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Abstract - We characterize the power allocation that
maximizes the rate per unit bandwidth supported
with arbitrary reliability over single-user multi-antenna
channels known instantaneously by the receiver and
in distribution by the transmitter. The characteriza-
tion is valid for arbitrary channels and numbers of
antennas. Although, in general, it leads to a fixed-
point solution, at low and high signal-to-noise it pro-
vides explicit allocations. For arbitrary signal-to-noise
ratios, we present an iterative algorithm that exhibits
remarkable properties: robustness, rapid convergence
and universal applicability. Further, when applied to
the proper set of signalling eigenvectors, the algorithm
converges to the power allocation that attains capacity.

I. MOTIVATION

While, in most instances of wireless communication,
the receiver can accurately track the instantaneous
state of the channel, the transmitter is often unable to
perform such tracking. Statistical information about the
channel, on the other hand, is virtually always acces-
sible to the transmitter since the periods over which a
fading process is basically stationary are several orders
of magnitude larger than the duration of the fades. As
a result, the most typical operating regime in mobile
systems is that in which (i) the receiver knows the
channel instantaneously, and (ii) the transmitter has
only access to its distribution. In such regime, which
constitutes the focus of this paper, the transmitted
signal cannot be tailored to the state of the channel,
but only to its distribution.

Let us consider a single-user channel with nT trans-
mit and nR receive antennas and let us denote the
transmitted signal vector by x. In the presence of Gaus-
sian noise, achieving capacity requires that x be zero-
mean and Gaussian. The key quantity to determine is
thus its spatial covariance, given by

Φ , E[xx†]
1

nT
E[‖x‖2]

conveniently normalized by its energy per dimension
so that E[Tr{Φ}]=nT.
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Fig. 1
Architecture generating a signal with covariance Φ=VPV†

where V=[vi,j ] is unitary and P=diag{p1, p2, . . . , pnT}.

In order to evidence the two fundamental levels of
control that can be exercised on x through Φ, it is
useful to decompose the latter as Φ=VPV† identifying
the eigenvectors of Φ with the columns of the unitary
matrix V and its eigenvalues with the diagonal entries
of P=diag{p1, p2, . . . , pnT}. Both the eigenvectors and
the eigenvalues have immediate engineering meaning:
the former indicate the directions (in vector space) on
which signalling takes place while the latter signify the
normalized powers allocated onto each such direction.
This is illustrated in Fig. 1, which depicts a trans-
mit architecture that generates a signal with arbitrary
spatial covariance. For each channel use, a space-time
encoder outputs a set of nT parallel symbols, each
of which is assigned a certain power (which may be
zero) and rotated into a certain direction before being
simultaneously radiated out of the nT antennas.

Unlike in the regime where the transmitter can track
the channel state instantaneously, where the capacity-
achieving forms for V and P are well established [1],
for our regime of interest:



• The signalling eigenvectors on which capacity is
attained are known only for certain classes of
channels [1]–[4].

• The power allocation had, to date, been left mostly
to numerical optimization.

In this paper, we show how this power allocation can
be addressed analytically. Specifically,
• We present necessary and sufficient conditions

characterizing the powers that maximize the rate
supported on any set of signalling eigenvectors.
In some limiting scenarios, at low- and high-SNR,
these conditions lead to explicit solutions.

• For arbitrary SNR, an iterative algorithm is un-
veiled to solve for the powers.

• When applied to the capacity-achieving signalling
eigenvectors, this algorithm finds the power allo-
cation that achieves capacity.

II. PROBLEM FORMULATION

The baseband complex model we consider is

y =
√

g Hx + n

where y is the received vector while n is a white
Gaussian noise vector. The channel is represented by
the (nR×nT) random matrix

√
g H where the scalar g

is such that
E[Tr{HH†}] = nRnT.

The average rate per unit bandwidth (in b/s/Hz) that
can be supported with arbitrary reliability is

I(SNR) = E
[
log2 det

(
I + SNR

nT
HVPV†H†

)]
(1)

with Tr{P}=nT and with

SNR , g
E[‖x‖2]
1

nR
E[‖n‖2]

Our objective is to characterize the power allocation, P,
that maximizes (1) for any channel distribution given
any set of signalling eigenvectors, V.

