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Degraded Gaussian Multirelay Channel: Capacity and
Optimal Power Allocation
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Abstract—We determine the capacity region of a degraded
Gaussian relay channel with multiple relay stages. This is done by
building an inductive argument based on the single-relay capacity
theorem of Cover and El Gamal. For an arbitrary distribution of
noise powers, we derive the optimal power distribution strategy
among the transmitter and the relays and the best possible im-
provement in signal-to-noise ratio (SNR) that can be achieved
from using a given number of relays. The time-division multi-
plexing operation of the relay channel in the wideband regime
is analyzed and it is shown that time division does not achieve
minimum energy per bit.

Index Terms—Capacity, optimal resource allocation, relay
channel, wideband channels.

1. INTRODUCTION

HE relay channel was introduced by van der Muelen in

his work on multiterminal networks [9]-[11]. The most
thorough analysis to date was provided in 1979 by Cover and
El Gamal [2]. In particular, they determined the capacity region
for the physically degraded version of the channel.

Until recently, little has been done to extend these results to
channels with multiple relays. However, a renewed interest in
ad hoc networks and network information theory has sparked
new research on relay channels. One set of recent results in this
areaisin [5] where Gupta and Kumar demonstrate an achievable
rate region result for a fairly general communication network,
of which a degraded relay channel is a special case. The results
in [5] hold for both the discrete and the additive white Gaussian
noise memoryless models. A followup paper by Xie and Kumar
[13] establishes an explicit achievable rate expression for the de-
graded Gaussian channel with multiple relays which, in general,
exceeds the rate in [5].

In this paper, we concentrate our attention on a Gaussian
physically degraded relay channel with multiple relay stages.
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Fig. 1 depicts such a channel with K relay stages. As shown
in Fig. 1, the channel consists of a transmitter, whose output at
transmission time ¢ is zo ; and K relays whose outputs at trans-
mission time ¢ are x;; through xx ;. The input to relay k at
transmission time 4 is yx—1 ; wWith yx ; received by the receiver.
The channel is physically degraded in the sense of [3] since

Yki =Tk + Zki + Ye—1.4) 1<k<K
Yo, = To,i + 20,i- (D

At each transmission stage, the signal is corrupted by indepen-
dently generated Gaussian random variables Z, through Zx
with Z, ~ N (0, Ni). Denote the transmitter power by Py and
the power of relay &k by P.. Let (), denote the ratio between the
relay power and the transmitter power, thus,

o e @

To simplify notation we will sometimes use 3y which is always
equal to 1. We also define

3

The goal of the paper is to determine the capacity of this
channel for any given setof Py, ..., Px and Ny, . .., Ng. Addi-
tionally, we seek to determine 1, . . ., Ok such that the capacity
is maximized. We are to do this under the constraint that only a
finite total amount of power Pr is available, i.e., under the con-

straint that

The rest of the paper is structured as follows. In Section II, we
summarize the single-relay degraded Gaussian channel results
obtained by Cover and El Gamal in [2].

In Section III, we build upon the achievability results of [2]
and use an inductive argument to determine the capacity region.
Thus, we give an alternative derivation for the achievable rate
determined in [13]. With our inductive proof, we demonstrate
how the coding strategy can be built recursively on the basis of
the bin-coding argument utilized by [2]. By means of another
inductive argument we then prove the converse to the capacity
theorem as well.

For the capacity-achieving communication strategy, we deter-
mine how power should be distributed between the transmitter
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Fig. 1. Physically degraded Gaussian relay channel with K relay stages.

and the relays so that the resulting capacity is maximized under
a total power constraint. It is shown that the capacity achieved
by optimally distributing the total available power Pr between
the transmitter and the relays is given by

Pr
Cr—C ( ) | @
Yhco 2

These results are presented in Section IV.

Finally, in Section V, we address the operation of the de-
graded relay channels in the wideband regime. Here, it is
straightforward to show that time-division multiplexing (TDM)
cannot achieve %min achieved by the optimal communications
scheme.

II. THE SINGLE-RELAY CHANNEL

We begin by restating the result of [2], changing the notation
of [2] to that used in this paper.

Theorem 1 (Single-Relay Capacity ([2])): The capacity C
of the single-relay degraded Gaussian channel is given by

{ <1+/31+2\/ 1 —oy)f Po)

1+l/1 N

C, =

max min
0<a; <1

where C(x) def 1 5 log(1 + x).
Moreover, let al denote the value of « that achieves the op-
timum in (5). Then, if 81 < 11

P,
C,=C <a’fﬁz> =C <a;

with a] < 1; otherwise, a] = 1 and

— PO
C,=C <E> . 7)

Proof: The ideas we use to prove out multirelay results in
Section III rely heavily on the techniques introduced in [2] to
prove the single-relay result. Therefore, it is useful to reproduce
the proof of [2] in a condensed form.

We begin with the proof of achievability of the rate given
above. For 0 < a7 < 1 let

Py(1 +u1)>

6
No+ M ©)

X1 ~N(0,a11P) and Xy~ N(0,a1P)

with Xo, X, independent and let Xy = /1 — a1 X1 + Xo
The proof uses block-Markov coding. Let

w=1{1,2,...,2"F}

be the set of messages to be transmitted. Let
81 - {51117 51’27 ey Sl,Z”Rl}

be a partition of W generated in a uniform and random fashion
independently from everything else.

