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Design and Analysis of Low-Complexity Interference
Mitigation on Vector Channels

Ralf R. Miiller and Sergio VerdlFellow, IEEE

Abstract—Linear multiuser detectors for vector channels with Mathematical results on the convergence of the eigenvalues
crosstalk are approximated by weighted matrix polynomials. The of large dimensional random matrices yield a completely dif-
weight optimization problem is overcome using convergence re- tarant view of the complexity required for the mitigation of in-
sults from random matrix theory. The results are also extended to . .
receivers with subsequent successive decoding. terfe_renc_e on linear vector channels. As the sizes of the channel

In the case of subsequent successive decoding, a novel low-comatrices increase, the eigenvalues of the channels become more
plexity implementation is found for the first-order approximation ~ deterministic [3]. Since the quality of a communication link
that is based on matched filter banks only and does not require ma- through a linear vector channel is sufficiently determined by the
trix algebra. Spectral efficiency is obtained analytically and found eigenvalues of the channels’ covariance matrices, the problem
to be fairly close to optimum. . . . . o .

The paper is focussed on multiuser detection for CDMA, but the of efficient detection should simplify for SfyStem with large size, i
results can be easily extended to communication via antenna ar- &S they are more structured. Indeed, this paper shows that effi-

rays. cient mitigation of crosstalk is feasible for large scale systems
Index Terms—Antenna arrays, CDMA, interference cancella- mak.ing use of recent re_sults_in random matrix theory. The.com—
tion, multiuser detection, random matrices, spectral efficiency. plexity of our new algorithm is of the same order of magnitude

as the single-user matched filter (MF).
The paper is organized as follows. Section Il briefly reviews

known linear methods for interference suppression from the
ROSSTALK is a well-known drawback on vector chanmultiuser detection literature. Section Il derives our new
nels in a variety of applications such as code-division muschemes with the help of results from random matrix theory.

tiple-access (CDMA) communication through antenna arraySection IV analyzes their spectral efficiency, an informa-

e.g., BLAST [1], xDSL, etc. All these systems can be contion-theoretic performance measure. Section V presents fast

monly described by an output vector that is the product ofimplementations of our new algorithms and Section VI points

channel matrix multiplied by an input vector. The dimensions @fut the conclusions.

those vectors are the parameters defining the size of the system,

i.e., the number of users and the spreading gain in CDMA, the

number of transmit and receive antennas in BLAST, the number

. INTRODUCTION

Il. EXISTING LOW-COMPLEXITY LINEAR DETECTORS

of twisted pairs per cable for xDSL, etc. Let
The deleterious effect of the crosstalk can be reduced if the -
receiver takes into account the structure of the interfering sig- r=5 (5Ab+n) 1)

nals. Those receivers do not only depend on the signal of interest
but also on the correlation matrix of the channel [2]. Even sube the notation of a vector-valued additive white Gaussian
optimum receivers that simply invert the channel or minimizeoise (AWGN) channel wité andr denoting the transmitted
the mean-squared error (MSE) require solving systems of linéild received symbols, respectively. The AWGMisn context
equations that scale with the size of the system. For large s§§CDMA, the diagonal matrix4 denotes the users’ amplitudes
tems, e.g., the frequency division duplex (FDD) mode in UMT&Nd theN x K matrixS the K real-valued signature sequences
some believe that multiuser detection, though it would impro lengthV. Note that this channel is not restricted to CDMA.
performance significantly, is infeasible with today’s technologyt models any linear, synchronous and memoryless AWGN
channel with crosstalk, e.g., it directly applies to a single-user
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with K and Ny denoting the number of users and the noidee calculated more easily than applying the exact solution, i.e.,

power level of the AWGN channel, respectively. performing matrix inversion. As the optimum weights depend
The decorrelating and the minimum mean-square errobonthe eigenvalues @ which are not easy to calculate either, [8]

(MMSE) detector output vectors, for the channel defined abogsaggested to calculate them in advance and store them in tables.

are given by [2] This method, however, seems troublesome, as the eigenvalues
i depend on various changing parameters and it is not clear what
dgec = A7 R ©) advantage is gained over storing the inverse correlation matrix.
dimse = (ARA + NoI) "L Ar (4) Adaptive methods to track the weights are discussed in [8].
respectively.

. o . . [ll. WEIGHT OPTIMIZATION
In order to avoid matrix inversions, an approximate decorre-

lator was proposed in [5], [6]. Itis based on the first-order Taylor As the MMSE detector contains the decorrelator as a special
approximation(1 + =)=t = 1 — = + o(z), |z| < 1. With the case forN, — 0, we consider the MMSE detector in the fol-
definition R £ R—T, it reads in the context of multiuser deteclowing. If needed, results for the decorrelator are obtained by
letting Ny = 0. Moreover, for ease of notation, we drop the in-
- dices ()dec and ()Hllnse-

dicc1 = AT I - Ryr = A7 (21 - R)r. (5) It seems reasonable to call a vector of weightsoptimum

1 . . . if it maximizes the signal-to-interference-and-noise ratio
Note thatd ™ has negligible complexity ad is diagonal. From )\R) in the decision vectaty, for fixed L. These optimum
(1+2)7" = 32Zo(==)" 2| < 1, the first-order approxima- weights obviously depend on the correlation mafiand the
tion (5) can be generalized to an arbitrdigh order Taylor ap- 5mpjitudes, in general. Reference [8] derives a vector of

tion as

proximation by weights that minimizes the MSE between the output signals of
L the exact MMSE detector and its polynomial approximation

diec 1. = AL Z(—R)ér. (6) for users with equal amplitudes. This optimization criterion

£=0 is equivalent to minimize the MSE under a constraint on the

This Lth order Taylor approximation is exactly identicapegree of the matrix polynomial. Its advantage is that it only

to L-stage linear interference cancellation and to Jacobpgpenqs on the elgenvalues of the correl_atlon maliand
algorithm [7] for iterative matrix inversion. the noise power densiti, but not on the eigenvectors &.

