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Abstract

We address the following question: Suppose we are given a random source and
want to use it as a random number generator, how many approximately fair bits
can we generate from it? We answer this question with two different measures of
approximation between probability distributions: the variational distance and the
normalized divergence. The results of this paper provide an operational character-
ization of the inf-entropy rate of a source, defined in Han and Verdi, [1]. We also
relate the inf and sup entropy rates to the quantity called resolvability of channels,
also defined in [1].

1 Introduction

The recent results of Han and Verdy, [1}, have opened some new questions in information
theory. We focus on the source coding results of [1] in this article. Specifically, we
address the following question: suppose we are given a random source and we want to
use it as a random number generator, how many fair bits can we generate from it? Of
course, we may not be able to get too many “pure” random bits - for example, if the
probability masses of the source are irrational. Instead we will focus on synthesizing
an “approximately” uniform distribution from the source and address the issue of the
largest asymptotic exponential rate at which this can be done. We will call this rate the
Intrinsic Randomness rate (IR rate) of the source. In this paper we use two measures
of approximation of probability distributions - variational distance and divergence. In
both cases the answer to the question turns out to be the same: it will be the inf-entropy
rate as defined in Han and Verdd, [1]. The results of this article nicely complement the
source coding results of [1] where the minimum fixed length encoding rate is shown to
be the sup-entropy rate for an arbitrary finite alphabet source. Thus we see (Figure 1)
that intrinsic randomness plays the counterpart to the minimum source coding rate,
analogously to resolvability and channel capacity.

We will also relate the inf-entropy and the sup- entropy rates to the resolvability of
channels defined in {1].

*This work was supported in part by the National Science Foundation under PYI Grant ECSE-
8857689, and the Office of Naval Research under Grant N00014-90-J-1734. The work of the first author
was also supported by an IBM Graduate Fellowship.
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Figure 1: Operational Characterization

Throughout this paper, by source we mean a sequence of finite dimensional distri-
butions P = {P"}. Note that we do not impose any consistency requirements - i. e. a
higher dimensional distribution need not have the lower dimensional distributions as its
marginals. We will denote the finite dimensional random variables by X™, Y™ etc and
their sequences by X, Y etc. In a slight abuse of notation, in order to denote the distance
between two probability distributions, we use the corresponding random variables. All
logarithms in this paper have an arbitrary base greater than 1 and exp refers to that
base.

In Cover and Thomas, [2], page 43, problem 7, the question of generating fair coin
flips from biased coins is mentioned. The results of this paper could be thought of
answering this question in a very general setup, with the relaxation in the requirement
of pure coin flips.

In [1] it is shown that the resolvability of a source i. e. the number of bits required
in the worst case to approximate the source is shown to be its sup-entropy rate. In
this paper we prove that the number of bits we can usefully extract from the source is
characterized by its inf-entropy rate.

2 Main Results

2.1 Approximation in Variational Distance

In the spirit of [1} we will adopt the following definitions.

Definition 1 Given a discrete source X with alphabet A. Fiz ¢ > 0. R is said to be

an e-achievable Intrinsic Randomness (IR) rate if there exzists o sequence of mappings
én: A® > {1,2,3,... M} such that for all v > 0 and for all sufficiently large n,

log M >R~
n

and
d(¢u(X™),Unm) < €

where Uy is untformly distributed on {1,2,3... M} and d is the variational distance.
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The variational distance between two probability distributions P, and P, on an al-
phabet A is defined to be

d(P, Py) = 3 |Pi(z) - Paz)]
{z€c A}

By a slight abuse of notation, we will use d(X,Y’) to denote the variational distance
between the probability distributions that correspond to the random variables X and Y’
respectively. It is easy to show that

d(P1, P;) = 2maz(g.5ca}| Pi(E) — P2(E)|

We will find both characterizations of the variational distance useful.

Remark 1: In the above we can use the normalized divergence X D(¢(X™)!|Un)
instead of the variational distance and in order to distinguish this we will call it achiev-
ability in the sense of divergence. The results for that approximation measure are proved

separately.

Definition 2 If a rate is e-achievable for all € > 0 then it is called an achievable IR
rate.

Definition 3 The mazimum achievable IR rates is called the MIR rate of the source X.
We will denote it by U(X).

Intuitively, the MIR rate refers to the rate of the the maximal uniform distribution
we can synthesize from a given source asymptotically.
Now we will define the inf-entropy rate as in [1].

Definition 4 The inf-entropy rate of X, H(X) is defined as the largest o that satisfies,
for each € > 0,

. n "_l 1 _
Uiy oo Pxn{z" € A™: ;log—PTz—n—) <a-¢€}=0

Now we are ready to state our main result: The MIR rate of a source is equal to its
inf-entropy rate. We will first prove the converse part and then the direct (achievability)
part.

Lemma 1
U(X) < H(X)
where U(X) is the MIR rate and H(X) is the inf-entropy rate of X.

Proof:

By contradiction. Suppose U > H. Then there exists a § > 0 such that U > H +24.
By definition of U it follows that there exists a sequence of mappings ¢, : A" —
{1,2,3,... M} such that for all sufficiently large n,

loiM >H+6

and
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d(n{X"),Um) >0 as n—> o0 (1)
Now by definition of H it follows that

Pxn(D) > a > 0 infinitely often in n (2)

where

1 §
= " n:_ < -
D={c"€A":—log <H+3}

1
P(zn)
We will focus on those blocklengths n for which (2) is true.

It is also clear that the size of D is upper bounded as

)
D] < eapfn(H + )}
Hence we get, for any mapping ¢,

d(4n(X"),Un) 2 Pre{#nlX™) € 6n(D)} = Pir($n(D))
> Pon) - 1BD)

)
- M
>~ exp{n(H + 5)}ecp{—n(H + 8))

= a-— e:vp{—%a} > g- > 0 infinitely often in n

where we have used the fact that |¢.(D)| < |D| < ezp{n(H + £)}. Hence we get a
contradiction of (1) establishing the converse result. ]

Lemma 2

U(X) 2 H(X)

Proof: We will show that H — 3y is an achievable IR rate for any v > 0. From the
definition of H it follows that, for any v > 0,

1 1
i n{z": — — < H - =
'}gg Px~{z - log Plamy S H-—~}=0

Hence the set B, = {z" : P(z") < ezp{—n(H — v)}} is such that lim, .o, Pxn(B,) = 1.
So for any 0 < € < } and for sufficiently large n,

Pxn(B,.) Z l1—c¢
Hence

|Ba] 2 (1 - €)ezp{n(H ~ 7)} 2 |(1 — e)ezp{n(H — 7)}] = N (say)
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It is easy to see that, for large n,

ezp{n(H — 27)} < N < ezp{n(H —v)}

We will define a sequence of mappings {¢, : A® — {1,2,3,. M }} as follows. For each
n, define a partition of A® in to a collection of sets {B(z) M, as follows. First of all
B(1) = Bt (complement of B,). The rest of the B(i)’s are defined by the following
procedure.

Step 1: 7 = 2;

Step 2: Initialize B(j) = { }

Step 3: Pick an arbitrary =" € B, — UL, B(%). Stop if this set is empty.

Step 4: B(j) « B(5)U{z"}. We know that Px~(z") < #.

Step 5: Repeat steps 3 and 4 until

n
T < Px~(B(j)) < N (3)
Step 6: 7 « 7 + 1. Go to step 2.

This procedure results in a partition of B, in to {B(:)}3f with each of these subsets
of B, satisfying (3). We call BZ as B(1). This procedure basically aggregates elements
of B, in to subsets that have strict bounds on their probability. Now the number of
partitions M is bounded as

oW s 2 @)

We now define {¢,} as:
du(z™) =1 if z” € B(3)

Immediately we see that

> H — 3y for sufficiently large n

n n n

log M > log N + log(1 —¢€) logn
n

Now the variational distance can be bounded as

M :
A7), U0) < PLB)+ 37+ 3 IPCBC) = ®
1
< et (M-S ) ®)
ne 1
S tmoni-9 Tacl ™
< 5e for sufficiently largen . (8)

where (6) follows from (3) and (4). Since the bound on the variational distance is true
for any 0 < € < 1, we have established the result. [ ]