We have two random codebooks:

X o(w) independent and identically distributed (i.i.d.)
~ ./\/n((],alp), w e W
o Xl(Sl) iid. ~ Nn(O, (1 — Oél)P), S1 € 81.

Finally, for transmission block ¢, s1 ; is chosen so that 51 ; =
S1,; where w;—; € Sy ;. Itis then shown in [2] that the receiver
can decode the message w;_1 at the end of transmission interval
1.

To prove the converse result we begin by defining

To = 1 (Xo; YalX1) ®)

and
I =1(Xo, X1:Ys). 9

Then from the cutset bound ([3, Ch. 14]) and the degraded-
ness of the channel it follows that

C; < sup min[Zy,Ty].

1’(930,931)

(10)

Using convexity arguments we can then show that

1, <EC <7var(§°|X1)) <C (—Evar(X"'Xl)) (11)

0 No
and
Var(X0+X1)> <EV3I’(X0+X1))
L<BEC|l—m————— | < | —————2 ).
b= < No+Ny )= No+ N,

(12)
The proof then reduces to showing that the inequalities in (11)
and (12) can be made tight by defining

def 1
] =

7 (1 - EE (X0l X)) (13)

The details of the computatlon are provided in [2] O

The value of o] in (6) may be obtained explicitly. As stated,
if /1 > 11 then aj = 1. Otherwise, a] is obtained by solving

o 1+mt2/T=aDm
- |

14
T+, (14
Doing this we obtain
o = 1= B14+vi+ B £2/V301 — 1B + i
te (1411)2
2
1 -0 3
:(\/ + v — 1 £ Vi) . (15)

(14+11)2
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In the context of our problem only one of the two solutions is
valid. As long as 0 < (1 < v, this solution is the one that lies

in the range (ﬁ, 1] since af = —— is the result obtained if

14v,
the relay is not used at all. This is the solution

(\/1+V1—/31+\/V1ﬂ1)2.

aj = Tt (16)
This solution is always less than 1 if 51 < vq. If B = 14, it
reduces to & = 1 from which we can conclude that o is a

continuous function of ;.
We can also solve (14) for (1 under the assumption that
aj < 1. This results in

b= (Vi - Vi-a) .

We next pose the optimum power allocation problem for the
single-relay channel. We would like to find the value of 3; such
that the capacity of the channel is maximized subjectto 1+ 3; <
%’ for some fixed Pr. Since the channel capacity is given by

7)

Po Po
Claj— ) =Claj(1 —_
<a1N0> <Oé1( +I/1)N0+N1>
we can remove the constraint on 31 by maximizing the improve-
ment in the “effective signal-to-noise ratio (SNR)” delivered by
the relay channel. This “effective SNR improvement” is given
by

T, ) = %;1”1)

The preceding expression is actually an expression in only one
variable since we can either use (16) to express o in terms of
(1 or (17) to express (3 in terms of a;. We note that such a
substitution is only valid if the resulting optimum is such that
a1,0pt < 1, however, this is true for all ; > 0. In fact, maxi-
mizing .J; we obtain

(18)

4

opt — 1
Q1,0pt 1t (19)
and
V1
ont = 20
51, pt 4+ vy ( )
where we note that
ﬂl,opt =1- a1 opt- (21)

The relationship (21) becomes important when we consider the
general resource optimization problem for multiple relays.

III. THE MULTIPLE-RELAY CHANNEL

We now consider the problem of the multiple-relay channel.
This problem has been previously considered in [5] and [13]
where achievable rates were found for a channel of which the
multiple-relay degraded Gaussian channel is a special case. In
this section, we prove explicitly the capacity of the multiple-
relay degraded Gaussian channel. It turns out that the achievable
rate found in [13] is the capacity of the degraded multirelay
channel.
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For a specified choice of «; ;’s with 0 < ¢ < j < K satis-
fying

K
> =1 (22)
j=0

and

K
Zai,j:ﬁi, VI<i<K (23)
j=i

define

k ) 2
- Zj:@ (Zgzo ai;]’)
Ri(@)=C | Py . (24)
Zj:o N;
and
CK(O_é) = min Rk<0_l) (25)

0<k<K

where we use & as a shorthand for {«; ;}o<i<j<r. We then
have the following theorem.

Theorem 2 (Multirelay Capacity): The capacity of the mul-
tiple-relay degraded Gaussian channel with K relays is given by

Ck = sup Cg(a)
{ei;}

(26)

with Cx as defined by (24) and (25).

Proof: We prove both the achievability and the converse
parts of the theorem by induction. In both cases, the single-relay
result of [2] as presented in Theorem 1 serves as the initial step
in the induction. Indeed, using the notation presented above, we
have for the single-relay channel: K = 1; a1 of Theorem 1 is
@,0; 1 — a1 of Theorem 1 is ag 15 1,1 = B1; additionally

Ny
Ri(a)=C (1 + 6 +12+\/1(/1 —a1)p %)

:C(<¢a—1>2+<m+m>2&>.

