nlerucs(w) case pdffs with two degrees of freedom associated with the
constraints (9) and (10). This desired reduction is the result
+(n+ 1)1z (2)) of the following Lemma.

o Lemma 8: Given a continuous symmetric unimodal var-
+ A1 =(z) + nl = (x . . . g
1< ausUE() 2_22 c,uepucue, )> iance-scaled nominafy with support(—a, ) and satisfying

+ o <a: 1 osE(® +Z le, ueruen e, () fatn+m)fa(n=—m)> fy(n+m)fr(n—7) (13)

- n=2 for all integersn € (—a,a) and all
)2
-;(a:—QL) ) 0< 7 <79 < min{l,a—|n|}
NEpW <1AUBUE($) + <1 +log fN(x)) the optimal form of support decompositiaghin (7) is com-
fn(z) pletely determined by a single parameteg (1,a) whenever
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fN(x)“o.s

To.2

To.1
1 [ 1 ] L 1 l ]
I 1 L] T T 1 T 1
-4 -3 2 -1 £ 0 1 2 3 4

-
Ce, C,. Cy

Fig. 2. Example of a pdf exhibiting support decompositidn = [5/2,7/2), Co = [0,1/2) U [3/2,2).

the divergence constraint is active, and is given by

Theorem 2: Given a continuous symmetric unimodal hom-

inal fx with second moment? and suppor{—a, a), where

_ {'Av B,C }7 |_-TJ 1
A= { {4, CN726N+1}7 lz] =2 (14)
where (ofs(@),
A=(-a,-T)U[T,a) =) -1
B=[-2+7,2-7) |z) =1 kLﬂ(E)
x

[-
Clo) =[T—2,2[x] = 7), [x] > 2
[

Claj41 =2lz] = 7,7), [z] > 2. L=)

eithera > [v302 4+ 1 — 1] or botha < [v/302+1 -1 and
6 < én 2, and satisfying (15), the solution to (3) is given by

|z] > =
=]
fr(z — 2§ ,

€z -2,2|zZ] -7

1
]+t
)

. o Folz) =1 FEn (H fn(z = 20)
Note that the worst case pdfy is 2-periodic within the i=0
interval [-Z, T). x € [2|F| - 7,7]
An important observation is that if [+ 20),
x+2i€[z—22z] -7,i=12, -,
Intn+m)fn(n—71) > fn(n+1)fn(n—72) (15) |z] -1
fN(a: + 2i),
for all integersn € (—a,a) and all L x+2i € 2[z] -7,7),i= 1,2, -, | T]
17)
0< 7 <72 < min{l,a—|n|}
wherez € (1,a) and
then condition (15) holds for ali;. Condition (15) amounts to
a weak form of local log-concavity about the integers. Clearly, Folz) = CfN(x)e—cazz (18)

a sufficient condition for (15) is provided by the stronger
requirement that

C being chosen to makés a proper pdf.
Proof: The result follows directly from (11) and Lemma
O

The closed intervals in (17) are validated by the continuity
Lemma 6, which further determines that

In@+m)fnz—n)> fn@+n)fv(z—m)  (16)

8.

for all z € (—a,a) and all

0<m<mm<a—|z|

which is equivalent to the requirement th@at be strictly log-
concave over its support. This provides an easy check for many
nominals, such as Gaussians.

Combining our previous analysis with Lemma 8 produces
the following theorem characterizing worst case power- and
divergence-constrained noise for ML detection.

kiz) =kofx(@ (

kizj+1 =kofy(@ (

L=

HfNa:—2L

L=

HfNa:—2L

(19)

~E
. (20)
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The constraint (4) and Lemma 2 in turn determine that
~ s ([
2fx () &
=) 2\ EE
< — 2
1=0

ko

[ (@ —20)
I e CEr VA
o [T es) e
-1
“ fal2)
+ A fﬁ ® da:} . (21)
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andé > 6y ,2, worst case noise falls in the clagg(a) and
exhibits

Py = la]/(2(la] +1)).

It is interesting to note that, according to Theorem 1, the
worst case noise pdf governed by Theorem 2 should converge
in distribution to the worst case power-constrained distribution
FZY as the divergence tolerance grows unbounded. It is
clear from (17) that, as the constanttends to infinity,
all mass associated witlfiy, tends to the integers, directly
implying convergence of the distributiod’s, to F2V by
Lemma 9 and the fact that the unique symmetriperiodic
probability mass function with second momextt and taking
values on the integers is given 1>}, While this suggests

Straightforward computation yields for divergence the expre@- Straightforward approach for verification of the required

sion

D(fy

In) =D(fgllfx) +1logC = co?
+2(|7] + 1)A|_5J+1 10gkL£J+l +log C — co?

Ag = /_a fr(x) dx

2|7 %
Az = /_
1)1

Jx(x) dz

Azl = /m fi () da (22)
and for the second moment ¢f, the expression
E[N? =2By + 2Bz + 2(|%) + 1)B|z) 11
L 2el - 1)L§J(LfJ +1) Ay
AEE DD
By = /_a 2% fr(z) do
Bz = /xQLM< (7] = 1)) d
= = LE_J_I x x a\x) ax
Biajss = /m (e = [7))2f5 (@) do. (23)

convergence, it is unfortunately not immediately apparent how
to establish the implication that must tend to infinity as
grows unbounded. Hence, we dismiss a rigorous verification
in favor of this intuitively satisfying observation.

Theorem 2 and Lemma 7 together lead to the important
observation that there is no saddle point in the two-person
game between unconstrained receiver and noise constrained
in power and divergence. This conclusion follows directly
from the uniqueness of the worst camo-thresholdoise pdf
determined in [18] and its discrepancy from the worst case pdf
given by (17), for which the zero-threshold detector is an ML
detector according to Lemma 7. Such a discrepancy demon-
strates that when the maximin receiver is fixed, the maximin
noise distribution can be perturbed within the constrained class
to increase detection error probability, implying that a saddle
point does not exist.

B. Divergence Constraint

For channels wherein the class of noise under consideration
lies close to some prespecified distribution, but without neces-
sarily exhibiting limited power, worst case ML divergence-
constrained noise is the performance-characterizing distri-
bution of interest. This problem corresponds exactly with
the optimization problem (3) of Section II-A except for the
dropping of the power constraint (5), leading to an enlarged
feasible solution set and a somewhat simpler analysis.

The worst case divergence-constrained ndvsexhibits the
pdf f4 satisfying the optimization problem

Finally, the constantg and z are determined, respectively,

by the relationshipsD(f
E[N?] = 02 via the following result.

Lemma 9: For those nominals satisfying the conditions o?
Theorem 2, the power constraint (5) is active in the optimiza-

tion problem (3).

The worst case ML probability of detection error associated

with f is given by

PN = / fN(a:) dx
1
according to Lemma 7. In the case

a<[y3024+1-2

fn) = 6 via Lemma 4 and

Py = arg max Purn(fa) (24)

ubject to the constraints
" ) de =1 (25)
DGl <5, (26)

We denote byP; the achieved worst case ML probability
of detection errorPyr.(f5), and use the augmented notation
fin s and Py s to represent ;- and Py respectively when-
ever doing so makes for a clearer analysis.

By ignoring all aspects of the proofs of Lemmas 1, 2, and
5-7 associated with satisfaction of the power constraint (5),



McKELLIPS AND VERDU: PERFORMANCE OF BINARY-INPUT CHANNELS WITH UNCERTAIN NOISE DISTRIBUTIONS 955

we obtain directly that each of these observations holds foo#interest. Again, we form the support decomposition
divergence-constrained analysis as well. Hence, we have the = . = -
g Y A:{’A7B767627627C§7C§7C3vc37C?{lvcgzv'"}

following:

as in Section II-A, and define the clagg of pdf's exhibiting
the support decompositiof. Then f is the (not necessarily
unique) pdf for which

Lemma 10: Given a continuous symmetric nominal pd
Jn with support(—a,a), the solutionfy to (24) is unique
whenever the divergence constraint is active.

Lemma 11: Given a continuous symmetric nominal pti Pur(fx) = mix nax Pur(fn)

with Squort(_C.L’ a), the solutloan _to (24) IS symmetric subject to the constraints (8) and (10) but not (9). Taking into
whenever the divergence constraint is active. . L
account Lemma 12, a Lagrange-multiplier analysis yields for
Lemma 12: Any solution to the optimization problem ob-worst case noiséV the form

tained by replacing the divergence constraint (26) with the (b f (), re A
corresponding equality constraint ko fn (), reB
kofn s €B
D(fvllfx) =5 27) ofnla),  weB
is also a solution to (24). kn<H In(z - 2i)> ,
Lemma 13: Given a continuous symmetric nominal pfk - 2 €Ch,m =23
with support(—a, a), the solutionfy to (24) is continuous  fy(z) = n—1 * (28)
whenever the divergence constraint is active. E(H In(z - 2L)> )
Lemma 14: Given a symmetric unimodal nomingly, the = el n=23
zero-threshold detector is an ML detector for the worst case _— NE
noise pdf fz. ke <H e — 2i)> 7
The previous treatment concerning characterization of ac- i= {
tivity of the divergence constraint in Lemma 4 doest carry \ z€CyUCHN=23, -

over to the present analysis, primarily due to the geneighereky, ko, k1, ko, k2, k5, ks, k3, k3, - - - are constants.
discrepancy in asymptotic behavior of worst case noise withThe form of support decompositioh can again be sim-
and without a power constraint for large values of divergen%ﬁed using Lemma 8 for the class of symmetric continuous

tolerance. The proof of Lemma 4 makes use of the UPPgRimodal nominals satisfying condition (15), leading to the
bound on worst case power- and divergence-constrained NQiSifowing result.

provided by the worst case power-constrained distribution
FEZV developed in [13] as well as the worst case amplitude- Theorem 3: Given a continuous symmetric unimodal nom-
constrained clasd1(a) developed in [21], depending on theinal fx with support(—a,a) and satisfying (15), the solution
relationship between the quantitiesand [v/302 +1 — 1]. to (24) is given by

While worst case power-constrained error probability does not ( kofn(2), 2| > 7

provide an upper bound on achieved error performance for the
optimization problem (24), worst case amplitude-constrained
error probability does so for nominals with finite support. For
nominals with infinite support, for instance Gaussian distribu-
tions, neither quantity provides an upper bound, necessitating
a separate analysis.

|z]—1 ﬁ
kLﬂ H fN(a: - 2i) s
=0
zez-22z] -7
|z =1+

fo(@) =< FlEl+ I fv(z —20) ;

Lemma 15: Given any nominal f5 with finite support ‘ i=0
(—a,a),a < oo, the divergence constraint (26) is active for x € 2|7 - 7,7]
all § < 65 where Frlx +2i),
) x+2iez-227 -7,i=1,2,--,
on = o D(fxllfn)- 7] -1
. fﬂ’(x + 2L)7
The actual value oby and asymptotic form off \ , { c+2e2@]-77,i=1,2-,|F
are given detailed attention in Section IV-E. For nominals (29)

with infinite support, we make the following more general

observation concerning activity of the divergence constraintvhere € (1,a).