The approximation converges to the exact solution, i. The total SINR, however, will turn out to also depend on the

limy,_ oo dyec. 1, = duec, iff all eigenvalues); of the correlation eigenvectors, in ge.neral.. o )
matix B are. bounded by <g )\, < 2 Vi [7]. From this _ For further considerations, it will be helpful to define the

point of view, it seems to be a reasonable and good approalf:rf'lear detector

However, it is well known that finite order approximations I
that result from tail-cutting of infinite order approximations My, A 2 ZW(ARA)ZA (8)
do not lead to the best fit among all approximations of the £=0
same order, in general. Thus, there should exist some weights ) ) N )
A T . and the eigenvector-eigenvalue decomposition of the covariance
wy, = [wg,w1,...,wr]’ such that the linear detector

matrix ARA 2 TATY . Then, the detector output vector can be
L .
written as
dacew, =AY weR'r
=0 dw, = My, Ar = My, A(RAb+ $7'n) 9)

is a better approximation to the decorrelator thanittie order _ _
Taylor series. With the help of the Cayley—Hamilton theorenivhich, since the data symbols are assumed to be uncorrelated
the weighted polynomial detector can actually be shown to exd the matrix? is symmetric, gives the total received power
actly implement the decorrelator and the MMSE detector for
anyL > K — 1 [8] if the weights may depend on the eigen- P=F {d,ﬁ’,,ldqu,,} = tr (My,, (ARA)?)
values of the correlation matrii. 5

Less comprehensive generalizations of the approximate + Notr (M“’L ARA) ) (10)

decorrelator can be found in [9] where also nonlinear deteﬁ—

" d4d 4 and 1101 wh thods f (iiepends only on the noise power level and the eigenvalues
ors are addressed and [10] where methods from nume”S?ARA, but not on the eigenvectors of the covariance matrix

mathematics [11] are applied to the problem of linear multius .

. . L %(f{A as it can be expressed as

detection. The matrix polynomial in (7) can also be expresse ! XP

as a finite product instead of a finite sum. This approach is I 2

followed in [12], [13]. P=tr | (A + NpA) ZWAZ ) (11)
The polynomial approximations to the decorrelator and the o

MMSE detector are only helpful in practice if the weights can
2We define the detector @4, A in order to involve only symmetric ma-
INote that the operatod ! is not necessary if the signal set has constaritices and simplify notation. Note also that the tekil in (4) has been absorbed
amplitude. into the constant term of the power series.
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The total received power can be split up into useful signahd
power and the superposition of multiple-access interference
(MAI) and noise power. As the subsequent processing of the
users’ signals is supposed to be based only on each us#ten the signal-to-total-power ratio may be expressed as an or-

@2 Fuw (20)

individual signal, the useful signal power of user numbés
the squaredth diagonal entry of the matridd,,, ARA. Thus,

the total useful signal power is given by
S = tr (diag”® (M, ARA)) . (12)

Let A\; > Xy > -.. > Ax denote the diagonal entries Afand

L
N
& = Z weATE (13)
=0
Then, (12) becomes
K [ K 2
S = Z <Z Tik§u>
k=1 \p=1
K K K
=3 )68 TLT, (14)
p=1lr=1 k=1

dinary Rayleigh fraction

S @' FTCTATOTTOACF 0 o1

P w W ' (1)
The eigenvector corresponding to the largest eigenvalue of
FTCTAT?TT? ACF~! maximizes the Rayleigh fraction
(21) and therefore also the SINR. The optimum weight vector
can then be found solving (20) fas.

With this optimum choice for the weights, the maximum

achievable SINR becomes

I’L max

1- Hmax
the largest

max SINR = (22)
wr

where ... denotes
FTCTAT?T TP ACF .

The solution to the weight optimization problem does not
seem to be easier than an inversion of the covariance matrix
ARA. In particular, it is disadvantageous that it even depends
on the eigenvectors AR A via the matrixZ". Thus, the solu-

eigenvalue of

Obviously, not only does' depend on the eigenvalues, but, inion is not helpful for an efficient approximate implementation

general, also on the eigenvectors of the covariance maAfgid.

A. Optimum Weighting

of the MMSE detector.
The computational effort for the inversion of the correlation
matrix is infeasible only if two conditions are fulfilled. The

In order to find the optimum weights, we write the SINR asnumber of users is large and the spreading sequences are sub-

S 1
INR= —— = )
SINR P-S5 g—l

(15)

ject to random fluctuations. If the number of users were small,
matrix inversion might be easily performed in real time. If the
spreading sequences were known in advance to the receiver,

Maximizing the SINR and maximizing the ratio of useful signa‘ihere would be no need fqr real time matrix inversions. Fortu-
power to total received powsi/ P are equivalent. As it will turn Nately, for random spreading sequences and a large number of

out to ease notation, we focus on the latter in the following.

We have

S
=
22:1 25:1 AuAy Eér:l wf)‘fb EIT:I wl)‘f/ Eli‘:l Tiszk

kot O3+ Nodw) ity we, sy wXy

(16)

users the weight optimization problem simplifies.

