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Second-Order Asymptotics of Mutual Information

Viacheslav V. Prelov and Sergio Verdd, Fellow, IEEE

Abstract—A formula for the second-order expansion of the
input—output mutual information of multidimensional channels as
the signal-to-noise ratio (SNR) goes to zero is obtained. While the
additive noise is assumed to be Gaussian, we deal with very gen-
eral classes of input and channel distributions. As special cases,
these channel models include fading channels, channels with
random parameters, and channels with almost Gaussian noise.
When the channel is unknown at the receiver, the second term
in the asymptotic expansion depends not only on the covariance
matrix of the input signal but also on the fourth mixed moments
of its components. The study of the second-order asymptotics of
mutual information finds application in the analysis of the band-
width—power tradeoff achieved by various signaling strategies in
the wideband regime.

Index Terms—Channel capacity, fading channels, low-power
communication, mutual information, nonlinear channels.

I. INTRODUCTION

ECENT results on the capacity of channels in the

wideband regime [1] have revealed the important role
played by the second derivative of the Shannon capacity at zero
signal-to-noise ratio (SNR). The first derivative of capacity (at
zero SNR) is known (e.g., [2]) to yield the minimum energy
per bit required to transmit information reliably in the absence
of bandwidth constraints. For very general fading channels,
[1] shows that the received minimum energy per bit is 1.59
dB below the one-sided spectral noise level. The bandwidth
required to send a given data rate with given power is propor-
tional, in the low-power regime, to minus the second derivative
at zero SNR [1].

An input distribution is said to be first-order optimal [1] if
the derivative at zero SNR of its mutual information is equal
to the derivative of capacity at zero SNR. A first-order optimal
distribution achieves the minimum energy per information bit
when bandwidth is allowed to be infinite. Denote by C(p) the
capacity (per channel use) as a function of the SNR, and let £,
be the transmitted energy per information bit. Then the min-
imum FE}, /Ny required for reliable communication is [1]

(Eb/No) min = 12%)2

ey

where C/(0) denotes the first derivative at 0 of the function C/(p)
in nats. If a distribution is not first-order optimal, the minimum
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energy per bit that it achieves can be computed through (1) re-
placing C(p) by the mutual information as a function of p.

An important measure of the bandwidth—power tradeoff in the
low-power regime is the “wideband slope” introduced in [1]. It
is shown in [1] that the slope (b/s/Hz/(3 dB)) of the spectral
efficiency at the point (E,/Ny) ;. is given by the formula

min

: 2

So = LO(O)] 2)
—C(0)

where C (0) denotes the second derivative at 0 of the function
C(p) in nats. An input distribution is said to be second-order op-
timal [1] if it is first-order optimal and the second derivative at
zero SNR of its mutual information is equal to the second deriva-
tive of capacity at zero SNR. In the wideband regime, for a given
power and rate, a second-order optimal distribution requires the
minimum possible bandwidth. An important motivation for the
asymptotic expansions found in this paper is the comparison of
the minimum energy and wideband slope achieved by various
inputs.

For the additive white Gaussian noise (AWGN) channel,
the optimum input distribution simply scales with the allowed
power. In other words, for a given power constraint, the op-
timum input distribution does not depend on the noise power.
In contrast, for fading channels not fully known at the receiver,
the structure of the input distribution depends on the SNR.
For example, in the case of the scalar noncoherent Rayleigh
channel, it is known [3], [4] that the optimum distribution is
discrete and that for sufficiently low SNR, the optimum distri-
bution has a mass at zero and a vanishing mass that migrates to
infinity as the SNR decreases. Because the capacity-achieving
input signaling may be unknown or because of complexity,
peak-to-average, or other constraints, in practice it is common
to use a given noncapacity-achieving constellation whose struc-
ture is not adapted to the SNR. As we saw above, the power
penalty in the wideband regime incurred by a given suboptimal
input distribution is equal to the ratio of the first derivatives of
the input—-output mutual information achieved with the given
input distribution and with the capacity-achieving distribution.
For two distributions that achieve the same first derivative,
the ratio of their second derivatives is equal to the ratio of
their respective required bandwidths, for a given rate, in the
wideband limit [1].

Motivated by the lack of explicit mutual-information expres-
sions as a function of SNR for many channels and inputs of in-
terest, the mutual information has been studied in the low-power
regime in several previous works [1], [2], [S]-[9]. Non-Gaussian
additive noise is treated in [6], [9], with not only input power
restrictions but also peak-power limitations. With the exception
of [1], [7], [8], those works limit themselves to the first-order
asymptotic expansion of mutual information, and the scope of
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[8] is a channel not subject to fading or impairments other than
additive noise which is slightly non-Gaussian (see also [10]).

In the present paper, the channel output vector is the sum of
a Gaussian vector with independent equal-strength components
and an input-dependent vector. The input-dependent signal is
extremely general, encompassing stochastic and nonlinear ef-
fects. In addition to limiting the weight of the asymptotic tails
of the input vector, our sufficient conditions on the channel are
technical conditions that preclude anomalous behavior of high-
order moments. All these technical conditions are normally sat-
isfied in channels of practical interest.

In Section II, we present the general channel model and spe-
cial cases of interest. Although in most applications of current
interest the channel is linear, our basic framework is a very gen-
eral, not necessarily linear, setting. Section IIl introduces several
measures of dependence based on the conditional mean and con-
ditional variance. These measures play a key role in the state-
ment of the main results of the paper, which are given in Sec-
tion IV and proved in Section V.

II. MODEL

A. Nonlinear Channels

Consider the general communication channel model where
the complex-valued output signal vector y = (y1,...,ym)T ! is
given by

y=g(z)+n 3)

where n is a complex Gaussian random vector with indepen-
dent components with independent real and imaginary parts
each with zero mean and variance Ny/2; the channel input
vector £ = (xq,...,x%,)7 also has complex-valued components
with finite second moments; and the input-dependent received
signal is a proper-complex? random m-vector g(z). We
assume throughout that the pair (2, g(z)) and n are mutually
independent.

B. Fading Channels
A fading channel

y=Hz+n €]

where H = (h;;),i =1,...,m,j =1,...,n,isanm X n
matrix with random complex-valued components h;;, can be
considered a special case of channel (3) where
g(z) = Hz. 5)
For the fading channel (4), £, H, and n are assumed to be mu-
tually independent. The channel in (4) encompasses a variety of
features arising in fading channels such as frequency selectivity,
multiantenna, spread spectrum, and multiuser communication
(e.g., [1D).
In this paper, we obtain asymptotic expressions for mutual
information with and without knowledge of H at the receiver.

IT denotes transposition.

