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. Introduction

This paper is concerned with the derivation and analysis of
optimum demodulators for optical digital communication systems
where several users modulate coherent light of the same frequency.
The information transfer is represented by a discrete-input
multiple-access channel which outputs a scalar conditionally Poisson
point-process modeling an ideal photodetector counting process.
The rate of the counting process put out by the photodetector is a
(unction of the instantaneous incident power of the sum of the elec-
tric fields modulated by several active users. If the users cooperate
to maintain symbol synchronism among them and the light sources
are modulated by nonoverlapping signal waveforms (time-division
multiplexing), then the optimum demodulation of the information
rransmitted by each user is decoupled and can be carried out by a
bank of optimum single-user detectors, each of which performs a
weighted comparison of the product of the rate values at the arrival
times under each hypothesis {1]. On the contrary, if the modulated
signals overlap in the time-domain (e.g. because of lack of syn-
chronism among the users) then single-user decision rules are no
longer optimum in terms of error probability.

In this paper, we consider arbitrary signal constellations and
both asynchronous and symbol-epoch synchronous
multiple-access channels of the following types:

Poisson

A) Additive-light Poisson Multiple-access Channel

Assuming that the incident light wave is planar and that the
transmission medium is linear, the instantaneous complex value of
the electric field at the photodetector screen depends on the
transmitted sequence of symbols, b, via

Bb) = 30 ™ % $Y (e —iT 1y b (4)) (1)
E=1 i=-M

where K is the number of active users, r, € [0, T), ¥4 € [0, 27) and
b (1) € A; are the delay, phase and ¢* symbol of the k* user. The
alphabet of each user A4;, is assumed to be finite and the waveforms
of each user are such that s(t;6)=0 for
t¢0, T],b € Ay, ¥ =1,.,K. The ideal photodetector response to
the impinging field is a Poisson counting process whose rate is given
by

p(b)=a|E(b)+ |E|c’*|2+p (2)

where a, 8, and |E | are constants of the photodetector. The cases
|E| =0 and |E| >> 1 correspond to direct-detection and (homo-
dyne, if ¢, = wt + 8) coherent-detection systems respectively ([2]).
In the case of direct-detection this multiple-access model has been
used by Chan [3] in the evaluation of asynchronous coded systems
with suboptimum demodulation, and by Narayan and Snyder [4] in
the derivation of optimal signal sets for bit-epoch synchronous sys-
tems.
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The particular case where
A = A;, 5:(t; b)) =s;(¢; b), and ¢y = ¢ for all i 77,
b €A, telo, T],and r,,, -~ 7, = T /K corresponds to the problem
of single-user transmission through a dispersive medium where each
symbol suffers suffers the interference of K -1 signals. Maximum
likelihood sequence detectors of point-processes whose rates are
transmitted through finite-memory randomly-dispersive channels
have been obtained by Morley and Snyder [5]. However, most
optimum detectors preposed for intersymbol interference problems
with point-process observations assume a particular case of the fol-
lowing model.

B) Additive-rate Poisson Multiple-access Channel

In this model, it is assumed that each user produces a Poisson
point-process and that the receiver observes the sum of these
processes plus, possibly, a dark current component. Therefore, the

dependence of the rate on the transmitted sequence can be written
as

M
S st =T — 75 b, (1)) (3)

While this model is the direct analogous to the Gaussian
multiple-access channel, its scope of applicability in modeling opti-
cal multi-user systems is much narrower than the additive-light
model because of the physical mechanism that converts the received
optical energy into an electrical signal for subsequent processing. It
can be used to model single-output photodetectors with indepen-
dent screens for each user, and it has been employed in the analysis
of single-user detection in multiple-access free-space applications [6].
In the particular case of intersymbol interference the additive-rate
channel has been used extensively in modeling direct-detection
dispersive optical fiber systems ([7, 8]). Even though these problems
fall naturally into the additive-light channel model, this has been
done previously both for analytical convenience (analogous schemes
to those for additive Gaussian channels can be employed - especially
in the case of linear modulation) and because in certain cases where
the fiber modes are uncoupled or randomly coupled, Personick [9]
showed that the superposition-of-power approximation may be
accurate enough.