B. Asymptotic Weighting

As optimum weighting has been found to be infeasible, we
focus on asymptotic weighting for random sequences in the fol-
lowing. In the asymptotic random sequence model, we assume
the spreading gain and the number of users converge to infinity
with a fixed finite ratio. In this case, some simplifications are
possible which lead to results which are very helpful in practice

Defining the matrix operatof? that squares its argument ele{12]. Moreover, we assume the spreading sequences to be inde-

ment-wise and the auxiliary matrix

1 A A2 AL
1 A A2 AL

cs| T 7 ? 17)
1 A A2 AL

for ease of notation, the signal-to-total-power ratio can be

written as a generalized Rayleigh fraction

S w'CTAT T ACw (18)
P wTCT (A2 + NoA)Cw'

Moreover, let an arbitrary factorization 6f' (A2 4+ Ny A)C be
defined by

FTF 2 CT(A? + NoA)C (19)

pendent identically distributed (i.i.d.).

1) Equal Power Users:Consider first the case where all
users are signaling with unit amplitude, i.4.,— I. Note that
in this case, we have

K K

Z Z gugu = trQ (M‘UIL R)

p=1lrv=1

(23)

which leads to the following asymptotic equivalence, which is
shown in Appendix A:

Lemma 1: Fori.i.d. real-valued random sequences with finite
moments, the asymptotic equivalence

1
lim I tr (diag2 (My, R))

K—oo

1
= lim —tr? (My, R) < o0

Koo K2 (24)
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holds almost surely for alldyy,, given by (8) andd = 1. The asymptotically optimum weights in (29) do not depend
Lemma 1 allows for an asymptotic expression of then the eigenvectors of the correlation matxMoreover, they
signal-to-total-power ratio which becomes for real-valuedre almost surely independent in total of the correlation matrix

spreading sequences due to the following result from random matrix theory.
12 (Myp, R) Theorem 1[14]: LetS be anN x K matrix whose entries
Y I}im ol KLN R (25) are i.i.d. random variables with zero mean and variange,
oo Kir (My, RY) + KNotr (M, 2) and let);, be the eigenvalues & S. Moreover, letk’ — oo
( f:l [L:1 wé)\fjl) andN — oo, but0 < 3 2 K/N < oo. Then, the moments of
= lim s 7 T ;- the eigenvalues
K=o0 K3 oy (A + Nodw) 2202 weAy 2221 wiky,
(26) 1 X 1 -
=3 = Zu(stisym (31)
With the definition) 2 [, Aa, ..., Ax]”, we obtain K ; K
T T
s — lim w'C A\ Cuw ) (27) converge almost surely to the nonrandom limits
P K—oo KwTCT(A2 —+ N()A)Cw
m—1 i
Comparing (27) and (18), we observe tiG AL C is an > <m> <,m ) i (32)
outer product of two identical vectors, i.e., its unique nonzero o V¢ i+1)m

eigenvalue ia? cC” A, while CT AT?TT?AC is full rank, in , o .

general. This fact will turn out to allow for an explicit solutionNOt€ that, in context of CDMA/NV can be idenified with the

to the asymptotically optimum weight vector. number of chips per symbol_(spreadlng factor). _Thls nice
Taking derivatives, with respect to the weight vector, giveonvergence property of the eigenvalues of large dimensional

(28), found at the bottom of the page. It can easily be checki@rdom covariance matrices allows for an explicit analytic
that expression of the asymptotically optimum weight vector which

depends only on the noise power densifyand the loads.
Waey 1, = (CT (A% + NoA)C)1CT A (29)  The moments of the eigenvalue density can be used to
, , o express the asymptotically optimum weight as well as the
is a zero of (28). Moreover, it actually maximizes the SINRqy nntotic signal-to-total-power ratio. For this purpose, it will
globally. Surprisingly, this asymptotically optimum weigh,e"pe|nfy| to define (33)~(35), found at the bottom of the page.

vector is identical to that one found in [8] for minimization of|, tarms ofm () and® (4, No) the asymptotic weights and
the MSE between the output signals of the approximate and mg signal-to-total-power ratio admit the expressions
exact MMSE detector in theonasymptotic case. With (29),

the maximum asymptotic signal-to-total-power ratio becomes Wasy 1, = (®L(B, No)) 'm(B) (36)
s .1 _ 5 _
max - — lim E)\TC(CT(AQ + NoA)C)*CT N, (30) 5 mi (BT (®,(3,No) "mr(B8).  (37)

3The assumption of real-valued spreading sequences is a technical one. TH&his theorem was shown in [14] for Gaussian random entries only. The
authors believe that the results also extend to complex-valued spreadingpsesent form of Theorem 1 which is not restricted to the distribution of the en-

quences. tries inS follows from more general results in [3], [15].
95 CT XN Cww” CT (A2 + NyA)Cw — CT(A? + NoA)Cww™ CT I Cw
_——
dwlP  Kos K (w"C" (A% + NoA)Cw)”
(28)
mi(A) 2 lim —CTA = B{[\N2,. .. AFFT)
L Koo K S 3 IR
(33)
1
&.(8,No) 2 lim - CT(A” + NoA)C (34)
1 — 00
A2 4+ NoA A3 4+ NoA? coo ALH2 4 AL+
A%+ No\? At 4+ Noa3 s AT 4 N A2
=F . . .
S : : . :
)\L+2 + No)\L+1 )\L+3 + NO)\L+2 . )\2L+2 + No)\2L+1