2A complex-valued random vector z is proper-complex (in the sense of [11])
if E[zz"] = E[2]E[z]".
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C. Additive White Gaussian Noise (AWGN) Channels

If m = n and H = I almost surely (a.s.) where I is the
m X m identity matrix, then (4) reduces to the ordinary AWGN
channel

y=z+n. (6)

D. Almost-Gaussian Noise Channels

Another special case of (3) is a channel with a random pa-
rameter and additive Gaussian noise

(N

where f(-,-) is a nonrandom function (taking values in C") of
the input signal £ and a random parameter . In this case, it is
assumed that z, u, and n are mutually independent. In particular,
ifm =nand f(z,u) =z + u, ie,

y:f(z,u)+n

®)

As we let Ng — 00, we obtain a channel with almost-Gaussian
noise, with contaminating weak noise u.

y=z+u+n.

E. Notation

In this paper, we are interested in finding the asymptotic be-
havior of the mutual information I(; g(z) + n) up to terms of
order o( N, ?), or equivalently, if Ny is held fixed, the asymp-
totics of I(x;eg(x) + n) as ¢ — 0 up to terms of order o(e?).
To that end, the following moments will play a crucial role.

Denote the conditional mean vector of g(z) by

g(z) = Elg(z)|z] ©

and denote by cov(z) and cov(g(z)|z) the covariance matrix of
z and the conditional covariance matrix of g(z) given z, respec-
tively, i.e.,

cov(z) = E[(x — E[z])(z — E[z))'] (10)
and

cov(g(z)|z) = El(g(z) - §(2))(g9(z) — g(x))"]z]. (1D

We will also use the covariance matrix cov(g(z)) of the condi-
tional mean vector g(z) which is defined as

Eg(=))']
Elg))']. (12)

Note also that if

E [g(=)g" ()]

E[g(z) E [g'(z)] (13)

then
Elcov(g(z)|z)] = cov(g(z)).

Throughout the paper, trace(-) denotes the trace of the corre-
sponding matrix and the base of log(+) is the unit in which we
measure the mutual information.

(14)

31 denotes conjugate transposition.
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We make frequent use of the Euclidean (or Frobenius)
squared norm of a complex matrix, which is equal to the sum
of the magnitude squares of all its coefficients. In the special
case of a covariance matrix
||> = trace{cov?(z)}.

lcov(2) (15)

III. SECOND-ORDER INFORMATION MEASURES

Our results suggest the definition of several new measures
of the dependence between arbitrary random vectors  and ¥y
(not necessarily connected through the channels in Section II).
Specifically, the measures of dependence depend exclusively on
the conditional first and second moments: E[y|z] and E[yy'|z].

The simplest such measure is

G(zy) = E [|| Elyle] - Ely]]*] (16)
=E | Elyl=]ll*] - | Ely]|I* (17)
=trace {cov(E[y|z])} (18)

which is equal to zero if and only if Ey|z] = E[y] almost

surely.
Note that
G(z; ) = trace {cov(z)} = var[z] (19)
and if m is independent of  then
G(x;y) = G(a;y +m). (20)

It is easy to show that G(z;y) is equal to the decrease in min-
imum mean-square error (MMSE) in the estimation of g achiev-
able by observing z

G(z:y) = E [lly - EWI°] - E [lly - Elyl=]|*] -

As we will see in Section IV, this information measure is con-
nected to mutual information (under certain technical conditions
(Theorem 1)) through

2n

lim Nyl (:zr;z-i— Noﬁ) = G(z;z)loge (22)

Np—oo
where the vector 72 is proper-complex Gaussian with indepen-
dent unit-variance components, independent of £ and 2. Note
that (22) relates the mutual information in the low SNR regime
to the MMSE of the estimation of the (noiseless) channel output
given the input, whereas [2] showed that the derivative of mutual
information at zero SNR is given by the MMSE of the estima-
tion of the input given the noisy channel output.*
Define

K(z;y) = E (| Elyl2]lI"] - 120" (23)
From the convexity of the function f(z) = ||z||* it follows
that
K(z;y) >0 (24)
with equality if (but not only if) G(z;y) = 0.
Note that if » has zero mean and is independent of =
K(z;y+n) = K(z;y). (25)

4A result recently generalized to any SNR in [12].
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In the case where x and y are jointly Gaussian proper-complex
scalars
K(x;y) = 2,040;,1 + 4p203|uy|2 (26)
where y has mean p, and variance 03, and p is the correlation
coefficient between x and y.

If the matrix H has zero mean conditioned on z, then
K(z;Hz) = 0. 27

Define now the following measure of dependence of the con-
ditional correlation matrix E[yy'|z] on z:

J(@;y) = trace { £ [E*[yy'|a]] — E*[yy']} .

Although I(z;y) = 0 implies J(2;y) = 0, the converse is not
true. In fact, J(z;y) is a measure of dependence in the sense
that

(28)

J(z;y) >0

with equality if and only if E[yy'|x] does not depend on z. To
check this property note that the convexity of || Mw||? in the
Hermitian matrix M implies

E[M?] — E*[M] > 0. (29)

Furthermore, only when M is deterministic, does the trace
of the matrix in the left side of (29) become zero. Letting
M = E[yy'|z] we see that E [E?[yy'|z]] — E*[yy'] is nonneg-
ative definite, with zero trace only if E[yy'|z] is deterministic.
Note that if n has zero mean and is independent of z and y

J(z;y) = J(z;9 +m) (30)
and if G(z;y) = 0, then
J(@:y) = J(@:y+m) 3D

for any deterministic m.

As we will see in Section IV, under the technical conditions
in Theorem 1, if G(z;y) = 0, then

N})igloo Ng] (:t;z + No'fl) = %J(:E;z) loge (32)

where the vector n is proper-complex Gaussian with indepen-
dent unit-variance components, independent of z and 2. Or,
equivalently, we can formulate the same relationship among
real-valued vectors in which case the right-hand side of (32) be-
comes J(z; z) loge.

Denote now

L(z:y) = E [Ely'|z]Elyy'|2] Ely|z]] - Ely"|Elyy"| Ely)-
(33)
For example, if x and y are jointly Gaussian proper-complex
scalars, then

L(x;y) = p*oy (o7 (1+ p®) + 3|py]?) - (34)
Finally, define
A(z;y) = trace { E[cov” (y|z)]} — trace {cov’(y) }

=J(z;y) + K(z;y) — 2L(z;y) (35)
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where (35) follows from

trace {cov?(y|z)} = trace { E?[yy'|z]}

+lElyla]l* - 2Ely'|z] Elyy' 2] Elylz].  (36)
If G(z;y) = 0, then K(z;y) = L(z;y) = 0 and
Azy) = J(z;y). 37
Furthermore, if y is a deterministic function of z, then
A(z;y) = —[lcov(y)l|*. (38)

Note that all the information measures introduced in this section
are invariant to one-to-one transformations of .