Optimum multi-user detectors according to the criteria of
minimum probability of error and maximum likelihood sequence
detection are derived in Section 2. In the asynchronous case, these
detectors base every symbol decision on the whole observation inter-
val and decompositions of the likelihood function suitable for the
implementation of dynamic programming algorithms are found. In
Section 3, lower and upper bounds on the minimum encoded bit
error rate achievable by multi-user detectors are obtained. The par-
ticularization of these results to the intersymbol interference case
solves an open problem: the error rate analysis of optimum single-
user direct detection systems for dispersive optical fibers.
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2. Optimum multi-user detectors

The multi-user detectors for point-process observations
obtained in this section carry out the simultaneous demodulation of
the information transmitted by all active users in the channel. The
global and local optimality criteria of maximum likelihood sequence
detection and minimum symbol error probability detection, respec-

tively, are studied. The point-process observations are denoted by

{dre t, <t < 4y} where, given the sequence
b= {b({)€A;X " X Ag,-M <i <M}, r, is a Poisson count-
ing process with rate equal to p: (b) and
tp =-MT + 7, t; =(M +1)T + r,. The conditional sample
function density of the observations is given by (e.g. [10])
Y
P[{r,,t, £t < t;}|b]=ezp[f In p,(b) dr, - fp, )dt], (4)
tP

where the first integral in the right-hand side of (4) is a Riemann-
Stieltjes integral:

Y

fln p(b) dr, = Z In p, (b) (3)

p i=1

where {a,, " - ,ay} is the realization of the observed point-process

in the interval [t,, t; ]. Since the transmitted symbols are assumed
equiprobable and independent a priori, the (globally optimum) max-

imum  likelihood sequence detector chooses a  sequence
bi(-M)e Ay, - -, b{(M) € Ag such that
i N
b’ € arg max ezp ( f o (b pa (b) (6)

*1

where D is the set of all possible sequences. The (locally optimum)
minimum symbol error probability detector selects the sequence of
symbols that maximize the posterior marginals

Pe(j,d)= E
beD
8.l
b(7)=1d€ 4

t N
exp ([ pi(b)dt) .'1;11 pa(B) & =1,..K;(7)

In the asynchronous case, the symbols transmitted during
nonoverlapping slots are no longer independent a posteriori, and the
one-shot approach does not result in optimum decisions. Optimum
demodulation is accomplished by dynamic programming decision
algorithms of the forward type (Viterbi) in maximum likelihood
sequence detection and of the backward-forward type in minimum
error probability detection. Dynamic programming can be used in
the maximization of (6) and (7) due to the sequential dependence of
the conditional sample function density (4) on the components of
the sequence b.

The observation interval [¢,, t; ) can be partitioned into subin-
tervals of the form [ti, tis1) where
t; = ()T + 1), ¢ = -MK + 1, (M + DK, and t; =ty 40k + 1
(The integers 5(¢) and «(¢) are defined by the modulo-K decomposi-
tion of i = n(i) K + (i), &(i) = 1,...,K.) In each subinterval, the
rate depends at most on K symbols, and consecutive subintervals
depend on the same symbols but one; this is because the instants &
correspond to the epoch end points of all transmitted symbols and
because in the multiple-access models (2) and (3) the rate depends
instantaneously on the transmitted signals. Hence we can define

the following functions.

of(zu) = p(b), & St <ty i —-MK+L(MAUK  (8)
where 4 = b,4)(n(i)) € Ay and
Tiy1 = [‘Tu'!i-l I|+l ] = f (‘Txv i) = [21'221'3 IiK_lul']T‘

This implies that the conditional sample function density (4)
admits the following product decomposition

(M +1)K -1
Pl{re, t, <t <t }|{bl= T

T=1-MK

L,-(.’t.-, u-') (9)

where

L by

Li(z,u)=czp| [ Inofz,u)dr, - | of(z, u)dt) (10)

exp | [ oz, w)dt].