Remark 2: The above is a statement of the ezistenice of a close to uniform distri-
bution on a set of size N > n(H — §) for any § > 0. From this we can easily show that
we can approximate an arbitrary M-type distribution for any M < exp{n(H — 26)}.
This would involve aggregating the probabilities just as we did in the proof of Lemma
2.
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2.2 Approximation in the sense of Normalized Divergence

We will now prove analogous results with normalized divergence rather than variational
distance as our measure of approximation of probability distributions. Divergence be-
tween two probability distributions P, and P, is defined as

Pl(z)

D(Pi||P)= Y Pi(z)log Pa()

{z€A}

We will also use the notation D(X||Y') to denote the divergence between the distributions
from which X and Y are drawn. Note that divergence is not a metric in the space of
probability distributions and is neither stronger nor weaker than the variational distance.

As noted in Remark 1, will replace the variational distance in definition 1 with the
normalized divergence 2D(¢(X™)||Up). Even with this new definition of achievability
it turns out that the same result is true, i. e. the largest achievable IR rate is equal to
the inf-entropy rate of the source H.

Before proving this statement we will first explain what the new definition means.
Note that

D(¢(X™)||Un) = log M — H($(X™))

where H(4(X™)) is the entropy of the M-valued random variable #(X™). Therefore,
e-achievability implies that

L log M — e < H($(X™) < L log M
n n
where the first inequality is true for large n and the second one is true for any n.

Lemma 3 The largest achievable IR rate in the sense of divergence of of a source X,
Ua(X) satisfies, Uy(X) > H(X).

Proof:
The proof is by the same aggregation procedure followed in lemma 2 with a slight
modification and so will not be repeated here. |

The converse part is proved below.
Lemma 4 If R is an achievable IR rate in the sense of divergence, then R < H.

Proof: The proof is by contradiction. Suppose there is a R > H that is achievable.
Hence for some § > 0, R > H + 36. Let

D, = {z" € A" : P(z") > ezp{—n(H + 6)}}

and
P(D,)=a,

By definition of H, there exists @ > 0 such that o, > o infinitely often in n. We will
focus on those block lengths n only. The size of D, is bounded by

|Dn| < anexp{n(H + )}

804




Let us choose € = 2. Now achievability of R implies that for we can find a sequence of
mappings {¢,} where ¢, : A" — {1,2,3,... M} such that for sufficiently large n,

af
1

-:;logM>R—5 ()

and ) log M

o

—H(gn(X™) 2 2= —c (10)
Now we bound the entropy of H(¢n(X™)) as follows. Note that ¢.(X™) takes values in
the set {1,2,..., M}. Now define a new transformation 1), that takes values in a set of
size e™E+8) 1 M as follows: for z" € D,,, n(z") takes value in the first e +6) elements
and for 2" ¢ D,,, ¥.(z") takes value in the remaining M elements. It is clear that

H(pn(X™) < H(u(X™) (11)

because we can always construct ¢ from 1 through another deterministic transformation.
Now we get

H(Y) = H(m(X")
) 1 EH) 0 1
- (i) log 5= + (i) log o
2, Peleeg+ 3. Belleeg g

Now Py, (i) > e ™H+%) or Py (i) = 0 for the i’s in the first term in the right hand
side and also the total probability of this set of i’s is P(D,) = a,, and hence the
first term in bounded above by an,n{H + §). The second term is easily bounded by
(1 —an)logM — (1 — a,)log(l — a,). Putting together all these we obtain,

H(¢n(X™)) < nom(H + 6) + (1 — ) log(M — 1) — (1 — o) log(1 — o) (12)

Now by assumption on R and from (9), we see that M > ezp{n(H +2§)} and using this
and (12) we get,

1 log M logM (1-ay,)
ol "y < - -
SH(0) < a4 (1 - e Lo n) 1
< logM  ab
- n 2
- logM__26
n

for sufficiently large n, infinitely often in n. This contradicts (10) thereby establishing
the result. [ ]

The above results giving an operational characterization of H complement the fixed
length source coding result of [1]. In the finite alphabet case if H = H then the following
limit exists and the above two quantities are also equal to H = limp_ 2 E log ﬁ.
This is true for example in the stationary, ergodic case. The result presented in the paper
may be viewed as a generalization of the asymptotic equipartition property (AEP).

