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Abstract— This work introduces an effective approach to de-
rive the marginal density distribution of an unordered eigenvalue
for finite-dimensional random matrices of Wishart and F type,
based on which we give several examples of closed-form and
series expressions for the Shannon and 7 transforms of random
matrices with nonzero mean and/or dependent entries. The
newly obtained results allow for a compact non-asymptotic
characterization of MIMO and multiuser vector channels in
terms of both ergodic capacity and minimum mean square error
(MMSE). In addition, the derived marginal density distributions
can be of interest on their own in other fields of applied statistics.

I. INTRODUCTION

Random matrices have attracted great interest in the com-
munications and information theory communities because of
their applications to the fundamental limits of wireless com-
munication vector channels. These channels are characterized
by random matrices that admit various statistical descriptions
depending on the actual application. Among the different types
of transforms commonly adopted in random matrix theory to
characterize the spectrum of random matrices [1][Chapter II],
we focus herein on the Shannon and the 7 transforms, which
are closely related to a more classical transform in random
matrix theory, the Stieltjes transform, but provide more direct
engineering insight [1]. These transforms were motivated by
the intuition drawn from the application of random matrices to
various problems in the information theory and signal process-
ing of coherent noisy communication channels. Specifically,
the Shannon transform gives the mutual information of various
communication channels while the 7 transform characterizes
the performance of linear multiuser detectors thereon [1]. In
this paper, we exploit a new strategy to evaluate previously
unavailable marginal density distributions of an unordered
eigenvalue of finite-dimensional random matrices [2], [3]
of particular interest in wireless communications. Based on
these findings, we evaluate the corresponding Shannon and 7
transforms.

II. MATHEMATICAL BACKGROUND

This Section is aimed at providing some basic definitions
from finite-dimensional random matrix theory. Specifically, we
detail the statistical distributions of some random matrices of

particular interest in wireless MIMO (multiple-input multiple-
output) communication, whose marginal eigenvalue statistics
will be then characterized in next Section.

A. Wishart Matrices

Definition 1 The m x m random matrix W = HH' is a
(central) complex Wishart matrix with n degrees of freedom
and covariance matrix ©,,, (W ~ W, (n,0,,)), if the
columns of the m x n matrix H are zero-mean independent
complex Gaussian vectors with covariance matrix ©,,. The
p.df. of W ~W,.(n,0,,) for n >m is [2]

ﬂ.—m(m—l)/Q det B—™
-~ det©," [, (n — i)

fw(B) exp [—tr{@m_lB}] .

(D

Definition 2 The m xm random matrix W = HHT is a (cen-
tral) complex Wishart matrix of second kind, with n degrees
of freedom and covariance matrix ©,,, (W ~ W,,(n,0,)),
if the rows of the m x n matrix H are zero-mean independent
complex Gaussian vectors with covariance matrix ©,,. The

p.df. of W ~ Wm(n, ®,,) for n > m is [3]

det B" " Fo (0, !, —B)

fw(B) = am(m=1/2T" (n — i)l det O

2

where oFy(-,-) is the hypergeometric function of exponential
type of two square matrix arguments of different dimensions

[3].
Let now H be a m X n matrix
H=H+H, (3)

where the columns of H,, are zero mean, independent complex
Gaussian vectors with covariance matrix X while H is a
deterministic m X n matrix.

Definition 3 Defined H as in (3), the m x m random matrix
W = HH' is a noncentral complex Wishart matrix with n
degrees of freedom and noncentrality matrix M = HHT, (
W ~W,,(n, M, %) ). Its p.df. forn >m is [2]

eftr{E’IB}

B =K~
fw(B) det Bm—n

oF1(; X' ME7'B),
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where o F'| (-; -) is the Bessel hypergeometric function of matrix
—tr{z:* 1 M}
€

det ZNaMM-—172TTM | (n—i)!

argument [2] and K =

B. Matrix-variate F

Henceforth, for sake of compactness, we let 7 =n — m.

