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Abstract

This paper presents an explicit expression for the
marginal probability density distribution of the un-
ordered eigenvalues of a noncentral Wishart ma-
trix HH' where H can represent a multiple-input
multiple-output channel obeying the Ricean law. By
integrating over this marginal density distribution,
the corresponding ergodic mutual information is char-
acterized also in explicit form.

1. INTRODUCTION

The analytical characterization of the information
rates that can be conveyed reliably through MIMO
(multiple-input multiple-output) channels spanned
by multiple transmit and receive antennas has been
the object of intense research in recent years. The bulk
of such work has focused on Rayleigh-faded channels
with possibly correlated entries. Such channels are
representative of the typical propagation conditions
in mobile systems, where terminals tend to be located
within the clutter, as well as indoor systems, where
both the terminal and the access point are typically
surrounded by clutter. The Rayleigh-faded channel,
however, does not properly represent the most com-
mon propagation conditions in fixed wireless access,
an application that appears most suited to the use of
MIMO techniques.

In fixed wireless access, both transmitter and re-
ceiver tend to be located over the clutter. Hence, the
resulting fading profile is usually not Rayleigh but
Ricean in nature. Although it is widely perceived that
Ricean components can only be detrimental, it has
been shown that in some cases (namely if the faded
component of the channel remains unchanged) the
presence of Ricean components actually enhances the
mutual information [1, 2]. Since Ricean channels are
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often advantageous in terms of snR (signal-to-noise ra-
tio), these findings reinforce the interest thereon.

Few analytical results, however, are currently
available on the capacity and mutual information of
MIMO Ricean channels. An integral expression for
the ergodic mutual information achieved by isotropic
inputs is provided in [3] and some simpler upper
bounds are given in [4]. The behaviors at low and high
sNR are studied in [5] and in [6, 7], respectively.

In this paper, we present a new analytical expres-
sion, valid for arbitrary sNrR and numbers of anten-
nas, for the ergodic mutual information achieved by
isotropic inputs. This class of inputs is of interest be-
cause it embodies many established space-time cod-
ing schemes. As in all of the aforementioned contri-
butions, we focus on the coherent regime where the
receiver has instantaneous access to the channel state
while the transmitter has only access to its distribu-
tion. In contrast with [3], where the mutual informa-
tion is derived through the moment-generating func-
tion, in our approach it is obtained by integrating over
the marginal distribution of the eigenvalues of HH'
(or, equivalently, the squared singular values of H)
where H is the channel matrix. As a result, in our
route to the mutual information we uncover an ex-
plicit expression for the marginal density distribution
of the unordered squared singular values of H. This
expression is of independent interest for it may be
of use in characterizing other information-theoretical
quantities that are functionals of this distribution, e.g.,
the signal-to-interference at the output of a minimum
mean-square error receiver.

In expressing both the marginal distribution of the
squared singular values and the mutual information,
we consider Ricean channels where the unfaded (de-
terministic) component is of arbitrary rank, with em-
phasis on the cases where it is either full rank or unit
rank. The latter is particularly relevant because the
unfaded component is often associated with a domi-
nant line-of-sight or diffracted wave.



2. PROBLEM FORMULATION

Denoting by nt and nr the number of trans-
mit and receive antennas, we consider the complex
frequency-flat1 linear model

y=Hx+n

where x and y are the input and output vectors while
n is white Gaussian noise. The input is isotropic and
thus
Elx|?

B

E[xx'] =
nr

The channel, in turn, is represented by the (ng xnT)
random matrix H normalized such that

E[Tr{HH"}] = ngnr. (1)

The ergodic mutual information is
I(s\R) = E [log2 det (I + SR HHT)} )

where the expectation is with respect to the distribu-
tion of H while

= U]
L[|l
which, given (1), corresponds with the average signal-
to-noise ratio per receive antenna.
The entries of H are modelled as independent
nonzero-mean random variables. More precisely,

- /K R 1
H_\/K+1H+\/K+1Hw

where K is the Ricean factor between the unfaded
and faded channel components, H is deterministic
and the entries of H,, are independent zero-mean
unit-variance complex Gaussian. Although the oper-
ational significance of sNrR being the average signal-
to-noise ratio per receive antenna is retained only if
Tr{HH'}=nrtng, which upholds (1), the formulation
that follows remains valid even the unfaded compo-
nent does not satisfy this condition.
For notational convenience, we define

m = min{nr,nr}

n = max{nr,ngr}

11f the fading process is frequency selective, the channel can be
decomposed into a number of parallel non-interacting subchannels,
each experiencing frequency-flat fading and having the same er-
godic mutual information as the aggregate channel.

