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The Impact of Frequency-Flat Fading on the Spectral
Efficiency of CDMA
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Abstract—The capacity of the randomly spread synchronous Spectral Efficiency
code-division multiple-access (CDMA) channel subject to fre- S stz
qguency-flat fading is studied in the wide-band limit of large No Spreading
number of users. We find the spectral efficiency as a function of 5}
the number of users per chip, the distribution of the flat fading,
and the signal-to-noise ratio (SNR), for the optimum receiver as 4|
well as linear receivers (single-user matched filter, decorrelator,
and minimum mean-square errror (MMSE)). The potential im- 3}
provements due to both decentralized transmitter power control
and multiantenna receivers are also analyzed. 2t
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l. INTRODUCTION Fig. 1. Spectral efficiencies fo% = 10 dB without fading.

ECENT results on the asymptotic distribution of the

singular values of certain random matrices have enabl Seectral ffficiency
the study of the asymptotic limits of randomly-spread code-c 4}
vision multiple-access (CDMA) channels [1]-[3]. In those¢
multiple-access channels, signature waveforms are assig
randomly and independently to the users. The analysis appl
to both pseudonoise sequences spanning many symbol per
as well as randomly selected signature waveforms that rem 27
fixed from symbol to symbol as in the basic CDMA mode
[4]. Since it depends on the correlations between the signat 7
waveforms, the capacity of the randomly spread basic CDV
channel model is random. However, as the number of us %
grows, the capacity converges to a deterministic limit. e 2.5 5 7.5 10 125 15

In [1] we analyzed the total capacity (rate-sum) per chi E/N, (dB)

or spectral efficiency in bits per second per hertz (b/s/Hz), ot
the randomly spread synchronous CDMA channel when all thig. 2. Large& spectral efficiencies with optimurfi /N without fading.
users are received with identical powers in the presence of addi-

tive white Gaussian noise. In that simple model, the spectral §fhere and:V are the number of users and the spreading factor
ficiency is a function of the energy-per-bit relative to one-sideghuymber of chips per symbol), respectively. The major findings
noise spectral Ieve% and the number of users per chip denotegk [1] are illustrated in Figs. 1 and2.

by

Decorrelator

Matched Filter

 For low 3, linear multiuser detectors (such as the decor-

relator and the minimum mean-square error (MMSE) [4])

@) achieve near-optimum spectral efficiency. Otherwise, im-
portant gains in efficiency can be realized by nonlinear
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« Regardless off and £+, the single-user matched filter isthe diagonal matrix of received fading coefficients is denoted by

No’
far from optimal. In particular, even #ﬁ 1 —1.59175dB _
it achieves only half of the available capacity. A =diag{A, ..., Ax} 9)

* Unlike the single-user matched filter, the spectral effiy,q,, is 2 complex Gaussian vector all whose real and imagi-
ciency of linear and nonlinear multiuser detectors gro

; B VY‘?ary components have variant& and are independent.
without bound witht. A system that achieves total capad®/3, sNr) given in bits

How do those conclusions change in the presence of figer degree of freedom (b/s/Hz), has an energy per bit per noise
quency-flat fading? The complex-valued channel model we dgvel equal to
alyze is

Ey [SNR
- = 1
K n No  C(f3, SNR) (10)
y(t) = A [4)br [¢]si(t — 1) + n(t (2)
® zz:l ; clilon ot ) ) becaus€ (3, snRr) is the overall number of bits transmitted per

) ) chip, and the energy each user spends per symbol relative to
where the real and imaginary components of the complgxysise spectral levalV, = 1 is equal tosng. Note that (10)
random process are independent white Gaussian processggiers from the corresponding relationship in [1] by a factor of
each with double-sided power spectral density equal/® 2 pecause the real-valued channel version was considered in [1].
The signature waveform of thith user,s;, is normalized o preyious work on the capacity of multiple-access channels
have unit energy. The codewords sent by e user satisfy gypject to frequency-flat fading is surveyed in [5]. Several

the power constraint studies addressed randomly spread direct-sequence CDMA
1 (DS-CDMA) fading channels similar to that in the present
_Z b2[i] < Snr. (3) paper. I'n [1], the homogenequs fading process, having dy-
N namics in scales of chip durations (rather than coded symbols

. . . . as is the case here) is considered and it is concluded that
Thu.s'SNR is the per-symbol signal-to-noise ratio (SNR) COnﬁomogeneous fading has no effect on spectral efficiency.
straint common to_ alK users. The complex-valued fading pa- Recently, the analysis of DS-CDMA systems with random
rametersAk:[z] _are.mdependent from user to user and follow gignature assignments has garnered much attention. Further-
common distribution (for all andk) such thed more, the model is isomorphic to single-user multiantenna sys-
E[AH]] = 1. 4) tems fed by independent data streams (where the number of
transmitting and receiving elements take the roldoand /v,
We will assume throughout that the receiver knows respectively) [6]-[8]. A fundamental result is the Tse—Hanly
equation [2] whose solution is the output SNR of the MMSE
{Agli], i=1,...,n; k=1,..., K}. multiuser detector for an asymptotically large system. In the
present paper, we investigate the analytical properties of the so-
Denote the unit-norm signature of theéh user by lution to the Tse—Hanly equation, and we show that it plays a key
- role in the evaluation of the capacity of optimum (nonlinear) re-
8k =[Sty -+ -5 SNK] ®)  ceivers. Extending the results of [2], the effect of fading, and, in

particular, channel estimation error, on the MMSE receiver SNR
and assume thas;, € {—1/v N, +1/v/ N} are chosen equally . . . h | ) ‘
. : ’ : 2
likely and independently for allk, j). As usual [4], theV’ x K is examined in [9]. Other relevant extensions of [2] are pursued

matrix S denotes the matrix of Signature vectors, whaske in [10]-[12]. Results related to admissibility associated with a

umn i The signature waveform is then aiven b “quality of service” per user in the presence of fading are ob-
colu S8, 1he sighature wavetorm IS then given by tained in [13]. Optimal centralized power control which maxi-

N mizes the total capacity as a function of all fading coefficients is
si(t) = Z sinhi () (6) studied in [14] where it is shown that the optimal law does not
i=1 depend on the realization of the signature sequences and is de-

centralized in nature. A water-filling strategy, controlled by the

whe_re {¢i(t)’ « = 1,..., N} are orthonormal waveforms. instantaneous fade level experienced by each user, is asymptot-
Projecting (2) along those orthonormal waveforms we get ”ﬂ?ally (K — o) optimal

N-dimensional multiaccess channel model [4, eq. (2.97)] In Section I, we define the key quantities of interest in

o the context of the single-user channel, for which we obtain
r=SAb+m @) . -
several new observations, such as unveiling the role of the
where theK channel inputs form the vector kurtosis of the fading distribution and the infinite capacity
per joule of the optimum power controlled channel (even
b=1[b, ..., bx]" (8) if the fadel levels are only partially known). In Section lIl,

we examine the spectral efficiency (and outage probability)

2The identical-distribution assumption on the fading coefficients can be elim-., . . .
inated as we will see below. Bchievable when the front-end of the receiver consists of linear

3The same spectral efficiency results are obtained for nonbinary (e.§rocessors (the smgle-user matched f'lt?r’ the decorrelator,
Gaussian) sequences. and the MMSE receiver) followed by a single-user decoder.
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TABLE |
FADING DISTRIBUTIONS AND THEIR KURTOSIS

Fading fr(r),r >0 E|R?] &(R) = &(|A])

Deterministic §(r—1) 1 1

Rayleigh re /2 2 2

Rice re‘%‘ﬁlo(r:i) 24 d? 2 — (—,‘,f—;,—),

Nakagami c(d)r2d-1g=dr’/2 2+2 143

Log-normal %exp (—‘Ll;ﬂ;iﬁ) 1073 (128, 10)/200 | g (tos, 10)/100
The main result of the paper is given in Section IV, where At fg i the slope of the spectral efficiency versﬁ§ in
we show that the increase in spectral efficiency afforded tpfs/Hz per 3 dB is given by [18]
nonlinear processing can be characterized compactly in terms C (E;,)
of the optimum linear performance. Tightly framing achievable g, 4f 15, Mo 10logy, 2

. . . Ey N ) 10
performance, particular emphasis throughout our spectral = £ £ 10log;o &5 — 10logyo 17 o
efficiency analysis is placed on the regions of low and high (17)
fg Section V generalizes the main results in Sections Il 2(,"(0)2
and IV to the multiantenna case. Section VI summarizes the -2\ (18)
main findings of this paper. Appendix F briefly addresses a —C(0)
different performance measure, i.e., outage probability whigtith ¢ andC, the first and second derivative, respectively, of
is particularly relevant to slow-fading channels. the functionC(snrR) computed in nat$.With this notation, we
can write the dependence of tlf% required to obtain spectral
Il. SINGLE-USER CHANNEL efficiencyC as

: : - E E C
In this section, we address the spectral efficiency of thélog,, Fb(C) = 10log;, Fb + — 10log;o 2 + 0(C),
0 0 min

single-user chann€lK = 1) without spreading N = 1). o C—0. (19)
Assuming that the fading coefficients are ergodic and unknown -

to the transmitter, the single-user capacity is given by (e.g., [5]) Evaluating (18) with (11) we obtain that the spectral effi-
ciency slope a%min is equal to

C(s\R) = E[logy(1 + snr|A]%)] (11) 2
Sop=— (20)
where the expectation is with respect to the random varjalle _ _ r(|A])
which is assumed throughout the paper to be normalized ~ With the kurtosis of A| defined as
E[A[]
E[AP] =1. (12) K(|A]) = B2[AR] (21)
Because of Jensen’s inequality, (11) lies below the unfaded d&ble | gives the kurtosis of the major fading distributions. In
pacity log, (1 + SNR). that table,|A| = R/+/E[R?]. Kurtosi$ (introduced by Karl

To obtain the spectral efficiency as a functionZf, (11) is Pearson in 1906) is a measure of the “peakedness” of a distribu-

we are assumingy = 1 andK = 1. of the density function around its mode. Because the variance of
In the very noisy region, it is easy to see that _ re- |AJ*is nonnegative, kurtosis achieves its minimum value (equal
quired for reliable communication does not changeo\ﬁftxh fadintp 1) for deterministiclA|*. .
because (cf. [15]) Recall that we should expect that the higher the “ran-
P oNR domness” of the normalized fading distribution the higher
b .

= _ lim 2= (13) the Jensen inequality penalty suffered by capacity. Kurtosis
Nomin  SNRI0 C(SNR) emerges as the right measure of “randomness” in the%@w
= log, 2/E[|A*] (14) regime. Some intuition can be gained by noticing that large
e channel gains contribute much more to the received power
= log, 2 (15) . .

