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On Decentralized Control Algorithms for Multipacket Aloha
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ABSTRACT. Decentralized controt algorithms for the infinite-user slotted ecihsion channel with multipacket
reception capahilily are considered. In order to find the optimal control, the case with perfect state information
where the users know the value of the backlog is studied first, and the optimumn throughput achievable by decen-
tralized control protocols is obtained Those results are then applied to derive control schemes when the backlog
15 unknown, which is usnnll'y the case in practice Assuming that the receiver cannot demadulate correctly maore
than K snmultanecus transmissions, we analyze an oplina} algorithm which s based on binary feedback

1. The model

Consider an infinite-user slotted collision chrmné_l with the multipacket reception capability described in
[4). This modei is useful to study multser communication systems where the simultaneous transmission of
several packets does not necessacily result in the destruction of all the transmitted information These inclide
systems with capture (5}, {10]), eode division multiple access 113] and multivser detectors (l1s). It s assumed
that the number of successlul transmissions n each slot is a random variable, which, given the number of pack-
ets simultaneously transmitted, 15 independens of the bucklog and of Lhe number of atiempts at transmission
packets might have made. Given that n packets are simuttaneously transmitted in a slot, ¢z is the probability
that & are correctly received (0<k<n); the recepticn matrix ix defined as (et )azroziccn It has been proved 1
[4) that the Aloha random uccess algorithm with such 2 channel has a maximum stable throughput
-
My = rlirr,n“ C., where C, = E ke, s the average number of packels correctly received in collisions of size n.
e =i

and the limit yg is assumed to exist

Decentralized control strategies have heen shown ([6], 17}, {14}) to stabilize the slotted Alcha algorithm
with the usual collision channel, and in this paper we study the maximum stable throughput achievable by those
strategies in the multipacket reception channel Let us consider schernes of the form

p. = F(5.)
S = G152 20) (1)

where p, is the retransmisston probability in slot n, 5. 15 an estimate of the backlog X, af the beginning of slot
n, and Z, 1s the feedback at the end of slot ». The number of new packets arriving dunng slot n, {4, }azo 15

assumed to be a sequence of iid. random variables with probability distribution P{A, = k) =217, (k20).
o™

such that the mean arrival rate A = 3 aX, is finite. Each of the A,_; new packets that arrived during slot
n=1
n—1 is transmitted in slot n with probabitity p,.

)

As in the case of conventional collision chaunels, it is nseful to study first the case of control with perfect
state information where the value of the backlog is known pricr to the selection of the retransmission probabil-
ity. Even though this situation is nnt relevant in practical systems, its study, which is carried out in Seection 2,
is motivated hy the fact that in all random acces syst.ems':inal_vzed o far, the throughput achievable with chan-
nel {eedback equals that achievable with perfect state information In Section 3, we drop the assumption on per-
fect state information and restrict our attention to multipacket channels where the number of successful
transmissions per slot cannot exceed some fixed integer K. The estimate of the backlog studied in Seetion 3 1¢
recursively updated using a binary (’mdback'.'.vhich indicates only whether each slot was empty or not It s
shown that the throughput achievable with this type of feedback 1s the same as the perfect state nformation
throughput.

This rescarch was partially supported by the Office of Naval Research under Contract
NO0014-87-k-0054 and by the Army Rescarch Office under Contract DAALO3-87-k-0062.
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2. Control of multipacket Aloha with perfect state information

In this section we let the retransmission probability be a function of the exact value of the backlog at the
beginning of slot 7, 1e, p, = F(X,) In this ideal case, the system is much simpler to analyze, since (X. Jazoisa
hornogeneous \'Iarkov khdlll Our goal is to determine the optimal contro! F* thal maximizes the stability
region, and the corresponding throughput 5, For instance, it is well known i3] that for the usual collision chan-
nel with the delayed first transmission rule that we are using here, F*(X,) = 1/X, is the opbinal retransmission
probability, resulting in an 1deal throughput of ,=¢"1 In reality the users do not know the value of the back-
log, but. the results of this section give an upper bound which is actually tight on the maximum stable
throughput of any controt scherne of the form (1). They alsc suggest the use of certainty-equivalence retransmis-
sion probability of the form p, = F"($,)in the partial state information cage.

