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Abstract - The Burrows-Wheeler transform is a 
block-sorting algorithm which has been shown empir- 
ically to be useful in compressing text data. In this 
paper we study the output distribution of the trans- 
form for i.i.d. sources, tree sources and stationary 
ergodic sources. We can also give analytic bounds 
on the performance of some universal compression 
schemes which use the Burrows-Wheeler transform. 

I. INTRODUCTION 
Burrows and Wheeler [2] proposed a lossless transformation 
which they showed (with empirical evidence) to be useful for 
the lossless compression of data. Recently there has been 
increasing interest in understanding and improving the per- 
formance of data compression algorithms using the Burrows- 
Wheeler transform (BWT). From empirical evidence [2] it ap- 
pears that compression methods using this transform achieve 
better performance than Lempel-Ziv techniques, while not be- 
ing computationally as intensive as compression methods us- 
ing statistical modeling techniques. While there has been a 
large amount of empirical evidence to show the efficacy of the 
transform (e.g., [2], [3]), the analysis of the compression ef- 
ficiency of methods based on the transform has received less 
attention. Sadakane [5], Arimura and Yamamoto [6], Balken- 
hol and Kurtz [4] and Effros [l] have provided the first steps 
in this direction. 

In this paper we investigate the joint distribution at the 
output of the Burrows-Wheeler transform. For various classes 
of input sources, we show that the output distribution of the 
transform is approximately memoryless and piecewise station- 
ary, in the sense that the normalized divergence between the 
output distribution and a memoryless and piecewise station- 
ary distribution is small. Thus coding schemes that are good 
for memoryless, piecewise stationary sources can be used to 
give good coding performance. We also derive bounds on the 
coding rate for some data compression algorithms that use 
the BWT. The schemes that we analyze were also analyzed in 
[l] where bounds were obtained on average code length. The 
bounds we give are on individual sequences. 

11. MAIN RESULT 
We now introduce some notation so that we can precisely state 
our main result. We consider a Markov process X which is a 
Markov source taking values in A and the set of states S is a 
complete and prefix-free subset of A'. Let (SI = le and label 
the states SI, s2,. . . , s k  in lexicographic order. w e  assume 
that the Markov source is irreducible and aperiodic. Let the 
steady state probability of a state s 6 S be denoted by T ( S )  

and P(als )  denote the probability that a E A occurs when 
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we are in state s E S. We will 
show that the divergence between the output distribution and 
a memoryless, piecewise stationary distribution with le - 1 
transitions is small. Let TI, TZ , . . . , Tk+l be integers defined 
by Ti = [C(i - 1)nJ + 1. Note that C(0) = 0 and so TI = 1. 
Let us now define a memoryless distribution Q" with IC - 1 
changes in distribution, by 

Let C( i )  = C;.=, ~ ( s j ) .  

k T1+1-1 

Q"W) = JJ ~ ( y i ~ s j ) .  
j=1 i=TJ 

We show that the output distribution is close to the distribu- 
tion Q". 

Theorem 1 Consider a tree source for which P(als) > 0 for 
all a E A ,  s E S with entropy rate H .  Let X" be the output of 
the tree source in steady state, Y" = ~ B W T ( R ( X " ) )  and Py* 
denote the distribution of Y " .  Then 

for some constant c, where R is a map from a string to its 
reverse and ~ B W T  is a map f .om a string t o  the string part of 
its Burrows- Wheeler Transform. 

The assumption that P(a1.s) > 0 for all a , s  can be removed 
and a result similar to the one above can be given. A re- 
sult similar in spirit to the one above can also be shown for 
stationary ergodic sources. 

Finally, we mention that we have also analyzed various 
methods to compress the the output of the BWT and obtained 
bounds on their performance. These results are like those in 
[l] except that we obtain results for individual sequences. 
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