. . L Proof: The result follows directly from (28) and Lem-
Lemma 16: Given a nominalfy with infinite support, the ma 8 O

divergence constraint (26) is active for all valueséof

Analysis of the general form of;; is very similar to the = Care must be taken in characterizing activity of the diver-
support decomposition approach taken in Section II-A whegence constraint according to Lemmas 15 and 16, which is
the form of the solutiory, subject to a power constraint wasof interest in order to apply Lemma 13 to reduce the number
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of degrees of freedom associated with the weighting constattiisough bounded convergence that
in (28) and (29). If the nominafy has infinite support, the

divergence constraint is active, as is the caggithas support lim (@) de = fo(z) dx
(—a,a),a < oo and§ < §y where T e —a
. lim / 22 fo (z) de = / 22 fr(z) d
6y = min D(fxllf) dm | gl @)
faeM(a)

Jim D(fg,llf5) =D(frllfx)
a quantity whose evaluation is discussed in Section IV-E. In lim Pur(fc,)=PuL(fr)
1—00 ’ Nyl ™ ’

either of these cases, the continuity Lemma 13 determines that

yielding the desired result;, = fr.. Coupled with the strategy

for treating nominals with support over disjoint intervals
kz) = kofn(T) H In(T = 20) discussed above, this procedure allows for application of the
results of Section II-A to any symmetric nominal pdf. This
procedure clearly extends to the case of unconstrained power
as well, allowing for the application of the results of Section
[I-B to any symmetric nominal pdf.

|z] - L%_J

and

1
& AR

kizj+1 = kofn(T) H In(T — 2i)

Ill. GAUSSIAN NOMINALS

_ _ . . An analysis of near-Gaussian channels is performed by
which, along with the fact thaf; is a proper pdf, determine specifying a Gaussian pdf for the nominal centering the

that divergence-constrained candidate class of worst case noise
- distributions. Such a specification encompasses models incor-
ko = ;_ (|z] +1) / porating an ambient Gaussian noise channel subject to interfer-
2fn(Z) & ence, jamming, or any general contamination satisfying a prox-
=) EaEY imity (divergence) bound. In this case, the divergence-from-
H In(z — 2L) e Gaussian constraint provides a measure of “non-Gaussianness”
In(@ —20) as defined in [17] and [22].
1
Iz]-1 [l=]-1 v (@ — 20) =T A. Power- and Divergence-from-Gaussian Constraints
+ 17 / H In@E—2—2) dw Assume the nominal nois& is a zero-mean, varianee*
Gaussian random variable, denoted/y0, 02). The nominal
@ ) } ! pdf fu0,02)(x) then takes the form
+ — d,
s fn(@) 1 T
I, () = i (;)
Finally, T is determined in the case of an active dlvergenceh
ere
constraint by setting . .
= 2
Ia@) o= ¢
fN( ) lo, der = 6.
—a fN( ) is the standard Gaussian pdf. Given this prespecification, worst
case power- and divergence-constrained ngigetakes the
C. Nominals with Discontinuities form (17) according to Theorem 2. Direct substitution in (18)
The majority of results developed thus far assume that tM'eG'dS
nominal noise pdf is continuous symmetric with support over V14 202 _<2as2e0?
a single interval(—a,a),1 < a < oo. The relaxation of the fy(@)=—F=—c¢ 27

. . .. 2o
support assumption through transportation of negligible quan-

tities of mass was discussed in Section II-A. Here we discu§ote that the variance-scaled nominal is a Gaussian pdf

the relaxation of the continuity assumption by introducing \ghenever the nominal is Gaussjamith second moment given

simple procedure for treating nominals with discontinuities. by 7> = o*(1 + 2¢o?)~*. Direct substitution also shows that
Given a bounded symmetric nominal pdf, with sup- the geometric mean appearing in (17) takes the form

port over an intervall—a,a) (where a need not be finite)

and a countable number of discontinuities, consider any se- ) e 52 (=152

quence {fn;}22; of bounded continuous pdf's satisfying H fr (e —20) = e =

limi—o fn: = fn, €ach exhibiting a bounded worst case =

power- and divergence-constrained [fgf; determined by the

analysis of Section II-A. Defing;, = lim;_, oo fN . and note

1
17 FF _mgEin

corresponding to a weighted/(|z],72) distribution. This
demonstrates that the worst case pdf is made up of a mixture
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of truncated variance® Gaussians. For fixed and 7, the +2(|7) + Dzt A
solution takes the form =
o [Zl(Z] +2)
(ko _ =2 et 3
5 e 257 |z] > T
o _ 1 Z o _ &2
= —1_233 +1 B ) x | = — = — 252 35
e (-o(2)- 4] o
\Zur _ _, _. through (22) and (23), making use of the identity
x €T —2,2\7]| — 7]
_EIEl4 o0 P 2
() =<4 kz 652 _=lED? 2 =" ¢ 7 2
RCES L S | wewda= = 1o
frlx+ 25? for Gaussian pdf's. Finally, the worst case probability of ML
r+2€r—-22|7)-7],i=1,2---, detection error is given by
|z] -1 oo
fN(a: + 2i), PN = / fN(x) dx. (36)
| z+2iePE]-z3i=12,, |7 !

(30) Note that the expression (30) describes a worst case pdf
made up of &-periodic interval[-z, 7] with A(0,7?) talils.
The constant&o, k|7 andkz) 1, are given through (19)-(21) The interval[-Z, Z] consists of a symmetric mixture of trun-
by cated variance? Gaussians; each of the pointgz|, — | 7| +
o - 2,---, |7 centers a weighted variangé- Gaussian pdf trun-
ko :1 {(m + 1)@—% <1 - Q(g)) cated to an interval of lengtBz, while each of the points
2 o 2 o —|Z|+1,—-|F] +3,---,|ZT] — 1 centers a similar Gaussian
+ |z o R =) pdf truncated to an interval of length— 2i. The two degrees
1 14 1 of freedom corresponding to the parametric constanésd
. <_ - Q< — )) + Q(_)} (31) = are determined by the relation3(f || (0,0?)) = § and
52“ I o E[N?] = o2 through (34) and (35).
kLﬂ =koe~ 3572 (32)

_l=l(z]—1+32)
3%

| 5

k\z)41 = koe (33) B. Divergence-from-Gaussian Constraint

where = 7 — || and Q(-) represents the complimentary The divergence-constrained problem for Gaussian nominals
unit-variance Gaussian cumulative distribution function. THS 90verned by Theorem 3, which by direct substitution yields

divergence and second moment @, are given by the (€ form (30) fo_r2 worst2 case noise pdf with the simple
expressions modification thatz“ = o=. Following the analysis of Sec-

tion IlI-A and making the appropriate modification, worst

D(fx|INV(0,07)) case divergence-constrained noise for a Gaussian nominal is
T made up of a2-periodic interval [-Z,Z] with zero-mean,
= 2ko log kOQ(g) +2(7]kz) log kz) variances? Gaussian tails. The intervgt-z, 7] is made up
(Fl-n(FI4D) of a mixture of truncated variance* Gaussians; each of the
e S points—|z|, —|Z]+2,- - -, | Z] centers a weighted varianeé-
. [1 - Q<1 - “7)} Gaussian pdf truncated to an interval of lengthwherez =
2 a 7—|Z], while each of the points- |z| +1, |Z] 43, -, |T] -1
+2(7] + 1)k|z)41 log bz 41 centers a similar Gaussian truncated to an interval of length
_lEE (1 Z 2 —27.
€ o7 {5 _Q<§>} Fig. 3 depicts worst case noise for a nominal Gaussian
1 ) ) channel with SNR= 10 dB for a variety of divergence
+ 5 log(1 +2c0%) — co (34) tolerance values, with and without a power constraint.
Fig. 4 depicts similar curves for a channel with SNR

al| 9,

According to Theorem 1, the power- and divergence-

)} —8.45 dB. All peaks are piecewise weighted Gaussians.
constrained pdf's of Fig. 3 tend, @&sgrows, to a three-point

E[N?] =2k L;’;_W es5F +52Q<

T —)(|Z]+1

+2|Z|kz) ¢ 652 mass function with weight8.05 at the pointst = —1,1 and
L, (7] =17 +1) weight 0.9 at x = 0 as determined in [13]. Similarly, the
) [(0 + 3 ) limiting distribution of the power- and divergence-constrained

pdf's of Fig. 4 is given in [13, p.1502]. The worst case pdf's

1 1-2 - h )
X 3 - Q| — without a power constraint are made up of a mixture of
N R 7 piecewise weighted translations of the nominal Gaussian, with
_o(l-1%) 6—%} ML error probability tending to the upper bound bf2 with
Vv2r growing divergence tolerance according to the analysis of
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Fig. 3. Worst case ML noise pdf's for a Gaussian nominal, SNR10 dB.
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Fig. 4. Worst case ML noise pdf's for a Gaussian nominal, SMR—8.45 dB.
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Section IV-E. Of note is the increase in discrepancy betweenThis result provides for an interesting comparison with the
the worst case pdf's with and without a power constraimxpression
for growing divergence tolerance, an expected feature of the AP

T

enlarged feasible classes. i — L = 2(1 — 2
(}lir(l) Q- (1 2Q,, ) (37)

V5

found in [18] governing asymptotic behavior of worst case

) ) ) i “divergence-constrained error degradation for a zero-threshold
We are interested in studying the asymptotic behaviggtector. The implication is that, given a noise class falling in a

of worst case power- and divergence-constrained noise {Rfry small divergence neighborhood of a Gaussian distribution

Gaussian nominals as the divergence tolerance tends to zgrg. 4 quasi-Gaussian channel), there is no loss in worst case

Noting that the divergence between any two pdf's is zero ferformance incurred by using a hard-limiter in place of an
and only if they are identical (up to measure zero), this regy_ decision rule.

resents the scenario where a fixed-power noise class exhibits
near-Gaussian behavior. For instance, the performance o&a
multiuser communication system wherein the superpositiofi
of multiple-access interference and background noise displaydVe turn our attention to the analysis of worst case power-
quasi-Gaussian characteristics warrants such an analysis. and divergence-constrained noise for Gaussian nominals as the
. . ) ) _ noise power tends to zero. This represents a channel subject
Proposition 1: Given a N'(0,0*) nominal pdf and fixed y, hoise that may stray significantly from a nominal Gaussian
SNR, the_ worst case power- and d!verger)ce-constralned elif¥tribution, but is known to exhibit high SNR. The results
degradation satisfies the asymptotic relation pertain to reliable transmission applications where noise is
non-Gaussian.