III. RATE-MAXIMIZING POWER ALLOCATION

Define a rotated channel, Ĥ=HV, whose j-th col-
umn is denoted by ĥj . In order to maximize I(SNR),
P must satisfy the following set—derived in the
Appendix—of necessary and sufficient conditions:

E

[
Tr

{(
I + SNR

nT
ĤPĤ†

)−1
}

+SNR ĥ†j
(
I + SNR

nT
ĤPĤ†

)−1

ĥj

]
=nR if pj >0
≤nR if pj =0

(2)

A unique set of powers exists that satisfies (2). Since
the corresponding parallel signalling channels are not

orthogonal, this solution does not correspond to a
waterfill on any statistical measure of the channel.1 The
following limiting behaviors can be observed:
• For SNR→0, power should be allocated only to the

signalling eigenvector whose index corresponds
with the maximal diagonal entry of E[Ĥ†Ĥ]. If the
multiplicity of such maximal value is plural, equal
power should be assigned to the corresponding
signalling eigenvectors (see [6]).

• For SNR→∞, power should be allocated only to
the eigenvectors whose indices correspond with
nonzero diagonal entries of E[Ĥ†Ĥ]. If the number
of nonzero diagonal entries of E[ĤĤ†] equals or
exceeds the number of nonzero diagonal entries of
E[Ĥ†Ĥ], such powers should be further equal.

Beyond these asymptotes, the set of powers sat-
isfying (2) cannot, in general, be found explicitly.
Rather than leaving them to be numerically optimized,
though, in the next section we derive—directly from
(2)—an iterative power allocation algorithm.

IV. ITERATIVE ALGORITHM

In order to formulate this algorithm, it is useful to
introduce, as an auxiliary quantity, the mean-square
error on the linear MMSE (minimum mean-square
error) estimation of the signal transmitted along the
j-th signalling eigenvector. Defining

Bj ,
(
I + SNR

nT
ĤjPjĤ

†
j

)−1

(3)

where Ĥj indicates the matrix obtained by removing
from Ĥ the j-th column whereas Pj indicates the
diagonal matrix obtained by removing from P the
(j, j)-th diagonal entry, such mean-square error is [7]

MSEj =
1

1 + pj
SNR
nT

ĥ†jBjĥj

(4)

The useful signal power recovered along the j-th eigen-
vector is 1−MSEj and thus the corresponding signal-to-
interference-and-noise ratio equals 1

MSEj
− 1.

The expectation of (4) with respect to Ĥ, in turn, is
denoted by

MSEj , E[MSEj ] (5)

and it can be verified that

Tr
{(

I + SNR
nT

ĤPĤ†
)−1

}
=

nT∑

`=1

MSE` + nR − nT (6)

Using (3)–(6), the conditions in (2) can be rewritten as

pj =
1− MSEj∑nT

`=1 (1− MSE`)
nT j = 1, . . . , nT (7)

1This is in contrast with the regime where H is known by the
transmitter, in which case parallel orthogonal channels can be created
and the power allocation does reduce to a waterfill [1], [5].



revealing that, in order to maximize I(SNR), the value
taken by each power must strike a careful ratio be-
tween the average signal power recovered (by an
MMSE receiver) from the corresponding eigenvector
and the sum of the average signal powers recov-
ered from all the eigenvectors. Hence, those signalling
eigenvectors from which a relatively strong average
signal power can be recovered should be allocated a
larger share of the power budget and viceversa.

The conditions in (7) constitute a set of coupled
implicit equations that begets an iterative approach.
To accommodate the iterative nature of the resulting
algorithm, we shall use (·)(k) to index the succession
of values taken by each of the quantities involved.

Algorithm 1 Initialize P(0) to best available guess with
Tr{P(0)}>0. (If no prior information, set P(0)=I). Iterate
as follows:

Step I. Calculate

p
(k+1)
j =

1− MSE
(k)
j∑nT

`=1(1− MSE
(k)
` )

nT ∀j

Step II. Declare new power allocation

P(k+1) = diag
{

p
(k+1)
1 , p

(k+1)
2 , . . . , p(k+1)

nT

}
.

Notice that Step I sets Tr{P(k)}=nT for k>0 even
if Tr{P(0)}6=nT. Hence, the total transmitted power is
held at the correct value throughout the iterations as
long as the initial powers are not identically zero. Note
also that, if a particular power is initialized to zero,
it remains at zero indefinitely. Thus, except possibly
for those known to be zero, the initial powers in P(0)

should be strictly positive.
As illustrated next through a sequence of examples,

the iterations converge rapidly to the sought fixed-
point set of powers. This might render the algorithm
suitable for implementation in time-varying environ-
ments, where the channel distribution itself is subject
to slow macroscopic variations that require tracking.