t
1

— v
_¢SG,< Ua](Iru)

It is easy to see that the maximization of (9) with respect to b, or
equivalently {v;,¢ =1~ MK, . (M + 1)K -1}, can be carried out
by forward dynamic programming. To that end one defines the
cost-to-arrive function
J Y 2) = max J Nz L (2,
5 €A )X X Ay

s.t. there exists
¥EAGy (5, ¥) =7

w); JUME =1, (1)

and once JM+UK s obtained, the maximizing sequence of symbols
is recovered by backtracking the optimum path of states generated
by the recursion (11). As it is well known, in real time applications
near-optimum performance can be achieved by the Viterbi algo-
rithm which makes decisions after an adequately chosen fixed lag.

A related procedure can be used to obtain the marginals (7) in
minimum error probability detection. Now instead of maximizing
with respect to all sequences we have to sum the likelihood function
over all sequences having a fixed symbol; this can be done by
defining independent forward and backward recursions [11]:

F'HlYz) = 3 Ff(z)i(zi, u) (12)
FEAL g X X Ay iy
8.t. there esists
v €Ay S (z,,8)=2
and
Bi(z)= Y B (z,w)Lilz, w) (13)
¥, EA,:(.)

Then it is straightforward to show that the posterior marginal dis-
tributions of the transmitted symbols are given by
P;c(|( ( ) d)— F‘.+1(1'|'+

2,41 € Ag(an) X X A )

8.l there eziste
s, 0=/ (2 d)

1)13‘+ (2i+1)- (14)

3. Probability of Error

In this section we analyze the uncoded minimum error proba-
bility achievable with additive-light and additive-rate Poisson
multiple-access channels. The approach is to find upper and lower
bounds on the finite-horizon error probability for each user and for
arbitrary relative delays, i.e.,

Pyi)=Plbi)# 5:¢(')] ’ (13)
where b (1) € A, is the transmitted symbol and §,(i) is the most
likely symbol given the observation of the point-process realization

on the interval, IM, corresponding to the symbols
ba(j), n =1,.,K, j =-M,. M;ie,
b (i) € arg max Plb(t)=b |dr, ~ p,(b). (16)
t

For the sake of notational convenience in presenting our
results, we focus attention on the case where all users employ
binary alphabets (and without loss of generality we label
Ay == Ag = {-1,1}). Bounds on the minimum bit error rate
are obtained by direct passage to the limit M — oo of the bounds
on P ,(i). Except in particular cases, no explicit expressions are
known for the error probability of binary one-shot single-user detec-
tion with point-process observations; in general, one must resort
either to bounding or to numerical approximation (see Appendix).
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A fortiori, explicit expressions cannot be expected for the multi-user
error probabilities. However, the bounds derived below are
expressed in terms of binary one-shot error probabilities, reducing
the analysis to one of single-user performance. All the results in
this section are given for arbitrary relative delays; however, even
the particular case of bit-epoch synchronous users evidences the role
of all the basic ideas in our approach. Hence, on a first reading it
may be helpful to assume M = 0,7, =0,k =1,.,K, and to regard
each sequence as a single K -dimensional vector.

The first lower bound is the single-user bound on the error
probability of the additive-rate model.

Proposition 1: Assume that the additive-rate model (3) is in effect.

Then, the minimum error probability of the k* wuser is lower-
bounded by

T T
Py (i) Z%P[{ In(d(t))dr, - [ g{t)dt >0|dr, ~F+ s,,(t;—l)]
T

1
+ =P
2

T
{In(d(t)) dry - [ g(t) dt <0)dr, ~8+ a,,(t;l)] (17)

where d(t) = [se(t; 1) + Bl/[ae(t;-1) + 8],
9(t) = se(t; 1)-8¢(t; -1)

and

Proof: Suppose that {r° r/, j = 1,..,K} are independent point-

processes generated with rates B and
M

8;(t —nT —71;;b;(n)) j =1,..,K, respectively. Then P, (¢) is
& 0 EERE)

the minimum error probability of a detector of the i* bit of the «*
K .

