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Abstract

A simple multi-cell Rayleigh fading uplink com-
munication model is suggested and analyzed for op-
timally coded randomly spread DS-CDMA with mul-
tiuser detection. The model adheres to Wyner’s (1994)
infinite linear celi-array model, according to which
oniy adjacent-cell interference is present, and charac-
terized by a single parameter 0 < o < 1. The discus-
sion s confined to asymptotic analysis where both the
number of users per cell and the processing gain go
to infinity, while their ratio goes to some finite con-
stant. The spectral efficiency of various multiuser de-
tection strategies is evaluated assuming single cell-site
processing, and equal transmit powers for all users in
ali cells. Comparative results demonstrate how per-
formance is affected by the introduction of inter-cell
interference (with and without fading), and what is
the penalty associated with the randomly spread coded
DS-CDMA strategy.

1. Introduction

Information theoretic analyses of direct sequence
code division multiple access (DS-CDMA) systems
have gained much attention in recent years, due to
the rapid development of commercial cellular sys-
tems employing this multi-access strategy. Results for
a single-cell DS-CDMA systern, were recently pre-
sented in {11~ [4] (see also references therzin). These
works explicitly relate to CDMA systems with ran-
dom spreading sequences, and the limiting scenario
is examined, where both the number of users and the
processing gain go to infinity, while their ratio goes to
some finite constant. Assuming equal received pow-
ers and no fading, expressions are presented in [1]
for spectral efficiencies of the optimum detector, the
matched-filter detector, the decorrelator, and the lin-
ear minimum mean squared error (MMSE) detector.
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The impact of frequency-flat fading on these receivers
is analyzed in [2]. Signal to interference plus noise
rattos (SIRs) at the output of the above mentioned lin-
ear detectors are presented in [3], and an extension of
these results to fading channels with multi-antenna re-
ception can be found in [5].

This paper addresses multi-cell systems using the
attractive cellular model suggested by Wyner in [6].
This simple mode! allows for analytical tractability on
the one hand, while giving insight to practical systems
on the other. Accordingly, the system’s cells com-
pose an infinite linear array, where the received sig-
nal at each cell-site is the sum of the Rayleigh faded
signals received from intra-cell users, plus a factor o
(0 £ a £ 1) times the sum of the faded signals
generated by users in the two adjacent cells. Non-
adjacent cell users are assumed to produce no inter-
ference. The received signal is embedded in ambient
Gaussian noise. The multi-cell effect on performance
is thus specified by a single parameter (). The same
model is ziso used by the authors in [7], which is de-
voted to non-fading channels. In [8], a multiple-cell
receiver as in [6] is considered, and it is demonstrated
that fading may turn beneficial even with the optimaily
coded setting, where no spreading is imposed.

Flat-fading channels are assumed, as in [2], [8] and
[9], and the spectral efficiency obtained by employing
optimally coded (in the information-theoretic sense)
randomly spread DS-CDMA with multiuser detection
is analyzed. Asin[1]—[3], the limiting case is consid-

red in which, denoting by K the number of intra-ceil
users (assumed constant and equal in all cells), and by
N the spreading factor {processing gain), K, V — oo,
while % — B < oc. The factor 3 is commonly
referred to as the “system load”. Assuming single
cell-site processing, four types of multiuser detection
strategies are considered (as in [7]): 1) The “con-
ventional” matched-filter detecior that treats all in-
terference (either intra-cell or inter-cell) as additive
white Gaussian noise; 2) A single-cell optimum (SCC)