IV. MAIN RESULTS
A. Statements

The following theorem is the main result of the paper.

Theorem 1: Let m be a proper-complex Gaussian random
vector with variance Ng. Assume that the probability distribu-
tion of the input signal & (possibly dependent on Ny) satisfies
the condition

P{llz|| > 6} < exp {—6"} (39)

for all § > &g, where 69 > 0 and v > 0 are some positive
constants independent on Ny. Assume also that z is a proper
complex random vector both unconditionally and conditioned
on any input xy. Furthermore, there exist some finite constants
a>0,c¢>0, k>0,and [ > 0 such that

Ellz[***] < (40)
E[||z||*T|=] <cllz||* as. 41)

and
trace {cov?(z|z)} < c||z|" as. 42)

Then, as Ny — oo, uniformly in all z satisfying the above
conditions, the following asymptotic expression holds:

loge loge
G(z; —=A
NO (.’L',Z) + 2N3

I(w;z +n) = (z:2) + o(Ny %). (43)
For fading channels (4), as a special case of channels (3), the
asymptotic expansion is given by the following result.

Theorem 2: Assume that the input signal z satisfies condi-
tion (39) of Theorem 1, and that Hz is proper complex where
H = E[H]. Assume that the channel matrix is such that there

exists a constant v > 0 such that
BJ|H|I***] < oc. (44)

Furthermore, the real and imaginary partss of the coefficients in
H are uncorrelated and have identical covariances, i.e., for all
i, 7, k,

ER{hi;}S{hw}] = ER{hi; }E[S{hi}]
and

5The real and imaginary parts of X are denoted by X and X, respectively.
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E[R{hi;—hij }R{hw—he} = E[S{hij —hi; }S{hr—hp}]

where ﬁij = Efh;;]. Then, as Ny — oo, uniformly in all =
satisfying condition (39), we have

I(a; Ho+ n) = 52 B H(z - Ela))”)
loge _2
—1—2—N3A(z,Hx)+0(NO ). (45)

Corollary 1: In particular, if H = 0, then
) _loge — 2
I(z;Hx +n) = 2—N02trace{E [(E [Hm: H |z:])

- (E [HE[mT]HT])Z} +0(Ny?). (46)

Corollary 2: Deterministic channel. If H = H as., then

loge - _

Ny trace {Hcov(m)H }

_loge = o 9
ZNgtrace{(Hcov(:r)H) }+0(N0 ). (47)

I(z;Hz +n) =

Corollary 3: In the one-dimensional case (where m=n=1)
we have

1 _
I(x;hx+n) = Ogevar[x]|h|2
No
I
28 [E[x|*|var’[h] — var’[hx]] + o(Ng2). (48)
IN
In particular, if h = 0, then
loge 2 _
I(x:hx+n) = 2—52 (B[h2])* var[[x|?] + o(N;2)  (49)
0
and for a deterministic channel, we obtain
loge log

“var2[x][h|* + o( Ny 2).

I(x;hx +n) = oNZ

02
Ny var[x]|h|* —
(50

Theorem 2 pertains to the case where the receiver does not
know the realization of H. If it does, then the following result
is of interest.

Theorem 3: Assume that the input & is a proper complex
random vector and that there exist some finite constants ¢ > 0
and o > 0 such that

Elllz|**] <. (51)

Assume also that the matrix H satisfies a condition similar to
(39), i.e.,

P{||H|| > 6} < exp {—6"} (52)

for all sufficiently large 6 > 0 where v > 0 is a positive con-
stant. Then, as Ny — oo, uniformly in all £ satisfying the con-
ditions of the theorem we have

I(z;Hz +n |H) = 1‘;53 ® trace {E[Hcov(a:)HT]}
0
-5 ﬁ ;;trace {E[(Hcov(m)HT)z]} +o(N;2). (53)

Corollary 4: Under the conditions of Theorem 3, and as-
suming that the receiver knows the channel but the transmitter
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has no knowledge of the channel or of its statistics, any proper-
complex input distribution with equal-power independent com-
ponents is second-order optimal.

With receiver knowledge of the channel but lacking knowl-
edge of the channel statistics at the transmitter, the optimum
input (for all Ny) consists of independent and identically dis-
tributed (i.i.d.) Gaussian complex random variables. The corol-
lary follows immediately upon noting from (53) that the first and
second derivatives depend only on the covariance matrix of the
input, which is a multiple of the identity in this case. From (53)
we can obtain the derivatives obtained in [1] by differentiating
the log-determinant capacity formula

C(0) = k;ie trace {E[HTH]} (54)
and
é(0) = — %traee {E[(HTH>2]} . (55)

Corollary 4 was obtained in Theorem 14 [1] by using another
reasoning. Note that the simplest proper-complex input distri-
bution is quadrature phase-shift-keying (QPSK).

B. Remarks

Remark 1: Although there is certainly some room for weak-
ening sufficent condition (39), it is definitely not superfluous.
According to Theorem 1 in [1], the derivative with respect to
SNR of channel capacity at zero SNR is given by the maximum
channel gain

E(|Hz )

G=sup————-—

. 56
w2 B (ll?] (0

Note that this does not contradict (45) as the asymptotically
optimal input distribution for noncoherent channels does not
satisfy condition (39). For example, consider the sequence of
two-mass distributions proven in [4] to achieve the capacity of
the scalar Rayleigh channel when Ny — co. Assuming without
loss of generality that E[||z||?] = 1, and that Ny > « for some
7, the optimum input distribution with noise spectral level Ny,
Tpy,, is a two-mass distribution concentrated at points 0 and
v(Ng) > 0 (with sizes 1 — =2 and v~2, respectively) and
v(Ny) — oo as Ny — oo. Then

1
up Pllan,| > =
No>~

and condition (39) is not satisfied uniformly in all the distribu-
tions that are optimum for sufficiently large Ny.

Remark 2: The asymptotic expansions presented in Theo-
rems 1-3 can be applied to optimize (for low SNR) the input dis-
tribution over a class which is a proper subset of the energy-con-
strained inputs. For example, a useful such constraint is a fourth
moment or kurtosis constraint. As remarked in [1], under those
conditions there is no guarantee that the wideband slope and
ff_gmin are given by equations analogous to (2) and (1), where
the capacity function therein is replaced by the maximum mu-
tual information over the set of allowed distributions, as that
maximal mutual information need not be a concave function of
the SNR. In particular, f,—gmin may not be obtained at vanishing
SNR.
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Remark 3: For the fading channel (4), the mutual informa-
tion between input and output signal (and therefore its asymp-
totic expression (45)) depends on the mean of the input signal
x when the channel is not known at the receiver. Moreover, the
second term of (45) depends, in general, not only on the co-
variance matrix of £ but also on mixed fourth moments of the
components of . In contrast, when the channel is known at the
receiver, the second-order expansion (53) depends only on the
input covariance matrix and not on the input mean. The depen-
dence of the second-order asymptotics on the channel matrix is
through its fourth-order mixed moments.