We first determine the thicughput of the systern 1f we simply set p,=A /X, , which is analogous to. the
optunal retransmission probability for the usual coUlsmn channel, and then we \how Lhat this is in fact optimal,
provided that the constant 4 is properly chosen

Lemma 1. If 4 is any positive constant ¢nd il p, = 4/X, for X,2>A, then the system is stable for A<t(A4)

and unstable for A ¢(A) with t{A)=¢"4 \_‘ C, A |
n

n-=l

Proof. (X, )0 1s 2 homageneous Markov chain which evolves acccrding to

Xow=X, + A, -5, (2)

where X, iz the number of packets success{ully transmitted in slot »  The system is defined to be stable if

(X, Juzo is ergodic and unstable otherwise. J.ot d, be the drift of Xoatstate it d, = E[ X, — X, | X,=i |
Wehave 0 < Z, < X,, and for i > max {1, A}

PIB =k 1 =i | = D003y (-4 ¢ (osk)
It then follows from (2) that for 1 > max {1, A}

=3B E SN =27 q=a - S Dy -y g (@)

¢
E=l gt 1=t j

We now show that the dnft limit is X — {(A) We have for I2M+1

=0 o)) = 55 2L "”‘(l—f‘i—)"f—e‘”-"%q
L4 )

o3 i) A A § A
1M1 gt y=b 7!
Let Ty 7. and T3 be the three terms on the right hand side of this equation, and ¢ any positive real. Since
To+ Ty < E i_:_ Gy, we can fix M such that T + T3 < ¢. Then each of the 3 terms in T goes to zero
iy
when { goes to 111%111ty Therefore ,“_230 d=M—1{(A} Since it is clear from (3) that the drifts are bounded, it fol-

lows from Pakes Lemma [11] that (X, ). is ergodic if X< £(A4). Tt 1s shown in Appendix A that Kaplan's cond-
tion holds and therefore 1f A2>¢(A ) Kaplan's result [8] applies and (X, Jazo 13 nonergodic  Note that the valne of
po for X, < A is left unspecified because it does not affect, the throughput.

It hm €, =0, the control p, = A /X, stabilizes the system. But {or some reception matrices. there may
fesy

not exist @ constant, A such that t{A):»n, i€, no throughput, improvement can be obtained with 2 retransmis-
sion probability which 1s inversely proportional to the backlog. In particular, if C, 2w, for all n>1, (for
instance, this is the case for a system with perfect capture and no noise , or also for the model with mobile users
and ‘pairwise transmissicns déveloped in [4]). it can be proved with s]mple drift. analysis considerations that no
decentralized control protocol of the form (1) can achieve a throughput larger than . In the remainder of this
section, we will assume that the sequence (€ )as is nonincreasing and nonconstant, which is true in most cases
of interest. Then there does exist an A such that {{A }:> 7, and furthermore it is casy to see that £ (A ) is maxim-
ized by the unique solution"a  of the equation

«
= E A
n=1

Oy — Cany
T : 4
nl “
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It follows from the theorem below that this simple control scheme is optitnal.

Theorem 1. 1f (C,),5, is nonincreasing and nonconstant, there exists a unique retransmission probability

pe = F'(X,) minimizing the drift d, at state 1. With the confrol p, = F"(X,), the system is stable for A<(7,
"

nl

sl .
and unstable for Ay, with g, =¢7 3, O, where y is the unique solution of
r=1

e Cn—c+1
Cl-_:zy"_nl_"_
=1

Proof. If X,= {>1 and if we denote by p the retransmission probability used in slot n, we have

[}

d(p)=>— ]21( ;-)p’ (1-p)~1 G, (3)
and .
L4t = S 0T ey 6 = G = ) Q
so that if p#1, 4,/(p) = 0 iff
ST (6 - )=y &)

where we have defined z = —2—. Since (. )a>1 is noninereasing and nonconstaut, C; > 0 and the left hand

i 1-p - . . . Gy e

side of (7) is a strictly increasing function of z with ramge [0, +oo[. Therefore (7) has a unique solution s,
P

II = i == - . g ..
corresponding to a unique zero of 4,'(p), »'= Py I p=1, then &/(p)=0 iffl Cooy= C; bui this

corresponds to a local maxima

Let uz now study some properties of the sequence (. ),>1. We start by showing that llin& p; =0, which 15

v .