detector that “optimally” detects the transrnissions of
intra-cell users, while treating infer-cell interference
as additive white Gaussian noise; 3) The linear MMSE
detector that knows the signature sequences of all in-
terfering users (both intra-cell and in adjacent ceils)
and mitigates their interference by means of a lin-
ear MMSE filter; 4) A detector that employs MMSE
based swccessive interference cancellation (MMSE-
SC) to decode transmissions of intra-cell users, while
inter-cell interference is mitigated by means of a lin-
ear MMSE filter (the MMSE-SC detector is, in fact,
optimum in terms of spectral efficiency in the set-
ting considered in this paper, as briefly explained in
Subsection 3.4). To distinguish between this detector
and a detector that performs MMSE based successive
interference cancellation over all received transmis-
sions, the latter shall be referred to as the full MMSE-
SC detector (this detector is equivalent to a decision-
feedback receiver). It is emphasized that neither the
linear MMSE detector, nor the MMSE-SC detector,
try to decode the transmissions of adjacent cell users
(which might be prohibitive if « is small). In fact, the
cell-site detector may actually be ignorant regarding
codebooks or code-mask sequences employed in other
cells, but is aware, as usually is the case in practice, of
- the signature sequences of all users in adjacent cells.
In addition to the above, it is also assumed that all de-
tectors are provided with the required knowledge re-
garding the received powers of the interfering signals.
The use of adaptive MMSE detection may be attrac-
tive in this respect, as it makes no distinction between
intra-cell and adjacent-cell interference.

Identifying the spectral efficiency as the fundamen-
tal measure of systemn performance for coded sys-
tems (see [1]), the spectral efficiency of all four detec-
tion strategies is obtained, and comparatively exam-
ined assuming a corstant (fading independent) trans-
mit power. The results are then compared to znalo-
gous results without fading (appropriately reproduced
from [71). Finally, the penalty in systern performance
due to randorn spreading is also examined, by com-
parison {following [9]) to the spectral efficiency of a
few corresponding detectors, in the setting in which
all bandwidth is available for coding {as opposed to
bandwidth expansion by DS-spreading).

The structure of this paper is as follows. Section 2
describes the system model. Section 3 presents the
spectral efficiencies of the four multiuser detection
strategies. Section 4 includes a surnmary of the ob-
tained results. Finally, Secticn 5 ends the paper with
some concluding remarks.

2. Multi-Cell System Model

Following {6] and [9], the uplink of & fully syn-
chronous cellular CDMA system is considered, whose
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cells are ordered in an infinite linear zrray. Using the
standard discrete time equivalent channel representa-
tion, the signal vector received at an arbitrary cell site,
at the discrete time related to the transmission of the
ith symbol, is given by

v, = S:Hx; + aSTHz7 +aSTHT =zt +n;.
2-1)

The vector &; = [Ty, -- ,xK,iET in {2-1) com-
prises the X code symbols transmitted by intra-
cell users at the ith <§jscretc time. The vectors

a:f = ;-a:liz, . ,xf‘-,i] denote the vectors of code
symbols originated from users operating in adjacent
celis. These symbols are assumed to be i.i.d., proper
complex Gaussian (which conforms with the capac-
ity achieving statistics), with E£{zz;} = 0 and
E{lzxs|°} = P Vk,j, where P is the equal trans-
mit power of all users. This model is justified by
assurning that the codebooks of all users are chosen
randomly, governed by an underlying i.i.d. Gaussian
distribution per symbeol, and independently for each
message transmission (see {9]).

The matrices S; and S? are N x X matrices,
whose columns are the V-chip long spreading (signa-
ture) sequences of the X users in the considered ceil
and in its adjacent cells, respectively. The entries of
the above matrices are treated as i.i.d. zero mean ran-
dorn variables, with variance 1/N. The vector 7z; 1ep-
resents a zero mean white proper complex Gaussian
noise vector, with E{n;n]} = I, Vi. Without loss
of generality all received powers are thus normalized
with respect to the noise spectral level, and represent
in fact the signal to noise ratios (SNRs) at the input to
the rnultiuser detectors.