Remark 4: Under the additional assumption that the compo-
nents of the random vector g(z) conditioned on z are jointly
Gaussian, it is shown in [1], that the following upper bound for
the mutual information holds:

I(z;g(z) +n) < kz)vgoetrace {cov(g(z))}

+ l"iﬁtrace {Elcov(g(x)|z)]} .
2N,

Note that this bound holds for all Vy. But, comparing (57) and
(43), we can observe that, in general, the upper bound (57)
is not tight asymptotically, although the leading terms on the
right-hand sides of (57) and (43) coincide if Ny — oo.

Remark 5: The real-valued version of the AWGN channel
(6) was earlier investigated in [7] where for any integer s an
asymptotic expression for the mutual information I(z;z + n)
up to terms of order o( N *), Ny — oo, was obtained under the
condition that E[||z||*T*] < oo for some o > 0.

(57)

Remark 6: 1In the case where conditions of proper complexity
of g(z) and/or g(zy) given zy are not fulfilled but the other
conditions of Theorem 1 are satisfied, the asymptotic expression
(43) remains true if we replace  and g(z) on the right-hand side
of (43) and in condition (42) by real-valued random vectors of
lengths 2n and 2m whose components are real and imaginary
parts of the complex-valued components of vectors z and g(z),
respectively. This assertion follows from the proof of Theorem
1 (see (100)). Similar remarks apply to Theorems 2 and 3.

C. Examples

Example 1 (Ricean Channel):
For the Ricean block-fading channel, the channel matrix H
in (4) can be represented in the form

H=(h+g)l (58)

where h is deterministic and g is zero-mean proper complex
Gaussian with variance v2 independent of  and n. It can easily
be verified that the conditions on the channel required in The-
orem 2 are satisfied in this case.

By direct calculations one can easily check that the general
formula (45) reduces to

I(z; Hz + n)
loge -, loge
= N, |h|*var|z] + INZ

: ['}/4E[||:1:||4] — trace { [V’ Elzz'] + |H|2c0v(z)]2H
+ o(Ny ?). (59
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In particular, if F[z] = 0, then

I(z; Hz + n)
= e Pvarle] + 57
*Ell|z(I*] — (Ih* +~7) Z |cov(xi, ;)]
+o(Ny?) (60)
and if h = 0, then
I(z;Hz +n) 1201%2 4 Zvar xix5) | +o(Ng?). (61)

In fact, none of the asymptotic expansions given in this ex-
ample depends on g being Gaussian; they are guaranteed to
hold for any proper-complex zero-mean random variable with
E[|g|***] < o0c]. The result in (60) has been used in [13], [14]
to obtain the minimum energy per bit and the wideband slope
for Ricean channels under various input constraints.

The particular case h = 0, g = ﬁeje with 6 uniformly
distributed on [0, 27) is particularly interesting as it models the
noncoherent channel without fading [15]. In this case, (59) re-
duces to
v*loge

I(z;Hz +n) = INZ

[E[||m||4] — trace { [E[mmT]]QH
+0(Ng?). (62)

Maximizing the second-order term in (62) with respect to
the input distribution assuming a constraint on the power
E[||z]|?] = 1 and on the kurtosis of each component

Eljx;|*] < kE*[|xi|*]

we obtain that it is best to concentrate the power on one compo-
nent using the maximum allowable peakiness, yielding

E[||z|*] — trace { [E[xa:T]]Q} =r—1 (63)
Example 2 (A Channel with Almost-Gaussian Noise):
Consider the channel (8) with almost-Gaussian noise. In this

case, g(x) = & + u and it is easy to see that the general formula

(43) has the form

_ loge loge
I(z;z+u+n)= N var[z] — NG
- [trace {cov®(z) + 2cov(z)cov(u) }] + o(Ng 2). (64)

It should be noted that this formula holds for any proper input
signal ¢ and proper contaminating noise « such that

Ellz|***] < oo, Elfjul**] < oo

for a constant & > 0. The proof of this assertion easily follows
from Theorem 5 (see Section V).

Example 3 (Multiantenna Block-Fading Channel):

In the Marzetta—Hochwald channel model [16] with M
transmit antennas and N receive antennas, the M N entries
of the propagation matrix are assumed to be independent
proper complex with zero mean and variance (2, such that
time is slotted in blocks of 7' symbols, and in each block the
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propagation matrix does not change, and takes independent in-
stantiations in different blocks. It is natural to model inputs to a
memoryless channel as M x T matrices and the corresponding
outputs as N x T matrices. Alternatively, we can stack the T’
columns of those matrices and obtain a representation that is a
special case of the fading channel model in Section II-B. The
resulting channel matrix H is NT' x MT, block diagonal with
each block equal to the same N x M matrix G of propagation
coefficients. The signaling scheme is characterized by the joint
distribution of the transmitted vectors across the M antennas
at times ¢ = 1,..., {21 ---z7}. Denoting by z the
stack of those T' M-vectors, and using the independence of
the propagation coefficients affecting every different pair of
transmit—receive antennas, we have that the desired covariance
matrices (Corollary 1) are NT x NT block matrices

oI ... lerl
E|[Hao'H'lo] =¢* | : (65)
[ ahaid . eI
Ellla "1 Elzyer]l
E [HE[za'|HY] =2 : :
| Elzha:)I Elller|*11
(66)

Subtracting the traces of the squares of (65) and (66), we obtain
that the mutual information (over a block of 7" symbols) for a
receiver which has no side information of the channel satisfies

<N10ge;;E {(x -’l?k) }

E[(m]'a:k)” +o0(Ny2) (67)

an expansion previously found in [17], [18].

I(z;Hz +n) =

D. NonGaussian Noise
Consider the additive noise channel
(68)

where now we assume that the noise components of n are i.i.d.
zero-mean random variables (not necessarily Gaussian) with in-
dependent real and imaginary parts each with variance Ny /2.
Whereas the non-Gaussian nature of the noise increases the
first-order derivative (and therefore reduces the ﬁ—zmin) it may
reduce the wideband slope. For example, in the case in which the
components of the noise follow the Laplacian density function

1 2
— 2 (IR S
7, x (= (e + 19))

it is shown in [1] that the first-order derivative is twice that ob-
tained in the Gaussian case, whereas the second-order derivative
is —oo (and therefore Sg = 0) as opposed to 2 b/s/Hz/(3 dB) ob-
tained in the Gaussian case.

In this subsection, we investigate sufficient conditions on the
noise distribution under which the wideband slope is zero, Sp =
0.