(39)
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TABLE | Let the polynomial detector ignore the unbalanced powers of
OPTIMUM WEIGHT VECTORS FORL = 1,2, 3,4 the interfering users. This means that we address the detector

w' ___woT wy = —Nowy +2+28 . N L ‘
R I N R | My, =) wR. (39)
[ wo | | wo = —Nowyi+3+48+ 382 =0
W0 = | W w; = —Nywy—3—38 For its analysis, the following lemma which is proven in Ap-
W wy, = 1 pendix B will be crucial:
[ wo | | wo = —Nows+4+ 68+ 63 +46° Lemma 2: I__et_I_Z be aK x K covariance ma_trlx of random
— _Now, 695 — 682 sequences with i.i.d. real—valged chips W|t_h f|n|t_e.moments and
W 3= b b 02 A be aK x K nonrandom diagonal matrix fulfilling the nor-
wp || wr = —Nows+4+4p malization (2). Then
L wa ] wy = -1
wo | | wo = —Nows+5+88+982+86° +58° lim 1 tr(R*A%) = lim 1 tr(RY) (40)
w w, = —Nows— 10— 188 — 1882 — 108 Koo K—oco J{
Wi s = | Wy wy; = —Nows+ 10+ 1658+ 1032 holds almost sur_ely for any positive integer _
ws ws = —Nows—5— 58 The total r_ecel\_/ed power and the useful signal power for the
we we = 1 detector defined in (39) are given by

P = tx (R, RA?) + Notx (M, B)  (41)
Any scalar multiple of the asymptotically optimum weight S=tr (diag2 (MwLRA)) (42)
vector is asymptotically optimum, too. This means it can
be rescaled without loss of optimality by the determinant @éspectively. Note the discrepancies between (41) and (42), and
®.,(3,No) as well as an arbitrary scalar function of the loa0), (12), due to the lack of scaling within (39). With the help

and written in terms of the adjoint @ (3, No) as of Lemma 2, this yields for real-valued spreading sequences to
~ o 2 Y
adj(® (3, N, g . tr (dlag (Mw,IRA>)
W, = %mﬁ(ﬁ). (38) Z — lim — ; 2 (43)
£ P K=t (RMy, RA?) + Notr My, R)

This scaling yields that its components drth order polyno- _ tr (diag2 (MwLR))
mials ing andN,. If L is not too large, these polynomials can be = ,‘11_1};0 NI ) (44)
calculated with commercial programs for symbolic algebra and tr (er,R ) + Notr (Mwn R)
are surprisingly simply structured. Fot. < 4, the results are _ oy Bl (45)
summarized in Table I. Real time calculation of the asymptoti- TR P

cally optimum weight vectors is surprisingly simple, as Table

indicates. Therefore, the implementation problems of polyn'E)l]e same asymptotic signal-to-total-power ratio as found for

mial approximations to decorrelating and MMSE detectors hasgu.al powers in (25). Ob\(|ously, this equivalence also yields
uivalence of the SINRs in both cases.

been overcome for large scale systems with random spreacﬁn he SINR for unequal powers is a quantity averaged over all

gnd E?L{al Zofwer USErs. Apprtgxm?tl(;r?s ::?I:/ltgg c(ijet}zor:elaltot:.cggers_ Large SINRs of some users may compensate for low ones
€ obtained from approximations o the etector NG other users. Therefore, itis not obvious whether it is indeed a

No = 0. As Table | indicates, this results only in negligible "®Sensible measure of performance in any case. The distribution of

duction of complexity. the users’ SINRs gives more insight. It is proven in the following
2) Unequal Power UsersThe results for equal power user hat

do not generalize straightforwardly to users with unbalanced

powers. Note that Lemma 1 does not hold in that case. Alter- lim SINRy = A lim SINR (46)

natively, the MSE can serve as performance criterion instead of oo oo

SINR. This approach was followed in [12] independently froriwhere A, denotes theith user’'s amplitude. Note that due to

this work. It avoids the need for Lemma 1, but leads to consymmetry the total interference and noise power affecting user

plicated expressions for the asymptotically optimum weightsis independent of the indek In contrast, the useful signal

which involve the first2L moments of the power distribution. POWer is proportional to the transmitted signal power of user

In the following, we analyze a simpler method. k, as the transmission is linear and both channel and receiver do
not depend on the other user’s powers. Therefore, the calculated
SINR is given by

SNote that, at first glance, one would expect to obtain polynomials in the load :
and noise power density of ordé( L + 1) instead of ordef. which would 1 K SINR,;,

imply the need to calculat&®(L + 1) products per component of the weight lim SINR = lim — 7
k

vector. K—oo K—oo K £~

(47)
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As theSINR is asymptotically independent of the choicef TABLE I

this yields (46). NORMALIZED DETERMINANTS A, (3, Ng) FORL = 0,1,2,3,4
Optimizing the weights for equal powers, but applying then‘Ao TNiiss

in the unequal power case yields the same average SINR, 3~ v 128N 11+ 557

applying them in the equal power case which they are design 'a, = nN + 3+ 35)V2 + 3+ 45+ 38)No + 14 5 + 2 + 5°

for. To be more precise, we have Theorem 2. Ag = NE+(4+4B)NG+ (6 + 98 + 682)NZ + (4 + 68 + 662 + 465 No+-
Theorem 2: Let a polynomial multiuser detector be defined +i+8+0204+8+ 5
as in (39),i be the index of the user of interest, and the powe 2« = N5+ (5+58)N; + (10 + 168 + 108V} + (10 + 188 + 184 + 108°) N+
distribution among the users be normalizedig P, = K with HEH8A 9+ 8+ 5N+ 14 BB+ B+ B+ B
F; = 1. Then, the average SINR for random spreading is almost
surely independent of the power distribution,fés— oc. [18]-[22] and [18], [21], respectively. Another framework for