1+l/1 N()

To prove achievability, we need to specify our coding
strategy. We simply extend the method used in [2]. The re-
sulting coding strategy is similar to the one proposed in [13],
although our method for generating it is recursive and it builds
directly on the coding strategy used in [2]. This is unlike [13],
where the coding strategy is specified directly. The resulting
coding strategy can also be thought of as a multiple-layered
block-Markov coding approach where transmitter & uses K — k
layers of block-Markov coding for data transmission.

Achievability: For the induction step of the proof of achiev-
ability, assume that the theorem holds for K —1 relays. Fix some
appropriate choice of o; ;’s. Let Cir 1 (@) be the rate achievable
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in this channel and with this choice of «; ;’s and assume that
this rate is achievable using a codebook such that the output of
transmitter k is given by a random variable X}, ~ N (0, 3 Pp).

Now consider adding another relay at the end of the last stage.
One way to do this is to turn the final receiver into a relay and
add a new receiver after this relay. Thus, we can think of this
operation as simply adding a new transmitter (indexed K') and
a new receiver (indexed K).

Let W = {1,2,...,2"%} be the set of messages to be trans-
mitted. Let Sx = {Sk.1,SK 2, ..., Sk 2nnx } be a partition of
W generated in a uniform and random fashion independently
from everything else. Define a random codebook X g (sx ) i.i.d.
~ N, (0, ax kP), sk € {1,..., 2nfixlwhere we note that
ax kg = Pk. For transmission block 4, s ; is chosen so that
sk, = j where w;_ g € Sk ;. Now for 0 < k < K — 1 define

Xp=1- Olk,K)?k +

where oy, k is the proportion of the power that transmitter k
allocated to the newly added receiver K.

In [2], it was necessary to assume that at the start of transmis-
sion block ¢ the relay (receiver) has successsrully decoded mes-
sages wq, . . . , w;—1. Extending this assumption, we assume that
at the start of transmission block 7, the receiver k has successs-
rully decoded messages w1, ..., w;—;. In particular, at trans-
mission block %, all receivers up to and including receiver K — 1
know w;_ g . This assumption should be thought of as part of the
induction hypothesis. Alternatively, one may also assume that
receivers rely on other decoding techniques, e.g., the backward
decoding of [14] to achieve reliable communication through this
instance of time.

Thus, receivers 1 through K — 1 can successsrully remove
the contribution from X to the received signal. Thus, the rate
Cx_1(@) as defined by (24) and (25) is achievable from the
point of view of communicating to receivers 1 through K — 1.
We note that by adding nonzero «; x’s we reduced Cx_1(&)
since Zf:l «; ; is reduced from f; to §; — a; k.

Suppose now that, under the assumption that reliable commu-
nication is achieved to receivers 1 through K — 1, it is possible
to communicate to receiver K at a rate R x (&) as defined by
(24). We then note that because the same information is being
communicated to all the receivers, the rate

min(Cr_1(@), R (a)) = lgii<nK Re(@)

ok K

XK
OK K

is achievable since we can communicate reliably at this rate to
all the receivers. Finally, taking a supremum over the choices of
o ;’s we obtain the desired capacity rate.

It remains to show that, assuming that reliable communica-
tion to all other receivers is attained, it is indeed possible to com-
municate to receiver K at a rate R (@). To do this, we examine
Yk, the received signal at the ultimate receiver, receiver K. It
follows from our recursive codebook construction that

K K k
Y= Znt+Poy, (Z \/—ai,k> Us QD)
k=0 k=0 \1=0

where Uy, ~ N (0,1) and Uy ’s are independent from each other
and from Zj’s. Specifically, U, 1 < k < K represents the
codebook used to encode the random variable Sj where the s, ;
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(the realization of Sy, at transmission block 7) carries informa-
tion regarding which set in the partition Sy of ¥V the message
w;_r, belonged to. Uy represents the encoding of W—i.e., the
messages themselves. Note that we can now clearly identify the
meaning of «, ;: it is the power applied to U; at transmitter k.

We now proceed analogously to [2], [5], and [13]. We use
successive interference cancellation to obtain and decode infor-
mation carried by Uy, ’s starting from Ug and proceeding in the
order of descending subscript. Then, the information carried by
Uy, can be reliably received by receiver K if its rate is not greater
than

Fo (Ek Vi k)2
Ru@) =cC v
K k—1 ]
Y=o Nk + P00, ( i=0

2
67 j)
(28)
Thus, the message received by receiver K at transmission
block i carries independent information regarding w; _, atarate
no greater than Rj. Thus, at transmission block ¢ the informa-
tion available about the message w;_ is equal to

3" Ri(@) = Ric(@)

as required.

After B transmission blocks, we can therefore achieve a rate
of R (&) B5E thatapproaches R i () as B — oc. This shows
that under the assumption that reliable communication to re-
ceivers 0 through K — 1 is achieved, we can achieve reliable
communication to receiver K at a rate R -; and this completes
the proof of the achievability part of the theorem.