The proof of the equality So = 0 for the Laplacian noise
channel given in [1] uses very specific properties of the diver-
gence D(Py|x—z || Py|x=o) which can be explicitly calcu-
lated in that case. Here, Py x—.(-) stands for the distribution of

y=z+n

p(x) (69)
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y = z+n conditioned on x and, in particular, Py-|x—o(-) stands
for the distribution of . The following result gives a class of dis-
tributions (which includes the Laplacian law) under which the
wideband slope is zero.

Theorem 4: Suppose that the noise distribution is such that
the following conditions are satisfied.

i) There exists a finite limit
D(Py|x=z, || Py|x=0)

li =
200 [ENE
ii) There exist some constants b > 0,0 < h < a, M > 0,
and 0 < # < 2 such that
D(Py|x =z, || Pyix=0) < (allzo||* — b||-"0||2+'3)
xL{||lzoll < M} + hllol|*1 {|lzo]| > M}. (71)

Then

(70)

a, o< a<oo.

Sy =0. (72)

The following result is proved in the Appendix.

Lemma 1: The Laplacian noise channel satisfies conditions
i) and ii) of Theorem 4 with m = 1.

Remark 7: It should be noted that conditions i) and ii) imply
the equality

D(Py|x=z, || Pvix=0) D(Py|x=z, || Py|x=0)

sup = lim
o [ENR 20 —0 |z
—a (73)
and, hence, C (0) = aNj since it is well known that
) D(Pyx—s || Pyix—
0 = Nyaup PUm | Prix=o)
o llzoll
V. PROOFS

Proof of Theorem 1: We will make use of the following
result for the real-valued AWGN channel.

Theorem 5: Let &, = (X1z,...,%ic) and w = (wq,...,w;)
be [-dimensional independent real-valued random vectors for
any given € > 0, where the components of w are i.i.d. Gaussian
random variables with parameters (0, 02). If there exist some
constants « > 0 and p > 0 such that

1 I
E[||.'z:5||4+°‘] < <10g g> (75)

then
I(exo;ex. +w) = I(eT.; eT. +w) + o(e?)

_loge

507 trace {cov(z.)} 2
o

1
— %8 race {cov?®(z.)} e* + o(c?),

404
(76)

where Z, is a Gaussiim random vector with the same covariance
matrix as . and @ — 0 as ¢ — 0 uniformly with respect to
all random vectors z. satisfying (75).

e—0

Theorem 5 can be viewed as a generalization of Lemma 2.2 in
[7] to the case when we are interested in finding an asymptotic
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expansion for the mutual information up to terms of order o(e?),
e — 0. We present the proof of Theorem 5 in the Appendix.

Throughout this proof, we represent the noiseless channel
output by z = g(z) where g(-) is a possibly random function.
In order to apply the statement of Theorem 5 to the proof of
Theorem 1, we first reduce our complex-valued problem to the
real-valued one. By definition we have

I(z;:9(x) +n) =1 (fl‘“) 19" (x) + "(T)) 77)
where
R
(r) —
- %]

denotes the real-valued vector of length 2n generated by real
and imaginary parts of . The real-valued vectors

s[5

n(r) _ |:§R‘n:|

and
Sn
of length 2m are similarly defined. Therefore, it is clear that
I(z:g(x) +n) = 1 (5 (2): g (z) + )
1 (9" (@): (@) +nz") . (78)
Let

def

2(2") = g(z), wE en) (79)

where

(80)
Then we can rewrite (78) as

I(z;9(z)+mn)=1 (sz(x(r)); ez(z™) + 'w)

I (gz(z(r)); ez(z") + w|z(T)) (81)
where w is a real-valued Gaussian random vector with indepen-
dent components each with zero mean and variance 1.

Condition (40) implies that
Ef|l2(z)[ "] < ¢ < 00
and therefore we can apply Theorem 5 to obtain the fol-

lowing asymptotic expression for the mutual information
I(ez(z()); e2(2) + w):

I (az(x<’“>); e2(z™) + w) - 1°§ ®trace {cov(z(m(’")))} £2

loge 20,0 (r)
4 trace {cov (2(z ))}

x et + o(e?), e—0.(82)

Now note that we cannot directly apply Theorem 5 to write
out the asymptotics for the second term of the right-hand side
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of (78) because, in general, condition (75) is not uniformly sat-
isfied for all values of z("). Therefore, to obtain the asymp-
totic expression for the second term of (78), let us represent
I(g(x); cg(x) + nlz) as

I (62(9:(’")); ez(z™) + w|m<’“>) =L+1 (83
where
I = /A I (az (:tgf)) €2 (a:(()r)) + 'w) Px (da:(()r)) (84)
and
L= /Z I (az (a:(()r)) €2 (m((f)) + w) Px (dm((f)) . (89

Here, Px (-) denotes the probability distribution of z(")

A, = {:r(()r) : Hz(()r)H < logs(l/s)}
A = {.r(()r) : H.'D((]T)H > logs(l/e)}

and s is a positive constant that will be chosen later.
It follows from condition (41) that for almost all mgr) € A,
we have

& [Hz (") H‘”“} = B [|lg(z0)||**] < clzs*

k
=c :rgr)H < clogh®(1/e).

Hence, we can apply Theorem 5 to write I; in the form

lo
11:/[§
A.

loge

®trace {cov (z (.’l'gr))) } e’ 1

xtrace {cov2 (z (mﬁ;‘))) } et 4 0(54)] Px (dﬂt((f)) (36)
where o(e4)/e* — 0as e — 0 uniformly in all 2" € A..
Using (86) we intend to show that

I, = log ®trace {E[cov(z(m<r))|z(r))]} €2
- 1Oietrace {E[covz(z(a:(r))m(’"))]} et
+o(e?), e —0. 87)
To this end it suffices to show that
T, < /Z trace {cov(z(:tgf)))} Px (dmff))
—o(?), =0 (88)
and
T, /Z trace {covz(z(zgr)))} Px (d.'tgr))
—o(1), -0 (89)

First observe that

trace {cov(z(zg")))} = trace {cov(g(zo))}
= E[llg(z0) — Elg(z0)] 1] (90)
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and therefore condition (41) implies that®
frace {cov (z @g)))} < E[llg(zo)||?]
2
< (Elllg(mo)[**o]) ==

T kl
<aleol = e o1

for almost all z{” € A, where ky = 2k/(4 + o). Hence,

_ ik .
I11 < /_ ng )H Px (dz(() )) .
A.