Note that Theorem 2 holds for any weights. Note also that thg 5y sis of linear multiuser receivers with random spreading

polynomiejll multiuser detector dgfined in (39) does not iNvolvg he concept of effective interference [23]. Although it ap-
the users’ powers. Therefore, it cannot be the lidtorder jies to linear multiuser detectors, it is not clear how to gener-

approximation to the MMSE detector for any weights, except fy;,e it to nonlinear receivers including those involving succes-

the equal power case. This implies that a polynomial multiusgge cancellation. Therefore, we will analyze the performance of
detector as defined in (8) with weights optimized with respect i approximation to decorrelating and MMSE detectors with
SINR performs at least as well as that one defined in (39) Wilfyq \yithout successive cancellation in terms of spectral effi-

equality holding only in the equal power case. This implies thafency. Hereby, we restrict our considerations to the case of
regarding the detector defined in (8) there is a saddle point of t&,5| powers due to the reasons outlined in Section 111-B2.
SINR as a function of the weights and the power distribution. To |, the nonasymptotic case, an exact analysis is difficult. Re-

be more precise, we have Theorem 3. ~ sults have been reported only for the decorrelator with spher-
Theorem 3: Let a polynomial multiuser detector be defineqq) random sequences [18], [21]. For general sets of sequences,
asin (8) be the index of the user of interest, and the power difig\yever, [24] indicates that the results should be similar. Due
tribution among the users be normalized), Fi. = K With 4 these reasons and forced by the additional analytical trouble
;= 1. Moreover, let the spreading sequences be assigned r3fising in the case of polynomial detectors for finite-length se-
domly and/" — oc. Then, there is a power distribution and &,,ences by their dependency on the eigenvectors of the correla-
weightassignment such that for any different weight assignmeiy matrix, we restrict to the asymptotic case in the following.
the average SINR decreases and for any different power disihis has the additional advantage that no averaging over realiza-
bution the average SINR is unaffected. This power distributiQy s of the random sequences is required, as Theorem 1 ensures

is the equal power case. , convergence of the eigenvalue distribution in probability.
The interference caused by unbalanced interferers has turned pasic tool in order to calculate spectral efficiency, is an

outto be less harmful than in the equal power case in the asymBa ytic formula expressing the SINR in terms of the load and
totic limit with random spreading. Thus, interferers with equar{qise power density. In the present case, it certainly depends

powers are the worst case scenario. Therefore, our main focugis, on the weight vector. Because of (15) it is sufficient to find
on the equal power case throughout the rest of this work and @l§ signal-to-total power ratio. It becomes

results are also lower bounds on performances for unbalanced
interferers. 2
5, _{wimi(5) (48)
P wi®p (8, Noywr

IV. ANALYSIS OF EFFICIENCY

In the previous section, linear multiuser detectors that do V(\)'Fh (27), (33), and (34) and can be further simplified with (36)

. o : .10 obtain
require matrix inversions have been proposed and optimized.
Certainly, there is strong interest to find out how well this ap- T /

. . . . S T my, (ﬁ)wasy L
proximations perform in comparison to the benchmarks set by 2R my (B Wasy, 1. = W (49)
the decorrelator and the MMSE detector. r.(B; No)

The traditional measures of comparison for uncoded P&lhere
formance of multiuser detectors are asymptotic efficiency
and near—far resistance [2]. However, they do not help in our
particular case. All discussed linear approximations will turn

out to exhibit zero near—far resistance. Nevertheless, th%\]/ _ ) )
could obtain a large performance gain over the conventiondte normalized determinants, (3, No) can be calculated in

MF detector and exhibit excellent performance in moderat@e Same way as the asymptotic weight vectors. Some of them
near—far scenarios. are listed in Table II.

If random spreading is considered, a more general means ofVith these preliminaries
comparison than near—far resistance, called spectral efficiency, - ,
can be applied [16], [17]. Itis discussed for decorrelating and/or SINR,, — my, (/3)wasy,L (51)
MMSE detectors with and without successive cancellation in Ar(B, No) —mT(B)wl,

A det @ 1.(3, No)
Ar(B, No) = T LDz (50)
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allows to give explicit expressions for the optimum SINRs, e.dWhile, for the MMSE detector with random spreading, an ex-
(52)—-(56), found at the bottom of the page. Obviously, the zplicit expression can be found [18], this is not possible for ap-
roth-order approximation is equivalent to the conventional Mproximations to linear receivers, in general. In the following ex-
Our first-order approximation is better than the approximateesme case, however, we find
decorrelator (AD) analyzed in ([2], p. 281), where the weights s gLt
were based on a first-order Taylor series and not optimized with lim Ty = Blog, </ —f ) (60)
respect to the maximum achievable SINR, see (5). f]—g—>oo p-1
Note that due to Lemma 1, the asymptotic SINR depends only
on the moments of the eigenvalue density which convergesWifich is illustrated in Fig. 1. It can be observed that around
probability. This means we have the following theorem. p = 0.4 spectral efficiency increases by about half a bit/s/Hz
Theorem 4:LetA = T K, N — oo, but0 < 3 A (K/N) < with each additional stage of the approximation. Thus

oo and the random components Sfbe independent with fi- L

nite variance. Then, the SINR at the outpli= Mr of any max['y ~ 5 +1 (61)

linear detector described by a matd = ZLO we( B, No) R

converges almost surely to a nonrandom quantity for arbitra/an accurate rule of thumb.

weight functionsue(3, No),0 < ¢ < L, and arbitrary orde.  Fig. 1 points to a remarkable property of polynomial approxi-
In the case of vanishing noise, an explicit expression for tmaations to MMSE receivers: While for the MMSE receiver, the