ST rf,t €M}, But, P.(i) cannot be
i=0

lower than the error probability, say P,.(7), of a detector which in
addition to observing {r,, t € IM}, observes
{(rfteIM},j =1,.,K,j 2x. Now since {r/,teIM} is
independent of {r", t € IM}, the optimum use of the side-
information is to subtract it from {r,, t € I}. Hence, it follows
that P (i) is the single-user error probability, which is given by the
right-hand side of (17) (e.g. [10]).

user which observes {r, =

v

The above bound simply says that the existence of other active
users in the channel cannot improve probability of error. Some-
what surprisingly, this bound does not hold for the additive-light
multiple-access channel. To see this, consider the following direct-
detection example in which the single-user error probability is
greater than the minimum error probability achievable by adding
one extra user:

Ezample: Suppose that the amplification and dark current rate of
the photodetector are « = 1 and 8 = %, respectively, and the signal

waveforms of user 1 are

1.00 b = +1
sqi(t; b)) = 0<t<T=1 (18)
0.50 b = -1
Therefore, the rate is equal to (via (1) and (2) with |E| =0)

p(b =1)=15 and p,(b ==-1)= 0.75, and it is straightforward to
see that the optimum detector decides § — -1 if the number of
arrivals in [0,1) is equal to either 0 or 1. Then, the single-user error
probability is equal to

P11 user] = (2.5 ¢ % + 1 - 1.75¢7%7)/2 = 0.3656. (19)

Suppose now that we add an extra user whose bit-epoch coin-
cides with that of user 1 (r, = r,) and whose signal waveforms are

1.00 & = +1
soft;b) = 0<t<T =1 (20)
099 b =-1
Then, the optimum decision rule for user 1 is to choose b, = -1 if
the number of arrivals in [0,1) is less than or equal to N (¢ — ¥2),
where
3 if 0.63 < cos¢
2 if -0.07 < cos¢ < 0.63
N@#) =1 1 ir-0.74 < cosp < -0.07
0 if cos¢p < —0.74.

It can be checked that if the phases of both users are such that
cos () — ¥p) > 0.35, then, 0.3197 < P,[2 users] < P,[1 user].

v

In the above counterexample, the reason for the error probabil-
ity improvement in a large region of carrier phases can be traced
back to the nonlinear dependency of the rates on each user’s signal
(2). For this reason, the presence of an extra user of adequate
strength may actually improve the rate discrimination of the user of
interest.

We turn to the derivation of a pair of lower bounds that hold
for both multiple-access channels. The first step is to define the

average error probability, P%(¢), of an

error sequence

M ; €(5) #£ 0 for some ;}}

Note that in contrast to the Gaussian case, the error probability of
the binary test between two sequences - b and d - is not completely

cEE = {e = {e(i) €{-1,01}*, i =-M,...

specified by the error sequence ¢ = %(b -d), ie., in general
P.[b, b2 5 P, [d, d-2] 2
—;— P[A(w|d -2 d) > 1]|d transmitted]
+ 5 PIAW|dd-20) > 1]d - 2 transmitted], (21);
where the likelihood ratio is denoted by
Pl{dr,,t €IM}|b)

A({dr,, t € 1M} | b; d) = P({dr,,t €M} |d]’

Hence, we define the average error probability of ¢ as

P (e)= E[P,{b, b - 2¢]] (22)
where the expectation is over D (e) 4 {deD,d-2¢€ D}, ie., the
ensemble of transmitted sequences congruent with the error
sequence € (if (7)) #0 then

bo(7)=¢a(s)n =1,.,K; s =-M,.,M). Note that P, [b, b - 2¢
is independent of the symbols in b which do not overlap with
nonzero components of e. Therefore, we need not take into account
all the transmitted sequences in order to evaluate (22), and we can
write