Converse: We begin by defining

I =1 (Xo, ooy Xi; Yie| Xpgr, .-+, X)) - (29)
Then from the cutset bound ([3, Ch. 14)]) and the degraded-
ness of the channel it follows that

Ck < (30)

min 7.
) 0Sk<K

Then we have

Var (Xo + -+ 4+ Xie| Xea1, ..., Xk
IkSEC’( ar (Xo + —I-k | Xkg1,- s A)) 31)
Zj:ONJ
SC(EVar(XO-I--:XﬂXkH,XK)>(32)
Zj:on

Thus, we need to show that there exists some choice of real
values {e; ;} defined for 0 < 7 < j < K and satisfying con-
straints (22) and (23) such that
EVQF(XO + - +Xk|Xk+17. P

ko 2
<Py, <Z\/—ai,j) . (33)
=0 \i=0

If we can show this for some appropriate set {c; ;}, then we
have found a set of {«; ;} such that

min 7 < Cx (@)
0<k<K

which would prove the converse.
To define an appropriate set {c; ;} we follow the approach
used in [2]. Specifically, we define

of 1
i & 7 EEA(XilXc).

XK)

(34)

(35)



REZNIK et al.: DEGRADED GAUSSIAN MULTIRELAY CHANNEL

The rest of the a’s will be defined implicitly based on our in-
duction argument; at this point, we only note that from (22) and
(23) these must satissry the constraint

— (EX}? — EE*(X;|XK)), 0<i<K-1.

Z ij =
(36)

Moreover, we note that in the case of a single-relay channel, the
definition in (35) reduces to the definition of (1 — «) in the proof
of the converse part of Theorem 1 in [2]; and the left-hand side
of (36) reduces to o in the proof of the converse part of Theorem
1 in [2]. Thus, we can indeed use the single-relay proof of [2]
as the initial step in an induction proof of the overall theorem.

For the inductive step, let us assume that the converse holds
for a (K — 1) relay channel. Thus, we assume that for every
choice of the transmitter output distribution and noise powers
there exists a choice of real values {@; ;} for0 < i < j < K—1
satisfying (35) and satisfying (36) for any choice of real values
Bj, 1 < 3 < K — 1 such that

EVar(Xg + --~+Xk|Xk+1,...,XK_1)

holds forall0 < £k < K — 1.

Now consider a K-relay channel. Define, as we did
throughout, 3; to be the power of relay ¢, normalized to
the transmitter power F.

First we show that (33) must hold for 0 < k£ < K — 1.
Our argument is constructed as follows. We fix {«; x }’s for all
0 < i < K. Conditioned on such a choice (i.e., conditioned on
X§k), we construct an equivalent K — 1 relay channel with the
following two properties:

* The set of {@; j}o<i<j<x—1 satisfying (22) and (23) in
the (K — 1)-relay channel we construct is in one-to-one
correspondence with the set of {a; j}o<i<j<rx—1 satis-
fying (36) in the original channel (conditioned on X ).

¢ Equation (37) holds for 0 < k¥ < K — 1 for the (K —
1)-relay channel we constructed if and only if (33) holds
for 0 < k < K — 1 for the original K -relay channel.

Having shown this, we conclude that (33) must hold for 0 <
k < K — 1, for otherwise we violate the induction hypothesis.

Let X; denote the output of transmitter 7 and Z; denote the
noise added at stage 4. Fix {a; x}, 0 < i < K. The rest of
the argument is essentially the following: conditioned on knowl-
edge of X i and having fixed the resources allocated to the trans-
mission of X x (these are the o; x’s) the first (K — 1) stages of
our K -relay channel are equivalent to a (K — 1)-relay channel
for which the converse holds by the induction hypothesis. Thus,
we may conclude that (37) holds for the K -relay channel with
the additional conditioning on X i added into the equations for
the (K —1)-relay channel. This gives us (33) for0 < k£ < K—1.
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Let )?i denote the output of transmitter ¢ and Z denote the
noise added at stage 7 in the (K — 1)-relay channel we are to
build. Set Z; ~ Z; forall 0 < 4 < K — 1. For the transmitter
outputs, set X; ~ (X; —E (X;|Xk)).! Thenfor0 << K —1

EX? = EX? +EEX(X;|Xk) — 2B (X:E(Xi| Xx)) (38)
but
E(X:E(X:|Xk)) =EE(X:E(Xi|Xg)|Xk) (39
=E(E(XilXk) E(Xi|Xk)) (40)
=EE%(X;|Xg). (41)
Thus,
_ K-1
EX]=EX] - EE’(Xi|Xk)=Po ¥ aij. (42)
j=i

Thus, once we have selected and fixed «; r’s forall 0 <4 <
K — 1 the remaining valid choices of {a; j} for 0 <3 < j <
K —1 are in one-to-one correspondence with every valid choice
of {a; j} for the (K —1)-relay channel, where the output power
of transmitter i is constrained not to exceed EX?2.