V. EXAMPLES

It is chief to realize that the functioning of the algo-
rithm hinges on the availability of average mean-square
errors, which have to be computed by processing
a series of instantaneous observations. Typically, the
coherence distance of the channel distribution ranges
between a few meters and a few tens of meters. At
frequencies of 2−5 GHz, where the fade duration is
on the order of a few cm, this coherence distance
may expose no more than a few hundred independent
channel realizations whereby those averages must be
extracted. Recognizing this fundamental constraint, in
the examples that follow the expectations are com-
puted as averages of only 100 independent realizations.

A. Correlated Rayleigh-faded Channel
Consider the channel

H = Θ1/2
R WΘ1/2

T (8)

where the entries of W are IID (independent identically
distributed) zero-mean unit-variance complex Gaus-
sian while ΘR and ΘT are (nR×nR) and (nT×nT) cor-
relation matrices whose entries indicate, respectively,
the correlation between receive antennas and between
transmit antennas.

On such channel, achieving capacity requires that the
signaling eigenvectors equal the eigenvectors of ΘT

[2]. Our first example illustrates how the corresponding
capacity-achieving power allocation is determined.

Example 1 Let nT=3 on a uniform linear array with
1-wavelength antenna spacing. If the channel exhibits a
broadside (truncated) Gaussian power azimuth spectrum
with 2◦ root-mean-square spread, the transmit correlations
are (ΘT)i,j≈e−0.05 (i−j)2 . Further consider nR=4 uncor-
related receive antennas, i.e., ΘR=I. Signalling over the
eigenvectors of ΘT, the convergence at SNR=−3 dB and
SNR=5 dB is depicted in Fig. 2.

The anticipated low-SNR behavior is manifest at −3
dB, where a single eigenvector is allocated the entire
power budget.

If, instead of signalling over the eigenvectors of ΘT

as in Example 1, independent signals are radiated
from each transmit antenna, the power allocation is
noticeably different.

Example 2 Recall the conditions of Example 1. With V=I,
the convergence at SNR=5 dB is shown in Fig. 3.

Whereas the capacity at SNR=5 dB turns out to be 5.13
b/s/Hz, with V=I only 4.36 b/s/Hz can be sustained.

B. Ricean Channel
Consider now the channel

H =
√

K
K+1H̄ +

√
1

K+1W

where H̄ is deterministic while W is as in (8). This is a
Ricean channel with factor K, for which the signalling
eigenvectors on which capacity is achieved are known
to coincide with those of H̄†H̄ [3], [4].

Example 3 Let nT=3 and nR=2 with

H = 1√
2
H̄ + 1√

2
W

where the entries of H̄ equal 1 and the Ricean factor is 0
dB. Signalling on the eigenvectors of H̄†H̄, the convergence
of the transmit powers to their capacity-achieving values at
SNR=5 dB is portrayed in Fig. 4.
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Fig. 2
P(k) for k=1, . . . , 7 in Example 1 with P(0)=I and with V

given by the eigenvectors of ΘT. The capacity-achieving
powers (obtained numerically) are P=diag{3, 0, 0} at

SNR=−3 dB and P=diag{2.4, 0.6, 0} at SNR=5 dB.
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Fig. 3
P(k) for k=1, . . . , 7 in Example 2 with P(0)=I and V=I.

Rate-maximizing powers (numerically): P=diag{1.5, 0, 1.5}.

As in the Rayleigh-fading case, it is interesting
to evaluate the power allocation under independent
transmissions from each antenna, a scenario that fits
many space-time encoding techniques.

Example 4 Recall Example 3. For V=I, it is verified that
the rate is maximized with P=I. The algorithm convergence
at SNR=5 dB, shown in Fig. 5, confirms this allocation.

The range of variability around the solution relates
directly to the number of independent channel realiza-
tions available for the estimation of the average mean-
square errors. With only 100 realizations, the powers
remain remarkably tight around their ideal values.