(parabola) than to channel capacity (logarithm). However,
=—1.59175dB (16) since f; - depends exclusively on the second moment (but
not on the shape) of the fading distribution, the initial slope

The reason for the insensitivity o%min to the fading dis- - ) : . ;
tribution lies in the fact that to achieve minimum energy peff the spectral efficiency achieved by a high kurtosis fading

transmitted bitoN—OFF signaling is optimum (e.g., [15]-[17]), distribution (which puts_ some mass on Igrgg vqlues)_ is very
and the optimum receiver averages the received signal in {R%- For example, consider a two-mass distribution with very
on-periods of each of the possible codewords and weighs eacithough we use the same notation for the functibas a function 06NR
matched filter output by its corresponding fading coefficienand as a function of%, we explicitly denote the argument when relevant.
ThL_‘S’ perfo.rmance is a function of the second moment of thQA related unnormalized measure also called kurtosis in some signal pro-
fading coefficients. cessing works (e.g., [19]) is given ]| A|*] — 2E2[|A|?] — |E[A2]|2.
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large kurtosis:|A|? = 0.99 with probability 1 — 10~ and  Spectral Efficiency
|A|2 = 1, 000, 000.99 with probability 10~8. The capacity is  Zt*sH
very similar if we drastically reduce the kurtosis by eliminating
the small mass and we concentrate all the mass9t The
only dlfference is that nowE— is slightly higher, but the
. changes froni x 104 to 1 b/s/Hz/3 dB,

Inthe h|gh spectral efficiency region, the reqwlﬁdbehaves
as

No Fading

Rayleigh

NwWw AN L D

E c
10log;, N" €)= 5 10losy 2— 101og,, (C)

+L.10log;y 24 o(1), C—oo (22) /

16 2 4 6 8 10 72

whereS,, is the asymptotic slope of the spectral efficiency i
b/s/Hz per 3 dB E,/N, @)
def c (frb) Fig. 3. Single-user spectral efficiency with Rayleigh fading.
Soo = lim r 10log; 2 (23)
O
S10°5 or, equivalently|A|? has the exponential densiey*, z > 0.
— lim a:é(a:) (24) Expressing (11) in bits we have
700 C(snR) = A(snR) log, e (35)

with C(z) denoting, as above, the derivative of the per-symb@lhere
capacity in nats per degree of freedom. The horizontal

A(snR)E / log, (14 snrf)e™/ df
0

‘ C(z) oo 1/SNR—w
Lo = Th_I)n <10g2 T — g) . (25) = / 4 (36)

. . 1/SNR v
For reference purposes, itis useful to note that for the add|t|ve.|.he decrease in spectral efficiency due to Rayleigh fading is
white Gaussian noise channé(z) = log, (1 + )

shown in Fig 3. Since the kurtosis of the Rayleigh distribution is

E(C) _ 2¢ -1 (26) , the spectral efficiency slope is 1/3 b/s/Hz/dB, or
Ng C half of |ts vafue in the unfaded channel. The asymptotic penalty
Sp =2 (27) inthe large SNR region is obtained by particularizing (33)
Soo =1 (28) L.o10log,o 2 = —E[log, |A]*]101og;, 2 (37)
Loo =0. (29) =—10vlogyg € (38)
We also note for future use thatin the multiuser case, applying — 250682 dB (39)

(10), we get that (19), (20), (22), and (24) hold verbatim, and

(25) is replaced by where~ is the Euler—Mascheroni constant

_ e
=— e ’lo ) 40
Lo =log, f+ lim <10g2 T — @) . (30) ! /0 g fdf (10)
Applyin_g the geqerql formula (24) to (11), we see that the - lim Z } —log, m ). (41)
asymptotic growth is given by m—oo \ £
Soo = P[|A| > 0]. (31) If the transmitter knows the instantaneous fading coefficients,

then it may apply various forms of power control while still

So, unless the fading distribution has a point mas8,athe satisfying (3) Instead of (2), the receiver observes

asymptotic slope of the spectral efficiency ver%elsis not de-

graded by fading. However, there is indeed apenallﬁimAc- S /7A AR Awlilbefdlsk(t — iT) + n(t) (42)
cording to (25), theﬁ -penalty due to fading is given by ; Zz_: [ARTETAxlilon il ) ()
. where the power control law is constrained to satisfy

Loo=—Jlim B [1082 <; * Zﬂ (32) E[p{IAP]] = sw. (43)

For example, under thower equalizatiostrategy (also known
E[1{|A| > 0} log, |A|? . :
=— [HIA[ > 0} log, |A[] (33) as “perfect power control”) the instantaneous transmitted power

PJ|A] > 0] is
whereZ denotes the random variaie|? restricted tq0, oc). 0SNR
In the particular case of Rayleigh fading2|A| follows the pUALP] = NG (44)
distribution '
5 where the harmonic mean p%|? is denoted by
frlr)y=re™" /2, r>0 (34)

-1
1
6Relevant tooN-OFFtransmitting strategies. e= <E [ |A|2} ) (45)
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Spectral Efficiency No Fading water-filling has a minor effect on the instantaneous transmitted
levels.

For sufficiently low fg we see that fading in conjunction
with optimum power control is actually beneficial relative to
no fading. In fact, if water-filling is used in the presence of
log-normal fading or any other unbounded fading distribution,
then reliable communication is achievableay £&. This is in

No Power Control

~
stark contrast to the behavior in the absence of power control:
ot Power regardless of whether fading is present, reliable communication
Pow% Eauatization. s impossible forg: < —1.59175 dB. Intuitively, one can see
70 Y 70 >0 that it is possible to transmit any amount of information reliably

EN, @ with as little energy as desired by simply concentrating all the
-] . . . .
available transmitter energy at those rare moments in which the

Fig. 4. Spectral efficiencies for single-user channel with log-normal fadidg@ding level is exceedingly large. In general (cf. Appendix I)
op =10 dB. E

10log;, Fb = —1.59175 — 201og;( |Almax  (55)
- ) ) ) 0 min
and the ensuing capacity is given by where|A|ax iS the essential supremum of the random variable
C(snR) = log, (1 4 sNRg) (46) A,

which, in addition, has the interpretation of “delay-limited” ca- Thus, if the transmitter uses power control, fading is actu-

pacity introduced in [20]. The capacity-maximizing strategy i@"y benefic_ial at IOW,SNRS' Npte th_at this does not violat_e
the water-filling law [21] the proverbial Jensen’s inequality fading penalty because, with

power control, the received power is higher than the transmitted

PlIALR] = F — ;} " (47) power times the channel attenuation.
A AR A modified form of power equalization, whereby no power
with [a]T = max{0, a} andA chosen so as to satisfy is transmitted below a certain channel attenuation threshold is
1 1\t known to be optimal in terms of outage performance [5].
E [(X — W) = SNR. (48) Often, the fading coefficients are the product of slowly
varying fading (due to shadowing and other forms of path loss)

The resulting capacity with optimum power control is equal tand Rayleigh fast fading. It is usually reasonable to assume that
C(snRr) = Elog, (1 + p(|A]12)|A[)] (49) the transmitter can track the slow, but not the fast, component
N of the fading distribution, and that both components are inde-
A 2
[logQ <%>} (50)

pendent. The optimum power control law for this scenario of
In the special case of Rayleigh fading, (48) and (50) lead

partially known fading at the transmitter is derived in Appendix
. Surprisingly, it turns out that as long as the distribution of
the following expression for th% required to achieve capacity
C nats/s/Hz:

=F

the trackable (slowly varying) fading component is unbounded,
reliable communication is achievable for aﬁg.

1 B,  exp(—¢(C)) (51) ll. LINEAR MULTIUSER DETECTION

log. 2 No Ce(C) In this section, we investigate the spectral efficiency achiev-
wherey denotes the inverse of the exponential integral functigable with three receivers that have identical structure: for each
[22] user, a linear transformation produces observables at the symbol
00 rate which are then fed to a single-user error control decoder.
o) = a/ log, xe™** dx
1

A. Single-User Matched Filter

:/ " dx. (53) In this subsection, we consider a suboptimum receiver whose
1 37 front end is a bank of single-user matched filters followed by
Fig. 4 shows the spectral efficiencies as a function]%%f respective single-user decoders. If the channel is not subject to
attained with no power control, optimum power control, anfhding, the spectral efficiency is [1]
power equalization when the fading amplitude followtog- i SNR
normal distribution C(B, snr) = flog, <1 + m) (56)
5 _ 20logige <_ (20log, 7’)2> regardless of whether the error control decoder knows the
fr(r) exp 5 (54) . : ¢
ropV2r 20p spreading codes of the interferers. Equation (56) was shown
suitably scaled (cf. Table I) to have unit second-moment.  in [1] by means of a central limit theorem which holds in the
We see in Fig. 4 that power equalization is a particularisnodel employed in this paper in which the number of users and
poor strategy, certainly much worse than no power control #ie spreading gain grow without bound with a fixed ratio (see
all. Constant average transmitted power (i.e., no power contralyo [4], [23]). Similarly, for the fading channel, we can show
is near-optimal for sufficiently higl%, because in that casethat the effect of the multiaccess interference at the output
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of the matched filter is a Gaussian random variabl&he  BitssHz
asymptotic spectral efficiency of the single-user matched filte No Fading
is then given by (11) withnr reduced by a suitable factor 1
sumf B ) SNR|A|2 Rayleigh
CH™ (8, sNR) = BFE [log2 <1 + Trswd )| (57) 0.8t

Comparing (56) and (57) we see that,/ds— o, the only ef- 06}
fect fading has is in the received power of the user to who
signature waveform the filter is matched. Recall that (57) rej
resents the total system capacity (not the individual capacity 0.2}
any given user), and, thus, it is not necessary to assume erg
icity of the fading processes affecting individual users for (57 0.5 1 15 2
to hold. However, for nonergodic fading, we can only guarante

0471

the total capacity in (57) if the transmitters are informed by the K/N
receiver of the individual rates at which they can transmit. FuFig. 5. Matched-filter spectral efficiency fof% — oo.
thermore, for (57) to hold it is not necessary to assume that the
fading coefficients of different users are identically distributec'sygss ericiency
Itis sufficient to assume that for allthe mixture distribution of Bits/s/Hz kel
{JAL[H]I?, ..., |Ak[d]|?} is identical. Then, the average in (57) 15t
is taken with respect to that mixture distribution.
Using 1.25¢}
BSNR = £ C™ (3, SnR) (58) i
TN ’ 0.75}
the E” ,f required for reliable communication remains the 05
same "as’in the single-user case (16) ol
E, s ) 3SNR
No min N SlNIIngO CSumf(B, SNR) (59) -1.6 o
= log, 2. (60)

] . sumf Fig. 6. Single-user versus multiuser spectral efficiencies with matched filter
To obtain the slope of the spectral effmmncy%t _,Wwe note and log-normal fading» = 10 dB.