¢ ——I#)' Y P,[bb-2( (23)

b€ T()
where
T()={beD,e€ A(b)and b;(n) = 1if
nK+j < p(efK+lornK+j > f (e)+K -1}

and p(¢) and f (¢) are the first and last nonzero components of ¢;
i.e., if Um == €x(m )(r](m )) then Up (¢ 7é 0, Uy (¢) ?é 0 and
u, =O0form < p(e)orm > f (). Consequently, only
| T(e) | = 2K + /() -»{d-1-v(d) sequences need to be considered for
the computation of (22) where w(e) is the number of nonzero com-
ponents in e.
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Proposition 2: For each sequence b € D, denote the worst-case

pairwise error probability with any other sequence differing in the

i** bit of the x* user by
Ryb, i) = max

b () # dff)

Let Z, (i) = {€ € E, €.(1)5£ 0} and denote the largest error probabil-
ity between two sequences whose difference belongs to Z (i) by

R (i)

P, [b.d]. (29)

max R (b, ¢). (25)
Then, the minimum error probability of the i** bit of the x* user is
lower bounded by

P(i) > g 20 per(e) (26)
and by
Pi) > P[R b, i) = R(i)] Rus) (27)

where PR (b, i) = R(¢)] is the a priori probability that the
transmitted sequence attains the maximum in (25).

Proof: Let p(w ]| F') denote the conditional sample function density
of the observables w = {dr,, t € I} with respect to the measure v
induced by the unit-rate Poisson point-process. The minimum error
probability of the ¢* bit of the «* user attainable by a detector
which observes {dr,, t € I*¥}, can be expressed as

P(i)= -;- [ mingp (o[ 5(0) = 1), p (] 5.(6) = -1}dv  (29)

Let D*={be D, b (i) = +1}; then for every we £, and every
one-to-one function h: D* — D, we have

3 min{p | bi) = 1], p [w ] b,() = -1}
=min{ ¥ plw|bl- P, ¥ plwib] Pb}

beDt bebD~
>C Y min{piw]|b], plw|kr(b)}
beDt

(29)

where ¢ = P[b], be D, and the last inequality follows because
every term in the summation of the right-hand side of (29) is dom-
inated by a corresponding term in both Y}, plw|b] and
bept

S% plw|b]. Uniting {28) and (29), we obtain a bound on P (i) in
beD-
terms of the error probabilities of binary sequence-selection tests.
This bound depends on the choice of the function h: D* — D~
For every e € E such that ¢ (i) =1, we can define A(b) = b - 2¢
over the subset of D* that contains all the sequences b that are
congruent with €, ie., D¥ N D(e). Hence, it follows that, for every
€ € E such that ¢, (1) = 1, we have

ST P,[b,b - 2¢] =214 per(e),
be DTN D{e)

and noticing that 27*() P (¢) = 27°9) P, (—¢), the bound (26) fol-
lows.

Pi)2¢C (30)

In order to obtain (27) it is possible to usc an argument similar
to that of Forney [12]. If the transmitted sequence, b, is such that
R (b, i) = R (i), then the detector is told by a genie that the true
sequence is either b or

d*(b) € arg P, [b, d|

max
deD
b i) # d )
In that case, the detector must perform a binary test between b and
d’ (b) whose error probability is P, [b, d*(b)] = R (¢). Note that

R (d"(b), i) P le, d*(b)] = R,(i) > Ry(d"(b), i),

max
ceD
cxli) =8,d0)

(31)

50 R (d°(b), 1) = R (i). (If this were not true, then the detector
could decide without error, because the transmitted sequence would
have lower worst-case error probability.)

v

The upper bound on error probability of the x* user is equal

to the sum, over all indecomposable sequences that affect the x*
user, of 27%© P (¢) (cf: the lower bound (26) which is equal to the
maximum of such quantities - and coincides with the upper bound
in the single-user case). An error sequence ¢ € E is decomposabl
into ¢! € E and 2 € E if

) e=ée+¢€

ii) i ¢, (j) = Othene!(j) = ¢X(j) =10,

iii) there exists a
telM =12

™ for

such that

covering M urI¥

A (@)L S 3N [s(t o = T i) s (=7 —iT; )] ¥ =
F=1i=M

Proposition 3: The minimum error probability of the ¢* bit
of the x* user is upper bounded by

z

€€ Q,;(l')

Pi) < 27 Pe(e) (32)

where @ (1) = {€ € Z(i); € is indecomposable}.

