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Abstract

The optimal signal design problem for a band-limited
PAM symbol-synchronous Gaussian two-user multiple-access
channel is investigated. Using the root-mean-square and the
fractional out-of-band energy bandwidth definitions, we find
the capacity region of the channel and the signature waveforms
to achieve each point inside the capacity region. The optimal

pair of signature waveforms are mirror images of each other,.

and are obtained by minimizing their cross-correlation sub-
ject to a fixed finite duration and the bandwidth constraint.
The two-user capacity region, in the rms case, is found to con-
tain the capacity region of the two-user strictly band-limited
Gaussian channel. This demonstrates the fact that by relaxing
constraints in the frequency domain, we can introduce struc-
ture (PAM) in the time domain and obtain a larger capacity
region.

1. Introduction

The capacity region of the two-user discrete-time Gaus-
sian multiple-access channel

Vi = Tt T o+
where n; is an i.i.d. Gaussian sequence with variance equal to

0? and the energy of each codeword is constrained to satisfy

wi k=1,2

is equal to the Cover-Wyner pentagon [1], [2}:

0< Ry < flogll+ %]
(Ri,R2): 0< Ry < $log(l + %2
Ry + R < }logl + 2242

Cp = (1)

in information units per channel use. Analogously, the capac-
ity region of the continuous-time band-limited channel with
noise power spectral density, bandwidth and kth user signal
power equal to ¢, B, and S} respectively, is given by [2], as
(in units per second)

0 < Ry < Blog(l + 5345)
(R1,Rz): 0 < Ry < Blogll + 5395
Ry + R» < Blogl + 2%

208

Cec = (2)

This capacity region is achieved by approximately band-
limited and approximately time-limited waveforms which have
no particular structure. In order to deal with modulation and
demodulation schemes with manageable complexity, it is cus-
tomary in digital communications to introduce structure on
the transmitted waveforms by slotting the time domain into
intervals of length 7 and sending a symbol in each slot by

means of a digital modulation format such as PAM, PSK,.

This work was partially supported by the office of Naval
Research under Contract N00014-37-K-0054
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FSK, etc. In the case of PAM (Pulse Amplitude Modulation),
the k'B user is assigned a fixed deterministic waveform, si(t),
which is time-limited to [0,T) and is modulated by the in-
formation stream. Then, assuming that the transmitters are
symbol-synchronous, the PAM two-user muitiple-access chan-
ne] becomes

y() = 3 bi(i)arlt = iT) + ba(D)salt = iT) + n(t)  (3)

=1
where n(t) is white Gaussian noise with spectral density o

and {bx(1)} is the symbol stream transmitted by the k" user.
Assuming that, without loss of generality, the signature wave-
forms have unit energy, the energy constraints on the trans-
mitted waveforms become )

1, AN

- bi(i) < wp = TS k=1,2

= g k(1) k k

It is easy to show that if s;(2) = s2(t), then the capac-

ity of (3) under constraints (4) is equal to the Cover-Wymer
pentagon (1) (this result remains true even if the users are
completely asynchronous [3].) If the signature waveforms are
not necessarily identical, then the Cover-Wyner pentagon gen-
eralizes to [4]

,

(4)

0< Ry < slogll+ %
0< Ry < }log[l + 23]

CV = 4 (RlaR'-’): Rl +R2 < %10g[1 + wv:w~+ (Da)
| (1 - p%)

in information units per channel use or

( 0< Ry < grlogll + T3

e
0< Ry < oplogll + —;5;-]

Cy = ((Ry,R2): T
T2
\ To2(1- %)

(5b)
in information units per second, where p = j’OT s1(t)sa(t)dt is
the cross-correlation between the signature waveforms.