“ . min

first that formula (18) holds with (58)

2 Ssumf 2
sumf __ C (/37 0) (61) Nog

0 - _C"suml’ /3’0 Al®
2/3( ) smléglm ™8, sNR) = BE [logQ <1 + |/—3>} . (64)

28+ k(A (62) Fig. 5 shows (64) for both deterministic and Rayleigt.

The spectral efficiency in (57) is monotonic increasing with oM (63) we know that the limit of both curves ds— oc is
/3. The limiting value is equal to 1.44 b/s/Hz. However, the approach to the limit is very
slow, particularly for Rayleigh fading.

Let us now compare the spectral efficiency achievable by the
bank of matched filters to the single-user spectral efficiency
which is mdependent of the fading distribution. Since (63) emchievable by an optimum receiver. Fig. 6 shows the matched
compasses the unfaded case, fading does not degrade the $pee-behavior for3 = 10 and3 — oo (63) in the special case
tral efficiency of the single-user matched filter@s— oc. The of log-normal fading. Remarkably, at Io{{%é the highly subop-
reason is that when many users are packed in one dimensifium matched-filter-bank receiver achieveghercapacity in
the per- SymbOISNR goes to0 (cf. (58)). Thus, for any fixed the multiuser caséX — oo) than an optimum receiver in the
f;} f,b , AsNrR remains bounded away from bothand single-user case. Comparing (62) with the single-user expres-
o, and the’ argument of tHeg in (57) has very small variance, sion (20), we see that if the kurtosis of the fading distribution
and, thus, the Jensen inequality penalty is very small. is greater tharz, then, for sufficiently IowN , the spectral ef-

Regardless of the value gfand the fading distribution, the ficiency is higher in the multiuser case than in the single-user

Fixing 3 and lettingZ: — oo, (57) approaches

sum E N
Jim € f</3, FZ) =log, e — ff bis/Hz  (63)

8—o0

reason is that the single-user matched filter is interference-lim-
ited: even if there is no additive white Gaussian noise it achieves 8>
bounded capacity.

"Note that this doesotimply that the single-user matched filter is asymptot-Recal_I that in the absence of fading, and for any receiver,
ically optimal [4]. the single-user channel has always larger or equal spectral

1

T 2/n(A) (63)
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efficiency than the multiuser channel that uses the same 1 Spectral Efficiency
ergy-per-bit. The beneficial effect ofiultiuser diversityin the B”S/;’”; t ooz

presence of fading is a phenomenon that was first pointed ou

[24] in the context of an optimum receiver without spreading

It was also observed in [25] and in [26], in the context ¢
power-controlled narrow-band communication, and a cellul

system, respectively. However, our novel observation is tr

multiuser diversity may be so important that it even overcom:

the suboptimality of the receiver which totally neglects th Popplimum
presence of multiaccess interference. A few observations

helpful to gain insight into this behavior. First, the shape ¢
the fading distribution is irrelevant as far as the effect of th-7.5 -5 -2.5 2.5 5 7.5

interferers is concerned because of the central limit theore E,/N, w9
Second, the individual rate achieved by each user is much

lower than the one achieved in the single-user case—it is thig. 7. Matched filter in Rayleigh fading an#i= 0.5.

aggregate rate sum that is higher than in the single-user case.

Third, the single-user transmitter is free to mimic the sum @éceiver is the single-user matched filter. Note that the power
the signals transmitted by thi€ users (even adding artificial control affects the payoff function in two different ways: a)
fluctuating gains), however, the resulting signal is then subjegiiaping the distribution of received powers and b) changing the
to a single fading process rather th#h independent ones, received multiaccess interference power. The optimum power-
thereby not benefiting from diversity. Fourth, for given spectraontrol problem can be posed as the following two-step maxi-
efficiency andf," , the per-symbadinr is lower in the multiuser mization:

case by a factor gf. ForglvenN , the equations thatdetermlne—sumf(ﬁ SNR)

the spectral efficiency of the smgle user channel and mquuser

} 0.666

No Power Control

A2)|A]2
channels are, respectively, — max max E {/3 log, <1 + M)} . (68)
E, © B IAI= L+ep
C=F [bg <1 + IAIQCFOH (66) Blp(IAI)] =swr
The solution to the inner maximization problem is given by the
¢ —pE |1 - |A|QCAF+,‘; 67) optimum power control law
= Og _—
/3(1+c]€b) 1 1+¢]t
PO =Nt 6 (69)
Thus, by making? very large we can turn the right side of (67) ! 2
into essentially whereA; and ), are chosen to satisfy
1 1+¢817
A QC E;b — = 7
Ay log e {Al T WAR T AR SR (70)
(1 +C8 )
Y . A2 +
where we see that the contribution to capacity of large values E [m -1- (/3} =(. (72)
of |A]? is essentially equivalent to their contribution to power, 12

and thus the Jensen penalty and the associated sensitivityntthis form, we get a parametric family of curves in terms of the
the fading distribution vanishes for largk Recall that this is auxiliary variable;. Numerical optimization yields the optimum
in complete contrast to the single-user behavior, where the inalue of¢ as a function ofnr and /.
pact of large channel gains on capacity and on received poweAllowing different power control policies for different trans-
are very different. By operating at a much lower per-symbaitters does not buy anything if the fading coefficients are iden-
SNR, the multiuser system can take advantage of sporadic latgally distributed because the power control policies of the in-
channel gains, which are largely wasted in the single-user caseferers enter (68) only through (average received power),
even if the times at which those favorable channel gains ocamhich depends only on a policy which is the mixture of all the
are unknown to the transmitters. Another observation is that foolicies. On the other hand, if different transmitters face dif-
both the single-user capacity and the multiuser capacity wierent fading distributions, then using the same power control
the matched filter bank, fading can only lower capacity (this {olicy would be suboptimal. It can be shown, however, that the
in contrast to the MMSE receiver as we will see in the sequestructure of (69) is retained, with the Lagrange multipliers being
While the multiuser diversity mechanism serves to alleviate thifferent for users who face different distributions.
detrimental effect, fading hurts the single-user capacity muchFig. 7 compares the spectral efficiency achieved with and
more, to the point that it even manages to make the single-uséthout power control. At Iowf,‘ , we see that, as in the
capaC|ty lower than the multiuser capacity in the large-kurtosingle-user case, power control allows reliable communication
low- £ N larges3 scenario. below —1.59175 dB. Surprisingly, at hlg%, power control
Power Control: We now derive the optimum power controlalso helps: in Fig. 7 (Rayleigh fading) the spectral efficiency
law when the transmitters know the fading coefficients and théth [resp., without] power control tends to 0.792 [resp.,
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0.666] b/s/Hz. To understand this behavior, note that Jense Spectral Efficiency

inequality applied to (68) yields 5 telsH No Fading Single-User
C*™(3, sNR) < max flog, <1 + 1 ¢ 3) (72) 5t
¢ + C[ 41 Rayleigh Fading Single-User

1
=flog, <1 + B) . (73)

As f‘; — 00, ( — oo and the inequality in (72) becomes tight.

We can see this using a truncated power equalization law (
[21]) It

No Fading

Rayleigh

(74)

) s iFIAP > 0055 05 075 1 125 15 175 2
p(|A]7) = .
0, if A2 < 8 n

wherer is chosen so that the expectation of (74) is equakto  Fig- 8. Decorrelator spectral efficiency fg¥: = 10 dB.
The variance of the unit-mean random variable

p(|AP)AP /¢ Now it follows immediately from (77) that the minimuf}‘j

. _ required for reliable communication is
can be made as small as desired With 0 (as long asP[|A| > 0] deco

= 1). Thus, the right side of (73) is indeed the limit of the spec- 10log,, —%— = —1.59175 dB+ 10log;, 1 dB
tral efficiency achieved with power control. In contrast, without 0 min 1-p (78)

power control, the limit is given by (64) which is strictly lower,o o s of the fading distribution. The slope in b/s/Hz per 3
than the controlled power capacity (73) achievable with |y dB achieved at that point is equal to (via (20))
with positive variance. 253

deco __

* T w(AD

We consider now a bank of decorrelators [4] followed by in"fmd the slope at h'g% is (via (24))
dependent single-user decoders. At the output of each decorre- S — BP[|A| > 0]. (80)

lator there is no trace of multiaccess interference. Therefore, thge offset at highZ: (in 3-dB units) is equal to (via (30))
capacity analysis is very simple and parallel to the unfaded case ‘Oﬁ E[1{|A| > 0}log, [A]7]
X | 52

1 deco __ log _ 1
. Tl T FIAT> 0] &)
CT(B, snr) = plogy (L+swr(1—F)),  B<1. (75)  Fig. 8 shows the spectral efficiency as a functionddbr a

Fading only enters the picture through the modulation of tiiven£:. Asin the unfaded case, titee [0, 1] that maximizes
received power of the user of interest to each decorrelator. Thegectral efficiency is in the interior of the interval, and depends
(75) generalizes fo on f," and the fading distribution.

Power Control: The optimum power control problem is very

(79)
B. Decorrelator

deco _ . 2
(B, sR) = BE [logy (1+svk(L=B)AF)]. B <1 gmilar to the one we derived for the single-user matched filter.
(76) As in that case, it results in a water-filling solution

If the fading coefficients for different users do not have the same 0] = 11 * (82)
distribution, then (as for the matched filter), the average in (76) PEI=1% (1-7p)6
is with respect to the mixture distribution. with A chosen so as to satisfy

If we denote the% required by the decorrelator to achieve 1 1 )
spectral efficiency, by JE;\g—,:o(C), and the corresponding quan- [(X - (1— /3)|A|2> KA -AIA"> )‘}} =snk (83)

tityina silngle-user channel subject to the same fading distribyelding capacity equal to
tion by %(C), we obtain from (11) and (76) that (1= B)|A]2 +
[1%, <_A )} ] (84

Edeco 1 El C
Con LB
No 1-p8 No \p As in the single-user channel, the effect of optimum power con-

Therefore, the curve of spectral efficiency veré;f%s achieved trol for the decorrelator is to extend the minimum requuj\%f)d

by the decorrelator is identical to the single-user case excépt-oc and to improve the lowg: spectral efficiency. This ef-
that there is a horizontal displacement to the rightdy)log,, fectis more pronounced than in the single-user channel because
-(1- ) decibels, and a flattening in the vertical scale by a factef the increased minimurﬂi—g of the decorrelator. As in the

of 3. single-user channel, at hig%, power control offers negligible
improvement. Overall, the conclusion is that power control with

8lf P[JA| = 0] > 0, then it would be possible to extend the range of oper;

ation beyond3? = 1, by monitoring the symbols in which individual users arethe decorrelator is not a sensible dES|gn for most scenarios, be-

silent. However, for the sake of clarity, we stick@o< 1 in this subsection.  cause in the only region where it helps appreciably (namely,

C®(B, sNR) = E
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Iow-%), itis preferable to use the lower complexity single-user Property 4:
matched filter with power control. : M _ +
Nléliloo n(snrR) = [1 — BP[|A| > 0]]. (92)

S
C. MMSE Linear Filter Property 5: Let « be the solution to

We consider now a bank of MMSE linear filters followed by 1 g-1
single-user decoders. The MMSE filter of a particular user is [04|A|2 n J = 3 (93)
chosen to maximize the output signal-to-interference ratio sefllqen
by the information transmitted by that user [4]. The spectr '
efficiency of this scheme in the case of equal received POWers J;  gyg y(sng) {C‘Ov BP[IA| > 0] <1 (94)
not subject to fading admits the following expression obtained SNR—oo a, BP[|A| > 0] > 1.
in [1]:

mmse ) L Property 6:

| C™™=(8, snr) = Blog, (14 snr— 2F(snr, B))  (85) I 0, BPIA| > 0] < 1
with > i ﬁ = { “1/2,  BPJAl>0=1 (95
Fla, )% <\/x(1+\/2)2+1—\/x (1—\/2)2+1> . “1, BP[Al> 0] > 1.