Furthermore, it is not difficult to check by direct calculation
that

trace {eov? (= (7))}

if g(xp) is a proper complex random vector. Therefore, it fol-
lows from (93), condition (42), and equality (89) that

T ' r ! T
I12 S Co /_ H.’E(() ) PX (dmg )) .
Ae

It is well known that condition (39) implies

for any ¢ > 0 (where M > 0 is a constant depending on
t) and for all sufficiently large 6. Using (95) we can easily
derive from (92) and (94) that I; = o(e?) and I12 = o(1),
e —0, if s is sufficiently large (in fact, the relation I, = o(1),
¢ — 0, immediately follows even from the fact that the integral
J 287”11 Px (dz{”) converges). Thus, equalities (88) and (89)
and, therefore, (87) are proved.
Now, let us show that

92)

(93)

%trace {coV2 (9(z0)) }

(94)

t
Py (dz(”) < 8™ exp{~8"}  ©9)

=7
>6

(96)

where I» is defined in (85). Note that for .z-g’“) € A_, we cannot
apply the statement of Theorem 5 to write out the asymptotic
expression for I(cz(z{"); ez(z{”) + w) in form of (82). But
we can easily estimate I taking into account that

I (ez (z((f)) jez (.z'gr)) + w)
<I (E? (z‘gr)) €2 (:B(()T)) + w) 97

where E(mgr)) is a Gaussian random vector having the same
covariance function as z(:c((f)). Since

I (52 (ng)) ez (:1:8”) + 'w)
% jX:;log (1 + /\?62)

IO§ ®trace {cov (z (:D(()T))) } £

(where \V,i = 1,...,2m, are eigenvalues of cov(z(:t(()r)))L the
required equality (96) follows from (97) and the already proved
equality (88).

<

6Hereafter, ¢, ¢4, . . . denote finite constants perhaps different in different in-
equalities.
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Thus, from (78), (82), (83), (87), and (96) we obtain
I(z;9(x) +n) = 10% [trace {cov(z(x(’")))}

—trace {E[cov(z(x(r))|x(”))]H e?

+ hi% [trace {E[covz(z(x(r)ﬂ-’l?(”)]}

—trace {covz(z(x(r)))}] et

+ 0(64), e — 0. (98)

It can easily be seen that
trace {cov(z(x(r)))} — trace {E[cov(z(z(r))|x(r))]}
— trace {cov(z(z<’“>))} (99)
where
2(z")) € Elz(z")]z)].
Hence,

I(z; g(z) + n) = 10% [trace {cov(z(mm))}] £2
¥ 1‘% [trace {E[COVZ(z(m“)nz(r))]}
—trace {con(z(a:(”)))H et
(100)

e — 0.

+o(e*),

To complete the proof of Theorem 1, let us observe that the
equality

trace {COV(E(.’E(T)))} = trace {cov(g(z))} (101)
is always true even without the assumption that g(z) is proper.
Moreover, by direct calculations one can verify that the equali-
ties

1
trace {E[c0v2(z(:z:(”))|z(r))]} = Strace { Bleov*(g() o))}
(102)

and
trace {covz(z(x(’”)))} = %traee {cov®(g(z))}

are valid if g(2) is proper for any fixed z, and g(z) is proper,
respectively (inequality (102) was already mentioned above (see
(93)). Substituting €2 = 2/Ny into (100) and taking into ac-
count equalities (101)—(103), we obtain the required equality
(43). O

(103)

Proof of Theorem 2: The conditions that Hz is proper
complex and that the real and imaginary parts of the coefficients
in H are uncorrelated and have identical covariances guarantee
that the random vector Hz is proper, and that the random vector
Hx is proper for all x, as required by Theorem 1. To see the
latter condition note that the 4, j entry of the matrix E[(H —
H)zoz] (H — H)"] is a weighted sum of terms of the form

E[(H — H);(H — H);,] = 0.
To see that Hz is proper complex note that
E [(HE—I_IE)(H:E—I_IE)T]
—HE [(z—f:)(x—f:)T]fIT+E[(H—fI)a:zT(H—fI)T]
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where the first term in the right-hand side is zero by assumption,
and the second term is also zero because of the properness of
Hzx, for arbitrary fixed z.

In addition, we need to show that for fading channels (4) con-
ditions (44) and (39) imply conditions (40)—(42).

Indeed, first note that, as follows from condition (39), all the
moments of & exist and are finite. Therefore, by independence
of H and z and by condition (44) we easily obtain

E[|Hz|*] < cE[|H|**] E [lz]***] < e

and hence condition (40) holds. Moreover, it is also follows from
the inequality above that

E[||Hz|***|z] < cl|z]** as.

i.e., condition (41) is also satisfied.
Finally, one can easily verify that

trace {cov’(Hz|z)} < c||lz||* as.

and, therefore, condition (42) is fulfilled. To complete the proof
of the theorem we only need to note that the equality

trace {cov(E[Hz|z])} = E[|H(z - Ela])||’
easily follows from definitions (9)—(11). O
Proof of Theorem 3: First of all, we have
I(z;Hz +n|H) =I(Hz; Hx + n|H)
—1 (E(H:E)(T); e(Hz)™ + w|H(’“>) (104)

where the quantities

- [152] w24
R

g _ | _ ]2
w=en =c |, €= Fo
)

are defined similar to z("), g(")(z), etc., in the proof of Theorem
1 (cf. (79) and (80)). Note now that the right-hand side of (104)
has the same form as the second term of the right-hand side of
(81) (but now we have (Hz)(") and H™ instead of z(z(")) and
z("), respectively). Therefore, the same reasoning as was used
in the proof of Theorem 1 shows that, as e — 0, we have

I(e(Hz)";e(Hz)") + w/H")

_ 105 “trace { Blcov(Hz) | HO)] 2

(105)

- 105 “trace {E’[con((H:t)(’“) |H(r))]} et + o(e?).

(106)
If « is proper, the matrix H satisfies condition (52), and
E[|Hz|*™] < ¢ (107)
E[||Hz||***|H] <c|H||" a.s. (108)
trace {cov’(Hz|H)} <c|H|' as. (109)

for some finite constants « > 0,¢ > 0,k > 0,and [ > 0.
But a reasoning similar to that used in the proof of Theorem
2 shows that conditions (107)—(109) are fulfilled if £ and H
satisfy conditions (51) and (52).
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To complete the proof of Theorem 3, we only need to verify
that (106) implies (53). Indeed, one can check by direct calcu-
lations that

trace { B[cov((Ha) " H)] } = trace { Elcov(Hz|H)]}

= trace {E[Hcov(:t)HT] }
(110)
and
trace {E[covz((Hx)W |H(’"))]}

ltrace {E[cov*(Hz|H)]}

— DN

= Strace {E[(Hcov(m)HT)z]} (111)

since  is proper (cf. (101) and (103)). Substituting £? = 2/Ny
and the right-hand side expressions from (110) and (111) instead

of the left-hand side ones into (106), we get the required formula
(53). |

Proof of Theorem 4: Taking into account expression (2)
for Sy, we see that we need to show that C = —oo.
For any input signal  whose second moment E|||z|?] =
mNop we can write