A natural question to address is the choice of the unit-
energy waveforms 8;(t) and s2(t) to maximize the capacity
region Cy. It is clear that the unconstrained solution is to
choose orthogonal signature waveforms. Then, p = 0, and the
multiple-access channel is decoupled into independent single-
user channels, and each transmitter can transmit at single-user
capacity. However, in practice, there are constraints on the
choice of the signals (e.g. in Spread Spectrum CDMA systems,
the waveforms may be constrained to be Pseudo Noise shift
register sequences of given period,) and it is not always possi-
ble to assign orthogonal waveforms for all users. In this paper.
we will address the optimization of the signature waveforms
and their duration T under bandwidth constraints. Since the
signature waveforms are strictly time-limited, they cannot be
strictly band-limited, and the need arises to quantify the band-
width of these signals. There are several established ways to
accomplish this [5]. In this paper, we will consider the two
bandwidth measures of baseband signals that have received
most attention from the information theoretic community: the




root mean square (rms) bandwidth and the fractional out-of-
band energy (fobe) bandwidth.

The rms bandwidth was popularized by Gabor [6] (it is
sometimes referred to as Gabor bandwidth) and studied sub-
sequently in [5], [7], and [8). A finite-energy signal s(t) has
rms bandwidth B if its Fourier transform S(f) satisfies

1= ISR
NGO ®

i.e. the rms bandwidth is the square root of the “second mo-
ment” of the energy spectral density (|S(f)|?) of the normal-
ized signal or, proportional to the square root of the energy
of its derivative,

1 [olgs(t)?dt _
@ T Aof =L )

The fobe bandwidth has been used in e.g.[5], [8] and is
defined as the bandwidth necessary to encompass a given frac-
tion (say a) of the signal energy, i.e. the a-fobe bandwidth is
Bif

[ isord = a [ ispre ®)
-B -0

Notice that the bandwidth constraints imposed on the
signature waveforms will be inherited by the transmitted sig-
nals because, as is well known [9], the power spectral density
of ¥; bp(i)sg(t — iT — ) where T is uniformly distributed in
[0,T] and {bx(i)} is an i.i.d. sequence, is a scaled version of
the energy spectral density |Sx(f)|%.

2. Single-user Channel

Before solving for the capacity region of the PAM
multiple-access channel under bandwidth constraints, it is en-
lightening to examine the PAM single-user channel with con-
strained rms bandwidth. This channel differs from the classi-
cal band-limited Gaussian channel in that the allowable trans-
mitted signals 1) have much more structure (PAM) and 2) are
rms band-limited but not strictly band-limited. It turns out
that the effect of the laxer bandwidth measure cancels the ef-
fect of the additional structure imposed on the transmitted
signals in the time domain, and the capacity of the channel is
given by the celebrated Shannon formula [10)].

Theorem 2.1.

The capacity of the single-user PAM white Gaussian chan-
nel with noise power spectral density, rms bandwidth and sig-
nal power equal to 02, B, and S respectively is given by (in
units per second)

CS =B log [1 +

S
2—;53] 9)

Proof.

The single-user PAM white Gaussian channel is a special
case of (3):

y(t) = D b(i)s(t — iT) + n(2) (10)

=1
Assuming that, without loss of generality, s(t) has unit energy,
the power constraint becomes

1 n
=3 b%i) < TS
ni=l

(1)
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and the T-shifts of s(t), {s(t — iT)}7;, form an orthonormal

set. The projections of y(t) on this orthonormal set are equal -

to

G+1)T
(i) = /T w(s(t=iT)dt i=1,....n (12)
1
or, substituting y(t) from (10),

y(2) = b(i) + () (13)
where {n(#)} is an i.i.d. Gaussian sequence with variance equal

to o2.