SINR is possible for arbitrary ordef: optimum load converges t8 = 1 as E;,/Ng — oo, the op-

timum load of its polynomial approximation shows a different

L=l behavior. In Appendix C, it is shown that

lim maxSINRy — (57)

No—0 Wy 1-p3
It was found in [25] in related but different context and also =
holds for polynomial approximations to linear multiuser de- _ _
tection. Note that the SINR is finite even when no AWGN ié€., the asymptotically optimum load convergesitp(—1). On

present. However, the asymptotic SINR grows exponentialliye other hand, the approximation becomes exact as the order
with the order of the approximation fgr < 1. approaches the number of users, ile-> K. As K — oo, this
means

. ) . ) 1
lim arg;nax A%ILLO max Blog,(1+ SINRy) = ° (62)

The previous results on the SINR with random spreading can . —,
be plugged into the definitions of power and bandwidth effi-
ciency reading Obviously, the behavior differs if the limits are exchanged.
However, it does not matter from a practical point of view

A. Linear Receivers
lim argmax lim maxflog,(1+SINR,)=1. (63)
0 8 L—oo Wy

No 2 NoC = Nplog,(1 + SINR(Ny, 3)) (58) because the limitsVy — 0,L — oo are far away from the
Ep operating conditions of real-world communication systems.
rs BC = Blog,(1 + SINR(No, 3)) (59) For less extreme situations, i.e., SNR5/N, that range

within intervals that are of practical interest, the polynomial
respectively [18], [19], withC denoting the channel capacity ofapproximation receiver shows promising performance. This is
an individual user’s channel. observed from Fig. 2. It shows spectral efficiency as a function
A parametric description of the functional relationship beaf the load for a fixed SNR that represents a typical setting
tween power and bandwidth efficiency is given by (58) and (59 practice. The approximate MMSE receiver is found to

1
Ir&%x SINRO i /3—'_—]\70 = SINR]\/{F (52)
L48+Ny 60 1 - 28+
SN = e AT 28 T Ve T P B N - A ) | RaD 9

1+ 8432+ No(2+28) + N§

ax SINR, 54
T T B NG (128 1 36%) + NZ(2 +30) + N3 &9
1+ 8+ 32+ 3+ No(3+48+33%) + N3(3+38) + N§
ax SINR, 55
e T BT NG (1 + 28 + 362 + 40%) + N2(3 + 68 + 662) + N3(3 + 40) + N& (53)
1+ 8+ 6%+ 3+ 1+ No(4 + 68+ 652 +45%)+
max SINR, — — 5
wy B35+ No(1+284+382+43 +544) + Ng(4+ 96 + 1242 + 1052)+
+NG(6+ 95 +65%) + Ny (4 +45) + Ng (56)

N6+ 128+ 1082) + NE(4+58) + NG
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Fig. 3. Spectral efficiency versus system load for the first five Taylor
approximations to the decorrelator and fixitllog, ,( Ey,/No) = 10 dB.
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ar // , ond o — - : 1 Fig. 4. Spectral efficiency versus power efficiency for several linear multiuser
1.5k 4 istorder =~ T =  receivers with optimized loads.
: . maiched fitter
: e j , vidual receiver. The figure shows that the number of approxima-
0.5[ O “hgp.decs = . . . .
0 = : , tion orderdl. that is reasonable to implement heavily depends on

% 03 06 o0s 1z 15 18 21 24 27 5 the SNRon the channel. As already observed in Figs. 1, Fig. 4

- also confirms the rule of thumb found in (61). Only fbr= 0,

Fig. 2. Spectral efficiency versus system load for several linear multiuslé?" the conventional MF, it is not accurate.
receivers and fixed0log,,(E;/Ny) = 10 dB in comparison to limits for
orthogonal systems and joint decoding reported in [19]. B. Successive Cancellation Receivers

. . ) Postdecoding successive cancellation (SC) receivers with
approximate its exact counterpart rather fast, while the apPr®ear MMSE predetection were shown to incur no loss in

imate decorrelator specified |n (5) does not shoyv. prom?Si%mparison with joint multiuser decoding [26]. Their general
performance for3 > 0.3. Additionally, spectral efficiency is structure is depicted in Fig. 5. First, we assume that all users

hardly affected by fluctuations of the load. o signal at identical powers. In this case, spectral efficiency can
All these properties result from proper weighting of theo ooy obtained by integration of the respective spectral

POWETS of the corre_le_xtion matrix. Without ,SOphiSticategfﬁciencies without successive cancellation [18], [19], [21],
weighting, spectral efficiency may drop far behind that of thp

conventional MF even for multistage approximations. This is” "
illustrated in Fig. 3 for the Taylor approximation defined in g dg
(6). For all orders shown, the range @fwhere reasonable Fsc(8) :/ Dlinear (8 )7~ (64)
performance is achieved is very limited, as the spectral radius of 0
S exceeds the convergence interval of the Taylor approximatiBor Lth-order polynomial approximations to the linear mul-
if 3 > (Nov2—1)? ~ 0.17 [10]. Remarkably, the Taylor tiuser MMSE predetector as front end to successive decoding,
approximations with even order are better with respect totlais means
performance-complexity tradeoff.

The tradeoff between power and bandwidth efficiency is well
illustrated in Fig. 4. There the load is optimized for each indi- I = /0

8
log,(1 + SINR,(No, 8)) d'. (65)
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Equalizer, _a
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Fig. 5. Postdecoding successive cancellation for two users.
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Fig. 6. Spectral efficiency versus system load for several multiuser receiveg. 7. Spectral efficiency versus system load for equal rate user and fixed
and fixed101log, ,(E:/Ny) = 10 dB. 101og,,(Es/No) = 10 dB.