As a nonergodic example, consider independent flips of a coin which is fair with
probability % and has probability of heads equal to 2. Then the minimum achievable
source coding rate is 1 bit/symbol, whereas its intrinsic randomness is (%) and its

entropy rate is 3 + 3h(2), where h(p) = —plogp — (1 — p)log(1l — p).
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3 Connection with Resolvability

We will now provide a connection between resolvability and inf-entropy. Resolvability is
concerned with the following question: what is the minimum M required so that the if
the n-dimensional input distribution is replaced by an M-type, the output distribution
is arbitrarily close to the original output distribution in the sense of variational distance.
The asymptotic exponential rate of this M, i. e. lim suplﬁiﬂ is called the resolvability
of the channel for that particular input. If we supremize over all input distributions
we get the resolvability of the channel. In [1], resolvability of a channel is shown to be
S = supy 1(X,Y) where X and Y refer to the channel input and the channel output
distributions respectively.

Motivated by the famous source-channel separation theorem in information theory,
we ask the following question: we are given a source S with inf-entropy rate H. We want
to use S to emulate an arbitrary source S’ in the following sense: apply a deterministic
transformation on the source § so that when this is applied to the channel, the output is
close in variational distance to that of the source §’. We can show that this is possible if
S < H and it is not possible if § > H. If we could show that if § > H, the source cannot
be an approximating source, it would very nicely complement the separation theorem
that relates the minimum source coding rate and channel capacity. Unfortunately, we
have been unable to answer the question of what happens if H < S < H.

Before we state the result formally we need some definitions. We will denote a
sequence of random transformations {W"} by W.

Definition 5 Suppose we are given a channel W and a source Z = {Z™} with probability
law P = {Pzn}. Fiz e > 0. We call Z an e—approximating source for the channel if for
any arbitrary input source X with law P, there ezists a sequence of mappings ¥ = {¢,}
with X = {¢a(Z")} having the same alphabet as the input alphabet of the channel such
that for sufficiently large n,

Y™, v") <e

where Y and Y are the outputs of the channel due to the inputs X and X respectively.

Definition 6 We call a source an approximating source for a channel if it is e-approzimating
for all e > 0.

Note that the above definitions do not require an approximating source Z to have the
same alphabet as the channel input alphabet.

Now the connection between resolvability of a channel and and the inf-entropy and
sup-enropy rates of a source is provided by the following lemma.

Lemma 5 A source Z is an approzimating source for a channel with resolvability S if
the inf-entropy rate of the source H satisfies

H>S (13)
(ii) If H < S, the source cannot be an approzimating source for this channel.

Proof: (Outline) (i) (13) implies that H > § + 2 for some v > 0. Now by definition
of resolvability, we can replace the source X by a source Xy whose distribution is of
M-type with M < ezp{n(S-++)} and the output distributions will be close in variational
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distance. On the other hand, by the Remark following Lemma 2, we can approximate
any N type distribution using the given source distribution of Z if N < ezp{n(H —v)}.
Since H > S + 2v, we see immediately that M < ezp{n(H — v)}. Now the result will
follow from noting that if two input distributions are close in variational distance, the
corresponding channel output distributions will be close as well.

(i1) Assume the converse, i. e. H+2§ < § for some § > 0 and it is an approximating
source for the channel. Now a source with sup-entropy rate H can be approximated
arbitrarily closely in the sense of variational distance by a M-type distribution where
M = ezp{n(H+6)} when n is sufficiently large. Hence this approximating source can be
replaced by an M-type source which is also an approximating source where 335# <§5-§6
and this will contradict the definition of resolvability establishing the desired result.

]

4 Conclusion

In this paper, we have addressed the question of using an arbitrary random source
as a random number generator. This gives an operational characterization to the inf-
entropy rate. This complements the characterization of the sup-entropy rate found in [1].
Some further directions in this area could be to extend these results in a rate distortion
framework. Also our results leave a gap in the connection between resolvability and inf
and sup entropy rates. It would be interesting to find out if this gap can be bridged.

Another interesting problem to be considered is to extend these and the results of [1]
with another measure of distance between probability distributions called the d distance
introduced by Ornstein and discussed in [3], [4]. In [5], it is shown that the d distance is
over bounded by half the variational distance. Hence the direct part of the results hold
for the d distance. We recently have succeeded in proving the converse part as well and
this will be presented in a subsequent paper.
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