Definition 4 Let ® and W be central Wishart matrices, ® ~
Wi (L, X)), W ~ W, (n, ®,,), as in Definition 1. The mxm
random matrix A = W®~! is a central F matrix. The p.d.f.
of a complex central F matrix with L > n is [2]

o _w(n-&-L—@! det B”

Lz‘la(B)—ZH1 WNn=ONL=0" et (L, + Q- 1B)*+L

m

“)
where wy is the (-th eigenvalue of Q@ = 0,371

Definition 5 Let H be a m xn complex matrix (withn > m ),
whose entries are zero-mean i.i.d Gaussian random variables,
and let ® ~ W, (L,O) be a central Wishart Matrix of
second kind as in Definition 2. The m X m random matrix
A = H® 'H' is a central F matrix of the second kind. Its
p.d.f. when L > n is [3]

" (m+ L —i)! det®, "

B) =[] 3
fA( ) l (L—’L)' ﬂ.m(m—l)/ZH;fil(n_i)! )]
q7L(m+L) det BT 1=

Fi L;1;, —¢®; " ,F
“Qet(T,, 1 By o 9L )

with ¢ > 0 and

Definition 6 Let W be a noncentral Wishart matrix, W ~
W,.(L,1,), as in Definition 1. Defined H as in (3) with 3 =
1,., the mxm random matrix A = HW ~YH' is a noncentral
F matrix. Its p.d.f. when L > n > m is [2]

m
e~ "{M} got BT
71.m(m—l)/2 det(I+B)m+L H (,
{=1

VFy (m+L,n, M(L, + B~H)™1)

(L+m—20)!
T+L—L)!(n—0)!

fa(B) =

(6)

with M = HH', and 1 F; (a,b,-) the confluent hypergeomet-
ric function of matrix argument [2]".

III. MARGINAL DENSITY DISTRIBUTION

CHARACTERIZATIONS

This main section is devoted to the formulation of a general
strategy to obtain the marginal density distribution of the
unordered eigenvalues of finite-dimensional random matrices
conforming to the models described in the previous section.
The method is based on two main results that are stated as
Lemmas in the following.

IThe results for the case of m>n can be obtained from those relative to
m<n by conveniently defining r = max{n,m},t = min{n,m},7=r—t
and L = L + 7T and substituting these parameters in place of n, m and 7
and L, respectively.

Lemma 1 [6] A hypergeometric function of two square matrix
arguments A and B of the same® dimension m and with all
distinct eigenvalues can be expressed as a ratio of determi-

nants
r1+m,..., Ty, +mMm
o F L A B| =
P q<y1+m,...,yq+m ’ >
¢y det F
™ ™ (7)
H(ak - ae)H(bk —by)
k<t k<t

with ay (resp. by) the k-th eigenvalue of A (resp. B),
1 t—m
e = h f 1(mi 1)
tI15=i(y; + 1)
and with the (i, j)-th entry of F given by

(F)ij =»F, (

1+ 1,...
y1+17...

,Tp+1
7yq+1 aaib])

Lemma 2 [7] Let F and G be two (nxn) matrices whose
(i,7)-th entries are, respectively, (F);,; = f;j(w;) and
(G)i,; = gj(w;) where f; and g;, j = 1,...,n, are functions
defined on RT. Then, for b > a > 0,

/ detF detGHh(wk)dwl...dwn =n! det A
[a,b]"

k=1

where h is a function defined on ®* and A is another (n x n)
matrix whose (i, j)-th entry is

b
A ; =/ Ji(w)g;(w

Using these lemmas, we can now state the following

Yh(w) dw

Theorem 1 Let 1); be a function defined on R and consider
a random matrix whose unordered eigenvalues admit a joint
distribution of the form

KﬂcMIIM—Mmmwm» ®)

k<t

with A = diag{ 1, ..., \n}, K a normalization constant and
W(A) a matrix whose (z J)th entry is 1;(\;). The marginal
probability density function of the unordered eigenvalues can
be written as

m m

R3S 3

1=15=1

(M)D(, ) )

where K is a proper normalizing constant and D(i, j) is the
(i, j)-cofactor of the (mxm) matrix A whose (¢, k)-th entry
equals

[ o

0

2For a generalization of this formula to square matrices of different
dimensions, or with nondistinct eigenvalues, see [6].
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IV. NONASYMPTOTIC RESULTS
A. n Transforms

Definition 7 [1] Given a nonnegative definite random matrix
A, its n-transform is

where X is a nonnegative random variable whose distribution
is the marginal density distribution of an unordered eigenvalue
of A while ~ is a nonnegative real number.