Finally, H; 2 diag (h1...,hx:) and HF
2 diag (kT ...,hk.), where {hgi Yo end

F hi . }K

1 k1 k=1
Gaussian channe! fading gains associated with the sig-
nals of the different users, at the ith discrete time. It
shail be assumed henceforth that as the system size
becomes large (N, K — o0, & — 8 < o), the em-
pirical distribution of the channel fading gains con-
verges a.s. to a distribution 7. For regularity reasons

designate the i.i.d., zero mean, complex

Is
it is assumed that B ¢ ]h;z} = 1 {where h denotes
sorne arbitrary fading gain), and the fading power is
henceforth denoted by v £ |h%.

3. Spectral Efficiency of the Mul-
tiuser Detectors

The per cell spectral efficiency (see [1], [2]),
or throughput, is defined as the total number of
bits/sec/Hz that can be transmitted arbitrarily reliably



in each cell. The spectral efficiency of a linear de-
tector is conveniently expressed in terms its multiuser
efficiency (see [10]), defined as the ratio between the
detector’s cutput SIR and the SNR (note that multiuser
efficiency may depend, as is the case with the MMSE
based detectors, on the presence of fading, see {27 and
equation {3-6)). Denoting the multiuser efficiency by
7, and following central limit results showing that the
interference at the output of each of the two linear de-
tectors, i.c., the matched-filter detector and the linear
MMSE detector, is well approximated by a Gaussian
noise (see [1], [7] and references therein for justifica-
tion of this Gaussian approxirmation), the spectral effi-
ciency of these detectors is given by (the logarithms in
all expressions may be taken of arbitrary basis, how-
ever all numerical results in this paper correspond to
base-2 logarithms)

C = BE, {log(1-+vnP)} , G-

which for Rayleigh fading can be expressed in
terms of the exponential integral function & () £

f2° e dt, (t > 0), yielding

C =pBlogee™ E; (i\, . (3-2)

P/

E, {-} in(3-1) denotes the expectation with respect to
the fading power v. The spectral efficiency of the two
non-linear detectors, i.c., the SCO detector and the
MMSE-SC detector, 1s most conveniently evaluated
using inter-relations between the spectral efficiency of
the optimum multiuser detector and that of the linear
MMSE detector, as described below.

Due to space limitations, the following subsec-
tions only briefly outline how the spectral efficiency
in Rayleigh-fading channels of all four muitiuser de-
tectors is evaluated. The interested reader is referred
to [11] for more details on the derivation of the above
results, and 1o [7] for the f‘orrﬂspondvng results in
non-fading channels. The notation (), ()., ().
and (-)_. is used to designate entries related to the
matched-filter detector, the SCO detector, the linear
MMSE detector, and the MMSE-SC detector, respec-
tively. It is noted that when different systems are to
be compared (with possibly different spreading gains
and data rates}, it 1s useful to express the spectral effi-
ciency in terms of %, which is done through the rela-
tion P = 3 C £ (see [2]). However, for simplicity of
notations, equations are expressed in terms of the re-
cetved power {which is in fact the SNR, following the
normalization with respect to the noise spectral level).

3.1 The Matched-Filter Detector

In the limiting scenario considered here, the fol-
iowing result of [3] on the convergence of the mui-
tiuser efficiency of the matched-filter detector in a
single-cell system holds.
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Lemma 3.1 (Tse-Hanly [3]) Let the empirical distri-
bution of the received powers of all users converge
as. as K, N — oo, % — [ < oo, to some non-
random limit H{P). Then, the multiuser efficiency of
the maiched-filter detecior converges in probabiiity to
a non-rardom limit n,,, equal for all users, given by

-

nmj:l'{"BE’}-{{P}y

where Eq, {-} represents expectation with respect to

H(P).

(3-3)

Turning to the particular multi-cell model considered
here, the matched-filter detector effectively operates in
an equivalent single-cell system of 3K users, one third
of which (the intra-ceil users) are received at powers
{vP}, while the remaining two thirds (the adjacent-
cell users) are received at powers {a?vP}. Hence,
using {3-2) and applying Lemma 3.1, the spectral effi-
ciency of the matched-filter detector is given by:

Py 3
1-§—ﬂ(1+2a2)l_’>}
= Blogeeld+F1+2e7)] g, {% + B(1+2a%)|
d
(3-4)

C.=BE, {zog (1 +

3.2 The Linear MMSE detector

Following is a result from {3], as it is formulated in
[2], that applies to single-cell systems and fiat fading
channels.