; . P ]
intuitively obvious. Since p;" = J'—~_~, it 1s enough to prove that sz = " ‘p' decreases to zero. Define
1+z, —p;
i1 . . . .
= i i )= C sily checked that
h(z)=%( J-l) (Cy = C,41) z7. Then from (7), zis the only solution of k,(z) = €. It is easily checke

]=l . . . . T
for all z >0, h.uy(2) > h(z), and since both functions are strictly increasing, we can conclude that (z, )_':1 is a
decreasing sequence. Denoting by ! the smallest integer such that C; — Ciy > 0, we get for f>/+1:

h(z) > ( ’71)(01 ~ Cra) #', 5o that €y > ( ’_’1 Y(Ci ~ Cran){="), which can be written "<

where D is a constant. Therefore lim 7" = 0.
1400

The next step of the proof is to show that (ip,'),>: has a limit y which is the only solution of
Cy= i Yy M‘- Let us define y, = iz, = _111«_‘ Then (y,) has a limit iff (ip," ) has one, and these
al ' 1—p
n=]

limits are equal  From (7), v, 15 the only solulion of g;(z) = €, where we have defined

(o) - 5 Um0 im) GG (®

It is easily shown from (8) that g,s{2) > g:(2). Since both functions are increasing, it follows that g, < y, and

o1 T have in
therefore that (y,),»1 has a limit ¥ From (6), 4,'(p) < 0for p < sowe necessarily have ip” > land y > 1

o Y
. . ® - . p Cn = Conn
Next we show that lim ¢,(3)= D y" —-L—n—!i and therefore we will have "Zly T (1
100 n=1 =
i C, — Cy Lo
Define &, = g.(y,) = 3 y* ——2% Then for M < i-2
pur n!
M . P . ¢ — C * Cl - C;+1
(-0 =4) ., 5 It g gy
o e 3 W) g Sl g 3 g0 S

M can be fixed so that the second terin is sinaller than any ¢>0, and then each term in the first summation goes
to zero as § goes to infinity.

Now we proceed to find the maximum stable throughput of the system if p,” is the retransmission probabil-

oo C!l .
ity, by computing again the drift limit, hm d,(p")=*—¢7* 3 y" Y A—mn.. From (5), and with
' i 1 —+00 Pyt
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We have

~

i) =, 1< 3 | 2 Gmitl) g By | G

prest 1t ¢ 7!
: f(i=1) - - (i=j+1) % O _ ot Cy
+ L 2 (1= )'7 T y"
]:%-H i . ' ) j! 1—%:“ nl

o
C
If y, ,<Z, the last two terms on the right hand side of this equation are smaller than Y, 2/ —’I < ¢ for
ML 1 )
M large enough. Having fixed such an M, each term in the first sum goes to zero. It is shown in Appendix A
that Kaplan’s condition holds for this system; then the Theorem follows from the results in {8} and [11].

The main conclusion of this section is that it is not necessary to compute the exact value of F'(4), since
we have t(A ") = 3., meaning that if we set p, = A"/X, for X, > A *, the iaximuim stable throughput of the
system is 7,. It is intuitively obvious that no decentralized control algorithm of the form (1) can have a max-
imum stable throughput larger than 4,. This can indeed be proved by using a result of {15]. Consider the Mar-
kov chain (X;,5,), and the Lyapunov function V{n,s)=n. Assume that A>#.. Then

A\—n,
2

B{V(Xen,Seat) = V(X8) | Ximn, Sy=s] = A= T (L) F(s) (1=F(3)™ € 2 du(py) 2
- 1=1
for all n large enough and all s. Therefore the drift of V is strictly positive outside a finite subset of the state
space. Since it is shown in Appendix A that the generalized Kaplan's condition is verified, it is enough to con-
clude that (X;,5;) is nonergodic

Several examples are gathered in Table 1 below.