C. Keyhole Channel
A keyhole channel is modelled as H=cRc†T where cR

and cT are column vectors with IID zero-mean com-
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Fig. 4
P(k) for k=1, . . . , 7 in Example 3 with P(0)=I and with V

given by the eigenvectors of H̄†H̄. The capacity-achieving
powers (obtained numerically) are P=diag{2.2, 0.4, 0.4}.
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Fig. 5
P(k) for k=1, . . . , 7 in Example 4 with P(0)=I and V=I.

The rate-maximizing powers are P=I.

plex Gaussian entries [8]. Its capacity-achieving power
allocation is uniform, i.e., P=I with V immaterial.

Example 5 Consider a keyhole channel with nT=nR=2.
Signalling with V=I, the convergence of the transmit pow-
ers to P=I at SNR=8 dB is illustrated in Fig. 6. For empha-
sis, the algorithm is initialized with P(0)=diag{1.8, 0.2}, a
strongly non-uniform allocation.

VI. CONCLUSIONS

We have characterized the rate-maximizing power
allocation for multi-antenna channels known instanta-
neously at the receiver while only in distribution at
the transmitter. The solution is not—despite several
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Fig. 6
P(k) in Example 5 with P(0)=diag{1.8, 0.2} and V=I.



claims in the literature—a statistical extension of the
waterfill encountered when the transmitter also knows
the channel instantaneously. Because of the lack of
orthogonality between the parallel transmissions, part
of the power radiated on each signalling eigenvector
spills as interference onto the other ones and thus
the powers are mutually coupled beyond their sum
constraint. What we have shown is that, rather than
obtained via classic waterfill [5], the fraction of the
total available power allocated to each signalling eigen-
vector should equal the fraction of the average signal
power recovered, by an MMSE receiver, from that
eigenvector. Although this solution does yield some
behaviors that are reminiscent of a waterfill, it is in
general quite distinct. Particularly noteworthy are the
limiting power allocations at low and high SNR:

• At low SNR, concentrating power on the strongest
eigenvector(s) is the rate-maximizing policy.

• At high SNR, where a MMSE receiver behaves in
zero-forcing mode, the allocation is sensitive to the
relative numbers of transmit and receive antennas.
If the number of receivers equals or exceeds the
number of transmitters, a zero-forcer can extract
the signal from each eigenvector completely re-
moving the interference from the other ones. The
powers thus decouple and the resulting policy is a
uniform power allocation. With more transmitters
than receivers, however, this is no longer the case.

Although in general not explicit, our solution for the
powers leads rather straightforwardly to an iterative
algorithm, far more alluring than a numerical proce-
dure, whose main features are:

• It is universally applicable. Given an arbitrary
channel and a set of eigenvectors, it finds the
power allocation that maximizes the rate attained
by a Gaussian input signalling thereon.

• Applied to the proper eigenvectors, it finds the
capacity-achieving power allocation.

• It requires no step-size or parameter adjustments.
• It is very robust in terms of initial conditions,

which are only required to be nonzero.
• It exhibits very rapid convergence, which might

render it suitable for adaptive implementation.

APPENDIX

Let P be the diagonal matrix that maximizes the
strictly concave function (in nats/s/Hz)

I(Pd) = E
[
loge det

(
I + SNR

nT
ĤPdĤ†

)]
(9)

over the convex set of diagonal positive-definite matri-
ces Pd such that Tr{Pd}=nT. Such P is characterized
by a set of Kuhn-Tucker conditions [5]. Concordingly,

we impose that the derivative of (9) in the direction
from P to any other matrix Pd be negative. Letting

Pµ = (1− µ)P + µPd

for 0≤µ≤1, the one-side derivative of (9) with respect
to µ at µ=0+ is

d
dµI(Pµ) =

E

[
Tr

{(
I + SNR

nT
ĤPdĤ†

)(
I + SNR

nT
ĤPĤ†

)−1

− I
}]

and, therefore, we impose that

E

[
Tr

{(
I + SNR

nT
ĤPdĤ†

)(
I + SNR

nT
ĤPĤ†

)−1

− I
}]
≤0

(10)
for every Pd in the set. Since (10) is linear on Pd, it
suffices to impose it on the extreme points of the set.
Moreover, the line connecting the j-th extreme point
(pj=nT, p`=0 for 6̀=j) with P can be extended beyond
P if and only if the optimum pj is strictly positive, in
which case the derivative at P vanishes and (10) is a
strict equality. Otherwise, if the optimum pj is zero,
(10) remains an inequality. With these considerations,
(2) is readily obtained from (10).
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