(86) Property 7: Fix sng > 0, then the behavior foB — 0 is

In the absence of fading and equal received powers%haa— —1_E SNR|AJ? 3 3 96
quired by the MMSE receiver to achieve spectral efficietity 7(SN) SNR|A|Z 4+ 1 B+ o). (96)

admits a closed-form expression due to Muller [27]
Egnnf 2C/,8 -1 /3
No (©, 8) = C 1—pB+p2-¢/8° &7)

In order to generalize (85) to the fading channel, we need to
recall the result of Tse and Hanly [2] on the output signal-to-in-
terference ratio of MMSE receivers with not necessaril;
equal received powers. Denote the (nonasymptotic) multiuser
efficsieency9 [4] achieved by thekth-user MMSE filter by n(sNR) = o dr(|A]) SR -+ o(SNR). (98)
n™e(snr). This is equal to the output SNR divided by the 14+d  (1+d)?3
signal-to-noise at the output of a single-user matched filter in
the absence of multiaccess interference. Using key results oi\s in the case discussed in Section llI-A, the asymptotic
the eigenvalue distribution of random matrices [28], [2] showsormality of the multiaccess interference at the output of the
the following result (couched in the notation of the preseMMSE transformation [23] and (88) yield that the asymptotic
paper): spectral efficiency is equal to

C™™2(B,sNR) = BE [logy (1 + SNRA[*n(sNR))] (99)

with 7(snRr) given by (89). Note that in contrast to the decorre-
where convergence is almost surely, anid the positive solu- lator, the spectral efficiency is indeed impacted (throyyby

Property 8: Fix snr > 0, then the behavior fof — oo is
+o(f™h). 97)

(sNR) = !
K T 14 BsAR

Property 9: Fix ddéf/}sv\m >0, then the behavior famr — 0

lim #"™*(sNR) = 7(SNR) (88)

K—oo

tion to the fact that the interferers are subject to fading.
SNR|A[?n Applying Jensen’s inequality to the convex function
n+0F [W} = (89) log(1/z), = € (0, 1], we get a simple lower bound on (99)

mmse " 1
We derive several properties of the functigiang), whichwe €' (3 SNR) = =/ log, <E L T SNR|A|277(5NR)D (100)

find useful in the sequel. 3
. . =flogy | ————— (101)
Property 1: In the special case of no fadinfA| = 1, the <77(SNR) + 05— 1)
solution of (89) is where (101) follows from (89). Note that the lower bound (101)
D(sR) = 1 — .7:(SNR,/3). (90) depends on the fading distribution througfsnr). Note also

that (100) holds with equality for deterministis]|.
It follows from (99) that the£ required by the MMSE re-

4SNR

Property 2: Fading can only increasg To see this note that "~ ™" , ) )
the left side of (89) is monotonically increasingrirand apply ceiver in the presence of fading can be written as a function of

Ey ; f . .
Jensen’s inequality to the expectation of the concave functibif ~; required by the single-user channel subject to fading
of |A|? therein. Epmse €. ) = 1B} <§> 102)
Property 3: The behavior for lovsnr is: _NO o n No \ /3 .
(sNR) = 1 — BE[|A]2Jsnr wheren depends implicitly on botj# andC via (89) and (99). It
7 B O A2 ) ) is instructive to contrast (102) with the corresponding equation
+AEZ[AIT](B + r(|A]))sNR™ 4 o(sNR). - (91)  for the decorrelator (77).

In contrast to the spectral efficiency, multiuser efficiency is not an informa- USiNg (91) and (99) it can be concluded that ﬁen in NECES-
tion-theoretic quantity. sary for reliable communication is the same as in the single-user
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unfaded channel{1.59175 dB), and that the slope of the spec Spestral Efficiency
tral efficiency therein is equal to 3 dB times P et No Fading Single-User
23
Smet = ————— 103 L
0 = B ROAD 103) s

which is the same result we obtained in (62) for the single-us 41 Rayleigh Fading Single-User

matched filter. With (92)—(95), we can compute the slope at hig

N I
o . Rayleigh
S;nomse — lim xcmmSE(x) (104) ot ayletg
I SR (SHR) 1|
= SNléEloo (1 — n(sNR)) <1 + 7 (SNR) ) (105) )
[3P[|A| S 0]7 /3P[|A| N 0] <1 025 05 075 1 1.25 1.5 1.75 2
=< 1/2, BP[A|>0]=1  (106) "
0, BP[A| > 0] > 1 Fig. 9. MMSE spectral efficiency fo% =10 dB.

which, for3 < 1, coincides with the result we obtained for the
decorrelator in (80). It can also be shown that the asymp%{ic

penalty satisfies Bits/s/Hz
. 38 5
log, 1_8P[A[>0]
mm E A log,, |A|?
Lrmse — _ELY Il’i/(i?;O%z |A] 17 [3P[|A| > 0] <1 4
2E[1{|A|>0} log, |AI*] _ .
- PIAISOL , BP[A] > 0] = 1. 3 .
(107) Rayleigh
Note that theg: required in the cas@P[|A| > 0] = 1is (in 2}
decibels) asymptotically twice that required in the single-us No Fading
case (33), a result which was shown in the special case of 1 £
unfaded channel in [1, p. 636] and [27, eq. (4.76)3R[|A| >

0] > 1, then the MMSE receiver is interference-limited and th 0, 125 15 175 2 225 25 275
spectral efficiency goes to the following limit % — 00! KN

im  pEB(log, (1+ |A]2nsnR)] = BE[log, (1 + a|A)]
(108)
. . o 5
with o depending on both and the distribution ofA|” via (93). user. For the decorrelator, fading is not beneficial, because the

As 3 — oo, the multiaccess interference is isotropic in/ll : reats all interf i th dl f

dimensions and the MMSE receiver shows no advantage oV ?etl\éer tl:eg s alin gr erers in. f_e _;sar_ne \lxvay regz;]\r esst 0

the single-user matched filter (63). whether their received power is infinitesimal or much greater
than the desired user.

Theorem III.1: Fig. 10 compares the spectral efficiency attained by the

lim ¢ ( 3, Ev\ _ logy ¢ — N b/s/Hz (109) MMSE receiver forN‘; — 00 (108) with and without fadmg._

f—o0 Ng E, The maximum relative improvement brought about by Rayleigh

Proof: Appendix B. fading is 128% af = 1.07.

. L . The improvement shown by the numerical results for

F|g.' 9 compares the spectrql efflc!enmes as a fuqct|on ﬁ%\yleigh fading in Figs. 9 and 10 suggests searching for the
/J_ach|eved_ by tge MMSE receiver with Rayle|gh fading anpnost and least favorable fading distributions in the hi%h
without fading aty: =10 dB. We can see the curious phenon}-egion and fixed3. 0
enon that fadingncreaseghe spectral efficiency in the region
of high 3. To understand this, let us focus first on the unfaded Theorem II1.2: Fix 4 and an arbitrary fading distribution.
channel. The curve is nonmonotonic with an optimginthat Denote the spectral efficiency of the MMSE receiver by
depends orv%. If 3 > /3%, the system could achieve the sam&™™*(/3, f—;) and C™™se(3, f—;) with and without fading,
spectral efficiency as witl#*, by allowing only3*K /3 users respectively. Then for sufficiently Iargﬁ"—
to transmit simultaneously. Thanks to the law of large numbers, mmses By mmze B\
this can be achieved by a randomized strategy whereby every® If # < 1, thenC™™(5, &) < C™™=(f, 5p);
user decides to transmit on a particular frame with probability  if 3 > 1, thenC™s¢(3, ﬁg) > Cmmse( 3, f—g)
3* /8. The presence of fading makes a certain proportion of
interferers appear so low-powered at the receiver, that the
number of “effective” interferers seen by the MMSE receiver is For fg — oo the effect of any fading distribution without
reduced. The “interference population control” effect of fading point mass ab, is a penalty equal to the single-user fading
more than compensates for its deleterious effect on the desipemhalty, namelyE[log, |A|*] times 3 dB for3 < 1. Forg=1,

w

Fig. 10. MMSE spectral efficiency fo% — o0, 3> 1.