IV. ASYMPTOTIC BEHAVIOR

A. Small Divergence Tolerance with Power Constraint

High Signal-to-Noise Ratio

1
2

i Py n(0,02),5 = Qo? _ \/Q 2(1-2Q,2) — € - Proposition 3: Given the class ofV'(0, %) nominal pdf's
6—0 Vb6 7 7 2702 parameterized byr? and fixed divergence tolerangg the
worst case power- and divergence-constrained ML error prob-
where@,: = (1/0) is the nominal ML error probability.  ability satisfies the following asymptotic relation (derived in

For a derivation, see the Appendix. the Appendix):
For high SNR channels, we see that P. _as
: o 1-—
lim A’N(g’ 8 _ © .
o2—0 g 4

PN7/\/(0702)7(5 jad QUZ + QUZ\/E"F O(\/S)
Such behavior is demonstrated in Fig. 1 where the

demonstrating that worst case error performance is sensitfigergence-constrained curve generated according to Theorem
to non-Gaussianness even when the receiver is allowed2tgxhibits a near-linear dependenceodrfor high SNR values,

optimally adjust to the noise distribution. with the ratio given approximately byl — ¢=2%)/4 ~ §/2
for small values ofs. An informative manner in which to

view this result derives from a comparison with worst case
power-constrained noise for ML detection and asymptotically
Consider worst case divergence-constrained noise forhigh SNR, shown in [13] to take the form of a probability
Gaussian nominal as the divergence tolerance tends to zerass functiorﬂ’fzv taking the values?/2 at the points+1
Such a scenario arises when, for instance, a decisionaisd the valuel — o2 at zero, achieving probability of ML
warranted as to whether a given unknown channel fits thetection errorPsy = 02/4_ Noting that Psy- corresponds
standard AWGN model. This decision is discussed as beigth P, N(0.02),5 when§ = oo, we have the result
reliably achievable in [23] given a large enough number of T
transmitted symbols and a stationarity assumption on the noise, Py N(0,02),5
where the associated hypothesis test is based on a divergence lim - ===
72—0 Py
thresholddy; given the hypothesis corresponding to a Gaussian PN,
fit, this threshold provides the appropriate divergence boupghnce the imposition of a divergence-from-Gaussian con-
for (24), making the present results of immediate interest faint results in a linear reduction in worst case power-

quantifying guaranteed channel performance. constrained error performance, the ratio being givenl by
Proposition 2: Given a A’(0,52) nominal pdf and fixed ¢~ whereé is the imposed divergence tolerance.
SNR, the worst case divergence-constrained error degradation

satisfies the following asymptotic relation (derived in th®. Large Divergence Tolerance with Power Constraint
Appendix):

B. Small Divergence Tolerance Without Power Constraint

=1-c%, (38)

02),00

In this section we analyze the behavior of worst case power-
p. _Q and divergence-constrained noise as the divergence tolerance
1i NN(0,02).8 2 _ 1-9 is allowed to grow unbounded, representing the scenario where

im Qo2 ( Qs2). . ( ting th
6=0 Vs the power constraint dominates the optimization problem (3).
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Proposition 4: Given a nominal pdf with second momenideveloped in [13] for nominals satisfying> [v302 + 1—1]
o? and supporf—a, a), the worst case power- and divergencewheres? is the power associated witfly, and by the worst
constrained ML detection error probability satisfies case amplitude-constrained solution developed in [21] for the
. 9K3 — 2K + 352 casea < [V306Z 41— 1_1. Based on this anal_ysis, activity of
lim Py ys= , the divergence constraint was also characterized. For unimodal
b0 o 2K(K +1)(2K +1) nominals, it was shown that the zero-threshold detector is an

- min{integersk: k(k+2) > 02} ML detect.or .forfN, a gseful property for both _qua}litative
3 and quantitative analysis. A piecewise characterizatiofiof
. was developed (11) along with a full expression (17) for
V302 — : o X -
if a > [V302+1~1] and nominals satisfying a weak local log-concavity condition (15),
p _ [a] a condition satisfied by strictly log-concave pdf's (for example,
NNs = 2([a] +1) Gaussians). In this case, the worst case pdf takes the form

. of a 2-periodic function over an interval-z,%z],7 > 1
for all 6 > éy,q2 if made up of piecewise weighted geometric means cgerived
[ 11 from the variance-scaled nominal pfi§ (z) = Cfy(x)e ",
s [V3o+1-1]. while the tails are simply weighted tails ofy. Through
For a derivation and additional asymptotic analysis, includhe demonstrated continuity dfy,, its parametric expression
ing an expression fofy ,2, see the Appendix. reduces to two degrees of freedom determined by activity of
the power and divergence constraints.

E. Large Divergence Tolerance Without Power Constraint ~ Worst case divergence-constrained noise was analyzed in

. . . ... Section II-B upon dropping the power constraint. Results

Channels subject to a large class of potential noise distriby- . .

. . . eveloped for the power- and divergence-constrained problem
tions centered about some nominal can be studied by characfer- . . L

- . . i concerning uniqueness, symmetry, and continuity were shown

izing the behavior of worst case divergence-constrained no|se, . :
. ) hold, along with results demonstrating ML performance of

for large values of divergence tolerance. This corresponds, o ;

: . LT . the zero-threshold detector. An expression for the worst case

the scenario where the noise distribution is derived from a pr{]a-

o . . : I ivergence-constrained noise pflf was developed (29) for
specified nominal by some perturbation which can S'gmﬂcamr}/omigals satisfying condition (g‘%f) displaying t?\e sf’:lm)e form

as worst case power- and divergence-constrained noise upon
Proposition 5: Given a nominal pdffx with finite support substitution of the nominafx for the variance-scaled nominal
(—a,a), the worst case divergence-constrained ML detectigfy.

affect the noise characteristics.

error probability satisfies In Section II-C, we lifted the technical assumptions on
L] continuity and support, thereby extending results to symmetric
Py ns = m nominal pdfs.
The important particular class of Gaussian nominals was
for all § > 6x. Given a nominalfx with infinite support analyzed in detail in Section Ill. An expression for worst
] L case power- and divergence-from-Gaussian-constrained noise
511—{20 Py ns =3 was developed (30) along with an expression for worst case

I . . . robability of ML detection error (36). The scenario without
. For a denvat!on and additional asymptF’“C analysis, InCIu‘g'ower constraint was analyzed in Section IlI-B. It was found
ing an expression fobyy, see the Appenaix. that the form of worst case noise is significantly simplified in
this special case.
V. CONCLUSIONS In Section 1V, the behaviors of worst case noise and worst
In Section |, a class of noise pdf was defined and méase probability of ML detection error were characterized for a
tivated for binary-input channels based on constraints &@riety of asymptotic scenarios. For Gaussian nominals subject
power and divergence from a nominal noise distributiof0 fixed power and asymptotically small divergence tolerance,
Section Il formed a characterization of worst case noige worst case error probabilitiy q .2 ; was shown to
within this class, using minimum detection error probabilitgatisfy

as the optimality criterion. Worst case noise subject to a lone S
divergence constraint was also characterized. i Qe+ \/Q A(1—20,0) — e T

In Section II-A, a unique worst case pgf was shown NN (@©e2),8 %o o2 ) " G
to exist under an active divergence constraint based on as- Vé+ 0(V6)

sumptions of continuity, symmetry, and single-interval support

(—a, a) for the nominal f5. Under such conditionsf, was where Q,: = Q(1/0) is the nominal probability of ML

also shown to be symmetric and continuous. The Iimmngetectlon error. We conclude that worst case performance is

behavior of £, and corresponding worst case probability o ery sensitive to hon-Gaussianness of channel noise (as mea-

ML detection errorP’;, were characterized for asymptotically_sured by divergence-from-Gaussian) even when the receiver

large values of divergence tolerance; this behavior was sho{l'énallowed to optimally adjust to the noise d|str|but|on. The
for the divergence-

to be governed by the worst case power-constrained soluti§Arst case error probabﬂni’m/\/ (0,02),6
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constrained problem with no power constraint was shown weell as f,. The strict convexity of the divergence measure and

satisfy the assumed asymmetry ¢f; dictate thatD(fy || fx) < ¢,
_ SN IR which leads to the desired contradiction in light of the assumed
PNN(OJZM = Qo2 + vV Qo2(1-2Q02) Vot O(\/S) activity of the divergence constraint. O

which coincides with the corresponding expression obtained
for zero-threshold detection in [18], allowing us to conclud€. Proof of Theorem 1

that there is no asymptotic loss incurred by employment OfChoose any suitable nominal pfi. An upper bound on the
fixed zero-threshold detection rather than optimal detec“?}?obability of ML detection error achieved bf for any
7N L6

for channels exhibiting arbitrarily sma.II non-Ggussianness. finite divergence tolerancé is immediately provided by that
Worst case performance for Gaussian nominals, asymptoficsiated wittPS) since the latter corresponds exactly with
cally high SNR and a fixed divergence toleradceas shown

) the former except for the dropping of the divergence constraint.
to satisfy Our goal then is to describe a constructifiny s for large §
1—e™® , 5 among the valid class of candidates for (3) whose probability
Pynoens =4 o+ o(e). of ML detection error can be forced arbitrarily close to that

. . pSV i iCi - i
We conclude that near—far resistance cannot be guaranteeafgfo2 by taking ¢ sufficiently large; by the uniqueness of

multiuser channels wherein pre-threshold processing leads'te @S @ solution to the power-constrained problem (without
a noise distribution that can only be bounded in power affivergence constraint), it directly follows that
non-Gaussianness.