Spectral efficiency is plotted in Fig. 6 versus the load for a
fixed SNR and compared to some standard methods of multiué
detection. The linear MMSE detector can only keep step wi
the second-order approximation for loads up to about 0.5.
larger loads, it falls behind even the first-order approximatio
The interference cancellation without linear predetection al
keeps far behind all. > 2 order approximations. The third-
order approximation is already close to the theoretical limit.

The previous considerations are based on successive deco M%
with equal powers for all users. This implies an imbalanced r %

ich can be computed recursively from (66). With knowledge
the power allocation, it is a routine procedure to calculate
ectral efficiency, see e.g., [21] for details. The results are de-
Igicted in Fig. 7. It is interesting to observe that the lower order
ggproximations improve in comparison to their respective coun-
terparts in the equal power case while the higher order approx-
imations lose performance. This phenomena is not surprising.
considered detector converges from the MF to the MMSE
ctor, as the order grows from zero to infinity. The results in
show that for the MF the equal rate case is advantageous

assignment to the users. Although the rate imbalances can .
ile the MMSE detector performs better with equal powers.

compensated by methods like time-sharing or rate-splittin\e!,
such methods involve additional complexity. Alternatively, the
powers can be adjustedin such away that a target rate distribution
is achieved. This approach is analyzed in the following at the
example of equal rates for all users. Following the approach inThe overarching goal of all this work is to simplify the im-
Section I1I-B2 to ignore the power imbalances of the weiglflementation effort of multiuser detection. This means the pro-
design, the common channel capacity of all users becomes posedLth order approximations to the MMSE detector would
) be meaningless if there were no simple ways to implement them.

C = log, <1 + (k= 1A A fast structure to implement a lineéth order detector for

25:11 A? fixed weights has been found in [27]. There, the computations

V. FAST IMPLEMENTATIONS

k1 are accelerated compared to (7) using a generalization of
Sz Horner's scheme [28]:
x SINR | (k- 1)Ng Az, ~ vk (66) Horner's scheme [28]:
=1

since the noise variance is scaled by the average interfereflea = (- -(wr.S" S + w1 1)STS-- ) - +wrI)ST'S
power. This uniquely defines a power allocatid, ..., A% +w, 1ST'S + wol)r. (67)
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Fig. 9. Proposed structure for first-order approximate MMSE detection with

Fig. 8. Block structure for first-order approximate linear MMSE detectiorslljbsequent SIC.

[27].
the number of users seems to be a difficult task for genkral

. L . . In the special casé = 1, an algorithm with complexit
This means that multiplications between matrices are avoided P g piextty

by subsequent respreading and matched filtering. In effect, Zscq = 4 (70)
only multiplications between matrices and vectors are required. ’

For L = 1, the receiver is illustrated in Fig. 8 in its equivalenis yiven next.

complex baseband representation. Obviously, calculation OfAlgorithm 1: Letao = 0 and(-); denote theth component
the cross-correlation matrik is avoided by matched-filtering g thejth column of a vector and a matrix, respectively. Let
(MF) and respreading (RS) of the receiver input siggd). ., (x, ) denote the (optimized) weight vector for a system
For Lth order approximations witth > 1, the unit consisting it x users, and spreading factdf. Then, the detector’s

of RS, summation, and matched-filtering is simply to bSutput vectord is calculated recursively by
repeated. times. Note that in case of multipath channels, the

initial M(I;s havedtohbe reEIaced by I(;\Il:(e ricei\llt;ars [2b9], agd theh ax = ap—1 + ()e(S)x (71)
respreaders and the subsequent MFs should be based on the u ‘ ‘
effective spreading sequences estimated by the rake receivers. ()i = o (S)(wi(k, N1 + ()(wr(k, Mo (72)

'V'easu””g in units_of the complexity of the cqnvgntiqnal MF. " proof: As the users are canceled in the inverse order of
the complexity for a lineaLth order approximation is given by their indices and cancellation is assumed to be perfect, we find

Zyin = 3L + 1. (68) (d)r = (w1 (k, N))o(r)x + (wi(k, N))1

X > (S)E(S)k(r)s- (73)

Hereby, the factor three takes into accoliiimes RS, summa-
tion, and matched-filtering in addition to the initial matched-fil-
tering. Note that the complexity of the exact MMSE detectarhe users with indices larger thardo not matter as their influ-
implemented by Gaussian elimination exhibits complexity —ence is cancelled. It remains to be shown that

k

ZnvMse = const. - K+ 1 (69) ap = Z(S)n('r)m (74)
r=1
which can be substantially higher than (68) for laigeMore- This can be directly seen from (71). O

over, the polynomial approximation can be computedibyo This algorithm is illustrated in Fig. 9. The main modification
N processors in parallel while Gaussian elimination is a sequen-get from the symmetric structure in the linear case, see Fig. 8,
tial algorithm. to the asymmetric structure for subsequent successive inference
The problem remaining unsolvedin [27],i.e., to find a methocancellation (SIC), is to replace the overall summation between
for adjusting the weights in real time, has been solved in thigS and second matched-filtering by a cumulative summation. In
work for large number of useds making use of random matrix addition, interference cancellation provides virtually different
theory. Note that for a small number of users the benefits sfstem loads and channel loads among the users. Therefore, the
the polynomial approximation are limited, as in that case theeights significantly vary from user to user. They can be calcu-
complexitiesZy,, and Zynvsg do not differ significantly. lated according to the formulas in Section Il which hold exactly
Although (67) provides an easy implementation for approxier large systems and are a very good approximation for small
mate linear multiuser receivers, it does not straightforwardly esized systems.
tend to receivers involving successive cancellation. Moreover,The structure in Fig. 9 is more general than it needs to be.
the invention of an algorithm whose complexity measured @bviously, eitherwy; or wy; can be arbitrarily assigned any
multiples of the MF complexity being less than proportional taonzero value for any. Note also that the path consisting of the
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second MF #1 and the weighting with,; is redundant. The APPENDIX
following choice of weights seems to yield the least complex
structure for COMA: A. Proof of Lemma 1
Note from (23) and (12) to (14), itis sufficient for proving the
wy; =0 (75)  lemma to show that
wy; =—1 V2<i<K (76)
2K 1 K K K , ,
wo1 = W + 1 + NO (77) Klgréo E Z Z £H£V T;LkTVk
AK —i+1 i— 1)N p=lv=l k=1
w0i2%+2+(§:i_71)14§ V2<i<K. (78) ] K X
pn=1"*"n = Kh—1>rc1>o F Z Z SMSV < o0 (81)