G, Mo = nl'ggo G,

conventional
collision channel

(1

Q-
3 3

g-frequency .
frequency 'n( 1— L )n—-l 0 q e
hopping 4! q

mobile users
with pairwise 1 1 1
transmission (4]

capture
- power  discrimina-
tion [4]

==
|~
=
+
_
|
i
o
=
i

capture
- timing discrimina- 1 n
n

tion [2] (1- Q)ﬂ

Table 1. Examples.
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(R € 2 (el ) 2 T

positive outside a finite subset of the state
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—A . /‘"
= su C,
Re = sup ¢ 5

n=]

=1

1 1 B2
i (1—?) Pl-ge7 )
max { (AQ-1) —AQy

I
|98
3

3. Optimal control for the multipacket channel with bounded simultancous successes

In this section we assume that there exists an upper bound on the number of packets that can be demodu-
lated simultaneously and successfully, i.e. €, =0 if j>K. Note that in the case of a multipoint-to-point channel,
such a limitation on the receiver capabilities is hkely to happen in practice. For instance, systems with capture
(see {5], [10]) are included in the case K=1 We assume here thal the feedback is binary. More precisely, if slat
n is empty then Z, =0 and Z, =0 otherwise As suggested by the results of Section 2, we consider retransmission
probabilities of the form p, = A /S, To fully take advantadge of the feedback information, it seems quite
natural to consider a linear recursion for the backlog estimate, that is
Sem=max {A, S + o I{Z,=0)+ 8 I(Z =0) } , where I(E) denotes the indicator function of the event E

Theorem 2. Assume that the new packet arrivals (A, )i>o are expenential type [B] (eg [Poisson) and that the
sequence (Cy)a>1 is nonincreasing and nonconstapt. Denote by A the solution of (4)and g, = ¢7* F C,,

If «<C0 and A0 yerify the following two conditions,

Ci A>X
C2. Bll-e™)+ 9. — M+ ae ™t =0
A

P(=S—[

= as a m stable thre .
e~ max{ A, 5, + cr[(Z,:O) + ﬂ[(Z;=0) } has a maximum stable throughput

then the control algorithm

e .

Proof. The proof is based on the method developed in [14]. The idea is to use the properties of (X,,5,) to
build a Lyapunov function whose diift is negative in the entire plane. Clearly, (X, S, )azo i 2 homogeneous two
dimensional vector Markov chain. Denote by ¢(n,s} the backlog drift, c(n,s) = EiX,,, — X, | X;=n, S:=s],
by X, = 5 — X, the error in the backlog estimate, and by d(n,s) = E[X,., ~ X, | X;=n, §,=5] its drift
Equation (2) being still valid here, we get for all s > A

c{0,8) =X {10)

clns) =3 = DAy

~Ayoe (2

Let us now compute the drift of the backlog estimate:

ElSim— 50 | Xe=n, Sy=s] =ﬂ+(a-—ﬂ)(l~i§—)" (s > A—0) (n
ElSisi— 5 | Xe=n, S,=5] = 8 +(A—s—ﬂ)(1—%)" (A <s <A—a)

it then follows from (10)-(11) that if s>A —a:
d{0,8)=a ~ X\ : (12)

an,) = =+ (e-1- 2y 4+ DY (=Ay 6z
and if A <s<A-a:
d(0,s) = A—s—X (13)

d(n,s) = - N + (A—s—p) 1-* E 1~_’:_)~ﬂ ¢, (»>1)

S
Most of the properties of the drifts that are needed to build the Lyapunov functicn depend on the ratio
z=n/s. For instance, if .z is close to I, the backlog estimate is close to its ideal value, and we should have

c(n,s) < 0. Also, a well- behaved estimate should be such that d4(n,s} < O (resp. d(n,s) > 0) for <1 (resp
z>1). For this reason, an approxnmtlon of ¢(n,3) and d(n,s) in terms of z is needed. If v 15 the difference