Proof: Appendix C.
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the requwed& is doubled in decibels. Fg# > 1, the spectral Spectral Efficiency

efficiency i |mproves from 6".i'S/S/Hz Power = 0 with probability 1-l/a
/3 Power = a SNR with probability 1/a
3log, | —— St
to (108). 1
As far as the most favorable fading distribution for hlgh 3t e=li  aslS  a=2

and fixedg is concerned, we see from (106) that we would lik
to choose

P[IA| > 0] 1 min{l, %} (110)

025 05 075 1 125 15 175 2
thereby operating in the regighP[|A| > 0] < 1. Having made KN
that choice forP[|A| > 0], we see from (107) (using Jensen’s
inequality) that it is optimum to concentrate the strictly posFig. 11. MMSE spectral efficiency fof = 10 dB, withon-orFfading.
tive part of|A| on one point. Thus, we are lead to consider a
two-mass distribution

IA]Z = {0, with probability 1 — 1/a (111) Spgcira Eficlency
a, with probability 1/a. 4t

If we evaluate (89) and (99) with this distribution, we can find a
explicit expression for th% required to obtain a given spectral

efficiencyC 3
Emmse 2(1,6/,8 -1 /3
C, 112 I
N G = T (112 2
Emnf
=2 (C, la). (113)

No

1
Therefore, we have obtained the same spectral eﬁici%cy
curve as an unfaded channel (87) with a load equal to

ﬁ 16 25 s 75 10 125 15
= =fP[|A| > 0]. E,/N, (dB)

Recall that the unfaded spectral efficiency is maximized by a o o _ _
certaing* [1 Flg 3] which is a function OfE— Equa'enﬂy’ Fig. 12. LargeK spectral efficiencies with optimunk’/N with Rayleigh

for a given desired spectral efﬂmencﬁ# is m|n|mized with an fadng

optimum choice of3. If the actuals is higher than3*, then the _

two-mass fading distribution (111), with = 3/3*, achieves ~ Theorem lI1.3: Assume thai?[|[A| > 0] = 1. The highsnr

the same performance as the unfaded channel with optimghavior of the MMSE receiver and the decorrelator with op-

codmg spreadlng tradeoff Fig. 11. On the other hand, for aH{pum coding-spreading tradeoff is

given , € > 0, andg, an arbitrarily large: can be found that

makes/iP[|A| > 0] so small as to make the spectral efficiency0log; Fb(c) = 10log;g

smaller thare. Thus, the optimization problems we have posed 0 0““2“

with respect to fading distributions depend critically on whether +(C = Ellog, |AY]) 10log; 2+ o(1)  (114)

the distribution is allowed to depend (ﬁ# or not.
Fig. 12 shows the spectral eff|C|ency achievable with the op-

timum coding—spreading tradeoff. As we saw in (63), the op-

timum coding—spreading tradeoff for the single-user matchedlt is interesting to see that the asymptotic behavior in (114)

filter dictatess — oco. As we will see in Section |V, the sameis the only one found in this paper that does not contain a loga-

holds for the optimum receiver. To obtain the curve in Fig. 1&thmic component . The (asymptotic) effect of fading is the

corresponding to the MMSE receiver, we numerically solve fqliL penaltyE[log, |A|?], which is the same experienced by the

the 8 that maximizes spectral efficiency as a functlonﬁrf smgle user channel (33).

in parallel to what we did in the unfaded case [1, Fig. 3] As Ithas been observed in [27] (unfaded channel) and in [29] that

we Would have expected from Fig 9 Rayleigh fading raiséke optimum coding—spreading ratio for the MMSE receiver is

Matched Filter

.= —1.59175 dB.
Prooig Appendix D.

that Rayleigh fadmg mtroduces some degradation in the MM§Ehown followmg an approach d|fferent from that in [29]) for-
curve for Iarg The following result gauges that degradatiomalizes this fact for any fading distribution with finite fourth
analytically. moment.
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Spectral Efficiency
Bits/s/Hz

2.5t

Rayleigh Fading

No Fading

Truncated Power
Equalization

E,/N, @5

Fig. 13. MMSE spectral efficiency fop = 2.

Theorem I11.4: Suppose thaF[|A| -
coding—spreading ratio for the MMSE receiver is finite if andeceiver with optimal power control grows without bound as

only if £+ > 2£  —1.41855 dB. £ — oo evenifd > 1. We will show this using the subop-
Proof Appeno’lllx E. timum truncated power equalizatiotontrol law (74)
Power Control: The optimum power control problem for the ) V|i'|\|2R’ if [A]2> 6
MMSE receiver is somewhat more complex than the one we (IA%) = 0 A2 < 7 (117)
solved for the single-user matched filter. From (89) and (99) we ’ iF1Al" <
have with
mmse — P P 1
C™™E(13, sNR) = max max L - (118)
n+6F[1/(1+1/(p(|A| AP )=1 E[|A|21{|A]? > 6}]
E[p(IA]*)]=snr

E [Blog, (1+ p(|A]*)|A*n)] . (115) We are led to consider (117) from the hig-optimality of the
The solution to the inner maximization problem is given by thiyvo-mass fading distribution we saw above. For brevity, denote

optimum power control law q= P[A* > 6] (119)
+ - - - .
p(0) = ; 14 )\;)\2 B %1 (116) The ensumgicapacny is given by

L n n C™™%(3, sNR) = fqlog, (1 4 SNRn) (120)
whereX; andX, chosen so as to satisfy both constraints. TheW.th (89) now taking the form
the outer (scalar) maximization can be solved numerically, in
general. n+ Bg—2R1 g (121)

When 3 is greater than the optimum coding—spreading 1+ vshry

tradeoff, randomization of the power control law may be ben- This |eads to a closed-form solution for ﬂfé required to
eficial, as illustrated by the special cases of no fading and thenieve spectral efficienay

two-level fading distribution in (111). In those cases, allowing s oo
transmitters who face the same nonzero fade coefficient the £y @, B) = 1 B
degree of freedom to randomly decide whether to transmit or No vq No
not has a population control effect which allows an optimumith the function on the right side defined in (87). For givén
choice of3. and desired, the threshold can be chosen to minimize (122).
For highsnr, we saw in (73) that the asymptotic spectrafFig. 13 shows the spectral efficiency achieved by the MMSE re-
efficiency of the single-user matched filter increases fromeiver fors = 2 with and without Rayleigh fading. The unfaded
BE[log,(1 + 12 )] without power control tg3E[log,(1 + )] channel has a very slight edgefﬁ# below about4dB, whereas
with optimal power control, which is also the asymptotltlior
capacity in the absence of fading. For the unfaded channel, gi{d 3 36 b/s/Hz respectively. Truncated power equalization in
showed that the spectral efficiency of the MMSE receiver goése presence of Rayleigh fading achieves a substantial improve-
to i

(€, Ba), (122)

8 without bound aﬁ# — oo. In general, since the optimum load
B—1 behaves ag* T 1 as 3 Fb — o0, we would like to select the

Blog,
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thresholdd so thatg T 1//3. This is possible for any continuousTherefore, the claim holds fernr = 0. It follows that proving

fading distribution that satisfiés the claim is equivalent to showing that, for fixédthe deriva-
72 1 tives with respect tenr of both sides are equal. Using the nota-
EfAI7] > ik (123)  tion we introduced in Section 11, the derivatives with respect to

snr of the capacities in nats will be denoted By

Whereas at higi:, power control had negligible effect for - \we first show that the derivative of the capacity of the op-
the single-user channel and a quantifiable, but bounded, effggium receiver satisfies

on the matched-filter spectral efficiency, for the MMSE receiver oot _ 1-—n (128)
with 3 > 1 the effect is much more profound, by making the T SNR
spectral efficiency unbounded Witﬁ%. We can attribute this Let o1(SA), ..., on(SA) denote the singular values of the
behavior to the strong “population control” effect of optimunmatrix SA. Using (125) we have
power control (or suboptimum truncated power equalization) | d 1 XN )
which drives the effective number of active users below the C®* = e ) log, (1+snrof(SA))  (129)
spreading gain. i=1
N
. 1 o?(SA)
IV. OPTIMUM RECEIVER = lim ; 1+ swro2(S4) (130)
We now turn our attention to the derivation of the capacity 02(SA)
of the CDMA channel subject to flat fading without putting any = [m} (131)
constraints on the receiver structure.
The capacity of the unfaded channel admits the following 1 1 1
closed-form expression found in [1]: w1 el T (132)
1 o +02(8A)
CoPY(3, sNr) =B log <1+SNR——J”-" SNR, 3 ) 1
(B, stR)=Plog, 17 (s, ) A 133)
+log, <1+SNR[3_EF(SNR7 /3)> _108l F(sNR, j3). where (131) follows from the law of large numbers, and (133)
4 dsNR follows from the fundamental random eigenvalue results of [28]
For any given matrix of signature vectds K, IV, and received with i equal to the positive solution of
fading coefficients 1 1 Al?
Sl [71 | |A2} (134)
A=diag{Ay, ..., A} (124) H SR + 1A
Upon comparison to (89), we see that
the total capacity of the CDMA multiaccess channel was found M
: n=-— (135)
in [30] SNR
1 and (133) becomes the desired equation (128).
CPY(K, N, A, S, s\R) = — logdet [I 4+ snRSAATSY | . Taking the derivative of (99) with respect4egr, we get
N
125 . Al2 Al%y
(125) o _ g P Pa(sue) +surlA W(SNR)} s
Applying Fan’s theorem on the concavity of the log determi- 1 + sNR|A[27(SNR)

nant [31] to (125) we conclude that, unlike for the single-use&Jsing (128) and (136), the difference between the derivatives of
matched filter and the MMSE receiver, fading cannot improvsoth capacities is

the capacity of CDMA for the optimum receiver. As we will see, ] 1—p A2
this conclusion will cease to hold when transmitter power coré®* — C™™¢ =~ — 3(n + snri) B [72} (137)
trol is allowed. SR ‘ 1+ snr|A|?n
We are interested in finding the limit @ — oo (K/N = j3) _Llon  mAsNRy <1 _ 1) (138)
of (125) when the entries @ are independent and identically SNR SNR n
distributed and the diagonal elementsdbére also independent _ <1 _ 1) . (139)
and identically distributed. The limit is a deterministic quantity, o n
denoted by°P*(3, snr). The following theorem is the main re- d 1
sult in the paper. = Ton {10& i (n— 1)} (140)
Theorem IV.1:Fix 8 andsnr. Letthe efficiency ofthe MMSE  where (138) follows from (89). Thus, we have shown that the
receiver be denoted by, which satisfies (89). Then the op-derivatives of (126) coincide. O

timum capacity is given b
paciyis g y From the foregoing proof we can verify independently the

CPY(3, sNrR) = C™™*(3, sNR)+log, 1+(77_1) log, e. (126) asymptotic version of the assertion we made above on the fact
n that, unlike the MMSE receiver, the performance of the op-
Proof: We saw in (91) thay(0) = 1. Furthermore, timum receiver cannot be helped by the presence of fading. To
opt mmse _ see this, simply recall that the derivative of the capacity is mono-
CFB, 0) = CTTH(B, 0) = 0. (127) tonically decreasing withy (128), and that; increases with a
10The Rayleigh distribution satisfies (123) for afy nonzero-variance fading distribution.
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For completeness, we mention a less appealing representa
of the optimum capacity shown in [32] 3

SNR /3 1 2.5
C®(B3, sSNR) = /0 . <1 - Ga < )) de  (141) 2t

whereG )\ (z) denotes the Stieltjes transform of the distributiol s

F\ of the singular values o A It
< dEN\(t
Gra) = [ 420 (142)
0 t— 2z 0
1 2 3 4 5
and satisfies the fundamental functional equation [33] KN
1 Fig. 14. Optimum receiver: asym tot@ loss due to Rayleigh fading.
Gyr(2) = . 143 g p ymptott yleig g
e e R °

The expression found in (126) allows us to readily analyze the « SP[|A| > 0] < 1. Then
behavior of the capacity of the optimum receiver for both low
and high£. Sincen(swr)
required for reliable communication is the same as that found for
linear receivers, namely;1.59175 dB. The slope at that point

8Pt = smmse — BP[|A| > 0] =1— mh_l)r;o n(x).