The important point to note is that {y(:)}%,, are suffi-
cient statistics for the transmitted messages; therefore, the
capacity of the PAM channel (10) for a fix T coincides with
the capacity of the discrete time memoryless channel (13) with
constraint (11), which is given by (e.g. [11]) (in units per sec-
ond)

ST

Cs(T) = 2—1T-mg[1 +33] (14)

Since Cs(T) is monotonically decreasing in T, the ca-
pacity is maximized by minimizing T. However, due to the
rms bandwidth constraint, the value of T cannot be arbitrar-

ily small. Using the fact that the set {\/_jg:sin(EA’Tﬁi)}‘-"c is a

1=1
complete orthonormal set in the space of all rms band-limited
signals in [0,T] [7], we can express s(t), as

s(t) = Z dg@sin(%r,l) (15)

=1

Then, the unit energy assumption and the constraint in the
rms bandwidth (7) translate into

o0
S di=1

=1

(16)

and

oo
S_i%d} < (2BT)?

=1

(17)

respectively.

The minimum T consistent with (16) and (17) is chosen
by taking equality in (17) and minimizing the left hand side
of (17) subject to (16). Since

0 o0
1=3"d? <Y id?
=1

=1

(18)

with equality if and only if d} = 1and d; = 0if 1 < 1, it follows
that the optimum T is equal to 7‘3 which upon substitution
in (14) results in the desired result. g

3. Two-user Channel

We turn our attention to the main results of the paper.
namely the optimization of the capacity region of the syn-
chronous PAM channel (5b) with respect to the choice of the
signature waveforms, including their duration T. In both the
rms and the fobe bandwidth constrained problems, we will
solve the problem in two stages:

The
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1. Fix T, and find p*(TB), the minimum absolute cross-
correlation, |p|, achievable under the time-bandwidth con-
straint (and the optimal waveforms which achieve that g.)
Then. the capacity region for fixed T is given by Cy in
(5b) evaluated at p = p*(TB). This is because Cy de-
pends on the signature waveforms only through the rate-
sum constraint which is monotonic decreasing in p.

9. Take the union of the capacity regions found in the first
stage over all T. Note that there is a minimum value of T
below which the time-bandwidth product is so small that
no waveform can be found to satisfy the bandwidth con-
straint and therefore, the capacity region is an empty set.
Also, there is a maximum value of T above which the al-
lowed time-bandwidth product is so large that orthogonal
signals can be assigned to both users, and therefore the
capacity region decreases with T’ beyond that maximum
value of T'.

Theorem 3.1.
If TB > 0.5, then the minimum cross-correlation,

05(TB), between any two unit-energy signals of duration T
and rms bandwidth less than or equal to B 1is

p‘G(TB) ‘= max{0, %[5 - S(TB)Z]}

and is achieved by the signature waveforms

/1 ~{(TB 1 1- 'QTB ., 2wt
s1(t) = +pT( )sin%-{- PT( )sm—-—T
si il
in 7

/1 ~(TB fl—p‘ TB) . 2=t
32(t)_—_ -ip_(j;’L_——). — _—GI‘(—-—ls]n_T—

IfTB < 0.5, then there ezists no signal of duration T and
rms bandwidth less than or equal to B.

Proof.

If TB < 0.5, we have seen in the proof of Theorem 2.1,
that there is no signal of duration T" and rms bandwidth less
than or equal to B.

If TB = 0.5, we have seen that there is only one signal of

duration T and rms bandwidth B and is /% sin ¥, ¢ € (0, T).

Therefore, the theorem follows immediately when TB = 0.5.

If TB > 0.5, let s1(t), s2(t) be any two unit-energy sig-
nals with duration T and rms bandwidth B. Using the same
complete orthonormal set in the last theorem, we denote the

vector M(t) = [\/%-sin(ff-), \/—%:sin(g}'-s),. T, e (0,7,
and express s1(t) and sa(t) as

sk(t) =afM(t) k=1,2 (19)
Then, the rms bandwidth constraint can be expressed, via (7),
as

1 o d 1
o L0t = ek s B k=12 20)

where II = diag[12,2%,3%,..]. Denoting p as the cross-
correlation, we can assume that, without loss of generality,
0 < p. From the unit energy assumption, we have the cross-

correlation matrix, H, as

H= aaT £ [ﬁ:][alaz]= [,l, ﬂ (21)

-

3

Sgnce the mapping between s4(t) and ay is an one-to-one map-
ping, the problem is equivalent to finding the minimum p such
that there exists A satisfying (20) and (21).