3. MARGINAL DENSITY DISTRIBUTION OF
THE SQUARED SINGULAR VALUES OF H

Theorem 1 Let ¢1,. .., ¢ be the m squared singular val-
ues of VK H. The marginal density distribution of an arbi-
trary (unordered) squared singular value of H is

G_Zid)i' 6_>\(K+1) - n—m-+j
o) =~ (T ;((K + 1)\
. " oFi(n—m+ 1, (K +1)¢;\) D 3)
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where D; ; is the (i, j)-cofactor® of the (mxm) matrix A
whose (¢, k)-th entry is

(A)ey = (n—m+k—-1)! {1 Fi(n—m+k,n—m+1, ¢y)

and with oF(-,-) and 1F(-,-,-) hypergeometric func-
tions.

Proof: See Appendix A.1.

The function (F} (-, -) relates directly to the Bessel
function of the first kind via [15]

_ (J.fc‘)kbfk(zm

where j = /—1. The function 1 F; (-, -, -), in turn, is also
known as the Kummer function and it can be repre-
sented in both series and integral forms [15]
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where [a], = %

Example 1 Let nr=3, ng=2 and K=1 with
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The eigenvalue distribution provided by Theorem 1
is depicted in Fig. 1 alongside the histogram obtained
through Montecarlo simulation.

2The (4, 5)-th cofactor of A equals (—1)*tJ times the determi-
nant of the matrix obtained by excluding from A the i-th row and
j-th column.
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Figure 1: Marginal density distribution of an arbitrary
eigenvalue of HH' with nt=3, ng=2 and K=1.

If some of the singular values of H are zero, the nu-
merator and denominator in (3) vanish but their ratio
remains well defined. In fact, f(\) can then be more
conveniently expressed as function of only those sin-
gular values of H that are nonzero using Lemma 2 in
Appendix A.1. Singular values with plural multiplic-
ity can be handled in a similar fashion.

In order to illustrate this procedure, we next
particularize Theorem 1 to the relevant case of a
Ricean channel whose deterministic component has
unit rank.

Corollary 1 If¢; =0fori € {1,...,m—1}and ¢, >0,

then
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where D; ; is the (i, j)-cofactor of the (mxm) matrix A
whose (¢, k)-th entry is
(n—m+k+¢-2)
_ [n—m+ 11
(A)ek=
1Fi(n—m+k,n—m+1, ¢;)
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4. MUTUAL INFORMATION

Theorem 2 Let ¢y, ..., ¢, be the m squared singular val-
ues of v/ KH. The mutual information is

Z(SNR) = K e/ ZZ JZ

=1 j=1 p= O
u
K+1
. Z Eu_k+1 (SNR/nT)
k=1
where u=n—m-+j+p and D; ; is as in Theorem 1 while

e} efa:t
Eg(.’ﬂ):/l t‘f dt

is the exponential integral and

u—l
m+p)

e~ 2Xi% logye
K= m
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Proof: See Appendix A.2.

Example 2 Consider the channel of Example 1. Displayed
in Fig. 2 is Z(sNR) as given by Theorem 2. Also shown is the
result of a Montecarlo simulation where 20000 independent
realizations are averaged.

Although, in contrast with the integral solution in
[3], Theorem 2 provides an explicit expression, it still
involves an infinite series. Fortunately, for Ricean fac-
tors of practical interest its convergence is rapid. In
Fig. 2, for instance, Z(snR) is evaluated with the series
truncated to only 14 terms.

As with f()\) in Theorem 1, some of the terms in
the expression for Z(sNRr) in Theorem 2 vanish if H has
less than m nonzero distinct singular values but the
mutual information remains well defined and it can be
posed as function of only the nonzero distinct singular
values. It suffices, as the next corollary exemplifies,
to perform the integration described in Appendix A.3
after having applied Lemma 2 to f(\).

Corollary 2 If ¢, =0fori € {1,...,
then

m m—1
Z(sNR) = & (Z w ZEG k+1 (gm/m)

j=1 \i=1 (D J)
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where u=n—m-+j+p, 0=n—m+j+i—1, ﬁi,j is as in
Corollary 1 and

m—1}and ¢, > 0,
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Figure 2: Z(sNRr) with np=3, ng=2 and K=1.