1=1v=1
In the equal power case, (78) can be further simplified as- 1 '

for QII users. The corresponding results for antenna arrays gflds almost surely. The double sum on the right hand side is

straightforward. Note, however, that both system and chanpgliously finite, as it sums the eigenvalues of a bounded matrix.

load have to be adapted to the virtually present interferers. Ty, only the equivalence of the triple sum on the left-hand side
In order to find a simple structure for higher order approxizng the double sum on the right hand side remains to be shown.

mation, it is not sufficient to repeat the unit consisting of RS, Note that the rows (and columns)Bfare eigenvectors dk.
cumulative summation, and matched filtering as it is possibig, ;g

for symmetric receivers: In the linear case, the signal of kser

after Lth order weighted filtering can be represented as K 5
STl =1 Vu (82)
k=1

L K -1
wo(r)x + (S); ZW <Z(3)i(3);‘r> Sr. (79) since the eigenvectors are normalized to unit norm. However,
=1 i=1 according to ([30], Theorem 2), we have a stronger result in

. . . - . . emma 3.
This representation yields the efficient implementation o Lemma 3: Let all entries ofS be real and i.i.d. random vari-

(67). In case of subsequent successive cancellation the US§JiSs with all moments finite. Then. for ange [0, 1]
with larger indices thark are virtually not present as they ' ' ’

get canceled (almost) error-free later on. Thus, the signal (it

. ]
corresponding to (79) becomes Ilim T2 — ¢ 83)
1 — 00
L k -1 =t
T T
wo(r)x + (5)i ZW <Z(S)i(s)i ) holds almost surely for angwith [] denoting the greatest in-
=1 =1

teger being smaller than the argument.

Note that Lemma 3 does not only show asymptotic unit norm
for the rows (and columns) @&, but also that the cumulative
sum grows proportional to the number of terms being summed.

In this case, the/ — 1)st power of the correlation matrix This implies Lemma 4.

is dependent on the user indéxand needs to be calculated Lemma 4: Let all entries ofS be real i.i.d. random variables
for each user, separately. Hereby, the complexity becon¥éh all moments finite and the serigsy./ k) be absolutely sum-
proportional to the number of users. Only far = 1, the mable. Then
term (3°F_,(8),(S)T)*~! vanishes for al¥, which allows for

Algorithm 1.

X > (S)w(T)n- (80)

K K
1
li T? = lim — )
dm > 6Th = lm > & @Y
k=1 k=1
VI. CONCLUSION
. . _ _ holds almost surely for ang:.

MMSE multiuser detection approximated by weighted poly-  Proof: Since(¢u/k) is summable, ang;. can be decom-
nomial matrix-filtering, in particular in conjunction with sub-posed into a sum ok’ — k + 1 termsé;, 1 < /< K —k +1
sequent successive cancellation, has been show to offer anggjeh that
cellent tradeoff between performance and complexity. Hereby,

. . . . .. K-k
the misconception that increasing spectral efficiency by mul- & = SZH & Wk (85)
tiuser detection involves significant additional complexity has k= — ¢ )

been debunked.
The underlying principles that led to our results are more gehet = be a triangular matrix such that
eral and based on fundamental properties of large covariance
matrices. Therefore, the low-complexity detectors found in this = &, fork</
paper are also applicable to other vector channels. S = { 0, elsewhere (86)
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Then, we get almost surely

hm Z SkTék

almost surely ag{’ — o~o. Thus, we find the almost sure con-
vergence of

—tr(R*A?) — < )zI:A >oA

K K—k+1 K K n=1
= Jm 303 Gt = i 32 =T, ey L e
k=1 ¢=1 =1 =1 K K
K K ) The normalization (2) gives the result to be proven. O
= lim 3> ST, (87)
‘Hooz = C. Derivation of (62)
Here, the validity of (62) is verified:
> ZT’z’k (®9) yot(62)
K _)OOé 1 k=1 lim argmax lim max/3log,(1+ SINRy)
1 K K L—oo 3 Ng—0 Wy,
= lim Z & Z = lim —> > Ex (89) _ gLl —p
— K KowK i = ngr;o argmax flog, 15 (98)
K Isfk+1
. B 3-L-1_ g3
= ;h—lgo I Z Z & = argmax ngr;o b 1n<%)
. f —L—-1
. 1 = argima 1 - 1 3 — 3 99
- 26 CR ©
k=1 Blnpg 1
) ) ) = algmax hm ~[13 7 = argmax —fBlnpg=-=.
where Lemma 3 is used to obtain (89) from (88) while all other 8 o f3 1 8 ¢
conclusions make use of (85) and (86). O (100)
With Lemma 4, we get almost surely
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