Let us now consider the quantity

E\/al’(j(:()—{— +Xk|Xk+1----~,)?K71)

for some 0 < k < K — 1. To simplify notation in the next few
lines, we define

Ay X+ X, (43)
and

def , &5 -
= (Xk+1,...,XK_1)

where we note explicitly that B depends on X . Then

B(Xx) (44)

Xot-+Xp = ZX E(Xi|Xk) = A—E(Ax|XK) (45)
and
Var (Xo + - - 4+ X | B(Xk))
= Var (Ak — E(Ak|XK)|B(XK)) (46)
= Var (Ak — /fk(XK”B(XK)) (47)
= Var (A4|B(Xk), Xk ) (48)

where A, (X ) denotes the conditional mean of A on X
Thus,

EVar()?O + - +Xk|5§;k+17-~-7551(—1)
:EVaI’(XO—|—---+Xk|Xk+1,...,XK_1,XK) 49)
=EVar(Xo + -+ Xi| Xpg1,- .., Xx-1, XK)  (50)

where the outer expectations are taken with respect to the collec-
tion of random variables that are conditioned upon in the inner
expectations (i.e., the variances).

Recall the induction hypothesis: for every choice of {a; ;}
(37) holds. From this and the above equation we can conclude

IWe note that in the expression of the form E (-| -) the expectation is always
with respect to the collection of the arguments to the left of the vertical bar and
the result is a function of the arguments to the right of the vertical bar.
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that for any fixed choice of {e; x} as given by (35) and any
choice of {e; ;} 0 < i < j < K — 1 satisfying (36) (33) holds
for0 < k< K —1.

We pause here to return to the definition of «; ;’s used in the
converse. We had previously only defined these explicitly for
7 = K in (35). The inductive proof presented above allows us to
understand what the definition would be for 7 < K. We simply
need to consider the j-relay subchannel and define «v; ; from that
channel analogously to (35). We can illustrate this by defining

of 1
a1 == P EE2(X;|Xp—1)

= Llep (X; — E(X3| Xk)| Xr_1).

2 619

As the value of j becomes lower, the nesting of conditional ex-
pectations as shown in (51) grows and this makes the explicit
definition of c; ; for all j more cumbersome.

To complete the proof of the converse it remains to show that

EVar(Xo+ -+ Xg) < P Z (Z m) (52)

where we note that the outer expectation is in this case redundant
since the variance is unconditional.
To show (52), take

def

X< Xo+ -+ Xg_1. (53)
Then, from (33) applied for £ = K — 1, we have
K-1 7 2
EVar (X|Xx) < Py <Z . /—aw> (54)
j=0
It therefore suffices to show that
K 2
Var (X + X) < EVar (X|Xg)+ Py <Z \ /—ai,K> . (55)
1=0
We then have
E(X 4+ Xg)? — EVar (X|Xg) (56)
= E(X?) +2E(XXg) +E (XZ)
— E(X?) 4+ EE*(X|Xk) (57)
=E (X%) +2E(Xk EX|Xg) + EEX(X|XK)  (58)
- 2 K
—E (XK n EX|XK) — EE? (Z X,L»|XK) (59)
1=0
K
= Z 2(X| X k)
= K
> E[(EXi|Xk)(EX;[Xk)] (60)
i=0,i<j

>

i=0,i<j

[(EX;|Xk)(EX;|XK)]

K
= POZO"L',K + 2
1=0

(61)
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Applying Cauchy—Schwartz and then Jensen’s inequalities to
each term of the second summation above we have (for each
term)

E[(E X;|Xk)(EX;[XK)]

< [E E2Xi|XK] [E, / E2Xj|XK} (62)
< VEEXX;| Xk EE2X;| XKk (63)
:PO«/ai,Kv/aj,K- (64)

Putting all of this together we have

E(X + XK)2 - EVar()?|XK)
<P Z i + 2P Z JaOirJaE (65
1=0,1<]
2
=P, <Z m) (66)
i=0
and (55) follows since Var (X + X ) < E(X + Xg)2

This completes the proof of the converse ]

We have now expressed the capacity of the multiple-relay de-
graded Gaussian channel as a max-min problem. Given a gen-
eral distribution of power between the transmitter and the re-
lays, the optimum in (26) may be very difficult to determine.
A general closed-form expression would certainly become too
unruly for more than a few relays. However, as we shall see
in Section IV, the problem of maximizing the power allocation
between relays under a total power constraint lends itself to a
simple iterative solution. Exploring this solution permits us to
illustrate the benefits inherent in exploiting the relays for com-
munication when these are available.

IV. OPTIMUM POWER ALLOCATION FOR MULTIPLE RELAYS

In this section, we consider the problem of optimum power al-
location between relays in the multiple-relay degraded channel.
We start with a K -relay degraded Gaussian channel. We wish
to determine (1, . .., Ok subject to

Pr
< _
“+ Bk 7
such that the capacity of the channel as given by (26) is maxi-
mized. In what follows, we fix Pr, the total power available to
all the transmitters, and vary the power of each transmitter, in-
cluding Py. We begin with the following theorem.

1+ 6+ (67)

Theorem 3 (Optimum Power Allocation): Consider a
K -relay degraded Gaussian channel with the power allocated
among the relays is such a way that the capacity of the overall
channel is optimized subject to (67). Then the optimum in (26)
is achieved by setting

Q=== Qg = Q. 0
We note that if
_ _ _ def
Qp,j = Q15 == Q55 = Q5
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then G = Z;{:k a; and, in particular, Zf:o aj = fy = 1.
Thus, if Theorem 3 holds, in order to find the optimum power
allocation scheme for a K -relay channel,’it suffices to determine
the values of «,...,ax subject to Z]If:o a; = 1. The values
of 1, ...,k are then determined directly by g = Z]K:k a;.
Additionally

Br > Br+1

aslongas ap > 0V 0 < k < K. As we shall see, this holds as
long as N, > 0V k.