We solve this problem by first giving a lower bound on
the cross-correlation and then showing that the lower bound
is achievable. Let B; be the minimum of the sum of the
rms bandwidth of M equal energy signals of duration T and
correlation matrix, H. B; is found bv Nuttall [7], as

2

1 1. &
B; = _—(2T)2H1§ wil (22

vyhe{e each y is the positive eigenvalue of H with y; < pj for
J £ 1, and r is the rank of H.

- {\ppl.ing this result with M = 2, r = 2 (since s1(2) # s1(¢)
implies p # 1) and the correlation matrix H in (21), we get
from (20) and (22) that

1

——={(1+p)+4(1-p)] < B

22T (23) -

where it can be easily verified that 1 + p and 1 — p are eigen-
values of H in (21).

After rearrangement, (23) becomes

5 -3(TBR < o (29)

Since s1(t) and so(t) are arbitrarily chosen, and p belongs to
(0,1}, we have the lower bound,

ma.x{o, HE swﬁ} < p(TB)

‘We now show a signal pair that achieves this lower bound.
Stimulated by the fact that the functions f(t) and f(T —t)
have the same magnitude spectrum, we consider signature
waveforms which are mirror images of each other about T/2.
Also, we note that sin?- is even about T'/2 while sin 3&"-3 is

odd about T/2. Therefore, we assume that the matrix A has
the form

a=le @)

for some 0 < a < 1.
From (20), the rms bandwidth constraint becomes

/4—4(7‘3)' s a. I we let a = \/-4_—4%1——& and substi-

tute (25) into (21), we have p = 2a% -1 = s-:s—(g)—. If

— 2 - -
5——8%1.—8\—<0,\/4—-i‘3w—<%andwecanleta:%which

gives p = 2a° — 1 = 0. Therefore, we have shown that the
lower bound is achievable by signature waveforms character-

ized by the matrix A in (25), with o = /222{TB)  Then,

(19) results in the optimal signature waveforms stated in the
theorem. =

Theorem 3.2.

The capacity region of the two-user PAM white Gaussign
multiple-access channe! with noise power spectral density, rms
bandwidth and signal powers equal to ¢, B, §y and S, re-



spectively, is given by

0< Ry < Zloglt + 5]
0 < Ry < Zlogll + 23%]

(Rla R?) :

ce=. U
1315\/§

Ry+ Ra< Blogt + 8153,
A1 - 33 - 1))
(286)

Proof.

Recall that the capacity region, Cg, is the union of Cy
in (5b) evaluated at p*(TB) over T. We proceed to find the
range of T of interest. From the last theorem, if B < 0.5, no
signature waveforms can be found to satisfy the constraints

and the capacity region is an empty set. Also, if TB > \/‘57 y

p*(TB) = 0, and the capacity region for fixed T is a pentagon
which is monotonic decreasing in T'. Therefore, the range of

T in interest is the interval [ﬁ;, 713\/;] Denoting 2T B by 7,

and substituting v into Cy in (5b), we have, after taking the
union, Cg in the theorem. g

At a first glance, it seems that there is a conflict with
Theorem 2.1 since the total capacity of Cg is larger than
the single-user capacity of an rms band-limited channel with
power constraint S; + S2. However, the signal transmitted
over the channel in the two-user case is a sum of two PAM
signals and, in general, it is no longer a PAM signal since the
signals in different time slots need not have the same shape.

Figure 1 shows the capacity region of the rms band-limited
PAM two-user channel, Cs and the strictly band-limited two-
user channel, Cc. In contrast to the single-user case where
they coincide, C¢ is a subset of Cg. It can also be seen
from (26) and (2) that C¢ is the pentagon inside the union
in (26) when 4 = 1. However, by increasing v, we trade off
the decrease in the single-user rate by the increase in the rate
sum, such that the union gives a larger capacity region, Cg.
This indicates that, in the two-user case, the laxer bandwidth
constraint more than offsets the additional structure (PAM)
in the time domain.

Figure 2 and 3 show the signature waveforms which
achieve the boundary points of the capacity region for two
different time-bandwidth products. The signature waveforms
are mirror images of each other and as v increases, they be-
come more asymmetric so as to decrease the cross-correlation
while maintaining the same rms bandwidth.

Finally, although the union in Theorem 3.2 is taken over

« in the interval {1, \/g], not every v in that interval achieves

some boundary points of Cg. The set of values of ¥ that
achieves boundary points of Cg is a function of the signal-

to-noise ratios, ig-}?, k = 1,2. According to Figure 1, the
boundary points in the segments AB and EF are achieved by
4 = 1, while those in the segment CD are achieved by some
Ymax in [1, \/g] depending on the signal-to-noise ratios. The

boundary points in BC and DE are achieved by 1 < ¥ € Ymax-

We now proceed to the optimal signal design problem
under a-fobe bandwidth constraint. Denote the prolate
spheroidal wave functions ( [12], (13], and [14]) as ¥;(TB.t)
and the associated eigenvalues as A;(T B), i.e.

sin[27T B(t — 1))
w(t~T1)
and Ag(TB) > M(TB) > A(TB) >

1
MTBW(TB) = [ (T8,7) dr
-2

for i = 0,1,2,...

324

It is known (8] that ¥4(T B, + — 1) and ¥)(TB, 4 T -
%—) are even and odd about % respectively and the set

{T——A;ITB)’M(TB’ ,;. - 3_,:)} forms a complete orthonormal set

in {0,T]. Also, Xo{(TB) and Ag(T B) + Ay(T B) are continuous
and monotonic increasing in T8 (Figure 4).

Theorem 3.3.

Forany0<a<l,

IfTB > ,\" (a), then the minimum cross-correlation,
p(TB), between any two unit-energy signals of duration T,
and a-fobe bandwidth less than or equal to B is

PF(TB) = max {0, 2a — A(TB) - A1(TB')}

2o(TB) ~ M(T B)

and is achieved by the signature waveforms

) -\ S vi(TB, + - })

IfTB < /\a’l(a), then there ezists no signal of duration
T and a-fobe bandwidth less than or equal to B.

Proof.

As in Theorem 3.1, we would like to find a suitable com-
plete orthonormal set in [0,7]. To that end, we rewrite the
definition of a-fobe bandwidth as

B
as [ Is(lY
T T B .
/o /0 s(z)s(T)LBasz(‘-f)dfdt dr

_ ot sin(2eTB(t - 1))
= j; /0 s(f)-_,;'(}'?;‘)—

Since the prolate spheroidal wave functions are eigenfunctions
of the kernel 2T Bsinc(t — 7), a good choice for the complete
orthonormal set will be the set of all prolate spheroidal wave
functions.

For notational convenience, we will drop the explicit de-
pendence on T B of the eigenvalues of the prolate spheroidal

wave functions. IfTB > z\o'l(a), we can express any s;(t) and
s2(t) in terms of ¥(2) = [Tszo(TB, -5, fgw,(w, +-
%;), ..J,t€[0,T), as
sp(t) = ak Y(t) k=1,2 (28)
Using (27) and (28), we have

s(%) dt dr  (27)

B
as [*ISUPY = An = trAma]) k=12
(29)
where A = diag{Ag, A, As,..]. Also, the cross-correlation
matrix, H, is
H=AAT = al aja 1 p (30)
= = %; 1a2] o 1



Similar to the rms case, we find the lower bound by maximiz-
ing the average over & = 1.2 of the right hand side of {29).
Rewriting the average, we have .