Proof: The right-hand side of (32) is an upper bound on the error
probability achieved by the multi-user maximum likelihood
sequence detector. In order to prove this bound we need not
assume any specific decision algorithm; however, it will be con-
venient to place an assumption on the tie-breaking rule in the max-
imization of the posterior likelihood (depending on the rate, ties
may occur with nonzero probability): the detector outputs one of
the most likely sequences whose ¢ symbol of the «* user is equal
to -1 (if such a sequence exists).

Consider the following inclusions between events in the proba- |
bility space where the transmitted b € D and the observed point- |
process realization w = {dr,, t € IM} € Q are defined: :

{lw,B) €A X D: b,(i) £ b (i)}

= U ,b)€N X D(e): b-2
cebhg (€0 X D0k b3S g Pl )
U {(w,b)eQ x D arggxéu[()P[wld] Cc Dy}
C ;L( ) {{w,b) € 2 X D(e): if dy(i) = 1 then A{w | b - 2¢; d) > 1}
cc g (i -
;J 0 {(w, ) € Q X D(e):if d (i) = -1 then A(w | b - 2 d) > 1}
€z s
T U {(w,b)eQ X D(e): Mw|b-2¢b) > 1}
ceQF()
eéj‘(') {(w,B)€Q X D(e): Aw|b - 2¢;b) > 1}, (33)
where b is the sequence selected by the detector,
ZE({i)={c€E: ¢fi)==+1} and Q3 (1) = Q)N ZF (i) The

equality in (33) follows because according to the above assumption
on the tie-breaking rule, if 5 (i) is erroneous then the transmitted
sequence is such that either 5 (:) = -1 and it differs in that position
from all most likely sequences or 4 (i) — +1 and at least one most
likely sequence differs in that position. The first inclusion in (33)
follows because if b - 2¢ € arg max Plw]|d] then A(w|b-2¢d) >1
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for all d € D and if arg E?%P[w |d] € D* then each of the most

likely sequences has strictly greater likelihood than the sequences in
D~. The main part of the present proof is to show the last inclusion
in (33). First we show that for every ¢ € Z.; (i) there exists
¢ € @ (¢) such that

{(w,b)€Q X D(e): ifde D then A{w | b - 2¢; d) > 1}
C{(w,b)e QX D( ) Mw|b-2¢ ;b)>1}. (34)
Fix e€ Zf (1) If e€ Q7 (¢) then it is clear that ¢ =
satisfies (34) because D(¢) C D*. If e ¢ @ (i) then ¢ is decompos-
able into ¢ + ¢ such that ¢ € @/ (¢). This follows from the
associativity of the operation of sequence decomposition, i.e., if €* is
decomposable into €* + ¢* and ¢* is decomposable into ¢ + €,
then ¢” is decomposable into €¢ + (¢! + ¢*). In order to show this
property (which does not hold for the decomposition of sequences
used in the Gaussian multiple-access problem [13]) suppose that
I, Ul and I, U I; are the respective coverings of I required by
the definition of decomposability. Then, for ¢ € I, N I; we have

Ar(e*) = Ar(e°) + Ac(e?) and A (e*)=A,(e¢)=0. Hence if
tel U(l, NI;) then A,(ef)=0. On the other hand, if
tel Nl then A (e +¢‘)= A, (") + A (¢*) = 0. Therefore,

M= u({l, nL)YU, N1)is a valid covering for the decom-
position ¢’ =€ + (¢! +¢*). So in order to decompose ¢ into
!