Ca
~ X = v>0, we can ﬁx [ such that Z A" < £ and so
L+l nl 2
A L A" v
A< e” C, - — 14
S ,,{J‘, nl 2 (t4)
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Lemma 2. There exists two positive functions, €(n,s) that goes to zero when either n or s goes to infinity, and
¢ () that goes to zero when n goes tc infinity, such that the following statements hold if & >4

L ¥
(i1 c(n,s) SF(e)+ Le(n,ed (n>L) with Flz)=X\=— e 3 (Azy -

)=t J

(W) d(n,3) S N(z)+ e(n,s)+ ¢ (r) (21, s>A—a) with N(z)=F+g.-)+ (a—B)e™*

N (‘,'
(i5) d(n,s) > Pn{z) = Ne(n,s)  {n3>N) with Py(z) = A=) + (a—B)e™ + ¢~ 3 (Ary -
s=1
Prool of Lemma 2. The proof follows from (10}(13), Theorem 1 and Lemma 3 below, whose proof is omitted
because of space Himitations.

Lemuns 3. Given an integer L1, we havefor n > L, for s > A andforall j € {0, 1,..., L}:

An

4)“7' —e | < ¢n,s)

(%)1 In n—1) - Yn—-j+1)

.

where ¢(n,s) is a positive function going to zero when either n or s goes to infimty.

Define the following two regions in the (n.s) plane:
C(hodi) = {{n,s) n20, 520, 1+h < 2 <4n)
8

Ugy={{ns)yn>Mo s>M}

where Mg and }, arc any two real numberd such that —oo < X € A} < +o0. We first show some simple geometric
properties of these regions

Leunma 4. Consider 730, B >0, and y—1< Ao« A < +00; and assume that {n—n’ | < B, |s—s' | < B, and
Q> %(H— [ 13 i+2+7) Then

1)(n.s)€ G0} Uy => (n',8")E C(Ao—r,00) N Ug_p

2)(n,6) € C{—vo X )N Ug =2 {n' ,5") € C(—oo,M+7) N Ug-s
3)(n,8) € CQaMIN Ug =2 (n',6' )€ ClhgrM+7) N Ugp

Proof of Lemma 4. We show that the first statement holds, the proof of the other two being similar. Since
Q> B, either n>Q > B, or s>, in which case n > {1+Xg) £ (14 |A (24X +7) which is strictly larger than

ki
B Therefore n >+ B. Then

n (n=B)1+Ng) . o — 2B(1+Xo)

S = TR¥B(14N) n+B(i+A)
so that n’ f¢' > 1+ Xg—v iff
1 2 B(LH2Hhe) 5)
If n>Q, it is easily seen that (15) holds, and if s>Q we have n > (14+X)@ > (1+)g) §(1+'\‘)(2+)‘1+7) ,

from which (15) follows

Let us now use the approximations of Lemma 2 to study some properties of the drifts in the plane.
Lemma 5. There exists constants M > 0, § 3> 0 and v € |0,1/5] such that

(i) for all (n.5) € G(=57,57) N Usy, c(nis) < 8

(i) for all {(n,s) € C(—oo,—'.y) N Uy, d(n,s) < =8

(iii) for all (n,5) € C(v,+00) N Uy, d(m,8) > +6.
Proof of Lemma 5.

(i) F(z) 15 a continuous function and from (14) F/(1)<0, so we can fix 7 € {0,1/5] and 6, > 0 such that
Fz) <-28 for-P;I.l z € [1-57,1457]. Now il we choose M >max{

el A(1+57)} large emcugh so that
"oy
f{n,s) < & for (n,5) € Uy then we get from Lemma 2 (). ¢(n,s} < =& for all (n,s) € C(-57.57) N Un.
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=
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[ of the other two being similar. Since

)(24X1+7) which is stnetly larger than

1+Xo)
Xo)

(15)
L

+X)@ (1+?‘u) 3 (142 )(2+)47)

rties of the drifts in the plane.

at,

-

n fix v € ]0,1/5] and 6; > O such that
L
-5y

or all {n,s) € C(—=5y,57) N Uy.