I(z;9)—mC(0)p =D (Py|x= || Pyix=0|Pz)
— D (Py || Pyix=0) — amNop
<D (Pyix=s || Pyix=o|Pz) — aE[||z|*]

[ 10 (Pries, Il P

—al|zo|*] Px (dzo)
:Il +I”

(112)

where
def
P [ D (P, | Prixes) —dlaol] Py (i)
Jiwoli<nt

and

def
[ D (Bres, Il Prixeo) ~alol) P (dao)
llo l|>M
Using conditions i) and ii) we easily obtain

I'<-b / l|lo]|> T Px (dao)
llazo || <M

243
2o
<-b / IIrollsz(dmo)l (113)
llzol <M
and
1" < —(a—h) ||| P (dzo). (114)
[|o ||>M
Set
def
&' [ P (am)
[ENESY
and

def
2 / o2 Px (dazo)-
o> M
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It follows from (112)—(114) that

sup I(z;y) — mC(0)p

&:E||e||2]<mNop

< — inf [bqf”’ +(a- h)qg} (115)
91,92

where the infimum on the right-hand side of (115) is taken over

all nonnegative q; and ¢» such that ¢? + g2 = mNp. It is clear

that this infimum is equal to b(m.Nop)®T)/2 if p is sufficiently

small, and hence,
I(z;y) — mC(0)p < —b(mNop)2+A/2,

(116)
From (116) we immediately arrive at the conclusion that C'(0) =
—oo since 1 + g < 2 by condition ii). Thus, the theorem is
proved. O

sup
@ E[||z|] <mNop

APPENDIX

A. Proof of Theorem 5

The main idea and method of the proof of Theorem 5 is quite
related to that of Lemma 2.2 in [7]. Let @ = Q. be the matrix
of an orthogonal transformation in R such that

Qeov(z)Q" = AT

where A = A. = (A1, ..., \i2) is a vector whose components
are eigenvalues of the covariance matrix cov(z.). Note that

Qcov(w)Q" = cov(w)

since cov(w) is a diagonal matrix with equal diagonal elements.
In other words, the random vector @z. has uncorrelated com-
ponents and, moreover

n\*
FlIQe.] < (10g 1)

as obviously follows from (75). It is well known that any or-
thogonal transformation of random vectors does not change the
mutual information, i.e.,

I(cQz.;cQx. + Qw) = I(ex.;ex. + w).

Therefore, without loss of generality, we will always assume
below that the random vector &. has uncorrelated components
and, moreover, E[z.] 0 since the mutual information
I(ex.;ex. + w) does not depend on E[z.].

To continue the proof of the theorem we need the following
lemma.

Lemma 2: Under the conditions of Theorem 2, the proba-
bility density function ¢.(¢) of the random vector ez. + w can
be represented as

8 J
—X15+"'+—Xle> p@d)| +r=(t) (117
) oty

N
Pl
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where p(t) is the probability density function of w and r.(t)

satisfies the condition
[re(t)] < e for some vy > 0 (118)

where ¢ > 0 is a constant independent of € and z..
Proof of Lemma 2: Formula (117) follows from the repre-
sentation

0t) = [ ot —cudrw

and Taylor’s formula for p(t — eu) at the point ¢t where r.(t)
can be written in the form

et [ o o \*
-(t) = — — e — t—10
r-) =35 /R, [(am“ﬁ + atl”l> p(t = beu)
0 o \*
- <a—tlul+"'+8—tlul> p(t)| dF.(u).

Here F_(-) denotes the distribution function of z.. Therefore,
to prove the lemma we only need to show that r.(¢) satisfies
inequality (118).

(119)

For any ¢ = (i1,...,44) and k, where 41,...,14,
ke{l,...1}, set
O*p O*p
A;(t, 0 215 (t—4 - (t
(& 0ew) = | oo 0 — . )
(120)

and upper-bound the integrals

Li(k) = /R l upAi(t, Oeu))dF. (u).

It is clear that

(121)

l
Li(k) <> Li(j, k) (122)
j=0

where

I’i(07 k) = /
{Jus|<=P=1,5=1,...,1}

Li(j, k) = / upAi(t, eu)dF- (u),
{Juy |25 Jux | <71}
ifj #k

upAi(t, feu)dF. (u)

and

Ti(k k) = / WA A2, Oeu)dF. ()
{usl>=5-1)

and where 3, 0 < ( < 1, is a constant which will be chosen
later.
Now we have

I;(0,k) < ce? /

Rl
4
<ce (Efl|la.||*t]) =

ap
1\ = ,
<ce? (10g —) < ce?
€

updF.(u)

(123)
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where (3’ > 0 is a constant such that 3’ < 3. Here we have used
the fact that A; (¢, feu)) < ce||u|, the well-known inequalities
between moments of random variables, and condition (75) of
Theorem 2.

For any 7, 7 # k, we obtain

Li(j, k) <cs*@DP {||zc|| > 771}
< 664(’8_1)E[“$5||4+a]€_(’3_1)(4+a)

1\* /
< e <log —> < ce® (124)
€

where o is a constant such that 0 < o/ < a — af (note that
a—af > 0if f < 1). To get (124), we have used inequality
A;(t,0eu)) < const < oo for all ¢ and u, the Chebyshev’s
inequality, and condition (75).

Finally, we have

updF.(u)

(kb <c [

{lur >~}

4
=cet0-1) / Uk dF.(u)
(x| ><#=11} ()

< ceoed /R e d (u)

1\* /
< e <10g—> < ce®. (125)
€
Now, it follows from (122)—(125) that
0 < Ii(k) < ce” (126)

for all 4 and & where v > 0 is a constant. Taking into account
(126), (119)—(121), and the fact that |u;, - - u;,| < Z;Zl uf
for any 41,...,i4 € {1,...,l}, we arrive at the conclusion that
re(t) satisfies (118). This completes the proof of Lemma 2.7 (]

To complete the proof of Theorem 5, we now follow a rea-

soning similar to that used in [7, proof of Lemma 2.2]. Set
e t/2
G-« W lter!: exp ——H I > gt
) 202
_ o /|2
G @ lteR exp _IEP] e (127)
, 20.2

where x > 01is a sufficiently small number which will be chosen
later, and

a.(t) & E

(-1ie!
!

0 0 J
<8_tlxla + e + EXLS) p(t)]

(128)
It follows from Lemma 2, definition of @,K , and condition (75)
that

4
i=2

q-(t) < 1,

7Although we considered only the case where the noise is Gaussian, under
some (weak) additional conditions on the density of the non-Gaussian noise the
same method of proof works.

if t € Gex
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for all sufficiently small €. Therefore, using formulas (117) and
(128), we easily get (later, throughout we will omit arguments £
and ¢ in the notations of a.(t), r-(t), and p(t))
I(ex ez + w)
> —/ (a +7)logpdt + /_ plog pdt
Ge .