Then using (126) we obtain

in b/s/Hz per 3 dB is LOP = L™ | oo ¢
; 1
oot 2C°PY0)2 ——————log,(1 — BP[|A]| >0 152
SOP _ C;opig (144) + BP[A] > 0] 0g;( BP[|A] > 0]) ( )
- Zém(ms)e(o)Q = 1Og2 e+ 1Og2 [3
= 145 1 _ (1 _
_Cmmse(;)/)}Q_ 32 ( ) + <[3P[|A| > 0] 1) 1082(1 /3P[|A| > 0])
= E[{|A] > 0}log, |A]”]
= 146 —
25 ;rjfim(lAl) Y2 (145) PIAI >0 (153)
= 7/ (147) _ -
B+ s(A]) * SP[|A| > 0] = 1. Inthis casep(xz) — 0andzn(z) — oo

asz — oo. Thus, if Z denotes the random varialii|?
Comparing this value to the results obtained for both single-user restricted ta(0, oc), then

matched filter (62) and MMSE receiver (103), we see that the

improvementin spectral efficiency thanks to optimum nonlinear £%' = log, 3 + Lim (1082 z — C®(x)) (154)
processing approaches a factor2oés — 0, WhICh is the =log, B+ 10g2
most favorable value gf. As we noted in [1], even in the re-
gion where the thermal noise dominates, taking into account the — lim & {logQ < @) + )} (155)
structure of the multiuser interference through nonlinear pro- *
cessin ltinad ic i E[1{|A| > 0} log, |A’]
o] can result in a dramatic improvement. = log, 3 +log, ¢ — (156)
Athigh £ N t accordingto (126), the slope is equal to (in b/s/Hz PllA| > 0]
per 3 dB) )
* AP[|A| > 0] > 1. In this case,
opt __ 7: yopt
SPt = xh_I)r;o xC%(x) (148) C™™*(z) — BElog, (1 + alA]?)
. smm . xn(z
= lim 2C"™(z) + lim 7;7((&7)) (n(z) —1) (149) andn(z) — 0 asz — oo. Thus,
= min{1, AP[|A[ > 0]} (150) LP =log, B+ lim (log, z — C®(z)) (157)
where (150) follows from (92), (95), and (106). For comparison = log, 3 +logy ¢ — BElog,y(1 + afAP%)
purposes, recall that in the single-user unfaded channel the slope + lim log, xn(x) (158)
of the capacity at h|g|§f— is equal to 1 b/s/Hz per 3 dB. e )
The £ E; = log, afe — BElog,(1 4+ afAl%) (159)

wherec is the solution to (93).

0 . cOpt(‘T)
LE =log, B+ Jim <10g2 T g ) . (151) Fig. 14 shows the hig: fading penalty plotting the dif-
ference between the values taken #4310 log;, 2 with and
Let us analyze (151) in three separate cases. without Rayleigh fading. Fof < 1, the penalty (153), (156) is
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Spectral Efficiency Spectral Efficiency
BifS/S/gz No Fading Single-User 6{bI.tS per chip)
Single-User No Fading
5 L_Rayleigh Fading Single-User 5
Optimal
4t 4t
No Fading
3 3t
Rayleigh MMSE
2 27
Decorrelator
1t 1y
\ Matched Filter
0
0 0.5 7 75 5 >3 025 05 075 1 125 15 175 2
N K/N

. - L . . .
Fig. 15. Optimum spectral efficiency f% — 10 dB. Fig. 16. Largek spectral efficiencies fovf]—0 = 10 dB and Rayleigh fading.

the same as in the single-user channel. For 1, the penalt Interestingly, the Rayleigh multiaccess channel achieves,
9 ' ' P Y for sufficiently high 3, better capacity than the single-user

vanishes ag — oo. . o d .
In addition to (126), another useful relationship between ﬂ%?eaylelgh Chaf‘”e'- Th|s |s_another manifestation of thg phgn_om-
ootimum and MMSE fading capacities is enon of multiuser diversity we encountered before: splitting
P g cap the power among many users subject to independent fading is
7 Cmmse( . SNR) beneficial. As predicted by (163), the multiaccess capacity with
CPH(B, snR) = /0 P dz (160)  and without fading converge a@sgrows to the ultimate limit,

, , o i.e., the unfaded single-user capacity. Note that the valugs of
which stems from the asymptotic optimality (as the code blogk hich 909 of that limit is achieved are quite moderate.

length grows without bound) of a successive cancellation non-Fig. 16 compares the spectral efficiency vergusf the var-
linear receiver where each stage consists of an MMSE transffyﬂs receivers considered in this paper for afifedn the pres-
mation which takes infco account only thosg users not yet. ice of Rayleigh fading (without power contfool). Comparing
modulated [34]. Equation (160) can be easily shown followingi figure with Fig. 1, we see that the optimum receiver needs a
the same approach used in [1] to show it for the equal rece'vel"ﬁgherﬁ in the presence of fading to achieve the same fraction
power channel. . _ _ of the single-user no-spreading no-fading capacity. The relative
- We see from (160) that®”(/, snr) is monotonically norformance of the linear receivers is very similar to the un-
increasing as a function ¢f. In fact, just as for the maichedg, e case. The sensitivity of MMSE spectral efficiency with
filter and the MMSE receiver, the effect of fading vanishes s seen o decrease slightly in the presence of fading, increasing
/3 — oo. Using (219), (220), and (126) we can readily shoyq maximumny3 for which MMSE processing offers worthwhile
that the limiting capacity satisfies performance gains over the matched filter.
O _ o 1 (161) The reader is referred back to Fig. 12 for a comparison of the
= 082 n spectral efficiencies achieved with the optimum, MMSE, and
E, matched-filter receivers with optimum coding—spreading ratios.
= log, <1 t 5 COPt) : (162)  For both the optimum receiver and the single-user matched filter
0 . . .
spectral efficiency increases monotonically withThus, those
Thus, the spectral efficiency fg curve has a remarkable lim-curves correspond & — oc and are the same as those achieved

iting behavior in the unfaded channel shown in Fig. 2.
opt 9C _ 1 Power Control: Let us now turn to the derivation of the
lim =2 (C, 3) = (163) power control policy that maximizes capacity for the optimum
f=o0 No ¢ receiver.

which we immediately recognize as the curve of the single—user.l.
additive white Gaussian noise channel. Therefore, asthe nu
of users per dimension grows, the effect of fading vanishes,
the channel can be used as efficiently as if all the power were
concentrated in one user. Thus, for sufficiently lafge¢he op-
timum receiver manages to wipe out any penalty due to random 7 - W
spreading, multiaccess, and fading. . . . .
Note also that (163) and (160) can be readily used to veri\f\{/hereg is the positive solution of the equation
that the MMSE capacity with fading can lie neither below nor [(1 1 >+

heorem IV.2:Fix 8 > 0, snr > 0, and the fading distribu-
§h. The power control policy that maximiz€8P(3, snr) is
water-filling law

+
P(AP) = (1 + Bgsue) {i ! } (164)

SNR

=\ 165
14 Bgsnr (165)

above the unfaded capacity for &ll as we saw in Section lll. g W
Fig. 15 shows the behavior of the spectral efficiency of
the optimum receiver with and without Rayleigh fading.  Proof: Appendix G.
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Spectral Efficiency
Bits/s/gz ) No Fading Single-User Optimum Power Control & Rayleigh
N
5 | Rayleigh Fading Single-User K
4 -
No Fading
3 L
Rayleigh

2 5

l L

0 0.5 1 1 .. 5 2 2.5

Fig. 17. The effect of optimum power control % =10dB.

The functional form of the claimed optimal power contro SPeC"ﬂ'EgI{'fs"/esf};};

may strike the alert reader as suspect. The water-filling la
failed to be the solution for either the matched-filter or th
MMSE receivers, because although the capacity was giv
in terms of a single-user-like capacity, the power control la
entered the expression not only directly, but indirectly throuc
the received power (for the matched filter) and the SN
efficiency achieved by the MMSE receiver. Analogously, th
power control law also affects the optimum capacity throug
the MMSE efficiency. However, (164) is indeed the solutiol
thanks to the fortuitous fact (see Appendix G)

No Fading
Single-user

CPY(B3, shr) = BE [log, (1 + snr|A|*n)] -5 -2.5 0 2.5 5 7.5 10

1 E,/N, ws

+logy =+ (n—1)log; e (166)
U Fig. 18. Optimum power control with Rayleigh fading.

= min AF |log,(1 Al?

0Sne1 PE [logs(1 +swrlA[*z)] wheregg is the solution to
1

+ log, - + (z —1)log, e. (167) - <1 ~ 9_@2>+ _ l a7

Using different methods, an equivalent power control has al p

been shown to be optimal recently in [14] even within a larger __ _ . _
class of centralized laws that are allowed to depend on the9- 17 shows the improvement attained by optimum power

instantaneous signature sequences. control as a function qﬁ_for fix_ed fg . Reg_ardles_s of the_ valug
Using the expression found in (251) for the spectral efficien®f & the spectral efficiency is monotonically increasing with

attained by the optimum receiver with power control, we ext:

amine the highf;%" behavior for fixed arbitrary3. It can be Fig. 18 shows the spectral efficiency attained by the optimum

shown that the slope of the spectral efficiency is the same fE€iver with optimum power control and with Rayleigh fading

obtained without power control (150), namely, for various values of.. Fig. 18 illustrates that for large values of
3, the improvement over the capacity of the single-user additive
8P =min{1, SP[|A| > 0]}. (168) white Gaussian noise channel is remarkable. In fact, with any
] Ey i .
The f’; penalty is given by fixed o the spectral efficiency goes t@ asf3 — oc:

Theorem IV.3:If the fading distribution is unbounded, then

the f; required to achieve spectral efficien€ywith an op-

« BPIA] > 0] < 1

LPC = L% 4 log, P[|A| > 0]. (169) timum receiver and optimum power control (164) satisfies
Eopc

« BP[IA| > 0] > 1 Jim =t (¢, 8)=0 (172)
oo 0

£ =logy —— — BE .
g8 Proof: Appendix H. O

2\ t+
<10g2 ﬁ) ] (170) for anyC.
gs
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To gain more insight into how the phenomenal performandes in (2), the real and imaginary components of the complex
of Theorem V.3 is attained, let us consider the special caserahdom process,; are independent white Gaussian each with
Rayleigh fading. The asymptotic behavior of the exponentidbuble-sided power spectral density equdltd. Moreover, the
integral function [22, eq. (8.215)] implies that the left side oprocesses,; are mutually independent. Note that now there is

(165) behaves as a fading coefficienA;, for every pair (user, antenna element).
n Not only do we assume that the fading coefficients are indepen-
3’E [(% — #) } dent from user to user but also from antenna element to antenna
lim = 1. (173) element. Moreover, we assume, for simplicity, that all coeffi-
g PlIA]? > g] cients are equally distributed. To make a fair comparison with
Also, according to the proof of Theorem IV.3,/ds— oo, sxk = Previous results, we maintain the constraints (3) but instead of

&/, the solution to (165) satisfigs— oo. Using (173)in (165) (4) now we assume that

andf3snrg — oo, we see that 1
i ElAL) = +. (179)
_dif 2
A= ﬁP_HA' > 4] (174) Instead of working with (178), we can consider the equiv-
=pe7? (175) alent discrete-time model oiNL observables, where each
=g. (176) antenna output is projected along the orthonormal waveforms
it,’.zl,...,N
Thes IO )
B SA;
8 =B, (177) r=1| - [b+m (180)
The parametes can be interpreted as the effective load, nor- SAy

malizing by the spreading factor, that is, not the total numb@mherer andm have N L complex components and
of users but the average number of users whose power con- ]
trol allows them to transmit nonzero power at any given time. Ae = diag{Arr, -, A} (181)
Thus, the number of users transmitting simultaneously (those
for which the fade level is exceptionally good) grows only logB. Matched Filter Receiver
arithmically with K.