Lemma 3.2 (Tse-Hanly [3]) Let the empirical distri-
bution of the received powers of all users converge a.s.
as K, N — co, % — 8 < 00, fo some non-rardom
limit H{P). Then, the multiuser efficiency of the lin-
ear MMSE detector converges a.s. to a non-random
limit 0., equal for all users, given by the urnique posi-
tive solution to the implicit equazion

Nd” 11
nm+ﬁEw{ ———11 Ph}=1. (3-5)

Using the single-cell 3K -user system interpreta-
tion as in Subsection 3.1 above, the multiuser effi-
ciency of the linear MMSE detector (in the multi-cell
setting) is given by the unique positive solution to the
implicit equation
P VUTs

+ Pui,

1 1
=, 3 — eFmE | = -
n'“’+6{ Bo. -t (an>

1 7
L e Eil| ——— 1.
@ P, a?Pr. /]

202 Py, \é

{
= E
77m>+6 l/{ _L+CZZPU77,“,§

{(3-6)
The speciral efficiency of the detector is then evalu-
ated by substituting the result in (3-2).




3.3 The SCO Detector

The following Lemma is a result of [2] referring to
single-cell systems and flat-fading channels.

Lemma 3.3 (Shamai-Verdd, [2] Theorem IV.1) Le?
the empirical distribution of the received powers of all
users converge as in Lemma 3.2 to some non-random
limit H{P). Then, the spectral efficiency of the
optimum multiuser detector is given by

- = 1 N
Coo = Cpy + log = (e —Lyloge,  (3-7)
where 77 is the limiting multiuser efficiency of the cor-
responding linear MMSE detector, as given by Lemma
3.2 (Eg. (3-5)), and

Cre = BE» {log(1 + nzP)} (3-8

is the spectral efficiency of this detector.

In the multi-cell setting considered in this paper,
adding a mild restriction that the additive adjacent-
cell interference is ergodic in second moment, the
SCO detector is equivalent to an optimum detector ina
single-cell system, where the additive white Gaussian
background noise process has speciral level given by
1 -+ 28c2 P (see [7] and references therein for justifi-
cation). The spectral efficiency of the SCO detector is
hence given by

- i
Cuo = Blogeefanm Ey ( - ! - ) + log
Peqn;:

+ (7 —

S-C
Fms

1) loge,

(3-9)

with 72 being the unique positive solution of

1 1
—nm,+6[1— W (7 )] ,
1Dc:q"';”'c Fegnis
{3-10)

B A )2l
0d FPeq = 1535a75-

3.4 The VIMISE-SC Detector

It has been recently shown [7], that the spectral effi-
ciency of the MMSE-SC detector can be expressed as
a difference of the spectral efficiencies of full MMSE-
SC detectors in two single-cell settings. The first
single-cell setting is identical to the 3K -users single-
cell interpretation, as described in Subsection 3.1. The
second setting is of a single cell with 2K users, re-
ceived with powers {a?2P}. The key tool in the
derivation, at this point, is the equivalence, in terms
of spectral efficiency, between the (full} MMSE-SC
detector and the optimum detector in a single-cell en-
vironment, i.e., when all received transmissions are to
be decoded at the receiver {see [12}, [1] and references
therein).
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Hence, Lemma 3.3 can be applied, and the spectral
efficiency of the MMSE-SC detector is given by

~ | 1
Cow = Bloge Ee Pue By (._ )

Pne
oo e, (1)
\ e/
1 N
—2emE1 < 21 i
[83 PT}G/_}

. ns
+ iogfi + (ne —ne)loge, (3-11)

[

where ne and ng are uniquely determined by solving
the following two implicit equations, respectively,