Proof: The proof of Theorem 3 is an application of the
following principle. Let {2, } be a collection of M nonnegative
variables. Then the solution to the problem

M M
. 2 .
min x2 subject to T
Doy Fmsubjecttoy
or the solution to its dual

max Zle ., subject to Zle xfn < K5
istoset x,, = ¢, m = 1,..., M in such a way that the con-
straint is satissried with equality.

We proceed by induction. We proved the initial step for the
single-relay channel in Section II. Recall that we showed that
if the power is allocated optimally between the relay and the
transmitter, then we have 81 = 1 — a1 = @11 = @o.1.

For the induction step, assume that the theorem holds for
K — 1 relays. Let us use the coding scheme utilized in The-
orem 2 to achieve capacity. Consider adding one more relay
stage as the last relay. As we did in the proof of Theorem 2,
this requires transmitter ¢ to allocate o; x power for the trans-
mission of the codebook X g (the encoded S ). Let us assume
thatai,K =axg V0 <i< K.

Define

! max

Cr_i(ar) ™ Cr_1(a0).
x-1(ak) (o ax o CK 1(@)

This quantity is the achievable rate to receiver K — 1 and we
explicitly indicate that the minimum of rates achievable to all
the receivers up to K — 1 now depends on how much power
is allocated for the transmission of X . Recall that zx ; (the
realization of X at transmission block 7) depends on w;_f,
which is assumed known by receivers 0, ..., K — 1 at transmis-
sion block 2. Then, any power allocated for the transmission of
X is wasted as far as communication to receivers 0, ..., K —1
is concerned. For any fixed ax, we can view the optimization
problem defined in (68) as a (K — 1)-relay channel capacity
problem with total power Pr — (K + 1)aj. Thus, by induc-
tion assumption, the optimum in (68) is achieved when we set
aivj:ajngigK,VOSng—l.

The rate achievable for transmission of Xx is given by
R (ax) where Ry is defined by (24) and once again we
make the dependence on ax explicit.

The rate achievable using this scheme is then given by

(68)

CK = II(}’?{X min [CKfl(OlK), RK(OéK)] . (69)

Can we do better than this rate? In order to answer affir-
matively we must find a way to increase both Cx_1(ak) and
R (). Since we already chose the best ak, the only option
open to us is to violate the assumption that o;; x = ax V0 <
1 < K.
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Recall now that Rk = Zk 0 Rk with Rk defined by (28).
Among all the Rk s only R K depends on «; x’s. Using the ar-
gument presented at the beginning of this Broof we conclude
that the choice of a; x = ax maximizes Ry for a given total
power utilization. Alternatively, using the second part of the
statement we can conclude that the choice of a; xk = ax min-
imizes the power used to achieve a fixed }ABK. Thus, if we vi-
olate the condition that «; k = g, then either we reduce
]/%K, reducing R i in the process; or, if we keep RK constant,
we must reduce the total power available for transmission of

Since, by the inductive assumption, Cjc _1 is always achieved
using the optimal allocation of the available power (i.e., other
than that already allocated to X via a; k), reducing the
amount of this power must reduce Cg_;. We therefore con-
clude that we cannot find a way to do better than (69). This
completes the proof of the theorem. O

To derive an explicit expression for the capacity of a K -relay
channel as given by (24)-(26) we need to find a set {c; ;} such
that Ry = R1 = --- = Rx. While the problem is in general
very difficult, under the assumption of optimum power alloca-
tion we can use Theorem 3 to simplify it significantly. We begin
by rewriting (24) under the assumption that «;; ; = «;. This re-
sults in

E o, 9
o+ 1)y
Ry =C <POM) . (70)
ijo N;
Setting Ry, = Ryr_1 we get
E . k=1, .
Tjmoli #1005 TS+
k - k—
ijo N; Z lN
which yields
k4120 1 1
( k Lo :Z(J+1)2aj k-1 3
Zj:() N; j=0 Ej:O N; ijo N;
(72)
i G+ 17 -
k— k ’
= () (Seem)
(73)
Thus,
1 k—1
k= vk | 3 +1)%, (74)
(k+1) =

and one can easily check that if we set K = 1 we obtain the
solution obtained in Section II by direct solution of the single-
relay optimization problem. Additionally, we note that if N, >
0,v >0and ap, > O0forall0 < k < K.