The behavior of worst case noise was characterized for

growing divergence tolerance, including the development of By supposition, there exists> 0 small enough so that the

expressions for the range of divergence tolerances leadingstgynort off v includes the closed intervak M= —e, M, +e].
an active divergence constraint both with and without a powghere also exists > 0 small enough so that the unit-mass
constraint. ulse

. . . . P
Finally, it was demonstrated that, for symmetric unimodal

: _ SV
6hm Fyys=417%-
e o]

nominals satisfying (15), there is no saddle point in the two- IL(z) = L (w(z +¢) —u(z —€))
person game of unconstrained receiver versus power- and 2e
divergence-constrained noise. exhibits second moment less thaf, whereu(-) represents
the unit step function
APPENDIX
PROOFS AND DERIVATIONS u(z) = {(1)’ . ; 8
x 2 0.

A. Proof of Lemma 1 Take 0 < £ < 1/2 with ¢ small enough to satisfy both

Assume by contradiction that there exist two distinct s¢onditions, and find a positive integed/. < M,= and
lutions f, and £, for (3). Since the divergence constraint i€onstantg, . andps . such that the pdf. v defined by
assumed_ to be activd)(f1]|fv) = D(fo||fn) = 6. Con_sider Fons =pre[ll(e + M) + 1L ( + M. — 2)
the candidate pdfs(x) = (fi1(x)+ f2(2))/2. By convexity of w ’
the feasible setf is a feasible candidate, and performs as least + oo+ He(z = Mo)] + p2[lle(z + M. — 1)
as well asf, and f, by the noted concavity of the objective +IL(z+ M. -3)+ - +1l.(z — M.+ 1)]
function (2). By strict convexity of the divergence measure.
and the assumption thgi and f, are distinct, we have that with
D(f3|.|fN) < &, which I(_eads through.the assume_d .activity of (Mz + 1)pre + Mepa. = 1
the divergence constraint to the desired contradiction. [

exhibits second moment?. Since ¢ was chosen small
B. Proof of Lemma 2 enough so that the second momentldf(z) is less than
o2, and since the second moment corresponding to the choice
M. = M,z2,p1,. = p1,p2,. = p2 (Wherep; andp, correspond
with P2)) is strictly greater than?, we remark that there
PuL(fi(x)) = Pun(fi(==)) exists such af. v s by noting that we can vary the second
moment continuously between these two extremes by varying
M57p1,5 and D2.e-
D(fx(@)||fn(x) = D(fx(=2)|| fn(z)) =6 Having constructed the pdf. v s to meet the power con-
by the assumption thagty is symmetric. Define the candidatei;r(?:;’ﬁl)];]v\),vg Er?iiiz, EZitd g(r)i; g‘;:i}éz vOaIit g ecacrjwlt\j/ietzjgtin;(:)er
fop@) = (fr(z) + fr(=2))/2. (3) for sufficiently largeé.
Finally, we define a probability mass functidh. corre-
onding tof. s by settingP: to take the valug, . on the
ints— M., —M.+2,---, M. and the valug, . on the points

Assume by contradiction that the unique solutityn is not
symmetric. Note that

and that

By convexity of the feasible set and concavity of the objectivgp
function, f7. is a feasible solution which performs at least aﬁo
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-M.+1,-M. +3,---, M. — 1 and note that the differenceSince it was shown in [13] thazt?f;’ is the unigue solution to

in second moments is given by the optimization problem obtained by dropping the divergence
Mote M, 2 constraint from (3), Wg know tha®y, (f KN, 50) falls strict[y
/ P fons(z)de— Y PP() = . short of the ML detection error probability achieved By, .
—M.—¢ i=—M. 3 We also know from Theorem 1 thdt;  ; tends toP2} in

gistribution asé — oo, implying thatﬁ’l\q’L(fNjNyé) tends to
the ML detection error probability achieved B>,". Hence,
there exists somé, > §; such that

Hence, by takings small enough we can force the secon
moment of f. v s arbitrarily close to that ofP.. By the fact
thato? uniquely determined/, -, p; andp, for PY, we have
thatM, — a2,Ple 7 P1 andp?,a — p2 ase — 0, implying . .

that F, s converges taF’3Y ase — 0, and hence that the Parlfgns) > Bl s)-

ML detection error probabilityyr. ( f-,~v,s) converges to that Define the candidate pdf

exhibited byP2)"". Since worst case performanéir.(f- v,s)

is lower-bounded by that of the explicit constructifiny s and P vy = fxnvs, T = f g x5,

is upper-bounded by the performance exhibited by the unique )

solution PS5} to the power-constrained problem, we conclug¥nere0 < a < 1 and« is chosen small enough so that

that D(f% s If5) < o, which is possible as a result of the
V,N,60 . .

_ o1 convexity of the divergence measure and the assumption
Jm Fens =R &1 < &. By convexity of the feasible set and concavity of the

objective function associated with (Sjj’q,y N.6o is necessarily

a feasible solution which strictly outperforr[fg,yNyéo, render-

ing the latter suboptimal and thereby leading to the desired
contradiction.

Choose any suitable nominal pdf;. The family AM(a) of For the casex < [v302 +1 — 1], fix 8§ < én.02 and
worst case amplitude-constrained noise pdf's clearly providgssume by contradiction that there exists an optimal solution
an upper bound for (3) since the amplitude-constrained propﬁ, N5, 10 (3) with
lem corresponds with (3) after dropping the power constraint =’ D(fs fn) = 61 < 6
and replacing the divergence constraint with the weaker ab- NN I/ L= %
solute continuity constraint for nominals with finite supporbince M(a) represents the class of maximizing solutions to

(—a,a). Note that the class of pulse-series candidate pdtee amplitude-constrained problem which in turn provides an
parameterized by > 0 and given by upper bound for (3), and since it was shown in Lemma 3 that

la] dn,0.2 < 00, there exists a divergence tolerarfze> 6, and a
fo(z) = b Z IL(z + [a] — 20) corresponding solutiorfy, 5 s, for which
T . et
=0 ML 5 vs,) > Pun(fx vs, )

falls into the classM(a) for ¢ < a — |a), and thatf. As above, the candidate pdf
exhibits finite divergence with respect fa; whenevers > 0. A — ofe - .
Furthermore, the second momentfofcan be forced arbitrarily T w0 = 00, + L= s,
close to that of the probability mass functidh,| taking with 0 < « <1 ande chosen small enough so that
the valuel/(|a] + 1) at the points—|a|,—|a] +2,---,|a] D(f’, I1fx) < 6o
by taking ¢ arbitrarily small. Sincen < M=, where M,- N,N,%0 -
represents the largest point taking mass in the mix@ji¥ of s a feasible solution to (3) which strictly outperformis 50
equiprobable distributions discussed above, and diafe a, |eading to the desired contradiction. O
the second moment d?|,) is strictly smaller tharv? by an
analysis of such equiprobable mixtures provided in [13]. F- Proof of Lemma 5

Hence, there exists > 0 small enough so thaf. is a Consider any solutiorf; to (3). In the event that
feasible solution to (3) for sufficiently large By defining DU

N

ONo2 = min D(fallfn)

IxeMa): [7 @ fx(e) de<o® we can construct a family of pdf'}. , parameterized by for
and noting that all worst case amplitude-constrained pdidlich the limiting distribution = lim;—oc 7 | exhibits
belong to the clasg-1(a), we have the result. 7 divergenceé with respect tofy and is also a solution as

follows.

E. Proof of Lemma 4 Let
Assume first that: > [v/302 4+ 1 — 1]. Fix the divergence 2y =inf{z > 0: fn(z) > 0}

toIgrance& = _60 in (3) and assume by contradlt_:tlon that there #_ =sup{zr <0: fn(z) > 0}
exists an optimal (worst case) solutigy - 5 Wwith

the desired result. O

D. Proof of Lemma 3

In)=6<¢

and
D(f 5 x50 ll/5) = b1 < o. & = argmin |/, x e {iy, 2}
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Intuitively, £ represents a point to which we can arbitrarily THme
transport mass withirfs, without increasing its second mo- A min{ fy (), fi(z +2)} da
ment, since the support dfy, is restricted to that offx and .
Z is the point of minimum amplitude among the closure of > /x
X ; 1-k b o
such support. Assume without loss of generality that 0 = t) P ML(fi)

and consider the family of pdf's given by

T+
)= efot O<z—2<m - 2/ fr(x) da:)
K\ = (1 —k)fg(x), otherwise ’

wheredy > 0,1, = e~%!/¢ t is chosen large enough so tha
Z + n, falls within the support offx, andk; is determined by

Yvhlch converges tdy.(fx) with growing ¢, so that perfor-
mance of the limiting distribution¥”, matches that off'y,

the unit integral off’. . according to rendering the former a valid worst case solution. |
Nt
1 /’“’H fola) de G. Proof of Lemma 6
i
ky = t i ' We prove that given a symmetric continuous nomiffigl
- /’“’J”H folo) with support(—a,a) and a divergence toleranéefor which
A N there existsd; > 6 such thatPyr(fx ns,) > PyL(fe,n6),

Then, for large enough, f% , has second moment boundedhe worst case pdff. ns is contindous over the interval

above by that of 5, by the choice of:, and exhibits divergence (—a,a). Take the notation-simplifying convention thaft;
represents the worst case pﬁ{ NS and assume by contra-

(fN,t [fv) = (1 = ke)log(l = ke) + (1 = k)D(f5ll/5)  giction that fx exhibits at least one discontinuity at some
4 point zg € (—a,a). We assume that the discontinuities ff
- L (1= Fke)fg(2) are isolated, which is justified by the observation that for any
(1 — k) fo(2) pdf with nonisolated discontinuities, there exists another in
'logf4(a:])\ dz the equivalence class determined by equality up to measure
s N st zero with isolated discontinuities and sharing equal values for
+/ © sot log e de the objective function and constraints. Assume without loss of
2 fn(z) generality thatf(zy) < fx(zd), where, in generalf(xy )
=(1—=ky)log(1 = ky) + (1 = k)61 + 6o and f(x¢) represent
&+my
- [ a-mss) L lmf@)
(A= E)fx(x) and
. log fN(a:) dx l,_mhgl> . f(x)
T+ St o ’
- / ™" log fn(z) dz. (39)  respectively, definitions justified by the assumption of isolated
M discontinuities.