[ 1 1N

1= +ﬁ 3— =—¢eFre By | —

TP Poe X\Pﬂ‘e}

2 1\
————"P"E —_— 1, (3-12
wpe e ()| o2

and
oo I g (1Y)

=ns Ei aanG a2}3n6 /i_l('ﬁ 13
S5-15

t is important to note at this point, that in terms
of spectral efficiency the MMSE-SC detector is in fact
the optimum multiuser detector, under the assumption
of single cell-site processing, and the assumption that
the receiver has ro knowledge of the codebooks used
in the edjacent celis, and that those codebooks are ran-
domly selected per message (as is indeed assumed in
the system model considered, see Section 2). This is
evident by noticing the information preserving prop-
erty of the MMSE estimator in the Gaussian regime.
By exactly the same arguments used in [12] for the
full MMSE-SC detector in a single-cell scenario, the
sum of rates attained in the present model by the suc-
cessive cancellation process, can be shown to corre-
spond to the chain decomposition rule for mutual in-
formation. Hence, the MMSE-SC detector achieves
the maximum mutual information between the chan-
nel output and the channel input due to infra-cell users
only {(see (2-1)), with the above restrictions on infor-
mation available with respect to adjacent-cell interfer-
ence. It is noted, however, that in the case in which the
codebooks of adjacent-cell users are known or chosen
once for good, the MMSE-SC is no lorger the opti-
murm receiver, as the problem falls within the difficult
framework of joint multiple-access/interference chan-
neis.

4. Summary of Results

Exarnining the spectral efficiency results of Section
3, it can be seen that both the matched-filter detec-
tor and the SCO detector are interference limited, ie.,



their spectral efficiencies reach a limit as If,—; ZroOwWs

without bound. It is also observed that in terms of
spectral efficiency, it is optimum, using the above two
detectors, to increase the system load 10 infinity (see
also [2] and {7]). In such case, the effect of fading
is eliminated and the spectral efficiency of the detec-
tors coincides with that attained in non-fading chan-
nels. This result holds, in fact, regardless of the fad-
ing distribution. Increasing the system ioad without
bound also eliminates the penaity due to the use of
random spreading. This is observed by comparison {0
the spectral efficiency of the SCO detector, and that
of a detector equivalent to the maiched-filter detector,
when no spreading is employed and a/i bandwidth is
available for coding, as given in [9] (it is noted that
the effect of fading in the no-spreading setting is also
eliminated in the infinite number of users regime).

In conirast to the above two detectors, the linear
MMSE detector and the MMSE-SC detector are not
interference limited, provided that the system load
is appropriately chosen. For low %, it is optimum,
with both detectors, to increase the system load with-
out bound. In such case, the spectral efficiencies of
the linear MMSE and MMSE-SC detectors coincide,
respectively, with those of the matched-filter and SCO
‘detectors (this equivalence holds for 3 — o0 regard-
less of %j However, beyond some critical %g- the
optimum systern load starts to decrease from infinity,
eventually becoming lower than %, and the spectral ef-
ficiencies of both detectors grow without bound with
poiy
No*