. A(1+457)} large enough so that

(ii) In C(~o0,—7}N Un, s>M. Take M>A—-a I 2=0, d(n,s)=e-A<0 Fix N such that
¢ (n)< Ij—v—%—jll for a>»> N For 1<n<N, d(n,s) < -+ (a—ﬂ)(l—-’:—)"' + -’:-N! i%, which goes to
a—X as s goes to infinity. Therefore we can take M large enough so that for -V:ZM and 1<n<N,
d(n,9) < =5

. N(z) is a strictly increasing function and from G2 N(1)=0. So if n >N, we get from Lemma 2

2
(#): d(n,s)ﬁ%—N(hv) + €e(n,s) lor T <1—7

(iti) If s=A and n>1, then d(n s)=F—2+C, >0 from Cl. If s»4 and n >N, Lemma 2 (i7) holds.
Considering that

Py, WOn N0 =Ca
. H(Ae™) = f—o + Oy~ (Arx) T jzn;l(AI) —
Py

it can be seen that decreases from a positive“value, f—a+(",, to —oo. Therefore, Pn(z) increases from

a—X\<0 to a positive maximum and then decreases towards S—X >0. Denote by ry the only zero of Py. Clearly,
Py > Py, so that (ry) is a decreasing sequence; let r be its limit. It is easily shown that

Rad C
lim Pu(ra) = A=) + (a=Ble™ + ¢4 ¥, (Ar} —L =0, and that the equation
N0 ot gt
B-X + (0—Ble™4" + ¢4 3 {Az) —2- =0 has only one solution. Tt then follows from C2 that r=1 Now fix
1=t 7

N such that ry < 14 -Z— Then Pyp(1+4) > 0, so M can be chosen farge enough so that (iii) holds

From now on, M and v are fixed so that Lemma 5 holds Let us define the following Lyapunov function

V{n,s) = max { n, 1?;:7 (n—s), %(.9—11) }

V(n,s) is equal to the first, second and third term inside the bracket when (n,s) is in C{—3,37), C(37.+00),
and C(—o00,—37) respectively. We would like to have E[V(Xy41,5a) — V(X,5) | Xi=n,5i=6] < —A for all
(n,s) € Uy, but this may fail if (X,4),5,41) is not in the same region than (X:,S5:).
Lemma 8. Given ¢>0, there exists some A& > 0and Jo such that for J > J,

E{V(Xir.501) — V(X0,8) | Xi=n,Si=s] < AT + ¢
for all (n,3) € Uy,, where H is a positive constant independent of J.
Proof of Lemma 8., Given any integer J > 0, and any real number ¢>0, let us define the stopping time

s+

rig=min{s >0 Y, A, > $J} . & can be chosen such that the event {r, 4 < J} is unlikely.
k=
Lemma 7. There exists ¢>0 such that }im JPlre<J]=0
—00

Proof of Lemma 7. Since (A:)izo 2re exponential type, their common characteristic function ¢(t) = E[em"]

. : ; e
exists on an interval [0,d]. Dencting by S,=Y, Ay, we get Y, P{S;=kle®* = $(t)’ . Therefore

k) k=0

PlSy > N] < 9(1)'e™™, 5o that it N > J %ﬁl for some ¢ € [0,d], we bave lim JP[S; > N} = 0.

From now on, ¢ is fixed such that Lemma 7 holds, and we just write ;. Consider the decomposition

ETIV(X1+/:'91+/) - V(X,,S,) | Xi=n, Sz=3] =

J--1
E E{ Eiv(/\'x+k+1.sl+k+1) - V(Xt+t.5r+t)\l>\X1+k. Sr+l:]1(7'l < J) | Xe=n, Sr=3} (16)
=0

= .
s Z E{ E{V(Xi4t+1.5 4441) — VX, 5+4) V Xowe, Sea)l(ry > J) | Xo=n, 5,=s}
0 _
Denote by 7T, and T, the two sums on the right hand side of (16). Since X1 — Xi| < K+A4, and
[Ser = S | £ |a|+8, we have

ﬂ. —l-iyﬁ K+ Ja |[48+4A,) < R(1+A4,)

|V(Xr+1.st+l) - V(X, ;Sr)l < max {1, 3 3

where R is some constant independent of J. Therefore
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T, S R(1+N)JP[r, < J} (17)
so that from Lemma 7, T goes to zero when J goes to infinity.