Recently, [14] shows that in the present model (random

Consider the vector ok’ observables

H
spreading X' — oo andK/N = 3) no advantage is realizable SA
with a centralized power control policy (originally examined z=| --- r. (182)
in [25] in the unspread case) where the received fading powers SAL

of all users are available to each of the transmitting users. The i _ ) )
same trend is evidenced for optimal unspread systems [35] B¢ matched filter receiver simply feegsto a single-user de-
in that case this is achieved with different strategies. Whif@der for uset. Note that

for the optimal centralized control only one user is active at SA 1"
a t|m.e [2_5], in case of decentralized power control e|ther a = A’{ST5~~~5AEST (183)
logarithmic portion of the users are active [35], or a linear SA;,

portion in case the fading takes on a finite number of values _ _ . o

[36]. The conclusion in Theorem IV.3 is in accordance witihosekth row is only a function of the fading coefficients of
the behavior of decentralized power control with no spreadifige kth user. Thus, this receiver only needs to know the fading
(N = 1) found in [35]. It was shown in [35] that for large Coefficients of the user or users of interest. Note that for the

K, the capacity behaves dsg(1 + Ksnrlog K), which kth user, (182) is equivalent to matched-filtering each antenna

corresponds to a decayiﬁ# with K of output with s;, and combining all such outputs with a max-
° imal-ratio combiner that ignores the presence of the multiaccess
2€ -1 +o(1) interference.
ClogK A The K x K crosscorrelation matrix
SA, 717 1854,
V. MULTIANTENNA RECEIVER R= (184)
A. Model SAL SAL
So far, this paper has dealt exclusively with the scalar chanfi@s entries equal to
in (2). Now let us consider a more general model in which there L
are L receiving elements Rij = pi; > AlAje (185)
K n (=1
yé(t)zz ZAM[i]bk[i] sk(t—iT)+ne(t), ¢=1,..., L. where, as usuap;; denotes the cross correlation between the
k=1 i=1 signature waveforms. Thus, the equivalent cross-correlation ma-

(178) trix is the componentwise (Hadamard) product of the time-do-
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main cross-correlation matrix with the space-domain cross-cdmerefore, if the kurtosis of the individual antenna fading is

relation matrix. close tol, andg is small, L-antenna diversity is of little use in
The output of the first-user linear transformation is equal tdhe regime of Iow%. On the other hand, for largé the bene-
) fits of L-antenna diversity may be substantial s }lf <1
yi = Riby + Z Rypbi +ny. (186) As 5 — oo, L-diversity has the effect of multiplying the

prd spectral efficiency by.

Conditioning on the fading amplitudes of useni has variance : sumf B\ _ N
,@1520 Ciry | B Ny = Llog, ¢ LE;, b/s/Hz  (193)

L
Ry =) |Aul (187)
=1 C. Decentralized Decorrelators
and In a decentralized setting, where each individual receiver only
R knows the received fading coefficients of one user (and no adap-
E[|Ryu|*] = N—lfi (188) tive filtering is used), it makes sense to consider a structure

where L independent decorrelators act on each of the antenna
Since E[|bx|*] = snr, according to the law of large numbersputputs. The observable at the output oféttedecorrelator can
the output SNR behaves as be written asymptotically as

L 2 dieli] = Aren/1 — Bbi[d] + npeld] (194)
5 SNRY . |A1s]
R7{sNR =1

—
K 1+ snrE/L

Rll +SNRE |le|2 [/
k=2

(189) where the noise random variables are independent Gaussian
with unit variance. The outputs,, of those decorrelators are
then maximal-ratio combined using thefading coefficients

a conclusion that was reached in [12]. Using (189) in lieu of Of the desired user. This results in the following generalization
of (76):
SNR|AJ?

T+ v Cii°(8, snr) = BE [logy (1 +snR(1— B)[AI)], IZiiﬁ
in (57), we see that the effect on capacity of theliversity p,g the beneficial effect of diversity on this receiver is purely
reception at the receiver is threefold. based on reducing the Jensen penalty by removing some of the

1) The expectation is computed with respect to the distribiandomness in the received fading.
tion of )
. D. MMSE Receiver
A2 = Z A2 (190) The main (:_;md h_ighly non_trivial) result of [12] is that the ef-
p fect of the L-diversity reception on the SNR for the MMSE re-
ceiver is identical to what we saw for the single-user matched
which corresponds to replacing the distribution|&f> filter, namely, the substitution of the distribution|af2 by |A|?
by its L-fold convolution suitably normalized to preserveand the substitution of by 5/L. Accordingly, the capacity of
unit expected value. Note that the variancgdf is equal the L-antenna linear MMSE receiver is given by
to the variance ofA|? divided by L. P
2) Substitute3 by 3/L, or equivalentlyN by NL. ClT>(B, sNR) = L TE [log, (1 + sNr|A|?n(sNR))]  (196)

3) Multiply C(8, snv) by a factor ofL. with 7(snRr) given by the solution to
In view of (10), the impact on the spectral efficiengy-curve 3 NE
is described by items 1) and 2) and by the multiplication of N+ B E {M} =1 (197)

C(8, %) by afactor ofL. L [sn|A[2n + 1

Itis easy to verify that-diversity decreases kurtosis as  and the expectations in (196) and (197) taken with respect to
. L—14k(A (190).
s(|Al) = % (191)  Note that as. — oo, the solution to (197) converges 1o
) , .. and|A] — 1. Thus, (196) converges tBlog, (1 + sNr). Ac-
Moderately large values df bring the kurtosis close to its min- cording to (103), the impact ok-antenna diversity on the low

imum value oft. Whereas the minimurg: required for reliable ' £, pahayior of the MMSE receiver is identical to the impact

. . N
communication does not change withthe slope of the spec- e giscussed above for the matched filter. Analogously, using
tral efficiency at that point becomes

(109) we obtain that the largébehavior of the MMSE receiver
20L is identical to (193).

sumf __
Sofr) = 28 +r(JAD+L—1 (192) Regarding the generalization of the hiﬁg-slope found in
(106), note that

which is equal to (62) if. = 1. The value in (192) increases B
monotonically withL with an asymptotic value equal @3. PlIA] > 0] =1—(1— P[|A] > 0])" (198)
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and that ifP[|A| > 0] = 1, the high<£: slope becomes Spectral Efficiency
0 Bits/s/Hz
8, B<L 14 " ’ ¢ 7
6
o = L/2 p=1L (199) 12t 5
0, B> L. 0t :
So as long ag < L, antenna diversity can increase spectri Y 2
efficiency considerably in the hig% regime. sl L=l
E. Centralized Decorrelator /
If a central receiver demodulates all users and has knowlec %//
of all received fading coefficients, then one option is the centre =
0 2.5 5 7.5 10 12.5 15

ized decorrelator which feeds ti#€ (multiaccess interference-
free) components of the vect® 'z to individual single-user EN, w3
decoders. This corresponds to the limitingg — oo version

of the MMSE detector considered in the previous subsectidtig. 19. Larges spectral efficiencies parametrized by the number of antennas
Using the previous results on the eigenvalue distributioR of L.

we see that in this case _ _ _ _ _ _
regime any increase in complexity due to nonlinear processing

Cff‘f’(ﬁ, SNR) = B F [103‘2 <1 + SNR <1 - %) |K|2>} ) is hardly justified.
For high f‘; ,the increase in slope due to nonlinear processing
p<L. (200) jg given by
Notice that doublingl, we can doubleg3, achieving a mul- 0, BP[A| > 0] < L

tiplication of capacity by a factor dt and a reduction in the opt mmse -
Jensen penalty. Soo[LJ —Seel] = 4 1/2, /3P[|é| >0l =L (202)
1, BP[|A] > 0] > L.

) ) Again, for fixed 3, nonlinear processing is not particularly

For anL-antenna receiver, Theorem IV.1 holds verbatim prore|pfyl if L is sufficiently high.
vided thatC™™* andr therein are evaluated as we saw for the | the regime of high loag, we saw in (163) that the op-
multiantenna MMSE receiver. To see this, recall from (125) thafmum receiver achieves single-user additive white Gaussian
for fixed K and v, the optimum receiver capacity depends ORgjse performance, regardless of the fading distribution. This
the nonzero singular values 8#, which are equal to the squareperformance can be further improved using antenna diversity.
root of the nonzero eigenvalues of the unnormalizédk K T assess this improvement, first note that witantennas, the

cross-correlation matrid” 7 SA. Alternatively, we can use asymptotic behavior of the MMSE efficiency (97) becomes
the original expression found in [30] to reach the same con-

clusion. In the case of-diversity reception, the optimum re- n=

ceiver can use the observables in (182) since they are sufficient 1+snR3/L
statistics. This implies that the capacity can be representedriirthermore, the first term in the Taylor series of fhdiversity
the same way as fat = 1 with the appropriate change in theMMSE capacity becomes

cross-correlation matrix. Namely, the square root of the nonzero

F. Optimum Receiver

+o(B7h). (203)

eigenvalues of the unnormalized cross-correlation matrix are Clir™ = L(1 = n)logy e+ o(B71). (204)
now the nonzero singular values of Therefore, ag — oo, the optimum capacity satisfies
SA 1
Cihy = (L= 1)(1 —n)log, ¢+ log, ; +o(p7h). (205)
SA;

. S . Replacingsnrj by £ C["Lpf (203) and (205) give a parametric
The key result of [12] is that the distribution of those 5'”9U|aéxpression for the function

values is the same as thoseSA provided that3 is substituted

by 3/L and the fading distributiofA| is replaced byA|. lim C°Pt </3 ﬂ) )
Now, however, we can no longer claim that the effectedi- 8 LI\ No

versity is summarized by the three changes that we saw in th . . .

single-user matched filter and the MMSE receiver. Redoing tw% can see from Fig. 19 that for typ|c§3r of interest each

expression for the slope at zero spectral efficiency we obtaina%jdltlonal antenna (beyond 2) buys roughly 1 bis/Hz.

opt 28L (201) VI. DISCUSSION ANDCONCLUSION

SoPt —
o[L] —1— . I : .
L+28+n(|A)) —1-B/L Conceptually, the main contribution of this paper is The-
which asL grows gives a negligible improvement over the lineasrem IV.1 which characterizes the “nonlinear gain” in capacity
processing slope. Thus, with enough antennas in theﬁgw- as a function of thenr-performance of the MMSE receiver.
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We believe that the full import of this result on analysis and S = 2p ) (207)
design is yet to be unveiled. B+ r(|A])

The analysis of the spectral efficiency of various receiversin - \ys conclude that regardless of the fading distribution:
the presence of fading has revealed a number of interesting new_ ¢, smaji 5 the advantage of nonlinear processing in low
findings of engineering interest that we compile in this section.  gNRis marginal:

We emphasize that comparisons are always made on the basis Optimum nonlinear processing doubles the achievable

E . .
of equal i . Comparisons on the basis of equal per-synshel spectral efficiency using the optimum coding/spreading
may lead, in some cases, to different conclusions. Also, the per- 445 for each receiver.

formance measure is total capacity per second per hertz. Other _
performance measures such as individual-user outage proba-High-SNR Behavior
bility may also lead to different conclusions.