APPENDIX

A.1 Auxiliary Results

Lemma 1l [12] (see also [13]) Let F and G be two
(nxn) matrices whose (i,j)-th entries are, respectively,
(F)ij=fj(wi) and (G)i;=g;(w;) where f; and g;,
j=1,...,n,are functions defined on R*. Then, for b>a>0,

b b
/ . / det(F) det(G) dwy, . ..,dw, = n!det(A)

where A is another (nxn) matrix whose (i,j)-th entry is

b
A= [ fiwgw)du

Note that, in [12], the factor n! does not appear because the
variables wq, . .., w, are ordered.

Lemma 2 Consider the expression for f(X) in Theorem 1.
Let ¢, = 0fori € {1,...,m — Q} while ¢, > 0 fori €
{m — Q+1,...,m}. Given an m-dimensional vector ¢ =
{€&: } whose components are distinct,

lim oF1(n—m 41, (K +1)(¢; + €)N), Dij(di + €i)

=0 [T e ((Pr +€0) — (Pn +er))
B fi(A) D ;
T m—-9 m
(-1 JJ er© T (¢ — 22
(=1 l=m—0+1 m—Q+1<g<l<m

with

i—1
)\— 1<i<m-Q

Fn = T
oFiln—m+1,(K+1)¢;\) otherwise

and with D ; the (i, j)-cofactor of the (mxm) matrix A
whose (¢, k)-th entry is
(n—m+k+10-2)!
[n—m+1]p—1

1</<m-Q
(A)er=
lFl(n_m+kan_m+17¢f)

(n—mt k=TT otherwise

where [a], = CESEE

A.2 Proof of Theorem 1

Denoting by H = VvKH+ H, the (nr XnT) Nnoncen-
tral Wishart matrix with mean /K H, the joint distri-
bution of the ordered strictly positive eigenvalues of
HH! is given by [9]
—Tr{K H'H} m
- Iy
[, (= O (m =0t 1
m
<oF1(n, K'I:ITI:I7 A) e~ Tr{A} H(/\k — )\@)2
k<t

where A=diag{\;}. If H'H has full rank, then we can
express the hypergeometric function of matrix argu-
ments oF';(n, K H'H, A) as [10]

f(A)

m—1 m— 0 n— 4
oF1(n, K H'H,A) = hﬁé E(éf)_(m) )
(det({oFy(n —m+1,4:)))})

[T e = Ao)

where det({b; ;}) indicates the determinant of a matrix
whose (i, j)-th entry is b; ; while ¢F'; (-, ) is the scalar
hypergeometric function. Plugging the above expres-
sion in (4) and dividing by m!, the joint probabil-
ity density function of the strictly positive unordered
eigenvalues is found to be

e—Tr{KI:II:IT} m—1 m )\k _ )\é

A= — 2k T A
F(A) m! ((n —m)H)m et kll oK — bo
e—Tr{A} . \
: Wdet({o 1(n—m+1,¢\)})

Let us now expand both determinants® in (4) via
Laplace expansion and then integrate the result with

3Note that [T , (A, — Ae) = det({A7" 77 }).



respect to m—1 eigenvalues by using Lemma 1, which
yields

! m o - m
f’()\):;\ZM TN G Fi(n—m+1,¢:0) D
j=1

with o
e—Tr{KHHT}
K = m
m ((n—m))™ [T o(ée — or)
and with D; ; the (i, j)-cofactor of the (mxm) matrix

A’ whose (E k) th entry is
(Ao = (n—m+k—1)!1Fi(n—m+k,n—m+1,¢y)

Noticing that

H
K+

the claimed marginal probability density distribution
is easily obtained from f’(-) through a change of vari-
ables.

H =

)

—_

A.3 Proof of Theorem 2

The mutual information can be expressed as

o))

m/ log, 1+SNR)\)f(>\)d/\ 4)

Z(sNR) = mE{log (

where the expectation is over A, an unordered squared
singular value of H, whose marginal density distribu-
tion f(-) is given in Theorem 1. Recalling

_(a+b—1)!
[a]b*W,

the series expansion of the ¢F' (-,
metric function yields [15]

1 (n —
= (n—m+1),

-) scalar hypergeo-

OFl(n7m+17(K

which, plugged into (4), leads to

oo m  m

Tow) = )3 > 2

” K—l—l 7+p¢P

p=01i=1 j=1 —m+ 1)
o A\PpTn—m+j—1
SNR
¥ log(” A)W‘“
Finally, using [14]
= Nt (g1l
[ e on o = S e

the claimed expression is obtained.
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