¢ +¢' such that ¢ € Q. (¢), it is possible to take advantage of
the associative property to decompose successively the subsequence
that includes €. ¢)=1 until an indecomposable
obtained.

sequence is

Now if € is decomposable into ¢ + ¢ | then it is straightfor-
ward to check both for the additive-light and additive-rate
multiple-access channels that for all ¢ € I¥ and b € D () the fol-
lowing equations hold.

pi(b—2€) - py(b—2¢" ) = p; (b~ 2¢' ) - p; (b) (35)

and
pe(b - 2€) p;(b) = p; (b~ 2¢' ) p, (b - 2¢" ) (36)
Thus, for every w € Q.
Aw|b - 2¢ ;(b) = )
pe(b - 2¢ ,

exp [1{4 In EOR dr, - 1{4 (p(b-2¢ )~ p(b)lat] =

pe (b - 2¢) "
ezp [1‘{’ In b2 dr, - 1‘{’ (pi (b~ 2¢) - p, (b - 2¢"" ))dt] =
Alw]b -2 b-2¢" ). (37)

Since € (1) =0 if (w, b) € Q@ X D(e) belongs to the left-hand
side of (34), then A(w|b-2¢; b -2¢" ) > 1. Hence, using (37) and
D(¢) € D(€' ), the inclusion in (34) follows. In order to complete
the proof of (33) it suffices to show that for each ¢ € Z; (i) there
exists ¢ € @ () such that

{(w,b)e 2 X D(¢): if d € D™ then A(w | b - 2¢; d) > 1}
C{(w,b)e2 X D(e ): Alw|b-2¢' ;b) > 1}; (38)
but this can be shown by the argument that led to (34).
It remains to take probabilities of the events at both sides of
(33). Using the union bound and P[be D(e)] = 2°9 (since all
sequences in D are equally likely a priori) we obtain

P{)< ¥ Plwb)eQ X D(e),Aw]|b-2¢b) > 1]
€eQF (i)

+ Y Plwb e X D(e) Alw|b-2¢b) > 1]
€cQ (i)

= X
€€ QF (1)

+ Y, E[P[Aw]|b-2¢b) > 1]b transmitted]P [b € D (¢)]]
ce Qs ()

E[P[A(w]b-2¢b) > 1]|b transmitted]P [b € D (€)]]

= Y 2v@I{E[P[A(w|b-2€¢b)> 1{b transmitted] +

ecQl()
E[P[A(w]|b; b -2¢) > 1]|b - 2¢ transmitted]}

+ 3 2°@W{EP[A(w]|b -2 b) > 1| b transmitted] +

€c Qo (1)
E[P[A(w]|b;b-2¢) > 1|b - 2¢ transmitted}}

= Y 2v@pw ()

e€ Q. (i)

(39)

v

The idea behind the decomposability of an error sequence,
e =¢ 4+ €', is that only one component is active at one time, i.e.,
for every ¢t € I™ the rate p, (b — 2¢) is equal to either p,(b - 2¢' ) or
pe(b-2¢" ). For example, if the signals corresponding to the
nonzero components of ¢ and ¢’ do not overlap, (e.g. for synchro-
nous PPM signals, or in the asynchronous case for sequences with
K -1 consecutive null components) then the sequence ¢ + ¢ is
decomposable. However, as the following example illustrates
decomposability is still possible with overlapping components. Con-
sider a bit-synchronous three-user case where the signals are such
that if 0 <t < T' then sy(t;1) =sy(t;-1) and of T' <t T
then si(t;1)=1a < b =s,(¢t;-1) and
so(t; 1) =105 —a, s5(t; -1) = 0; it is easy to check that the error vec-
tor [11 1] is decomposable into [110]+[001].