To obtain an explicit solution for oy, we let

k
s & Z(J +1)%a;, for k> 0and so = ap.  (75)
§=0
Then from (74) we get
k
sk =(1+vk)sk—1 = H(1+Vj)- (76)

=1



3044

Expanding this recursion back to £ = 0 and substituting into
(74) we get
k—1

! (1+v;) LN )
=——v vilag = ——— —
RRNCENVERCE S S RSV
where the second equality follows since
k k
. N
H(l-{—yj): @_ (78)

No

=1
From (77), we can obtain an explicit expression for the op-
timal s in terms of the relative noise powers, this is simply

1 Ny,

=—— 79
U (e (719)

where the normalization factor ' is given by

K
Ny,
I'g = —_—. 80
K kZ:o e (50)
Using (79), we can now write
K
1 N;
= — —_— 81
B FK;(3+1)2 81
and
K K K
P 1 N; 1 N,

?T:FZZ(#]U?:F k:+k1' (82

0 K 12 =k J K20
By selecting «y, . .., ax such that the maximum in (26) is
achieved, we are ensuring that Ry = Ry = --- = Rg. Thus,

the capacity of the K -relay channel can be written simply as
Po
Cxk=Ro=C —
K 0 <a0 N0>

Pr
=C Jl(K,NO,...,NK)7> (83)
( Zi{:O Nk

where .J; (K, Ny, . .., Nk ) is the maximum SNR improvement
obtained by distributing a fixed amount of power over K relays.
From (82) and (83) this is given by

def Zi(fo N, k
Jl(K,N07. .. 7]VK) = ﬁ

k=0 E+1
Up to now we have taken the point of view of distributing
fixed total power among K relays. An alternative model, which
is applicable in many cases, is that of a fixed-power transmitter
and a number of other nodes that allocate a certain amount of
the power available to them to relay the message of interest. One
might think of this problem in terms of getting the most “bang”
for the power expenditure used for relaying. In this case, we

have

(84)

bPr = f[K]Py,  fl0]=1.

We note that if we fix K, then the problem is fundamentally
unchanged. The difference is that we would like to determine
the best possible f[K] for a given noise distribution. This can
be evaluated directly from (82) as

K

K N
FIK] = 1 Ny D k=0 B iT

i T K .
P imk+1 Zk:o(k]-:-f—]i)?

(85)

(86)
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In this case, it makes sense to write the resulting K -relay

capacity as
P
= (87)
> k=0 Nk

where Jo (K, Ny, ..., Ng) is maximum SNR improvement ob-
tained from using K relays and this is given by

CK =C <J2(KN07NK)

K
Jo(K, N, ..., Ng) & Z%}’f:—oi\vf"
k=0 (k+1)2

A third point of view on the optimum power allocation is the
optimum power allocation when the total available power varies
as some function p[K] of the total number of available relays.
However, given the number of relays, we are free to distribute
the power among the relays. Once again, given the number of
available relays, the total available power is fixed. Thus, the fun-
damental problem is the same and (82) applies.

In this case, both definitions of SNR improvement used above
make sense, that is, one may be interested in .J{—the improve-
ment obtained over pooling all the available power at the trans-
mitter. Alternatively, one may be interested in .J5—the improve-
ment obtained if only the transmitter, with power p[0] were
available for transmission. In this case, J; = J; and Jj is given
by

(88)

plK]
plo]

As an example, let us consider the channel where the noise
powers behave according to a power law, i.e., N, = No(k+1)7.
The case when the noise powers are constant is a special case of
this channel when v = 0. In this case, we note that

Jé(K7N07"'7NK):JI(K7N07"'7NK) (89)

K -
g 1 /
Jl(K7N07--.,NK) —M

= 90
S RTESTEE
Shco(k+ 1)
Jo(K, Ny, ..., Nyg) = k=" ) 91
>(K, No, K) SE b+ 12 oD
and
& — ZkKZO(k+ 1)’\/_1 (92)

Po 8 (k1)

We can also make the following observations about the power-
noise-law channel.

* If the total power is fixed, J; increases without bound as
long as v > —1. Moreover, if v > 0, the transmitter’s
power goes to 0 as K goes to infinity.

* For the special case when all the noise powers are equal,
J1 = O(log K') while J, = O(K). In fact, since [4]

X1 72
dm ) =%
k=1
the asymptotic slope of .Js is equal to W%

Before we leave this topic, we illustrate the SNR improve-
ment obtained from the optimal power distribution when all the
noise stages have equal powers. Fig. 2 shows J; as a function of
the number of relays and Fig. 3 shows Jo. From Fig. 3 it is clear
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SNR improvement J1 (dB)
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Fig. 2. SNR improvement ./; in decibels with equal noise powers.
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Fig. 3. SNR improvement ./, in decibels with equal noise powers.

that the improvement levels off at ”6—2 = 2.16 dB as the number
of relays increases.

V. WIDEBAND PERFORMANCE IN THE GAUSSIAN DEGRADED
RELAY CHANNEL

In a recent paper [12], Verdd demonstrated that when band-
width is not a free resource, second-order effects must be taken
into account when wideband performance of communication
systems is considered. Using these results it was shown [1] that
in the wideband regime time-division multiple access (TDMA)
is strictly suboptimal for both the multiple-access Gaussian
channel and the broadcast Gaussian channel. This is so despite

that fact that it does achieve the optimal &ml defined as
E SNR 1
_b . O.ge (93)
NO min T SNR0 C(SNR) C(0)

where C is the capacity of the channel as a function of SNR.
However, in the case of the degraded Gaussian relay channel,
TDM does not even achieve the same J}f,—g as the information
min
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theoretically optimal communication scheme. We illustrate this
using the single-relay channel. Define ) = def ~o to be the SNR
between the transmitter and the first relay stage While Q may
not always be the best measure of the SNR, it is sufficient for
our purposes since any reasonable measure of SNR should go
to 0 as @ goes to 0.