2
1 Z T 1 T
5 = kJ\ ay = Etr(AA A)

i

1
Ett(APAEApg)

1
t(E APLAP,) (31)
where AT A is diagonalized by the orthonormal matrix, P4,
and 4 = diag{&; & 0 ...]. Since the excenvalues of
AAT and ATA are the same, we have §; = 1+ p and §2 =
1-p.

Now, let’s denote P as the 2xoco matrix formed by taking
only the first two rows of Pi, and = as diag{£; £2). Then,
the maximum of the average is

max tr(EPAPT)

(32)
PPT =2,

We will solve the maximization problem using the Lagrange
multiplier method. We form the Lagrangian,

2 2k
Y &piApc+ Y. 2 Zak(PE P — k)

=1 k=1n=1

(33)

where p{ is the k*® row of P. Taking derivative with respect
to px, we have

§1Ap1 + z11p1 +2z12p2 =0 (34)
and

£aApz + 220P2 + 2z19p1 = 0 (35)

If we pre-multiply (34) by p2 and (33) by p1 , we have zj3 =
0 since & # &7; therefore, from (34) and (335), p1 and p2
are eigenvectors of A. Since A is diagonal and the diagonal
elements are distinct and decreasing down the diagonal axis,
we have

P=[Izx2 0] (36)
Substituting back into (31}, we show that the maximum value
of (31) is Ag“’” + /\117’-3. Comparing to (29), we have

< 200+ A1) + pld0 = )]

)

 The achievability of the lower bound can be verified, as
in the rms case, by letting

or, together with 0 < p < 1,

2a = Ag = Ap

> 0,
p_max{ Y

1t jp
A:[ Eﬁ ?’f 0 (37)
JEE -/ o

which corresponds to the optimal set of signals stated in the
theorem.

The proof of the second part of the theorem (TB <
A7!(a)) can be found in {13, p.54]. g
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Theorem 3.4.

The capacity region of the two-user PAM white Gaussian
multiple-access channel with noise power spectral density, a-
fobe bandwidth and signal powers equal to 0°, B, S, and Sa,
respectively, is given by

Cp=
7 Sv*' 7
0< Ry < Blogn+ 2% 25
U 0< Ry < Zlog[t + 52%]
(Ry, Ra) ‘B NGETA
Tmin STE< Tmax R;:}Ez < ?log[’\l(_') i‘,{ﬁ‘) -
192%° “A=Agiwl=AL{*)\2
40" 8- 1~ Ao{x)=A1l{T) )

where @ = Xo(1FR) = H{Ao(Tgex) + A, (Im2x)].
Proof.

The proof is very similar to that in Theorem 3.2 where
v = 2T B. The lower limit of v is carried over from Theorem
3.3, while Ymayx is the smallest ~ such that p:(3) = 0.y

Notice that the range of 4 in taking the union is only a
function of a. In Figure 4, we show Ag{(T B) and s{/\o(TB)
A1(T B)] vs the time-bandwidth product, and Ymin 2nd Ymax
can be obtained directly from the figure. Also, Figure 3
shows the capacity region, Cp, with the capacity region of
the strictly band-limited channel, Cc. Similar comments to
those we made in the rms case apply to the values of v that
achieve the boundary points in the capacity region. However,
we see that for sufficiently high a, Cr does not contain C¢ in
contrast to the rms case.

Finally, in Figure 6, we show the signature waveforms
which are, as expected, mirror images of each other. However,
in contrast to the rms case where the signature waveforms
must be zero at the end points to have finite rms bandwidth,
the transmitted signal waveform in the a-fobe case may have
jumps at t = iT.
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Figure 5. Capacity Regions in the fobe case
for SNR1=SNR2=20db, B=1khz
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Figure 6. Signature waveforms tor two-user
0.8-fobe band-limited channei, TB=0.955