The last two terms in (39) both tend to zero s+ o, as

does the quantitys;. Hence, the divergence of the limiting Define
distribution F; with respect to the distributiody is given M=min{i=0,1,2,--: fx(zo — 2iT)
by > fo(wo — 2 — 27)
o0 dF”, Orfir(ajo—Qi_) < fir(xo—Qi—Q_)}
D(F" || Fx :/ log —2 dFy = 8, + 6 _ i i
( N ) - og dFx N 1+ 00 M:Inin{i:(),l,?,"'l f](r($0+2i+)

. ;1 ot

allowing satisfaction of the divergence constraint through the > [ (wo + 2 +27)
choice §, = § — 6,. Finally, a simple lower bound on the or fx (o +2i7) < fr(zmo+2i+27)}.
performance Oflem is given by -
i The finiteness of\f and M are guaranteed by the integrability

Pur(fl ) = /a min{ f . ( ) f (x +2)} da of f. _Note that'there is necessarily a diicontinuity a'F each of
—a the pointsxg + 24,4 = —M,—M + 1, -- -, M with magnitude
> / at least as great as the discontinuityzgt
T J{zel—asa): 2¢[E—2,84m —2)U[&, 84} Consider the class of candidate pdf's parameterized by
~wmin{ % (x), f5 (@ +2)} dx § >0, e > 0 and given by
a fN(aZ)-FE, To+ 2t — & <x<x0+ 28,
—=k) [ [ mintfg(e) sy +2) do P oML -M 4 1.0
o _; feelx) =< frl@)—e, 20+2 <z <wmo+20+E,
T i=-M,-M+1,--.M
- /ge_Q mind [y (@), [ (w +2)} da fo(x), otherwise
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where¢ is chosen small enough so that the discontinuities of + 24,4 # 0 results in a reduction in divergence, with the
fx within the intervalgzo +2i — &, x0+2i+ﬂare restricted overall result being thaD(fe .|| fx) — D(fxllfn) < —vet

to the pointswo + 26,1 = =M, —M +1,---, M (justified by wherey > 0 is fixed.

the assumption thaty, has isolated di§continuities), agdnd The constructionfe . has been shown to match or outper-
¢ are chosen small enough so that eithier(z) < fe(r=2) g5 fx in the objective function while exhibiting a strictly

throughout[zg — 2M — &, 20 — 2M) Or fe () > fe(z—2) . ) . .
throughout [zo — 2M, 2o — 2M + ¢] and so that either smaller divergence with respect to the nomirfal. In light

Jeo(@) < fe.o(x +2) throughoutfzg + 23 — &, 2o + 23) or of the. assumed actiyity of thg diyergencg .constraint, we

fe.e(x) > fe.o(x+2) throughoutizo+2M, zo+2M+¢£]. Such could immediately claim suboptimality of if it were not

a specification is always possible given the definitiongypf for the possible increase in second moment incurred by the

andA/, and ensures thatyy, (fe ) > Pu(fx). Furthermore, construction offe . from f5, which we deal with presently.

restrict{ ande small enough so that for each An upper bound on such increase is obtained by assuming
i=—M,—M+1, 3 Ferl@) < feo(w) the worst case .scenario .thbat the displacement of_mass around

each of the pointsg + 2¢,¢ = —M,-M + 1,---, M leads

for all z in [zo+2i—&, 29+ 2¢) andy in [zo+2¢, 29 +2¢+&].  to an increased second moment and that each point takes the

Finally, fix v > 0 and require tha ande are small enough value of the upper bounfk,| + M + M on magnitude, and

so that is given by

. . f 2 B _ . d
i=_M7ir&I}|_17...7ﬁ {we[1;0—1—22‘—5,1;0+2i1)1}y€[a;0+2i,a;0+2i+5) /—a * (ff,c,(x) f]\ (37)) *
fe.e(y feo(z _ lwo |+ M +M+¢
'{109; ;A((y)) — log fi\((x)) Z S(M+M+1) /  ertda
: : |0 |+ M+M
which is always achievable for small enoughgiven that o |[+M+M )
fn is assumed continuous, particularly at the poirgst- 2z, - / _ extde
t=-M,-M+1,---, M. The displacement of mass around . '“”°|+M+_M_f
the pointz, results in a reduction in divergence given by =2(M + M + 1)(|Jzo| + M + M)e€?. (41)
zg fo(@) +e In order to satisfy the power constraint, we take advantage
/x e [(fN(a:) +ée)log T in(m) of the fact that the reduction in divergence(i$c¢) while the
’ Fol@) increase in second moment (¥c£?). Take anyé, > & for
— fx(z)log fﬁr(a:)} d which Pur(fg vs,) > Pur(fy), a specification supported

I fola)—e by the original assumptions. Find any two disjoint intervals
+/ {(fﬁ(a:)—s)log]\ri [x1,21 +v] and[z2, 22 + v],0 € 21 < 22,0 < v < 29 — 1

0 I (x‘l)cN(x) of positive support forfN7 N.5,- NOW construct the pdf
- f]\”r(.’f)log fﬁ’(x):| d.’E fNT7AT762($)+w7 S [$17$1+U]
2o . fow(x) = fN7N762 () —w, z¢€ [xg_, 2 + ]
= / [fﬁ(a:) log <1 + f—(a:)> fr v s, (%), otherwise
o=t fA(x)_i_]:; where w > 0 and v,w are chosen small enough so that
+ elog AfT} dz Pur(fow) > Pur(fg), Which is always possible since
wote N PI\’IL(fN,N,(Sz) > Pl\flL(fN)- Note that
£
" /a; {fﬁ(a:) o <1 - m> &% fuw(2) do = 0 —vwl(23 — 27) + w(zz — 21)]
o f&(@—e} ; < 0% —wvw(ay —ai). (42)
—clog=——F—— dz
5 In(z) Finally, construct the new candidate pdf
<e {/ log %()—;E dx f]'\(a:) =(1- sé’%fgﬁ(w) + 5£%f,j7w(a:)
TLr
o=t N noting that
zo4E€ f]\Ar(:L') — £ v 3 3
- / log Tin@) dx Pur(fy) > (1 =82 Pyr(fe,e) + €62 Pan(fo,w)
< et (40) > Pur(fy)
- Define 65 = D(f, || f~) and note that
where the convention is used th&t(x)log(14+¢/ fx(x)) =0 DU ) <(1—e€3)(6 - g5
whenever f¢(z) = 0 and where (40) follows from the (Fllfiv) <(1=e€2)(8 = ye€) + 26
specification thaff; - (y) > fe - (z) for all z in [z9—&,20] and =8 —yeg+ o(eg)

y in [zo, o + &), and from the construction of¢ . from f. by the convexity of the divergence measure, implying that the
Similarly, the displacement of mass around each of the poimtivergence constraint is satisfied for small enough values of
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and£. The second moment Q/fk,p satisfies +elog fe(@)+e + folz+2)
a . a fN(‘/E) '
/ 2 J/\(a:) de = (1 —ef2) / a:Qfgﬁ(a:) dz oo (1 e los frlz+2)—¢
- T '°g< ‘fﬁ<x+2>)‘”g In@+2)
+ eg? / @ fo,0(w) dz - dz (44)
—Qa m*_i_ . .
<(1—et?)(o? +2(M +M+1) < s/ ’ log E?:E?JFJFS)?\;?:(B da (45)
(ool + M + M)eg?) <o’ ’ 6)

+e62 (0% — vw(a; — o))

s —x%)s&’% +0(€£g) (43) where the convention is used in (44) that

where (43) follows from (41) and (42), implying further that (@) log(1+¢/fx(x) =0

fk,p satisfies the power constraint for small enougland

¢. Hence, the construction gf, demonstrates suboptimalitywhen fx(z) = 0, where (45) follows from the relationship
of the discontinuous candid?atﬁNn providing the desired logz < z—1, and where (46) follows from the assumption that
contradiction. The cas¢(zg) > fN(w(T) can be treated fn is unimodal and from the previous restriction arHence,

with a trivial modification of the above argument. O for small enougte the constructionfy. _ strictly outperforms
[x in the power and divergence constraints, while matching
H. Proof of Lemma 7 or outperformingf in the objective function. In the event

§h> V302 +1 - 1], the divergence constraint is active as
/352 —

Hyif Y < 0andH; if Y > 0 with reference to the hypothesisa, result of Lemma.4. .In the evgntS F 3o% +1 —1], the

test (1). This decision strategy falls into the class of mdivergence constraint is also active in view of Lemma 4 and the

strategies if and only if the symmetric worst case pff obs_er\{atlon_thaF the Wor?t case pdf is ass,u ”.‘ed not to b
periodic, which is a requirement for all pdf's i#(a). Hence,

exhibits f(x) > fr(x +2) for all z > —1, except perhaps o .
on a set of measure zero. Assume by contradiction, then, tH}:\et strict divergence discrepancy betwgf%ne andfy renders

the worst case pdf, exhibits f (z) < fx(z+2) over some the latter suboptimal, providing the desired contradictidnl.
set of positive measure jr-1, o). Such a set must have finite

measure as a result of the integrability £, and can hence |. Proof of Lemma 8

be approximated arbitrarily well by a finite union of open |t js straightforward to show that, as a direct result of
intervals (as discussed in [24, p. 72] and elsewhere). Pick aghdition (13) and the assumed symmetryf&f, the variance-
such interval(z*, z* + n) wherez* > —1 andn > 0, and scaled nominafy is strictly unimodal (i.e.f 5 (x1) > fx(22)