Lemma 8, If 7, > J, there exists p>0 independent of J such that for 0<k<J~1 and (n,s)€ Vg
E{V(Xitks1,Srpiw1) — V(Xiae,S0et) | Xost, Si14} < ~p, where Q(J) is a positive constant depending on J

Proof of Lemma 8. To stmplify notations, tet us define
AV = E|V(XinaSerin)) = V{Xn,See) | Xows, S}, for 0<k<T=1. Since 7,7, we  have
J-1 J-1

Yo X~ X | S J(@+K) and 3 1S sei — Ses | <J(la|+8). Set B=Jmax{¢+K, | |+8), and
=0 k=0
define by Q(/) any constant such that @ > max{B+M, £(1+4'7)(2+5'1)} .

el

Case 1 (X,,5,) € C(—-2’7,2_’1) N Ugn

From Lemma 4, (Xiye,$i44) € C(—37,37) N Uy G C(=571.57) NUy for 0<k<J-—1. Thus from Lemma 5,
AV, = C(XHL-,Sz-H) < 6. "

Case 2: (X.,5:F € C(47,00) 0 Ug(yy
Then  from  Lemma 4, (X4, 5) € C(37,00) N Uy C Clv,00) N Uy, so  from Temma 5
143 -
AV, = —% U Xerr,Siae) < =5

Case 3: (X,,5,) € C(—o00,—47) N Ug(yy

Since from Lemma 4, (Xi41,5044) € C(—00,—37) N Uy C C(—00,—7) N Uy, we get.
1-3 - 1-3
Av; = 317 d(-‘:+h54+k)5—’*§7i5 .

Case 4 (X;,5,) € C(2v4v) N Ug(n

Then from Lemma 4, we have (Xi14,5, ) € C(7,57) N Uy, so from the definition of ¥, we get for 0<k<J—1-

1+37
37

o 1+3
V(“’t+hbl+l) = max {X 4, %7—7(Xt+k“5:+t)}

V(XHH!,SHI:H) = max {Xi1s4, (Xr+b+1—5|+lz+1)}

so that another 4 cases have to be distinguished depending on the value of the two maxima above. Since both

(X441 514641) and (Xy44,5.44) belong to C(—57,57) N C(v,00) N Uy, we have in any case from Lemma 5

AV, < max {4, _1%37_6} < -6 For instance, if Xewr1> 1;3’7 (X k41— Seri 1) and
3y

=
1+3
)@m%l(x.-ﬁ—sm ), we get

- 1+3 - - o
AV, = E[/\HHL - %( r+l—Sr+k) I XH»k,St+kI < F(/\Hk,buk) < -6

Case 5: (X,,5,) € C(—47,~27) n Uq(sy is analogous to case 4.

We can now conclude the proof of Lemma 6. Define H = 1+47)2+5%) max{¢+K, |o |[+8}. Choose J
v

large enough so that Q(J) = HJ and Pfr;>J} > 1/2. Then from (16) and Lemma 8, we gel for (n,s) € Uyy-
T < —pdPry>J] < —u% , which together with Lemma 7 and (17), ends the proof of Lemma 6.

Define the following

W = V(Xis,54)

Fi=0{A,, X,0<s <1t}

o = HJ max{y, 187 1297,
3 37

Lemma 8 (Hajek [6]). Let {W,} be a sequence of random variables adapted to an increasing family of o-fields

{F:}. Suppose that W, is deterministic, that { W, F,} is exponential type and that for some ¢ > 0 and « >0

we have E{(W,.—~ W, + €)I(W, > ¢) | F,] <0 forallf > 0. Then for each value of Wy the stopping
time r = min { ¢ > 0, W, < a} 1s exponential type

If V(X,,S,)'>a,- then (X:,5:) € Uys, so we can apply Lemma 9 to our system to conclude that
r=min{ { >0, V(X,,5,)< s } is exponential type for any initial state. Since V(X;.,5:) < a implies that
X, < a and § <€ a/(1-7), it follows that 7 = min{ ¢t >0, X,<a and §,<a/(1-7)} is also exponential type
for any initial sfate, and fro_mr[g] that (X;,5;) is geometrically ergodic.
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(17)

for 0<A</~1 and (n,s) € U,
ssitive constant depending on J.

