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Abstract � This paper analyzes the hign SNR

performance of optimum multiuser detectors for

synchronous direct�sequence spread spectrum with

random spreading in an additive white Gaussian

noise channel� We show that the asymptotic ef�

�ciency of a K�user system with spreading gain

N converges to � almost surely as K and N go to

in�nity� and K�N is kept equal to an arbitrary con�

stant�

I� Introduction

In direct�sequence spread spectrum systems with spread�
ing gain N � each user is assigned a signature waveform
which is a linear combination �with � coe�cients� of N
orthogonal waveforms� In the random spreading model
studied in this paper the binary sequences are chosen ran�
domly and independently with all choices being equally
likely 	�
� This is a simple model which lends itself to
analysis and accurately models CDMA with long signature
sequences� A number of recent works 	�� �� �� 
� �
 have
analyzed the asymptotic performance of direct�sequence
spread spectrum with random spreading when the number
of users K grows without bound and the ratio of number
of users to the spreading gain N is kept �xed to K�N � ��
More speci�cally� under that asymptotic regime� refer�
ence 	

 has found the Shannon capacity achievable by
the maximum�likelihood decoder� the single�user matched
�lter� the decorrelating detector� and the MMSE mul�
tiuser detector� for systems with perfect power control�
and 	�
 has investigated the signal�to�interference ratio of
the single�user matched �lter� the decorrelating detector�
and the MMSE multiuser detector without assuming equal
received powers�

Uncoded bit�error�rate has received much attention as a
performance measure of multiuser detectors� Of particular
interest is the asymptotic multiuser e�ciency 	�
 which
characterizes the performance loss �in e�ective SNR� as
the background noise vanishes� If a particular receiver
achieves bit error rate Pk��� in the presence of multiple
access interference and additive white Gaussian noise with
power spectral level equal to ��� the asymptotic multiuser
e�cency is given by

�k �
�

A�
k

lim
��

�� log ��Pk����

where A�
k is the received power of the kth user�

Under the foregoing random spreading model� the fol�
lowing behavior is known for the asymptotic e�ciency of

the single�user matched �lter �c� decorrelator �d� and lin�
ear MMSE detector �m� as K �� and K�N � ��

�c � � �Problem ���� in 	�
�

�d � 	�� �
� �Problem ���� in 	�
�

�m � 	�� �
� ������� in 	�
�

II� New results

In this paper we show that the optimum asymptotic ef�
�ciency converges to � almost surely under the following
su�cient conditions�

� � � � � � and inf Ai � �

� � � � and A� � � � � � AK � �

This shows the surprising result that even if the num�
ber of users is a large multiple of the spreading gain� the
odds are that the nearest neighbor to each of the trans�
mitted signal is at the same distance as if no interferers
were present in the channel� Naturally� as the number of
users per degree of freedom � increases we expect that the
number of nearest neighbors increases� and accordingly�
the asymptotic e�ciency is representative of the low�noise
behavior only for increasingly higher SNR� In this regard�
we caution that� in the setting considered in this paper�
the bit�error�rate is investigated as the background noise
� vanishes for �xed K and N � and then the limits with
respect to K and N are taken� An interesting open prob�
lem is the behavior of the bit�error�rate for �xed SNR as
K and N grow�

References

��� S� Verd�u�Multiuser Detection� CambridgeUniversity Press�
New York �����

��� A�J� Grant and P�D� Alexander� 	Randomly selected
spreading sequences for coded CDMA�
 Proc� of the �th
Int� Symp� Spread Spectrum Tech� and Appl��ISSSTA�����
pp� ��
��� Sep� �����

��� P� Schramm� R� Mueller� and J� Huber� 	Spectral e�ciency
of multiuser systems based on CDMA with linear MMSE
interference suppression�
 Proc� IEEE International Sym�
posium on Information Theory� p� ���� June�July �����

��� S� Verd�u and S� Shamai� 	Multiuser detection with random
spreading and error�correction codes� Fundamental limits�

Proc� ���	 Allerton Conf� Communications
 Control
 Com�
puting� Sep��Oct� ����� Journal version to appear in IEEE
Trans� Information Theory� March �����

��� D� Tse and S� Hanly� 	Multiuser demodulation� E�ec�
tive interference� e�ective bandwidth and capacity�
 Proc�
���	 Allerton Conf� Communications
 Control
 Computing�
Sep��Oct� �����


