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Abstract — Adaptive models are developed to deal
with bi-directional modeling of unknown discrete sta-
tionary sources, which can be generally applied to sta-
tistical inference problems such as noncausal universal
discrete denoising that exploits bi-directional depen-
dencies. Efficient algorithms for constructing those
models are developed and implemented. Denoising
is a primary focus of the application of those mod-
els, and we compare their performance to that of the
DUDE algorithm [1] for universal discrete denoising.

I. INTRODUCTION

Bi-directional models are concerned with estimating the
marginal conditional distribution of the current symbol given
the rest of the data. To be concrete, we explain why bi-
directional models are needed from the denoising example.
Denoising is the procedure of recovering the uncoded input to
a channel with as high a fidelity as possible, by only observ-
ing the output of the channel. Universal discrete denoising [1],
deals with discrete input/output channels without knowledge
of the input distribution. In contrast to universal prediction
in a noisy environment [2-4] and universal (causal) discrete
filtering [5], the case when all observations are available to re-
cover the input symbol at any time instant is called noncausal
universal discrete denoising, which is the main application of
this paper. Noncausal denoising provides the main motivation
for bi-directional modeling of discrete sources.

Given any sequence (y:)r,<t<rL,, define ¥2 2 (Yo, Yat1,- -
), VL1 < a < Ly, L1 <b < Ly with the convention that
yb is the empty string e with length 0 if @ > b and y} is
abbreviated as y".

A stationary process X = (Xi)icz with finite alphabet
A={1,2,--- , M} goes through a discrete memoryless chan-
nel (DMC) with a channel transition probability matrix IT and
a noisy stationary output process Z = (Z:)rcz with alphabet
B=1{1,2,---,M'} is observed, where

M(a,b) £ P{Z; = b|X; = a},Vt € Z,a € AbeB.

A fixed loss function A : A x A — [0,00) such that A(a,a)
is the loss of estimating a € A by a in reconstruction alpha-
bet A £ {1,2,--- ,M}, is represented by an M x M matrix
A = {A(a,b)},;xr- A induces an average cumulative loss
= AX, X;) by giving X" as output of the denoiser, for
finite time observations Z™ and finite time input X". The
denoiser outputs an estimate X" of X™ with as high a fidelity
as possible, by only observing Z" and knowing the channel
matrix IT and the loss matrix A.

Under the assumption that the channel matrix has full row
rank, the input distribution is uniquely determined by the
output distribution and the channel matrix. This leads to the

following optimal Bayesian denoiser [1]:

Xn,opt(zn)m = arg r}’ggpgj|Z{7112?+1HT(HHT)_1[)‘55 O sy
1)

for a finite time sample path 2" of the output process Z,j =
1,2,--- ,n, where X"’Opt(z”) : B” — A" is the denoiser in a
vector form, X™°P*(2™)[j] = X; is its j-th component repre-
. €, 11" with b-th

senting the estimate of Xj, PZJ_‘ZJI'A’ZJ_+

component specified as
P{Z; =b|Z] " = 2", Z} 1 = 211}, Vb € B,

and Az is the Z-th column of A, Tz, is the z;-th column of IT,
and

A T d
u®v = (urvr, ugv2, -+ ,uqvq)” ,Vu,v € R%

In the universal case where input distribution is unknown,
the only unknown quantities in (1) are the bi-directional con-
ditional distributions sz‘2{7172?+1,j = 1,2,--- ,n. Thus,
through (1), universal discrete denoising (at least under the
full row rank condition) reduces to bi-directional modeling of
the output process based on the observation of a realization.
DUDE [1] uses P “1 sitm to approximate P

|20 31
Z.7‘Zj—m7 Zjl= S ES ]

for some fixed m € N* £ {1,2,3,---}, where PZ_‘zj—l Litm €
125 —mo®j41

[0, 1}M/ with b-th component specified as
P{Z; =b|Z]2), =27} 21" = 21T Vb e B
Furthermore DUDE [1] replaces all conditional distributions
P_  _i-1 _j+m by their corresponding empirical distributions.

Zj|25 2510
Approximating PZj‘z‘:yl'—lyz;q’l by PZj\zj::invzj:ﬂ" for some m is
not necessarily the best we can do. After all, Z; may depend
on different number of symbols for different j in an asymmet-
ric way, unlike the static symmetric context length used in
DUDE. Adaptive bi-directional models that incorporate this
feature are considered in this paper.

Sequential models estimate the sequential conditional prob-
abilities sz bi =1 from a realization z" for a stationary process

Z = (Zi)tez, where P, hi-1 € [0,1]™" with a-th component
271
specified as

P{Z;=alZ] " =b""}WVaeBb ' eB =12 ,n

They have been subject to extensive research, cf. [2,6-9] and
references therein. Various context tree methods are widely
used, also cf. [10]. In this paper, we extend the notion of
variable length Markov chain [7-9] to the bi-directional case
in a nontrivial way.

A more fundamental problem than denoising (with other
applications such as [11]) is the estimation of the marginal



conditional distribution of the input given the output [1]:

1

Pxj.p = Tz O [(HHT)AHPZj\zf*1

1 72?4-1]

(2)

where the right hand side of above equation can be esti-

mated via estimates of PZ_‘Zj—l _n  from a bi-directional
FAGSIRES |

P

Zj\2{71’2;+1 [Z]}

1

model for process Z, and P, | ;-1 _, [z;] is the z;-th com-
1 L EE)

e Note that (1) is derived from (2)

by Bayesian estimation [1]. While the known channel case
is solved in [1], the case of a binary symmetric channel with
unknown crossover probability is studied in [12,13] under a
minimax criterion. When the input process is a Markov chain,
an alternative to compute the marginal conditional input dis-
tribution given the output via (2) is backward-forward dy-
namic programming. Hidden Markov modeling tools [14, 15]
are popular in order to estimate both the channel and the in-
put Markov chain transition probability matrix when they are
unknown. As in [1], this paper assumes a known DMC and
an unknown input process.

ponent of P

Another reference related to this paper is [16], where an op-
timal tree under a given cost criterion is found. By estimating
the unknown true denoising performance, context trees are
constructed to minimize the estimated cost criterion.

II. ADAPTIVE BI-DIRECTIONAL MODELS FOR
DISCRETE STATIONARY SOURCES

An adaptive bi-directional model for the B-valued station-
ary source Z = (Z)tez is defined as a collection of estimators
for conditional distributions®

P{Z; =a|lZ{"" =b]"", Z} 11 = b} }

from any given realization z" of process Z, Vn € N*,j =
1,2,--,n,a € By~ € BP0, € B/, An adaptive
sequential model can be defined analogously by considering
sequential conditional distribution estimators.

II.A VARIABLE LENGTH MARKOV CHAINS

A powerful sequential model for discrete stationary sources,
the so-called variable length Markov chain, has been devel-
oped in [6-9]. The main idea is to model the discrete station-
ary source Z = (Zt)tez as a Markov process with order that
depends on the history of the realization:

P{Zj=alZ{" =0} =P{Z; =alZ]"; =02 3 (3)

for any a € B,b)" € B! and some ky,, = k.n (b ') <j—1
estimated from a realization z",Vn € N* 5 = 1,2,--- ,n.
The estimation of k. (b}~ ') is accomplished by a context
tree model [7,9], whose construction (taking a cue from [6])
requires the divergence of conditional distribution estimates
from all leaf nodes with respect to that of their father nodes
to be larger than some pre-selected parameter. This algorithm
has been implemented in [8] with time complexity O(nlogn).

II.B Two ADAPTIVE BI-DIRECTIONAL MODELS
BASED ON ADAPTIVE SEQUENTIAL MODELS

INote the difference between arbitrary a, b{_l,b" and the

. L . . Jt+1
available realization z" for estimation.

In this section we describe two methods for constructing
bi-directional models by amalgamating sequential models run-
ning forwards and backwards.

1) Backward-Forward Product (BFP): An extremely simple
way to estimate P{Z; = a|Z]"' = b]"",Z, = b4} from
the sequential conditional probabilities is?:

P{Zj =a|lZ{™" =b]7", 2}y = bja}
B{Z; = a|Z{7' = 0]} x B{Z; = a|Z}1 = b} 11} (4)

for any a € B,b]"' € BTLor, € B 5 = 1,2,-- ,n,
where o means ”proportional to”, and P stands for the es-
timated probability law. Once equipped with any sequential
model (e.g. the one mentioned in Section II.A), the first term
in the right hand side of (4) can be estimated from data z",
and the second term can be estimated from reversed-order
data z" £ (#zn—it1)i=1- (4) can then be used in specifying
a corresponding bi-directional model. This ad-hoc approxi-
mation obviously has the merit that it is straightforward to
implement once we have a computationally efficient sequential
model.

2) Generalized Markov (GM) Scheme: We make the as-
sumption that I3m € N* 2m < n such that given any ij::;‘,
the past and the future are conditionally independent, that
is, Z{ ~m™=1 and Zim+1 are conditionally independent given
Zj+m

j—m>

a € B, b]fl € ijl,b;@l € B"7, it is easy to show that:

Vm+1<j7<n—m. Under that assumption, for any

P{Z;j = alZ{"" ="', Z}1 = b1}
P25 = a2 = b
P{ZIt = b1, abl i}

XP{Z]E 0 = b1 abl | 2] g1 = b g } (5)

and summing (5) over all a € B gives us the reciprocal
F(B]71, b7 1) of the normalizing constant that does not de-
pend on a.

From a realization z", DUDE [1] gives estimates for

and furthermore we only use (5) when b;:,lnabji;" actually has
appeared in the sequence 2", otherwise we let the estimate for
P{Z; = a|Z]7" =b]"", Z",; = b1} be 0, since the true value
is indeed 0 if P{Z7*7" = b/} abl1]"} = 0. By the definition
of conditional probabilities, we have:

jt+m _ 35—1 J+m|rj—m—1 __ 3j—m—1y __
P{Zj—m = bj—mabj+1 |Z{ =b =

P{Z; =alZ]{"" =b] " }P{Zj41 =b;11|Z] = b] a}

j+m _ . _
x "I P{Z =b|Z{" = b "ably)
t=j+2

j—1
< M P(Ze=blZi =6y ()

t=j—m
and:

jtm _ pi—1 _pitm| _n _
P{Z; 55 = b nabi (1| 27 i = bjmsn ) =

P{Zj-1 = bj1|Z} = abj 1 }P{Z; = alZ}'11 = by}

i=2 " 1 on
x TI P{Z; = b|Z = bl ab} .}

t=j—m

x 11 P{Z; =b|Z¢y1 = bi'a} (8)

t=j+1

2In many applications (e.g. universal discrete denoising) unnor-
malized conditional marginals are sufficient.



Note terms in (7) can be estimated by a sequential model (e.g.
the one mentioned in Section II.A) for data z", and terms in
(8) can be estimated by a sequential model for reversed-order
data 2z £ (zn—j41)j=1. Plugging estimates for (6), (7) and
(8) into (5) for m+ 1 < j < n — m, and assigning arbitrary
values to the conditional probabilities for other values of j,
we can get a bi-directional model under the above additional
assumption.

II.C THE ADAPTIVE BI-DIRECTIONAL CONTEXT
TrEE (BCT)

Equation (3) inspires us to construct bi-directional mod-
els directly instead of only constructing bi-directional models
from sequential models. In addition to increased computa-
tional complexity, when we consider bi-directional contexts
we have to cope with their non-uniqueness.

1) Contexts: Let Z = (Zi)iez be a stationary process
with finite alphabet B. For a segment Z", a pair of strings
(bﬁ:i,bgﬁ) for some integers 5,t: 0<s<j—1,0<t<n—j
is called a context of (67", b)) € BT x BMf

VaeB, P{Z;=a|lZ]_, =b_.,Z1 = b1}
=P{Z;=alZ]{"" =t 2} = b)) (9)

with the minimality property that for any s’ < s, ¢’ <t,s' +
' <s+t,
j— j—1 i+t -+t
P{Z; = a2} ==L, 20t = ity

#P{Z; =a|lZ{"" =b]"", 2} = b4} (10)

If s =j—1,t = n— j, or equivalently s + ¢t = n — 1, the
context is trivial. Let S.(bJ~',b7;) be the context set for
(b{_l,b?+1), namely the set of all contexts for (b{_l, 1)
Note that | S, (b] ", b7, )| is usually larger than 1, in contrast
with the sequential model [7,9] where a unique (minimal) con-
text is identified for the same historical data b7 .

2) Context Trees: For a segment Z" of a stationary process
Z,let BY £ {e} be the set consisting of only the empty string,
we define

T (b1, b41)

j—1 n—j
{(u,v):ue UBt,ve U Bt
=0 =0

such that 3 (z,y) € Sn(b) 7", b714),

P jger = wt = v} (11)

That is, Tn(b{_l, 711) is the set of bi-directional substrings
of contexts in S, (b] ', b7, ,) which include only most recent
past and future data.

The context tree is defined as the set:

e U

(67 pn )eBI—1 x BRI

To(b] ", b 1) (12)

with a tree structure, in which a node corresponds to a pair
of strings (u,v) and vice versa. This correspondence is as fol-
lows: the root corresponds to (e,e), and all branches orig-
inating from a node are labelled by a pair of symbols in
B U B°, but not both in B°. If a node is obtained by trav-
elling a path from root (e,e) consisting of branches labelled
by (z1,v1),(x2,92), ", (Zm,ym) (in that order) for some
i,y € BUB® 4 =1,2,---,m, then this node corresponds

to the pair of strings (ZmTm—1 -+ T2Z1, Y12 * - - Ym) by juxta-
positions. Conversely, for any pair of strings (u, v), if |u| = |v|,
then it corresponds to the node obtained by travelling the path

(Ujups v1)s (Upu|—1,v2), -+ 5 (U1, V)y|) from root; if |u| < |v|, then
the path is (u|u|7 U1)7 (u\u|717v2)7 Tty (ulyv\u\)’ (ev ’U|u\+1)7
(€, Vjuj+2), " - - (€,vv|); similarly for the case |u| > |v|.

3) Estimation of the Context Sets from z": We want (9)
to hold approximately for general discrete stationary process
Z with an estimate of the context set Sy (bl ', 711) for any
(1,07 ). We use S.n (b]7",0714) to denote the estimated
context set from 2", which can be obtained by an efficient al-
gorithm (see Section III.B for details). The estimated context
tree corresponding to those estimated context sets is denoted
by 7n(2").

4) Two Constraints for an Estimated Context Tree: The
first constraint is the consecutive constraint, which is implicit
in the definition of contexts, and it is better made explicit.
In addition, this consecutive constraint applies to estimated
context trees as well as context trees. For a context (w,v)
we have w = bg:i,v = bjfi for some b{fl,bgﬁrl,s,t, i.e. only
symbols in consecutive time instants are allowed to exist in
either side of a context. In the construction of such a tree,
this implicit constraint induces the following for node (w,v)
(recall that e is the empty string with length |e| = 0):

e |w| = |v|: Three possible kinds of child nodes with forms
(aw, vb), (aw,ve) or (ew,vd) for some a,b € B.

e |w| < |v]: One possible kind of child node of the form
(ew, vd) for some b € B.

e |w| > |v|: One possible kind of child node of the form
(aw,ve) for some a € B.

This tree structure makes our bi-directional context tree a
nontrivial extension of [7,9] in terms of data structure.

To achieve a good performance/complexity tradeoff we
place a constraint N on the maximal tree depth (or the max-
imal single-side context length). In the worst case we have
O((M")?N) nodes in an estimated context tree, which is a
constant not depending on data length n, and we thus have
linear complexity in both time and space.

5) Empirical Distributions from a Realization z™: We de-
fine B* £ |J B" and

neN*

Jul—|w|+1 |ul
Na@)2 Y 1w ,YueB we | JB (13)

t=1 ¢ t=1

- Ny (wav)
P, £ 14
(alw,v) S N, (wbv) (14)
beB
ul—1

\
for all u € B*,a € B,w,v € | B'U{0},|w| + |v] + 1 < |ul,
t=1
and (14) is an estimate for
P{Z; = a|Z]2}, =w,Z7{" = v}

for any |w| +1<j <n—|v|if u= 2", since Z is stationary.

6) Estimators for Conditional Distributions from a Real-
1zation z": For any (b{_l,b?+1), equipped with the context
sets S.n (b{fl,b?_,_l) estimated from a realization 2" (the es-
timation algorithm is discussed in Section II1.B), let (w,v)
be any element in S.» . 711).  Then by definition of
S (6], b74 1) in (9), we know (14) becomes the estimate

Pon (alw,v) = ]F{Z]' = a|Z{71 = bfl’ Z;‘LH = b?+1} (15)



for all (w,v) € Sun (b, b711). Note that the multiplicity of
valid choices for (w,v) in (15) does not arise in the sequential
model [7,9]. To resolve the ambiguity in finding a context for
given bi-directional data (6", b711), an exponential weight-
ing scheme is used. To motivate this scheme, we notice the
similarity of our problem with that of estimating an unknown
distribution P from a collection of distributions (P;)%_; on a
finite alphabet B. A natural method is to minimize the diver-
gence between the mixture of (P;)¥_; and P. An optimization
problem can be formulated as:

k
minimize D(Z a; B||P)
i=1

k
=1, 020 i=12--,k

=1

subject to

Here we refer to [17] for terminology and corresponding re-
sults. It is obvious that this problem is a convex optimization
problem because of the convexity of divergence. Now we pro-
ceed as if P were known to get some idea of how to choose
the weighting factors. Since Slater’s condition holds we know
strong duality holds, and Karush-Kuhn-Tucker conditions are
sufficient and necessary for a = (ai)le to solve the above
optimization problem. Assuming

Pi(1) Pi(2) Py (M)

Po(1)  Pa(2) Po(M")
re| . .

P(l) Pi(2) Pu(M')

is a matrix with full column rank, it can be shown that one
of the Karush-Kuhn-Tucker conditions is:

Z Pi(c)ai = P(c) exp([(T"T) 7T (v — (u+ 1) Lexa)]e) (16)

for any ¢ € B, and v € R%, u € R are dual variables, 15x; 2
(1,1,---,1)T € R*, []. represents the c-th component of the
vector inside the brackets. Let p € Rf/ such that its c-th
component is p[c] = P(c) exp([(PTT) 7' (v — (4 1)1k x1)]e),
then (16) is equivalent to I'"av = p, and one solution is

a=0T"T)""p (17)
Though P is not known and thus neither is p, and the optimal
weights (a;)¥_; can not be obtained from (17), the insight we
get from this formulation is that the optimal weights can be
viewed as linear combinations of exponential functions whose
exponents are linear combinations of optimal dual variables.
Regard those optimal exponents as simple linear combinations
of context lengths Ly = |w|+ [v],¥ (w,v) € S.n(bI 71, 1)
Then for any a € B,j = 1,2,--- ,n and some pre-specified
constant 3 > 0, our estimator is defined as:

P{Z;=alZ{"" =b]"", 2}y = b1} =

eBla,y

> oo (B 050) Pan (alw,0)  (18)
(w)€8,m (b] 7167, )
where
ji—1 1n A eﬁlw'v
Qu,w (b, i) = 5 (19)

L=
(@.y)€8:2n (B 107, 1)

Fig. 1: A Context Tree

for any (w,v) € Sun(bJ~',b%,,). In practice, the number of
terms |S.n (63,07, 1)| in the sums of (18) and (19) is not
large, i.e., the number of contexts (and then their correspond-
ing nodes) that fit the bi-directional data (b ', 1) is small.

7) An Example of Context Trees: Figure 1 is the estimated
context tree for a binary stationary process from its 15-bit
realization 011100110011110. Its rightmost node is the root,
and the leaf node following the path (1,0),(1,1) from root
corresponds to the context (11,01), which is one of the esti-
mated contexts for (01110011,011110), where the underlines
denote the corresponding context for given bi-directional data.
Besides, the internal node following the path (e, 0) from root
corresponds to the context (e, 0), which is one of the estimated
contexts for (0111001100111, 0).

III. ALGORITHMS FOR CONSTRUCTING THE ADAPTIVE
BI1-DIRECTIONAL MODELS

III.A BI-DIRECTIONAL MODELS BASED ON
SEQUENTIAL MODELS

We make use of the construction algorithm for previously
mentioned adaptive sequential model [6-9] in Section II.A, and
apply it to the construction of the two adaptive bi-directional
models BFP and GM in Sections II.B-1 and II.B-2, respec-
tively. (4) and (5) are used in those two models for transform-
ing a sequential model to a bi-directional model. In fact, any
sequential model can be applied in BFP and GM, but to be
explicit and concrete, we use the sequential model construc-
tion algorithm [6-9] mentioned in Section II.A to construct
them.

III.B BCT

The central issue for constructing the adaptive bi-
directional model BCT (cf. Section II.C) is to estimate the
context sets from a realization 2" of a stationary process
Z = (Z;)tez. Asin [6], the main idea is to keep certain level of
dissimilarity (measured by divergence) between bi-directional
conditional distribution estimates from leaf nodes and from
their father nodes.

1) Step 1: Given B-valued data 2", construct a tree
from 2™ by including all possible bi-directional contexts with
single-side context lengths not exceeding N. We store counts
Nzn(wav),V a € B and their total count ). N.»(wav) in each

a€B
node (w,v). Let this tree be 7(0)(z").



2) Step 2: Examine every leaf node in 7 (0)(z") as follows.
Select any leaf node (w,v) in 7(0)(z"), where the order of
selection here is irrelevant, prune this node if:

A, (z") < Kn (20)
for some pruning parameter K, > 0, where
A, (") £ D(Pon (-|w, 0)|| Pon (-|w’, 0"))
x> Nan(wav) (21)

a€B

where (w’,v’) is the father node of (w,v) and it has at most
three child nodes by construction. After examining each leaf
node in 7 (0)(2") by the above method, we should get another
context tree 7 (1)(z"), which is a subtree of 7(0)(z").

3) Step 3: Repeat Step 2, starting from 7 (¢)(z") to 7 (i +
1)(2™),i > 1 in the same way as Step 2 does, until no more
pruning is possible. This tree is our 7,(z"), the estimated
context tree from data z".

4) Step 4: Equipped with the estimated context tree
7n(2™), we are ready to specify the estimated context sets
Son (b1, " 1). Let (zs,y:)i—; be the k = |#,(2")| nodes in
7n(z"). For any j = 1,2,--- ,n and any bjl;1 S Bj_l,b?_‘_l S
B, let S.n(b]7',b%,) be those (zi,9:),i € {1,2,---,k}
such that

J 2>z +1, J<n—lyil (22)
RN E N A (23)

and no other node in the subtree rooted at (x;,y;) satisfies
those conditions (22) and (23). If no such (z;,y;) exists for
(b7 b)), we let Son (b1, b7y) = {(b]7", b)), which
only consists of a trivial context. '

5) Step 5: For any a € B,j = .1,2,---‘,n,b]1_1 €
BT, € B"TI, estimate P{Z; = a|Z{ ' = b7, 21", =
71} by (18) with context function specified in Step 4 and
weights specified in (19).

IV. AN EXPERIMENTAL STUDY OF DENOISING VIA
ADAPTIVE BI-DIRECTIONAL MODELS

We now turn our attention to a concrete application of
adaptive bi-directional modeling, namely noncausal universal
discrete denoising. We compare the four bi-directional mod-
els: a) static symmetric contexts (as in DUDE [1]); b) BFP
(cf. Section II.B-1); ¢) GM (cf. Section I1.B-2) and d) BCT
(cf. Section II.C) by using them in the Bayesian optimal non-
causal denoiser (1). We let A(a,b) = 1oz, Va,b e A =8B =
A={1,2---,M},M = M’ = M. We compare the per-
formances of universal discrete denoisers induced from those
bi-directional models, with no knowledge of the channel input
distribution. When the distribution of underlying input to
the channel is well-defined and known, the Bayesian optimal
denoising performance can be achieved by plugging true con-
ditional distributions into (1). This optimal Bayesian method
is denoted by BFDP since it is implemented via the backward-
forward dynamic programming algorithm.

Various parameters need to be adjusted accordingly to
adapt to real data. DUDE needs to choose the context length
m [1]; BFP and GM have a pruning parameter to construct
the (uni-directional) context tree [9]; In addition, GM has the
parameter m that determines the size of the ”present”, cf.
(5); BCT has a pruning parameter K, (cf. (20)), an expo-
nent constant 3 (cf. (19)) and a maximal tree depth N (cf.

6 =0.01
P DUDE BFP GM BCT BFDP
0.01 0.0007 | 0.0007 | 0.0007 | 0.0007 | 0.0007
0.05 0.0046 0.0045 | 0.0043 | 0.0043 | 0.0043
0.10 0.0100 0.0116 | 0.0100 | 0.0100 | 0.0100
0.15 0.0100 0.0100 | 0.0100 | 0.0100 | 0.0100
0.20 0.0100 0.0100 | 0.0100 | 0.0100 | 0.0100

Tab. 1: BSC(4) and First-Order Markov Source(p)

6 =0.10
p DUDE BFP GM BCT BFDP
0.01 0.0070 0.0063 | 0.0066 | 0.0065 | 0.0058
0.05 0.0306 0.0303 | 0.0301 | 0.0302 | 0.0298
0.10 0.0566 0.0562 | 0.0567 | 0.0561 | 0.0559
0.15 0.0799 0.0758 | 0.0752 | 0.0750 | 0.0750
0.20 0.0924 | 0.0934 | 0.0924 | 0.0924 | 0.0924

Tab. 2: BSC(9) and First-Order Markov Source(p)

Section II.C-4). The maximal tree depth N can be chosen
rather arbitrarily, and longer depths do not necessarily lead
to better performances. Since underlying true input sequence
to the channel is unknown, in practice it is impossible to
choose parameters according to the true loss function induced
by a denoiser under given parameters. Instead, the so-called
Lempel-Ziv heuristic [1] can be used to tune the parameters.
The Lempel-Ziv heuristic says that the optimal parameters
are achieved when the denoiser outputs a sequence that has
the least length after Lempel-Ziv type universal lossless com-
pression. In the experiments, the performances of Lempel-Ziv
heuristic based denoisers and genie-aided denoisers that utilize
the knowledge of true loss are very close, strongly supporting
the use of the Lempel-Ziv heurisic.

IV.A BINARY MARKOV SOURCE AND BINARY
SYMMETRIC CHANNEL (BSC)

This experiment belongs to the stochastic setting, and
Bayesian optimal denoiser can be exactly implemented via
BFDP. The source is binary Markov with transition probabil-
ity p, and the channel is a BSC with crossover probability 9.
We also let M = 2,n = 10°, and obviously the bit error rate
before denoising is . Table 1, Table 2, and Table 3 display the
bit error rates after denoising for different (p,d) and different
models.

IV.B ENGLISH TEXT CORRECTION

In this individual sequence setting, an English text goes
through a DMC called the keyboard channel, which mimics a

6 =0.20
P DUDE BFP GM BCT BFDP
0.01 0.0333 0.0219 | 0.0233 | 0.0245 | 0.0160
0.05 0.0776 0.0739 | 0.0739 | 0.0741 0.0713
0.10 0.1217 | 0.1203 | 0.1203 | 0.1203 | 0.1192
0.15 0.1542 0.1538 | 0.1541 | 0.1539 | 0.1535
0.20 0.1796 0.1766 | 0.1765 | 0.1763 | 0.1762

Tab. 3: BSC(4) and First-Order Markov Source(p)



No. DUDE BFP GM BCT
1 0.022479 | 0.0137131 | 0.0112764 | 0.0170538
2 0.022492 | 0.0128292 | 0.0111544 | 0.0171619
3 0.022555 | 0.0142284 | 0.0119915 | 0.0194086
4 0.024042 | 0.0159728 | 0.0129864 | 0.0208239
5 0.021544 | 0.0138857 | 0.0111848 | 0.0176427
6 0.022778 | 0.0134215 | 0.0107607 | 0.0177708
7 0.024225 | 0.0161501 | 0.0133945 | 0.0214963
8 0.021034 | 0.0127723 | 0.0100843 | 0.0169560
9 0.023044 | 0.0136409 | 0.0113392 | 0.0179127
10 0.021422 | 0.0128954 | 0.0105986 | 0.0169460
11 0.024341 | 0.0169152 | 0.0137873 | 0.0212502
12 0.022794 | 0.0132631 | 0.0100639 | 0.0180168
13 0.024074 | 0.0141297 | 0.0112091 | 0.0193032
14 0.022882 | 0.0134861 | 0.0109549 | 0.0191298
15 0.023871 | 0.0168967 | 0.0146290 | 0.0213615

Tab. 4: Keyboard Channel and English Texts

typist’s most possible errors. Here M = 128, and the channel
transition probability matrix II is identical to the one in [1],
which corrupts letters with probability 0.05. Fifteen novels
have been tried (using data from Project Gutenberg: http:
//www.gutenberg.org/):

e 1. Don Quixote

e 2. David Copperfield

e 3. Great Expectations

e 4. Jane Eyre

e 5. Les Miserables

e 6. Little Dorrit

e 7. Notre-Dame de Paris

e 8. The Count of Monte Cristo

e 9. The Life and Adventures of Nicholas Nickleby
e 10. Household Tales by Brothers Grimm

e 11. Micah Clarke

e 12. The Arabian Nights Entertainments - Volume 01
e 13. The Great Boer War

e 14. The Moonstone

e 15. The White Company

The fifteen novels are of varying sizes, ranging from about
8 x 10° bytes to about 3.3 x 10° bytes. Table 4 shows the error
rates after denoising for Lempel-Ziv heuristic based denoisers
under different models in the English text case. For the novel
No.1 (Don Quizote), the work [16] has an error rate about
0.01655 after denoising, which is comparable to our BCT, but
worse than BFP and GM.

IV.C DIsScUSSION ON EXPERIMENTS FOR DENOISING

The three bi-directional models BFP, GM and BCT are
tested via their application in noncausal universal discrete de-
noising, previous two of which are induced from sequential
models, and the remaining one of which is a directly con-
structed bi-directional model. They perform generally better
than DUDE, and they have comparable performances in the

binary Markov source and BSC case. Occasionally BFP per-
forms worse than DUDE for the binary Markov source and
BSC, but in general all the proposed models show a slight
improvement in that experiment. Much bigger improvements
over DUDE are observed in the case of corrupted English text.
From the experiments we can see that none of the three pro-
posed methods is uniformly the best. Using a Lempel-Ziv
heuristic it is usually possible to choose the best modeler for
each particular application.
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