)

tions, let. us define

—1. Since  7,>J, we have

Set B=Jmax{¢+K, |a |+5}, and

)<k<J-1. Thus from Lemma 5,

YUy, o from Lemma 5§
C(*Oo._"l) N Uy, we get

nition of V, we get for 0<k<J —1;

the two maxima above. Since both
 have in any case from Lemma 5

. 143 N
+12> ‘T’,(X£+k+1—br+t+1) and

Xovt Seas) S —6

mmax{¢+1\", o [+8). Choose J

| Lemma 8, we get for (n,s) € Uy,

he proof of Lemma 6.

1 to an increasing family of o-fields
nd that for some ¢ > 0 and ¢ > 0
for each value of W, the stopping

to our system to conclude that
Since V(X;,5,) < a implies that
a/(1~7) } is also exponential type

Note that Theorem 2 can be applied to the usual collision channel To our knowledge, Lhis s the only
decentrahzed control slgorithm yielding the optimal throughput ¢}

tured that Theorem 2 can be extended to the general reception matrix case. The dnitz remain the same and

with only a binary feedback It is conjec-

Lemma 5 is still verified, but the prool of Lemrna 6 seems rather difficult to extend since the number of successes
per slot 15 no longer bounded

Appendix A: Kaplan’s condition

Consider a Markov chain with denumerable state space 2, and one-step transition probability matnx
(Pey)eyren Let V{z) be a Lyapunov function on D. Then the generalized Kaplan's condition helds if there
exists a positive constant B such that for alt z € [0,1] and all £ € D

2E P YW > B(1-2)
¥eD

1) One dimensignal Kaplan’s condition. Consider the model of Section 2 with a control scheme of the
form p, = F(X,), and the Lyapunov lunction ¥{zj=r. To check the Kaplan's condition, it is enough from {12]
to show that the downward part of the duft, (1), 15 bounded -below - For-i >1 and 15k </ we have

v—k .
Pim= S0 5 (O FGY (=FE) e,

n®  gckdn

after a change of variable, it follows that

t . 11 i
D(i)= =S () FURQ=F()NT T 3 (k=n) e, {A-1)
7=t b n=0 k=r+1
a) if p,‘=)?1 . then Kaplan's condition holds {A-1) yields in this case for 1 =max{1, A}
TR A ] f i) J
e - (EE LD SEVD SR (Pt
y=t ! J ¢ =0 k=netl

b) If (C: )az1 is bounded, then Kaplan's condition holds independently of the retransmission policy. Denaot-
ing by U an upper bound for { €.}, (A-1) becomnes

D)2 -5 () FGY =F)™ £ h 62 3 (DR =P~ € 2 -0

2) Two dimensional Kaplan’s condition. Consider now the general multipacket Aloha channel with a con-
trol algorithm of the form (1). Then {X, S,) is the Markov chain of interest, and the relevant Lyapunov func-
tion ts V{n,s)=n We prove again that provided that (C,),»; 15 bounded, Kaplan's condition holds From
{12}, it is enough to show that the downward part T(z) of the generalized drift is bounded below, with

T(z)= 5>, P, {(V({y)=V(z)). Given astate z=(7,s), we have
¥/ Vy)<Viz)
' ,
T(z)==3,1 3, P[Xyn=i—7, Spp=k | =1, Sp=s| = =3, 1 PiXop=t—1 | X, =i §,=¢|
G

Za
=] =1

which is, in the same way as before

1 v

Te) = =5 r% e B EE) (=FEN 00 = =2 () Pl 0-FE)™ Bae $ (n)e,

s=1 n=0 j=r+n =1

this expression is similar to (A-1), and the end of the proof is the same.
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