The zero-threshold detector (hard limiter) yields the decisi

define the candidate pdf for all 0 < z; < z» < a). The following observation is key
fol@) +e, x€(a*,z*47) to the result at hand.
f]’\ 5(3;) =< fel@)—e, ze(@ +2,2°+2+1n) Lemma [.1: Let
Ix(z), otherwise L — 146146 <t <t

wheree > 0 is chosen small enough so that ] ) . .
represent any interval of increase fgk, contained in an

fi @) < f (z+2) interval (n — 1,n] wheren > 1 is any positive integer,
and where such increase is not necessarily strict. Assume

* * 1 ! 1hi
over (z*,z* + n). The constructionf  exhibits second furthermore that the interval

moment strictly less than that gf, and it is easy to verify

that the ML criterion (2) satisfieﬂﬁ(fk, 5) > Pui(fy) Liyo=n+1+&,n+1+6)
given the restriction og. A comparison of divergences yields
is an interval of strict decrease fgr,. Then I, is contained
D(fx MIn) = DSl fn) iN Cpn,Com, CL, or CE wherem > n in the optimal form (11).
@+ fo(x) +e Proof: With reference to (11), if the interval, is con-
= / {(fﬁ(x) +¢)log i@ fr(@) tained inA, B, or B, then f, is a scaled version of the strictly
= N 9 unimodal pdf f5 over I, and is hence strictly decreasing
-log T(@) + (fy(z+2)—¢)log M within 7,,. Furthermore/,, is a subset of one of the sets &f
fn(x) Sn(z+2) since f is nonzero ovet,, and f; does not agree ovef,
_ Felz+2)log frlz+2)—e¢ and I,,.4». Thus I,, belongs toC,,,C,.,CL, or CE for some
‘ In(z+2) m > 2. Now assume by contradiction that < n. According
 fo(z+2) folz+ 2)} d to the optimal form (11)f4 takes the form
In(z+2)

3

m—1

:/:Hm {fﬁ(a:)log <1+%) fﬂ’(x):K<g fﬂ’(x_%))
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over I,, whereK is a scaling constant. If» < [n/2], then interval of increase as a result of the continuityfgf. If there
exists a set,,,C,,CL, or CE in the interval[0, 2], then

Se—n+t1 Fy(@) = fy(e=2) = fx(2- )

>0 by symmetry offy, for somez in [0, 2], again necessitating
- an interval of increase since any measurableCset,,,CL,

since z falls in (n — 1,n], and f(z) is therefore strictly or cE spans more than the singletda = 1}. Hence, the
decreasing ovef,, as a result of the strict unimodality ¢fy.  decomposition\ is restricted to the setd, B, and 3 if there

If, on the other hand[3] < m < n, we can rewrite is to be no interval of increase ifi), a]. Since the value of
2] —m—1 _— fx(x) over each of these sets is a scalar weighting efx)

m(r) = K™ H Frle —20) H Fale — 20) according to (11)f must be identical t¢f 5 by the continuity

x—2(m—1)2x—2lrg—|+2

N b =215 —m and symmetry off,, implying that f, is suboptimal by the
2fa]omet i assumed activity of the divergence constraint.
o T ) Now let z; be the supremum of all points of increase for
=K H G H G fx» whose finiteness is guaranteed by the integrability of
=0 . =[5 through (49). Interestinglyz; must be an integer, since
8 fN(x_Jﬂ +2+2Z) fr(w1) = fr(2[z1] — 1)
2[%]—771—1 m—1 X ) . . . .
 m ) . ) g according to (50), which by continuity directly contradicts the
=K g Trlz = 20) Z_H] Tz —2) definition of z; unlessz; = [1].
n T Now let 2> be the supremum of those points less than
X & (4 B} —2—x- 2z') (47) of strict decrease fof,, and letzs in turn be the supremum
2[3)—mo1 i _of those points_less t_hacnz of inc_rease forfN._Note thz_;\t the
_gm H Frolw — 20) H interval [, z1] is an interval of increase, while:s, 23] is an
] N 41 interval of strict decrease. Note further that> z; — 1 since
=0 =3 any interval of increase in the intervial; — 2, 1 — 1] exhibits
X & (2 %1 —1—-2i+ [a: — 2{%1 — 1}) symmetry about the point; — 1 according to (50), which

" " cannot be the case given that the entire intefval 1, z4] is

X fx (2 {51 -1-2— [37 - 2{51 - 1}) (48) an interval of increase wheneves < z; — 1. We, therefore,

know from (50) thatfy (x2) = fg (221 — x2), along with

where (47) follows from the symmetry ot th_rough _Lemma the fact thatf g (xs) = fy(2[zs] — 3). If 23 > 21 — 1 we
2. Note that|z — 2[5] — 1| < 1 sincex falls in the interval 5,6 thatf (22, — z2) < f4 (22, — z3), again contradicting

(n — 1,n], implying that the right-most product in (48) is &he defintion ofz; since2z; — z3 > z,. Therefore, we have
strictly decreasing function of as a direct result of condition 3 < 21 — 1, implying that the intervalz, — 1,21] containts

(13). The remaining product in (48) is also a strictly decreasirég(acﬂy one intervalz; — 1, z,] of strict decrease and exactly

function of = since fy is strictly unimodal, implying that one interval[z,, 21] of increase forf. Furthermore, since
[x(x) is strictly decreasing over,,, providing the desgad fx is symmetric aboutz; over the intervallzs, 2z, — ],

contradiction. we know from Lemma I.1 thaf,, ;1 = [x2, 2z1 — 22) in the
A direct result of Lemma 1.1 is that any intervj;,yo], OPtimal form (11).

y1 > 0 of increase forfs(z) satisfies Consider the case; = 1, for which the above analysis
yields thatCy = [x2,2 — 23] where0 < z3 < 1. Since there
fe@)=fyl@=2)=-=fylz—2[y21)  (49) are no points of increase greater thae 1, it follows directly

that A = (—a,29 — 2) U[2 — 23,a) and B = [—z2,22) by
the unimodality off5 and the continuity off, proving the
portion of Lemma 8 corresponding to the cd3g = 1 upon
fo(z) = fo2[y2] — o) (50) substitutingT = 2 — zo.

For the caser; > 2, consider the intervele; — 2,21 — 1].
Recalling from (49) that

for all x in [y, v] according to the definitions df,,,C,,,C%,
andCZ. This in turn implies through symmetry that

for all = in [y;, 2], that is,if f(x) is increasing over an in-
terval [y1,42], 71 > 0, then fx(x) is symmetric aboufy.].
This observation provides the key for parameterizing the Tx(we) = fr(wa =2) =+ = fr(w2 — 221)
support decompositior.

Recalling the form (11) forf, we note first that there mustWe have that
be at least one interval of increase (not necessarily strict) in the . _ s _ _ s o
region|[0, a; that is, f, is not strictly unimodal in spite of the Jule2) = fxler =2 +2) = fx (2 — 2 = 2)
strict unimodality of f5. The reasoning is that any supporby symmetry off; sincez; — 1 < 3 < 1, we have di-
decompositionA which includes a sef,,,C,,Ck, or C® in rectly thatz; — 2 < 2z, — 2y — 2 < 21 — 1, and hence
the interval[2,a] (assuminga > 2) requires thatfy(x) = there must be at least one interval of increase in the interval
fx(x — 2) for somez in the same interval, necessitating arf; —2, x; —1] by the continuity off ;.. Letz4 be the supremum
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of all points of increase forfy(z) in this interval. Noting By definition oféy, me’é does not belong to the cladd (a)
as before thatf;(z4) = fx(2(z1 — 1) — z4) according to and hence

(50), we have necessarily tha, = x; — 1. Further, by the

same reasoning we used for the interfa) — 1,z1], there Pur(fi ns) < lal/(2(la] +1)).

must be exactly one interval of strict decredse — 2, z;],

z1 — 2 < x5 < 1 — 1 and exactly one interval of increaseTake any pdff,, in M(a), which is a justifiable specification
[5, 21 — 1] within the interval[z; — 2,21 — 1], completely in view of the existence of a finitéy ,- according to Lemma
determining thaiC,, = [z3,2(z1 — 1) — z3]. Symmetry of (3) and the observation tha@h < 6x ,2, and consider the
[z within C,, about the pointz; — 1 then determines that candidate pdf;, N = af/\/+(1—a)f];,7N76 whered < o < 1
xz2 = 2(x1 — 1) — x5. Recalling the definition of’,,, fx(z) and« is chosen small enough so thBx(f5 n sl[fv) < 6,
is completely determined up to a weighting factor over thghich is achievable via convexity of the divergence measure.

intervals By concavity of the objective function (2) we have that
[$5—2i,$2—2i), 1=0,1,--+,21 -1 LaJ

and Pu(fy ns) 2 am + (1 —a)Pui(fx ns)
[$2—2i,2$1 — T2 —2i), i:(),l,---,a:l >P1\’1L(f1§’,N,6)

by the specifications of€z; and C.,4+1, completely deter-
mining f(x) up to a weighting factor over the interval
[— (221 —x2), 221 —22] by continuity. By the strict unimodality
of f5 and the continuity off i, the remaining intervals

demonstrating thaff s . s is suboptimal and thus providing
the desired contradiction. |

L. Proof of Lemma 16

(=6, (221 —22)) and [2z; —23,0) In this case, the upper bound on ML probability of de-

fall within the set.4, completing the proof of Lemma 8 upontection error (2) is provided by the supremum over all pdfs

substitutingz = 2z, — z». O supy; PyuL(f) = 1/2. For large values of divergence tolerance,
we can come arbitrarily close to this bound by taking as
J. Proof of Lemma 9 candidate the uniform pdflz(x) for increasing values of.