(1+421)4]

_loge[/ (p+a+r)1n<l+a+
'Gs.x p

:—/ alogpdt+/ plog pdt + alog pdt
R G« G«
—/ r log pdt
Ge
—loge / (a+r)dt
JGe x
S ' (a+r)
- dt| . (129
+Z]_1 /G o (129)

j=2
Lemma 3: If k > 0 is sufficiently small, then

/_ plogpdt = o(e*)
Ge x

/_ alog pdt = o(e*), e—0 (130)
Ge
/ rlog pdt = o(e*)
Ge
/ (a +7)dt =o(e?), e—0 (131)
Ge
and
(atr) o(eh),  e—0. (132)
3J—1 G.,. P
= .

Proof of Lemma 3: The proof equalities (130)—(132) is
based on Lemma 2, properties of the Gaussian density function
p(t)), and the definitions of the sets G ,; and G ..

The first equality in (130) follows from rather obvious rela-
tions

/ plog pdt| <c / 112 exp (—[112/2) dt
JGe, [1E]|>6

<c / s'Tlexp(—s?/2)ds
J|s|>é
1\ /2
¢ <10g —) et = o(e?),
€

where ¢ is defined by the equality

e—0

exp(—62/2) = &'t
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The proof of the second equality in (130) is similar to the first
one if we note that

&p
or. )

— ()| < c||t||"p(t
)] < el v,

teG. .

Equality (131) can be proved by the same method as (130)
taking into account that

/ adt = —/ adt.
Geon Ge v

The proof of (132) is a little more complicated. First, note that

1
‘]ﬁ S CE2 lOgT g, te Ggy,Q
and
T g4t 4t
i g’k
‘pu—l)/j Sc e e G

since it is clear that
2 1\’
la] < ce”(log -] b, te G,
13

where 7 is a finite number. Therefore, we get

44k _
< lee™d €

S 54+K : 0(1)7 te Gs.ﬁ

(a+r)
pit

pll

(133)

if 7 > 3 and & is sufficiently small. Now equality (133) implies
(132). Lemma 3 is proved. O

Lemma 3 and inequality (129) imply

I(exo;ex. +w) > —/ alog pdt

RI

1 2
_E/ @ i o,
2 Ja.. »p
e—0. (134)
By direct calculations one can verify that
1
—/ alog pdt = Og:trace{cov(xe)}52 (135)
RI 20
Furthermore, we have
2 2 2
/ Mdt :/ a_dt_/ LN
Gew P RL P G.. P
2
+2/ ﬂdt+/ ot (136)
Gen P Ge P

Using a reasoning similar to that used in the proof of Lemma 3,
it can be checked that

2
a
—dt =o(e*
/5 it =o(e*)
ar
—dt =o(e*
[, e
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2
/ —dt =o(e*), e—0. (137)
G.. P
It is not difficult to show that
- 2 1
/721 %dt = ﬁtrace {cov?(z.)} e* + o(e?), e — 0.
(138)
Thus, relations (134)—(138) yield
I(ez ez +w) > ng trace {cov(z.)} 2
1
- %trace {cov®(z.)} e* + o(c?),
e—0. (139)
On the other hand, we have
I(ez.;ex. +w) <I(eZ.;eXe + w)
1
= oag: trace {cov(z.)} 2
1
- 0546 trace {cov?(z.)} e* + o(e*),
e—0 (140)

where Z. is a Gaussian random vector with the same covariance
matrix as .. Theorem 5 follows from (139) and (140). O

Proof of Lemma 1: Since it is assumed that for the Laplacian
noise channel the noise components are i.i.d. random variables
(and hence the channel is memoryless) each with Laplacian den-
sity function (69), we can take 1 = 1 without loss of generality.
In this case, we have

2

D (Pyx—y, || Pyix=0) = =2 + —(|Rxq| + |Sx

(Py = || Prix=o) (] + [
2|[Rxo q { 2[Sxo|

+ exp

VNo VNo
We intend to show that for this divergence, conditions i) and ii)
are satisfied with

+ exp [— ] (141)

2 b 1 1.9
a=—. = = —
No- 3V2(Ny)3/2’ No
VN,
M = 20, and g = 1.
Denote for simplicity
Rxo = =, Sxo =y
and let
D (PY|X:X0 || Ple:(]) = Dl(iﬂ) + Dl(y> (142)
where
def 2|z
Dy =1+ | + exp [ ] (143)
(@) 14—l T
It is clear that
D (Py|x—, |l Pyix=0) 2
lim 0 = — (144)
xg—0 ||X0||2 Ng
and, therefore, a = 2/Nj.
Now, let us show that
2 1
D (Pyix— || Pyix—0) < —|Ix0||> = ————|xo|®
(Prioxass | Priovmo) < olball” = ol

1579
for
VN
oll < ¥ (145)
Indeed, for |z| < v/Ny/2, we have
2 4
D < Z e 3 4
l(x) = |ZU| 3(N0)3/2 |-T| + 3(N0)2|x|
2
o z]* 146
< 3ol = sl (146)

Here, we have used the well-known property of the Leibnitz
power series: ag — a1 + as — ag + - - - < ayg if the coefficients
a; vanish to zero monotonically. Thus,

2
D (Py|x—x, || Pyjx=o) < FO(MZ + [y

2 3 3
- W(W +1yl°)
2 1
< Zlxall? — ——— ixall?
< ool = 5 myal!
(147)
for ||xo]| < V/No/2, i.e., (145) is proved.
It remains to show that
1.9 VN,
D (Py|x— || Pyjx=0) < FO”XOHZ for |Ixoll > = 2.
(148)
To this end, note that
1
—142t4e 2 <1782, for t > —— 149
; N (149)
since, as can easily be seen
1 1
— >0, f'l—=]>0
/ (2\@) e (2\@)
and
1
"(t) >0, for t > ——
£t >0. N
where f(t) = 1.7t2 + 1 — 2t — e~ 2t It follows from (149) that
1.7 . VNo
D (PY|X:><0 ” PY|X:0) < FOHXO“Q? if |:E| > 2\/5
and
VN
0. (150)
2V2

Assume for definiteness that |z|?> = A|jxo[|?, 0 < A < 1/2.
Then, taking into account (150), (146), and (147), we obtain

D (Py|x=x, | PYl\' 0)
1.7
< max —)\||X0||2 + (1 - )HXOH2

T 0<A<1/2 Ny

1.9
< —||X0||2

for all ||xo]| > V/No/2, i.e., inequality (147) is proved. This

completes the proof of the lemma. O
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