1
14+~9X

n(7) (10)

Example 1 [10] The n transform of the marginal density
distribution of an unordered eigenvalue of a central Wishart
matrix (cf. Definition 1) is

J=K3 Y 2

i=1 j=1

T+5—1

2

with 0; the i-th eigenvalue of ©,,, K a proper normalizing

det(@m) d D( )

m I, (=0 T (& —a0) 4147\

the (i, j)-cofactor of the (mxm) matrix D such that
(T+k—1)!
9[—7’—k .

Ei —vey (k—1)!
1 70) Kk

e VYOi

i,5)
T+J

constant given by K =

D)oy = (11)

Example 2 [10] The n transform of the marginal density
distribution of an unordered eigenvalue of a central Wishart
matrix of second kind (cf. Definition 2) is

m m j—1
_ D ()03 i Ei —vom (p—1)!
NI e 0
i=1 j=1 € p*l
T T 1)k ve
; P 9i+l|(91 * [ exp — - Jrz( 0 )~ ID‘| }
where K = i (2“(:’))1‘[”“*113" W s the T X T matrix
m k< =1 °
1 6 07!
=1 : )
1 0, o1

with 0; the i-th eigenvalue of ©,, and D(i, j) the (i, j)-cofactor
of the (mxm) matrix D whose (¢, k)-th entry equals

it )
p=1q=1
Example 3 [10] The n transform of the marginal density dis-

tribution of an unordered eigenvalue of a noncentral Wishart
matrix, W ~ W,,,(n, M, 1) as per Definition 3, is

T+k—1

p—1yr+k—
T+L 9 9

T4+4

m m o 1 T+j+p—1
KD(i,5) (1i /) Ei(-y (k—1)!
)=2_D. ¢ DT 2T Q + Z o
=1 j=1 =
with p; the i-th eigenvalue of M, la], = T(a +

p)/T(a) the Pochhammer’s symbol of order p [5], K
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e~ ®m

TR (G I § TRy and D; ; the (i,j)-cofactor of the
(mxm) matrix D whose (£, k)-th entry is

(D)gk = (T+kj 1) 1F1(T+k T+1, /,Lg)

Example 4 [10] The n transform of the marginal density
distribution of an unordered eigenvalue of a central F matrix
(cf. Definition 4) is

SOWIE
1=1 j=1

with x = 7+ L + 1, w; the i-th eigenvalue of ©,,27 ', K
given by

2Fy x, 7+, x+1;1—
x!/(L— J+1)’

i) oo (T+i—=1)!
T4

-m m

o 1«
(=1

n+L+4

Ilm 1
m Hk<

)

1

m

“"(r+L-0)!

K = (n— Z'(m DIL—0)!

(12)

and with D(i,j) the (i,j)-cofactor of the (m X m) matrix
whose ({, k)-th entry equals

(r+0—1)1(L—0)!

T+4
il Yk

k

Example 5 [10] The n transform of the marginal density
distribution of an unordered eigenvalue of a central F matrix
of second kind (cf. Deﬁnition 5 ) is

—DHl(m—j5+1)!
KZZ (J ) J )

== (m+1)!

[wgﬂ oF, <m+1,j,m+2;1—%)

6+ L
i, kW

_Z(R

with w; the i-th eigenvalue of ®r, D(i, ) the (i,j)-cofactor
of the (mxm) matrix D whose (k, é)—th entry equals

(m+1,j,m+2;1—“;‘>] (13)

(£ —1)l(m — WOt S—t+m
U= oS o
)
— 0— — L+m—
Rik =D (O ek + Z (T e
=1 0=5+1
1 wy o.)‘ls_l wf+m wf_l
q? = . . . . .
1 we wg ! w‘é“‘m ng !
(—1)5m+L(L_1)/2(m.)m_1(m—1)!det( )

4
oy o) [T (- Dm0 7

0=L—-—nand {=L—m.