Take for divergence tolerance any valdéeand assume by

Take any nominaf satisfying the conditions of Theoremcontradiction that the worst case pfif , , exhibits

2. Assume by contradiction that the worst case noise fpdf
exhibits second moment? < o%. Consider the worst case D(fx nsllfn) =61 < 6.
noise pdf f; yielded by a lone divergence constraint and N8

no power constraint, a problem investigated more thoroughlyy\ take z large enough so that

in Section II-B, with the divergence tolerance set&oAn

expression (29) forfs is given by Theorem 3, which was Pur(Ilz) > Pun(f ns)
developed without the need to consider a power constraint. Y

The form of (29) reveals that the second momentfgfis ang consider the new candidate pdf given by
strictly greater thany? for any strictly positive divergence

tolerance, implying by uniqueness thar. (f5) > PuL(fx) fonvs=cllz+ (1= a)fx ns
as expected. Now consider the new candidate fidffor (3) Y T
given by where0 < o < 1 and« is chosen small enough so that
W@ =afg(z)+(1- o
f]\ (x) af]\ (x) ( a)f]\ (x) D(fﬂ’,N,é |fN) S S.

where0 < a < 1 and « is chosen small enough so that the _ o _ _
second moment of’. is no greater thaa?. By strict convexity Concavity of the objective function dictates that
of the divergence measur®(f”.||f~) < 6, renderingf’, a

N N - _ -
feasible solution for (3). Concavity of the objective function Pan(fy v ) Z abvn(llz) + (1 - ) Pui(fx v,s)
then implies that > Pun(fins)

/ ~ — ~ ~
Pur(fy) 2 ePur(fz) + (1 = e)Purlfx) > Pur(fx) which leads to the desired contradiction. O

demonstrating sub-optimality ¢ff;, and providing the desired
contradiction. 1 M. Derivation of Proposition 1

From Section IlI-A we know that the worst case noise pdf
K. Proof of Lemma 15 fx takes the form (30) for aV'(0,0%) nominal pdf. Since,
Let the divergence tolerance take any vatue< 6y and for fixedz > 1, the divergenceD( fx ||A(0,0?)) is bounded
assume by contradiction that the worst caseﬁgqyw exhibits below, it is clear thalims_.o z = 1. Hence we fix6 small and
narrow our focus to the cage= 1+ % wherez — 0. It is also
D(fN,N,é [fn) = b1 <6 clear by the same reasoning thahs_.oc = 0. Substituting
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the assumptionz| = 1 into (30) leads to the relevant worstimplying that

case form
il PSR ¢ =0 +ol2),
2no 9,—(1/25%)
1 22 . ¢ =——
fr(z)= 27r56 27, o] <1—% o E
/{}26_% _(@-1)? N N
5= ¢ l-z<|z[< 142 The divergence off; with respect to the nominal is given
(51) through (34) by
where (31) yields D(fx|IN(0, 2))
ko = 1{26_%;_5 <1 - Q(i)) =21+ (I)kox + (I)ko #%)log (1 + (I)kox + ‘I)ko #?)
2 2 g 1+z k ki =2
i -Q +2(1 4+ o713 + D51 37)
L

2 (1 1- 1+#\) 7t
+6_ﬁ<§_Q< 7 >)+Q< ;x)} 1 (1-F
‘ ‘ log (14 @M & 4+ dh13%) x <—— < — ))

— 14 OIF 4 OB 4 o(i?) o8 ( z )x | 5-@
with —i—4(1—i—<1>k2 )log,(l—i-q)k2 yxe =

or :%<1 - 2Q<%)) _' <~§ - Q~<2§>>; (®.)25%7* 4 o(3?)
B

We denote byQ; the quantity()(1/7), noting that it repre- where

sents the probability of ML detection error achieved by the

variance-scaled Gaussiafy. The values ofk; and k2 are m _QQ_2<1>ko +2<1 32><I>’f1
similarly given through (32) and (33) by 2

‘ ‘ =0
ky =1+ 0% 54+ 0532 + o(i?) .
ke =1+ 0% 5 + o) 2 =2Q <‘1>’5° - §(¢’f°)2) +2(9)°)*Q5
where — 1 1
o - 200 S = 125 - 0 ) (0 - Sal?)
(1)11 — ___QQEZ 2ro 2 2
1 e E
2 k12 ky
ki _ gk 2P - 20
2} =0 — —5(1-4Q5) +(1)<2 Qo> =
Phe = i(1 —40Q52) ke € = 24
1 52 o4/ (Pl \/_O— — ((Dc) ag
Recalling (35), we have .
= 20 (1-200) - X
E[NQ] - 54 o2 T2 7{.56 .

oy | T+ F) ey
=2(1 +‘1”f i) [WG 7 +5°QF } Finally, the zero-threshold detector is an ML detector for
1 1— 7 fx according to Lemma 7, implying that
+ (1+<I>’“1~)[52<——Q< — ))
og(l—2) _a=2? U P = / o d
_(TW)G — }4_4(1_’_@’1& #)e” 77 i . () dx
- ‘ 1+2
_ 1 Z ok (1 + Pho )Q< )—i—(l—i—@kz)
2 - d _ =2 1 — 1
e (z-el(5) - G e My
4 1 e L 5
=52+ 5 —c” 7§ 4 o(F) ¢ = < Q(g) +o(Z)
Yixel
=Qz + PP Qs + 0(d). (52)

Recalling further that?[ V2] = o2 according to Lemma 9 and

that 52 = 02(1 + 2co?)~! we have . . o

L, Writing Q,= = Q(1/0) to denote the nominal probability of
g =52+ 265 + ofc), ML detection error, and\ P = Py, — (), to denote worst case

1—2c5? power- and divergence-constrained performance degradation,

0'2:
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we have that O. Derivation of Proposition 3
AP = <I>’f° Q7%+ Qz — Qu2 + o(F) Worst case power- and divergence-constrained nfiséor
o~ a Gaussian nominal takes the form (30) as obtained from (17)
=|0MQ — P ———— |7+ 0(2) by direct substitution. We fix the divergence toleraricand
v2m consider the parametric behavior of (30)&&tends to zero.

B B The second moment of, is given by (23). It is clear from
T+ o(Z). the definitions ofAy, A|z) and Az, associated with (22)
and (23) that

72 ot

_ [2%2(1 —2Qp)

Setting D(f||NV(0,02)) = § according to Lemma 4 leads to _ _ B
the relation 240+ 2[7) Ay +2([7] + DAz =1
2Q52(1 — 2Q2) | : since fy is a proper pdf. Sinc& > 1, it is always the case
AP 2 = T+ o(2) that 4y < 1/2 for unimodal nominals, implying that
N 1 Z|Aiz + (7] +1)Azj41 > 0.
Ve 19p(1-20z) 2%, | [ Az + (7] + DA
P g Given that
Gor s 2E - DE +1)
2
which yields asymptotically E[N7] 2 3 Alz)
A L 2|z |(|x] +1)(|7] +2
AP = PR DY),
I = () — (1) + 1)
— T T| = T+ _ _
. X ) > ([z] Az + (2] + DAz)+1)
Recalling that~ tends tos= and hence thab);- tends to?,- 3
asé tends to zero, we obtain the governing expression  according to (23), it is, therefore, necessary tfaf = 1 in
. Y order for E[N?] to tend to zero as required. While it is true,
i AL _ \/Qaz(l _20,.)- ¢ ”22 (53) then, thatr =1+7,0 < < 1 for the following analysis, it
§—0 /8§ 2ro is not necessarily the case thattend to zero with decreasing

for worst case power- and divergence-constrained error deglffé* :S was the case for decreasingn the analysis of Section
dation. A
Substitutingr = 1+2 into (30) yields the form (51) fof ,,
N. Derivation of Proposition 2 with parametric constantky, k;, and k2 given by (31)—(33)
and second moment given by (35). Noting that the parametric

The analysis of asymptotic behavior of divergenceéonstams%’c’ ko, k1, and k, depend ono? in the following

constrglned noisef s fOI,IOWS very closely that of power- analysis, (35) yields for second moment the expression
and divergence-constrained noise developed for Proposition

1, with the exception that the variance-scaled nomifialis ~ E[N?]

replaced with the nominafy due to the lack of a requirement [ [ = _a-nr (1 1-z
for power considerations, equivalent to setting= 0 (i.e., =3¢ \/ge . to 9 Q T
¢, = 0), 7% = o2, and Q= = Q,=. Hence, the expression 7\ 2s 7 2 1—#
for divergence is given by + 5Q<§)63_2 - \/%6_2;2 T
D(fN N(()? 02)) :7713~j + 772572 + 0(572) _a-a)? _l—2&
. e 252 :| + 2¢ 257
m =0
4 1 z 1 T
=—Qu2(1 —20Q,2 . | (2 Z_ -z Z -z
= (120 n(3-9()) Ha ()
and the detection error probability is given by 1- 3 Ciees (1 7 -1
of57) e (1-0(2)) o0

PN =Q,2 + %Qoz(l - 2Q02).’1~7 + O(.f?)

ideri imiti i —(1-23/25° =2
Worst case divergence-constrained performance degradaﬁyncons'dermg the Iw_nmng beha\_/lor af ¢ ) ~/ ) asg
AP = Py — Qg then satisfies the relation tends to zero, inspection of (55) yields for fixédhe relation