Comparative spectrai efficiency resuits of all four
multiuser detectors are ploted in Fig. 1 for the opti-
mum choice of system load . The interference factor
@ was set to 3 to mimic the case in which the average
inter-cell interference power equals one haif of the av-
erage power of intra-cell transmissions (2a? = %),
which is in agreement with the early reports on 15-95
systems. The above described behavior of the spectral
efficiency of the detectors is clearly observed in the
figure. The sort of “knee effect” in the linear MMSE
and MIMSE-SC curves designates the region in which
the optimum choice for system load starts to decrease
from infinity. It is aiso observed that beyond some
critical &, the relatively simpler linear MMSE de-
tector, which is more informed regarding adj acent-cell
interference, is preferable over the interference limited
SCO detector which employs non-linear detection of
intra-cell users, while treating inter-cell interference
as noise. For the sake of comparison, the spectral effi-
ciencies obtained in non-fading channels are aiso pro-
vided in Fig. 1, demonstrating the performance degra-
dation with both linear MMSE and MMSE-SC detec-
tors due to the presence of fading. It is noted how-
ever that for the MMSE type detectors and a fixed sys-
tern load § > %, Rayieigh fading becomes, in fact,
beneficial in terms of spectral efficiency beyond some
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critical (8 depended) %—;, and the spectral efficiency
with fading surpasses that of a non-fading channel.
This result is explained by the “interference popula-
tion control” effect of fading, effectively reducing the
system load as seen by the receiver (secan elaboration
on this phenomena in [2]). This behavior is demomn-
strated in Fig. 2, where the spectral efficiency of the
linear MMSE detector is plotted taking 8 = 0.2 < 3,
for which the spectral efficiency without fading al-
ways surpasses the spectral efficiency in Rayleigh fad-
ing channels, and taking 3 = 0.5 > %, for which
Rayleigh fading becomes beneficial beyond some crit-
ical £=. Corresponding results for the MMSE-SC de-
tector are of similar nature.

To complete the comparison (in view of [T, the
spectral efficiency of what is referred to in [97 as
the adjacent-cell decoder {ACD) was also considered.
This detector, that employs no-spreading, also kKnows
the codebooks of users in adjacent cells, and either de-
codes their transmissions, or treats them as additive
Gaussian noise, whichever is preferable in terms of
spectral efficiency. The spectral efficiency of this de-
tector is given by (note that here K = 5)

, KP
Cheo = mex |log \ 1+ T 9K qep )
1 =
min<§ log (1 + (1+2a*)KP),

-!: ’ (4'§)

f s

log (1 + 2a2KP‘)w
/

[ Fw—

and the corresponding numerical results are provided
in Fig. 1. As can be seen, for low £& it is prefer-
able not to decode adjacent-cell transmissions, and the
speciral efficiency of this detector coincides with that
of the SCO, and MMSE-SC detectors, for the opti-
murm choice of 3 (which is 8 — oc). However beyond
some critical 1—% where decoding is preferable, the
curves depart and the spectral efficiency of the ACD
grows quite rapidiy with {7,—’0 (as compared to the other
detectors).

5. Concluding Remarks

This paper demonstrates the dramatic effect of in-
formation about interfering signals on system perfor-
mance. The effect is most clearly seen by compar-
ing the linear MMSE detector and the SCO detector,
which represent a tradeoff between intra-cell trans-
missions processing complexity, and additional infor-
maticn on adjacent-cell interference. It was shown
that one can gain even without trying to decode the
sransmissions of the imerfering users in adjacent cells
{which enables interference cancellation), or treating
them optimally in the setting of an interference chan-
nel {see [9]). The gain emerges by the very fact that
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Figure 1. Spectral efficiency comparison
fora= %, and optimized system load 0.

the linear MMSE filter accounts for the reduction of
interference, provided that the signatures of interfer-
ing users are known not only at the intended celi-site,
but at those cell-sites where they cause interference.
It tnay be concluded that for high data rates, inher-
ently demanding high %ﬁ, it is advantageous to mit-
igate out-of-cell interference through linear MMSE
processing.

Assuming equal transmit powers, it was shown that
the matched-filter and SCO detectors are asymptoti-
cally unaffected by the presence of fading, in the large
(optimum) systern load region. In contrast, the linear
MMSE and the MMSE-SC detectors cxperience per-
formance degradation, when fading is present, at the
high % region where the system load 8 is lower than
%. However when fixing 5 > %, both detectors bene-
fit from the presenice of fading due to its “population
control” effect, and attain higher spectral efficiency, as
compared to the non-fading case, beyond a critical %
value.

Finally, it is noted that the analysis of the optimum
power control policy in the presence of fading, as well
as the optimum and suboptimum multi-cell-site pro-
cessing detectors (see [6], {8]), are currently investi-
gated.
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