Then for the single-relay channel, the capacity as a function
of (Q is given by (6) as

€1 =C(a1@Q). (94)
Thus, limg_,0 C(Q) = «f, resulting in

Ey log, 2

= == 95

NO min Oq ( )

Turning now to TDM, we note that we can alternate between
two modes of communication: the transmitter can transmit di-
rectly to the receiver or the transmitter can transmit to the relay
which then relays the message to the receiver. In the second in-
stance, the transmitter and relay transmissions have to be time-
multiplexed as well. Let C4(Q) be the capacity function for di-
rect transmitter-to-receiver communication and C,.(Q)) be the
capacity function for communication using the relay. Then the
TDM capacity function is given by

Cron(@) = g, DC(Q) + (1~ NEQ) 96)
= max [Cd(Q),CT(Q)] . 97)

Thus, the optimal strategy is to either always use a relay or to
never use it. Which of the two options is to be chosen in a spe-
cific scenario depends on the values of 3; and v;. In order to
specify this more precisely, we need to examine the functions
C4 and C,. themselves.

Cg4 is the capacity function for point-to-point communication
without a relay, thus, it is given by

Cd(Q)=C<Q1+1V1>-

If we are using the relay to communicate, then we must time-
share the channel between the transmitter and the relay. Thus,
the capacity function in this case is given by

¢ (Q) = (uax min AC(Q). (1 =)

(98)

c(Q) 99

£
where we use the shorthand notation v = do f 1

The minimax point of (99) is achieved by an A* such that

AC(Q) = (1 = A")C(Q). (100)
Solving this we get
. C(rQ)
A = 101
C@Q)+C0Q) o
which gives us
@) - CQC0e) 1 10

= 1 T
CO+C0Q) g+ cta
Since both C; and C,. are monotonically increasing and con-
cave, (93) and (96) give us

F, TDM log. 9
=L Bt (103)
No min max [Cd(O)7 CT(O)]
Finding the derivatives in (103) we have
. 1 . 1
Cq4(0) =——C(0) = 104
a(0) 1+ © 1+ (109
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C(Q)C2(7Q) + vC(vQ)C2(Q)

€ (Q) = (105)
c@)+c (’YQ))
CQFR +CHO
=T L. e o 109
c@ T Ccha)
To find C,(0) we note that limg_o c(( Q)) = ~. Using this
fact we get
. 1+ 1
¢.(0) = T Y (107)
244+ 5 14+~ 1+ i
Thus,
. . 1
max [cd(O),cr(O)] - (108)
1+ v min (1, 8%)
We note that o is strictly greater than m as long
> By

as0 < v < ocoand 0 < v < o0. To see this, consider first
B1 > vy Then as we showed in Section II, o] = 1. Since
1+ min(l B ) > 1 the statement follows. Additionally note
that o} > 75~
the case when

as long as 31 > 0. Thus, it remains to consider

1
1 + 111
that is, when 1 < (3; < v;. Rewriting (17) for 1 we have

ey

max [c‘d(o%c'r(o)]

(109)
0‘1

Then
1 1 o
Vl < 1 = *
1+ 1+ =F o] +1
1

<ol (110)

In fact, since the optimal communication strategy for the relay
channel relies on coherent combining at the receiver, it is intu-
itive that any communication strategy that cannot provide this
would not be able to attain the optimal ﬁ—gmm. Moreover, the
more relays we can use, the more signals we have to coherently
combine at the receivers and thus the advantage of the optimal
scheme over TDM grows with the number of available relays.

VI. CONCLUSION

In this paper, we extended the capacity result for a single-
relay degraded Gaussian channel to a channel with multiple re-
lays. In doing so, we demonstrated that a previously obtained
achievable rate [13] for this channel is the capacity. We used
our inductive proof of the achievability of the capacity region to
determine the power allocation scheme that maximizes the ca-
pacity that results and showed that this is given by a particularly
simple expression in terms of the noise power.

We note, however, that the degraded channel model is not
generally the best model for real-life channels. A more accu-
rate model of real-world channels would have independent noise

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 50, NO. 12, DECEMBER 2004

sources at the input to the receiver and to each relay. Unfortu-
nately, the capacity of such a nondegraded channel has not been
solved even for a single-relay case. This is one of the several fun-
damental problems in network information theory that remains
unsolved. Our results provide only an achievable rate region for
a general relay channel.

Because of the degraded nature of the model considered, it
is also challenging to use it to account for several important
real-world phenomena, such as signal propagation properties
in nonlinearly arranged communication networks and fading.
Some attempts at this have been made in [13], however, much
more work remains to be done.

The results obtained in this paper, as well as the results of the
several other investigations (see, e.g., [6], [8]), do demonstrate
that there are potentially significant advantages to be gained
from using relays, provided that this is done is a way that makes
sense from an information-theoretic considerations. In partic-
ular, it appears to be critical to be able to combine several si-
multaneous transmissions. In this sense, any scheme utilizing
an orthogonal partition of the channel into subchannels is likely
to yield suboptimal results. Our results on TDM schemes in Sec-
tion IV support this assertion.
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