2 . . . 0, T<1/2
AP 3Q02(1=2Q02)7 +0(1) lim E[N?] =4 2/3, &=1/2
N 70 1, @>1/2
\/_4Q02(1 - 2Q02)3~72 + O(‘%Q) ; in i i
o This result makes sense in light of the expression for worst
implying that case noise (30), which describes a symmetric pdf made up
- of three weighted variancg? Gaussian truncations centered
lim AP _ /Qu2(1 = 2Q,2). (54) at-L,0, apd 1 and v_veighted./\/(().,E?.) Gaussiar! tails,~the
=00 \/§ weights being determined by continuity at the poittd — #)
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and+(1+%). For# = 1/2, the three Gaussian truncations areshich, when coupled with the previous observation and ex-
equally weighted, so that the second moment of the mixtupeession (56) relating? with o2 yields

tends t02/3 + & for small o%; for # > 1/2, the Gaussian -
truncations centered at = +1 dommate exhibiting second lim Py — lim e = _
momentl +32 for smalla?; finally, for & < 1/2, the Gaussian 2=0 02 20 252 + 9 5
truncation centered at = 0 dominates, exhibiting second 1 26

mo[nentEQ. For our purposes, itis clear that< 1/2, enabling =
E[N?] to tend to zero with decreasirgyf.
Using (55) and the observations concerningve have that p perivation of Proposition 4

32+26—%<1 —2Q<£>> Choose a nominal pdffy with second moment? and
lim Y -1 (56) support(—a, a). If ¢ > M,2 = [v/302 + 1 —1], the behavior
72 E[N?] of fx ns is directly governed by Theorem 1. With the

knowledge that the cumulative distributidfy, Ns approaches
the step functiont’?"" described in Section II-A for large
5, we conclude that the pdfs n s Must necessarily attain

Using the relationsZ[N?] = 02 and3? = o2(1 + 2¢co?)71,
we obtain forc the limiting expression

ERETE <1 B 2Q<§>> asymptotically large values at the points corresponding to the
lim = [ —1 jumps, leading to the conclusion thaigrows without bound
72 e = T ' with growing é in the optimal parametric expression (11). For
+20%c @ —20(3 sufficiently largec we have that
The expression (34) for divergence reduces to fale+m) (e — 1) = falz+ ) fr(z —7)
D(fx|IV(0,0%)) = 2k log kcz@) = Ofn(@ + 1) f(w = m)e el e=m)]
i — I+ mo)fi(e = m)e ot =)
#akilosk (3 - < =) = G2 D iy (o + ) (o = )
Yk loghse 77 (T - 2 = Ix(@ 4 ) fx(x = mp)e 27T
42 5 log (1+2 2 2
5 log (1 +2c0%) —co forall x € (—a,a) and0 < 71 < 72 < min{l,a — |z|}, SO

where, using the prewous observations regarding the I|m|t|rt1f(:‘;at [ satisfies condition (13). Furthermore, the assumption
behavior of & M,» guarantees activity of the divergence constraint.

Hence we know through Lemma 8 thdy, . ; takes the

2%
olzim e7 [ko =1 form (17) for large enough, implying that fN Ns IS @2-
lim &y =1 periodic function in an interva[—zs, Zs] with components
o?=0 composed of weighted geometric means. Outside this interval,
and f5 x5 is simply a weighted version of the variance-scaled
Ulzigloe?/kQ =1. nominal /&, the weight being determined through Lemma

6 by continuity at the pointzs. Clearly, asé — oo we
Recalling thatD(f ||V (0,07)) = &, straightforward manip- have that|zs| — M,- and that all mass converges to the
ulation yields the expression at the bottom of this page.  points —M,2,—M,= +1,---, M, according to Theorem 1.
For fixedé > 0, it is clear that the term™ = /&% remains The worst case probablhty of ML detection error in this case
bounded below, implying that tends t01/2 for decreasing satisfies

52, and hence thaf)(#/7) tends to zero. We thus have that _ 2K3 — 2K + 302
1 o dhm Py v = 2K (K +1)(2K + 1)
A, glos |12 =° (ki +2)
K = min {integersk: e 02}
Finally, the expression (52) faPy, yields
1 as derived directly from [13].
lim e -1 We now turn our attention to symmetric continuous nom-
a2=0 2Py inals fn with support (—a,a) where o < M,2. In this

2 (-se))] -0 ()

=1



McKELLIPS AND VERDU: PERFORMANCE OF BINARY-INPUT CHANNELS WITH UNCERTAIN NOISE DISTRIBUTIONS 971

case, recall that the finite support constraint, which amountsNote that, for divergence tolerandg, .2, the worst case
to a constraint on noise amplitude, is asymptotically moyf f; exhibits the decomposition
restrictive than the power constraint, resulting in asymptotic
behavior governed by Lemma 3. Hence, there exists some
on 2 < oo for which worst case noise falls into the class . .
M(a) of “picket-fence” distributions for all§ > &y .z, ClaJ41 =[la) = &, [a] + 4]
implying that Coo =[M*—1+2,M*"+1— i
__la]
2(la] +1)°

in the optimal expression (11) wherd* takes the valud
The value oféy .- and the form of the corresponding worstf || is even and the valug if |a| is odd. Inspection also
case pdify are determined by the optimization problem  reveals thatf;, is continuous when the divergence tolerance
DUl f) is set toéy 52, formally completing Lemma 6.

6hm PN, Ns =
—00

[ =arg min

fveM(a): 2, 22 far (z)dz<o? L ..
Q. Derivation of Proposition 5

since é .2 represents the minimum divergence among all For symmetric continuous nominafs, with finite support

pdf's in M(a) satisfying the power constraint. Using the_, 4y s < o, the resulting restriction on the support of

fact that . belongs to the clas(a), the problem can be ¢ ~.s IS equivalent to a constraint on noise amplitude. As

reformulated as discussed in Section II, worst case noise for such a constraint
la]  |a)+ i) class, without reference to a nominal, consists of the family
fx = arg mmZ/ f(z)log —22~"2 dg M(a) of “picket-fence” distributions, all of which exhibit the
im0 el In(z = 20) ML probability of detection errota]/(2(|a] + 1)). This pro-

vides an upper bound for the divergence-constrained problem,

subject to the constraints which is achieved for large enough divergence tolerance by

la]—2 the pulse-string pdf
(la) +1) /L | Ina)de =) o
al|+& )
(0] plajts @) = [opg 2 Mayaler Lol = 20)
— 9% 2 dr < 2 =
=0 /|_aj—§; (w = 2) fn(@)de <o wherei = a — |a.

Hence, there is some rangéy, oc) of divergence toler-
where# = a — |a], which leads through a straightforwardance$ for which f4 , ,; falls in the worst case amplitude-

Lagrange-multiplier analysis to the optimal form constrained clasg(a), implying that
fr(z) Py s = lal/(2(la] +1)).
( la) =T In order to determiné,, and to characterize the actual form
K Hfﬁ(a? — 2i) of me’é for the cas& = 6,7, we note that the latter satisfies
o ‘ ’ the optimization problem
= z € [la] — @, |a] + 7] fy=arg min  D(fxl|fx)
fN(x + 2i), - . f,x’.EM(a) .
v+2€(la] —a |a)+4,i=1,2,---,|a] Whichcan be rewritten using the properties of the cl&$:)
L0,  otherwise in the form
5 la] la]+& f/\/(ﬂU)
where fx(z) = Cfn(xz)e™* is the variance-scaled nominal  f5 = arg minZ/ fv(z)log ———~dx
and K is chosen to rendefy, a proper pdf and hence satisfies v 20 lal—a In(z —20)
) . subject to the constraint
la]+3 la] Tal+T la]—%
K ={(la] +1)/ (Hfﬁ(a:—%)) da (Lo +1)/LJ  Sn(z)dz =1
LaJ —5 it al|—x

The value ofc is uniquely determined by the relation

/a 2% fr(z) dv = o?

—a

yielding the expression

o)+
Snor = (la] + Dlog K / Jo(2) de.
la]—%

leading to the optimal form

fr(z)
[ /Lal i
K HfN(a: — 24) ,
1=0
= x € [la]l — &, o] + F]
fﬂr($+2i),
z+2 €[la] - % |a] +3],i=1,2,---,|a]]
L 0, otherwise
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where K scalesf to a proper pdf and hence satisfies

1 ML
laJ+z [ la) [el+1
K=a)+n [ {20
la]=2 \;=0
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lack of an unconstrained maximizing distribution achieving

detection error probabilityl /2.
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manipulation to satisfy

5N:(my+nbgKA

a|—%

la]+2
fr(z)dz [1]

which is directly computable upon specification of the nom{2]
inal fx.

For values ofé approachingsy from below, Irns will
approacthZN’éN in distribution, while for values of larger
than 6y, there is a family of worst case pdf's belonging to
M(a) and includingfy y 5. - As noted in Lemma 12, there [4)
is an optimal realization of (28) which meets the divergence
constraint with equality even fof > 6y, which is justified |5
by the observation that the continuity Lemma 13 does not
necessarily hold for an inactive divergence constraint; thifﬁ]
allows for realizations of the form
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where0 < r < & and K, is chosen to givefy y ; unit area.
We note that by varying continuously betweefi and#, any
value of D(fy||f~) greater thansy can be achieved, and[11]
that the resulting discontinuities at the poidts— r» — 2¢ and
M+r—-2i i=0,1,---, M are justified by the inactivity of [12]
the divergence constraint for the ca$Se> 6y.

Now consider nominalgx with infinite support(a = cc),
for which an analysis based on amplitude-constrained noise as
developed above does not apply. Instead, we make use of ke
unconstrained supremum @2 on binary-input probability
of ML detection error over the class of all probability distri-{15]
butions, demonstrating a construction that achieves arbitrary
tightness for sufficiently large values of divergence tolerancis]
The uniform pdfIlz exhibits finite divergence with respect to
any nominal with infinite support, and achiev&s,(Ilz) =
(27 — 1)/4z; by takingz sufficiently large,Pyr. (1lz) can be
forced arbitrarily close to the upper boum@i2, characterizing (18]
the asymptotic behavior oPaZN’é for such nominals. The
asymptotic form o[fNyNyé is harder to characterize, since there
may be several realizations of (28) that exhibit an asympto%]
detection error probability approaching the valye. We do
know that for nominalsy satisfying condition (15), the worst [2%]
case divergence-constrained noise pdf takes the form (29) for
all values ofé according to Theorem 3, providing the desired
description; it is clear that since the form (29) describes a [22]
periodic function in an interval]-z,z] for sufficiently large
6, where the size of the interval grows with we have that (23]
Py x5 — 1/2asé — oo as desired. The lack of an expression
for a limiting distribution of f5, s is a direct result of the [24]
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proofs.
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