Example 6 [/0] The n transform of the marginal density
distribution of an unordered eigenvalue of a noncentral F

matrix (cf. Definition 6) is
LAp+1l,7+j+p, L+p+251—-7

D > 2Fy
KE ,E , E , (=SS

i=1j=1 p=0 @i/VIPILHIp(T+i+p—DI(L—T-j+D)!

1

(4,5)
AT

b
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with ¢; the i-th eigenvalue of M and with D(i,j) the (i,j)-
cofactor of the (m x m) matrix whose (¢, k)-th entry equals
L—1

> () G (- Lt L 1,6)

t=0
with K
m—1
. e i Hi (n+L—1—0)! (L+20)
K= m]Tks (ke—p ) (n=0)l(m—0)(L—7—10)! H (e(r+0)) —m™
=1 =1

B. Shannon Transforms
Definition 8 [/] Given a nonnegative definite random matrix
A, its Shannon transform is defined as

V(7) = Eflog(1 +7X)]

where X is a nonnegative random variable whose distribution
is the marginal density distribution of an unordered eigenvalue
of A while 7y is a nonnegative real number.

15)

Example 7 The Shannon transform of the marginal density
distribution of an unordered eigenvalue of a central Wishart
matrix (cf. Definition 1) is

L T+j I kerei L
KZZ D(m)(w DEN+Hi=)! v Z MARTT
(v0i) K
=1 j=1 k=1

with K, 0; and D(i, j) defined as in Example 1.

Example 8 The Shannon transform of the marginal density
distribution of an unordered eigenvalue of a central Wishart
matrix of the second kind (cf. Definition 2) is

m m

=K E E D(%J)(J ! 9:;1 E I k= ]’V9T+|
e— g (Vo< vi)
i=1 j=1 vien o
J
Zz(\r )k, 0'?+.10‘ IZF k—j, g5 16)
= (v6 )~ ®
=1 k=1 k=1

with K, 0;, D(i,j) and ¥ as in Example 2.

Example 9 [8] The Shannon transform of the marginal den-
sity distribution of an unordered eigenvalue of a noncentral
Wishart matrix, W ~ W, (n, M,1), as in Definition 3, is

- K Z Z ‘D(w) -

z—ljle =

with K, p; and D(i, ) deﬁned as in Example 3.

T+j+p
Z yK

k=1

sy (r+j+p—1)!
l[7-+1]p»YT+J +p

Example 10 /9] The Shannon transform of the marginal
density distribution of an unordered eigenvalue of a central
F matrix (cf. Definition 4) is

m m T+j—1
— D(4,5)
N=KY > S

i=1 j=1 v=0

(r4i—1)(L—j)lwr
(r+ L) (ywi)Y

oFy 7+L,v+1,7+L+1, 1_W (17)
(r+L—v)

r(k—r jfp,%)

with K, w; and D(i,7) as in Example 4.

Example 11 The Shannon transform of the marginal density
distribution of an unordered eigenvalue of a central F matrix
of second kind (cf. Definition 5) is

m m J—1 R
v 722 KD(i,5) Z(a‘flﬂ(mfj)'ﬁl(muﬂmﬂ1 )
(7)7 Yy (m—v)mlAV wis mHI-v
i=1j=1 V=0
Jj—1 ®
Z (=D m—5)12F1 (mp+1,m+1,1- 2K )Ri «
(mfu)m!wvw;67m+j7V

v=0 k=1
with 6, §, D(i,7), Rir and K as in Example 4.

Example 12 [9] The Shannon transform of the marginal
density distribution of an unordered eigenvalue of a noncentral
F matrix (cf. Definition 6) is

m m T4+p+j5—1
) = KZZ ®(w) oF [L+1]p (t+i+p—D)(L—7—j)!
pr'[TJrl]p (L+p)!
i=1j=1 p=0 v=0
2F1(L+p,u+1,L+1+p,17%)
(L+p—v)yY

with K, ¢; and D(i,j) as in Example 6.
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