The reduction of the above minimum error probability analysis
to the case &(t;b)=16;(¢(;0), % =¢; and 7 = (i -1)T/K
corresponds to the single-user point-process intersymbol interference
problem, which has received considerable attention [8, 5,7, 14] due
to its importance in the analysis of optical direct-detection digital
communication systems via dispersive media. Except for the tighter
constant achieved in Proposition 2, the particularization of the
lower bound in (27) yields the bound by Mazo and Salz [8] which in
turn is akin to the bounds derived in [15] and [12] for the Gaussian
problem. However, no counterpart was found in the Poisson inter-
symbol interference problem to the upper bound by Forney [16] on
the error probability of maximum likelihood sequence detection for
wlite Gaussian channels, and even with the analytically simpler
additive-rate model no success has been reported in the search for
an upper bound for optimum direct-detection systems. An answer
to this question is given by Proposition 3 for both the additive-light
and the additive-rate models. The computation of the bounding
series in (32) via the symbolic transfer function technique (e.g. [17})
or the branch-and-bound approach [18] can be accomplished by
using the Bhattacharyya bound (A.2 particularized to s=1/2 } in
the case of direct-detection and the exact expression (A.l) for the
binary-test error probability in the case of colerent-detection (see
Appendix).

Appendix

The results of the multi-user error probability analysis of Sec-
tion 3 were given in terms of the probability of error of binary
hypothesis tests with Poisson point-process observations. Closed
form analysis of binary tests is only possible in certain cases, such
as when one of the rate functions dominates the other and their
ratio is piecewise constant, or in the problem of coherent detection,
in which a strong field is added to the received electromagnetic field
prior to photodetection (cf. (2)). In that case the rates of the pho-
toelectron stream put out by the photodetector are uniformly large
and the minimum error probability has been shown [19] to be equal

to that of a ¢ = % white Gaussian noise channel whose signals are
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equal to the square root of the point-process rates, i.e.,

P = Q(f MA(t) = X ()Pde ) /). (A.1)

On the contrary, in the case of direct detection with arbitrary
rate functions no closed or semi-closed expressions are known and
one must resort to approximation or bounding using the following
family of upper and lower bounds.

Proposition 4: Let {r,, t € I} be a Poisson counting process with
rates A\;(¢) and M\o(t), ¢ € I under hypotheses one and zero respec-

tively. If both hypotheses are equiprobable the minimum probabil-
ity of error is bounded by
P, < eap (u(s)), (A.2)
and
1 1 ,
P, > 0 (1—7) exp(u(s)—sp' (s)+
min{-s Vh u'" (s -1 -s)WVWha" (5)})
(A.3)
foro0<s <1and 0 < h, and
f[x ENGT(E) — s X y(8) = (1 — s )xg(t))dt (A4)

Proof: The proof of the Chernofl upper bound (A.2) can be found
in [10]. The lower bound (A.3) is reminiscent of the bounds by
Shannon, Gallager and Berlekamp [20] for discrete memoryless
channels. Let p;(w){ = 0,1 be the sample function density of the
observables w = {dr,, ¢t € I'} with respect to the measure v induced
by the unit-rate Poisson point-process on the interval I, and define
for every 0 € s < 1 the probability density function

(W)pd (w) ezp (-n(s)) (A.5)

Since both hypotheses are equiprobable, we can write using (A.5)

g(w)=p"*

J min{p,(w), po(w)}dv =
a

ezp (u(s)) £ ezp (min{—s InA(w), (1 - s JnA(w)}) ¢(w)d v (A.6)

o = o~

where A(w) = p,(w)/po(w).
h > 0 and every =z,

Now, it is easy to check that for every

ezp (min{-sz, (1-s )z }) >
ezp (min{-s (1’ (8) + Vhp" (5)), (1-s ('
H{lz -p ()] SVRLT ()}
Le., a double-sided exponential function dominates a pulse of ade-
quate height centered at u' (s). Hence, (A.6) and (A.7) imply

(A7)

(8)-VELT ()}

P, > -;—exp[u(s)~s;t’ (8)+ min{-s VR p'" (5), o' (s)-(1-s)Vhu{(
[ 11 =i ()] < VIR (A8)

It remains to bound the integral in the right-hand side of (A8). To
that end, it is straightforward to show that u' (s) and p" (s) are
the mean and variance, respectively, of the log likelihood ratio
under g (w)d v (see[20]). Therefore, the Chebychev inequality implies
that the integral in (A.8) is lower bounded by (1 - %) and (A.3) fol-

lows.
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