* Regardless of the fading distribution and the value’ of
the spectral efficiency of the single-user matched filter
converges to a finite limit as SNR goes to infinity.

Even in the context of the single-user channel we have found . |fthe effective number of active users (seen at the receiver)
several new observations. per chip (i.e.8P[|A > |0]) is less than one, the slope of
« As is well known, without transmitter power control the spectral efficiencies of the decorrelator, the MMSE,

fading can only degrade single-user capacity because of and the optimum receiver are all equalA&’[|A| > 0]

the concavity of the capacity-cost function. Intuitively, ~ 0/S/Hz/(3 dB). If SP[|A| > 0] > 1, then the linear re-

the more “random” the fading distribution, the higher ceivers are a_lso mterferenceI|m|ted,whe_reas the optimum
the capacity penalty. We have identified the kurtosis of ~ €ceiver achieves the same slope as a single-user system.
the fading distribution as the peakedness or randomnesse With the optimum coding/spreading ratio tﬁ% required
measure that determines the capacity penalty in the region by the MMSE receiver (or the decorrelator) to achieve a
of low spectral efficiency. given spectral efficienc¢ is the same as in a single-user

« From an analysis of capacity versus per-synmisel[21], system subject_ to the same fading plus a penalty of
one could be led to conclude that the capacity improve- 1010810 (C) decibels.
ment afforded by optimum power control is not signifi- ) ) )
cant at lowsnr. However, our analysis as a functiong# D. Multiuser Diversity
reveals that an unbounded fading distribution allows re- Without fading, the single-user spectral efficiency is always
liable transmission no matter how Io{{%ﬁ. Equivalently, larger than or equal to that of the multiuser channel whose ag-
for any background noise level, the required joules pgregate power is equal to the power of the single user. Regard-
bit is as low as desired. This can be achieved by a trarnisss of whether spreading is used, fading changes the picture. To
mitter which concentrates its power at those rare instanatg usual diversity mechanisms in time, frequency, and space,
at which channel gain is exceedingly large. used to combat fading, we have identified the beneficial effects
« Even if the transmitter has only partial knowledge of thef allocating power among several transmitters subject to inde-
fade level, unbounded slow fading allows reliable trangendent fading.
mission at arbitrarily Iow% (Appendix A).

A. Single-User Channel

« Low-SNR BenefitUnder certain conditions on the fading

. distribution,3 and f; , the spectral efficiency is higher in

B. Low-SNR Behavior the multiuser channel than in a single-user channel with
The spectral efficiency behaves as an affine functioﬁ%ofn the same energy per information bit and the same fading

the region of high background Gaussian noise. Inthis regionand distribution. Surprisingly, the multiuser diversity gain (af-

in the absence of power control we have shown the following. forded by the independence of the fades experienced by

the transmitters) can even offset the performance loss in-

curred by completely neglecting multiuser interference at

the receiver. Key to this gain is the ability to operate at a

e The minimum f‘ required for reliable communication

is equal to—1.59175 dB regardless of the fading distri-
bution, the number of users, and spreading gain if the . o i
matched filter, the MMSE receiver, or the optimum re- much lower energy per symbol, which robustifies perfor

. mance against the fading distribution.
ceiver are employed. In contrast, the decorrelator suffers ] ) ) _
an f; - penalty of10log,, (1 — 3) decibels as it is not . Pop_ulatlon an_trql I_Effr—_:cﬂ.:or linear recewers,_fadmg has
designed to cope with the dominant Gaussian noise. a triple effect: i) it inflicts a penalty by making the re-
+ As in the single-user case, kurtosig}A|) encapsulates ceived amplitude of the desired user random, ii) it boosts
the effect of ?ading at low ’SNR for all the CF[))MA o- the power of some of the interferers, and iii) it has a posi-

ceivers considered. Comparing the values of b/s/Hz per 3 tive effect by weakening some of the interferers.

dB achievable by linear (matched filter and MMSE) and — For the matched filter, the influence of the specific fading
optimum receivers distribution is only seen through i).

— For the decorrelator, only the first effect holds, as its per-
formance is independent of the positive fade levels af-
fecting the interferers. The decorrelator performance is

suml __ ¢ommse __ 2/3
S8 =S = S AD (206)
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equal to single-user performance Withapenaltﬁmfa timum power control such as truncated channel equalization)
factor of1 — 3 (receiver noise enhancement) and a factaffers performance gains even at higﬁ. The nature of those

of 3 penalty in capacity due to the nonorthogonal multigains turns out to depend heavily on the receiver.

plexing with more dimensions than users.

— For the MMSE filter, effect iii) dominates the others if
3 exceeds the unfaded optimum coding/spreading ratio
and fg is large enough; the “population control” effect
of fading reduces the number of effective interferers seen
by each MMSE filter. Among all the receivers we ana-
lyzed, only the MMSE receiver may exhibitan increasein * Decorrelator: Power control is not a sensible design
spectral efficiency due to fading (without power control). ~ choice here. As for single-user channels, at h%h it

» Matched Filter: For any/3, at high f‘; truncated power
equalization is asymptotically optimum and it wipes out
the fading penalty. Thus, the (interference-limited) lim-
iting value of capacity forE,g — oo Is raised by elimi-

nating the Jensen penalty.

Furthermorey;, the snr-efficiency of the MMSE filter is hardly offers any improvement. At lo, the matched
always increased by fading. filter with power control offers better performance and

» Large Diversity. In parallel with classical single-user lower complexity.
results [16], we have shown in each of the cases consid- * MMSE Receiver:Power control helps the MMSE receiver
ered that infinite diversity performance is equivalent to  tremendously, particularly whefi > 1 and £ is high.
unfaded performance. Indeed, in the absence of power Whereas without power control, the spectral efficiency is
control, ag3 — oo, the spectral efficiency of the matched ~ bounded if3 > 1, optimum power control (or truncated
filter, the MMSE receiver, and the optimum receiver ~ power equalization) has a “population control” effect that
converge to their respective unfaded performances. Fortu- makes the receiver operate with an effective number of
nately, to achieve 90% of the unfaded spectral efficiency, interferers thatis lower than the spreading gain, a scenario
quite moderate? suffices. For sufficiently larged, the in which the MMSE spectral efficiency is unbounded with
negligible improvement the MMSE receiver over the f’;
matched filter does not warrant the associated increase. Optimum ReceiverCuriously, the structure of the op-
in complexity. For the optimum receiver, not only does  timum power control law is simpler than those of the linear
the fading penalty vanish asymptotically but the spectral  receivers. With sufficiently larges, the potential gains
efficiency converges to that of the single-user unfaded achievable by optimum power control and an optimum
channel. So for largg, the optimum receiver eliminates receiver are staggering. It is possible to outperform even
the penalties due to random spreading, uncoordinated the single-user channel without fading. The strategy for
multiaccess, and fading. This implies that for sufficiently  largeg is to allow transmissions by only those users whose

large 3, the optimum multiuser spectral efficiency ex-  channel gains are exceedingly favorable (no more than
ceeds the single-user spectral efficiency with the same 1og K in Rayleigh fading), but with very small per-symbol
f; and the same fading distribution. snr. Still, for sufficiently large3, the number of simulta-
neous transmitters can be much larger than the spreading
E. Power Control gain. With this scheme and any unbounded fading distri-

We have studied the potential performance improvements bution, the surprising resultis that it is possible to achieve
achievable by letting the transmitters adjust their powers as a any desired spectral efficiency at afy provideds is al-
function of the channel fade levels they experience (without lowed to be large enough. The increase of capacity With
knowledge of other transmitters’ fading conditions). From IS extremely slow, however. Overly ambitious b/s/Hz-
the standpoint of Shannon capacity, the strategy of power Pairscome,aswe would expect, ata huge complexity cost.

equalization (or equal power control) used in CDMA com- |, oy development of power control laws, we have restricted
mercial cellular systems is notoriously poor in terms of pOWgfitention to identical power control laws for all users. Because
efficiency, even worse than no power control. Our emphasise ysers are affected by identically distributed fading, it can
has been on the design and analysis of optimum power confg@lseen that allowing a randomized identical power control law
Iaws. tailored .to the receiver used. The various laws we ha@jﬁ/es the same generality as allowing users to employ noniden-
obtained retain the structural property of single-user optimufaa| deterministic power control laws. However, randomization
power control: no power is sent when the channel attenuatigges not help when the receiver is the matched filter or the op-
exceeds a certain threshold. timum receiver. For the decorrelator and MMSE receivers ran-

At low sk, an unbounded fading distribution coupled withyomization may help, for example, when the fading distribution
optimum power control enables reliable communication ng yiscrete.

matter how low F‘; This is even the case if the fade levels

are known only roughly at the transmitters. This behavior I._s

common to both the single-user and the multiuser channels an

for all the receivers considered. If the receiver had. antennas subject to independent fading
The single-user results do not offer much encouragement ford it uses a bank of matched filters or MMSE receivers, the

the prospects of power control above the very kmw region. performance improvement is summarized by i) a change in

In contrast, in CDMA optimum power control (or even subopthe fading distribution which becomes more “deterministic”

J\/Iultiantenna Receivers
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by L-fold convolution, ii) the multiplication by a factor of ~ »®
of capacity as a function afvr, and iii) the multiplication of 4}
spreading gain by a factor df. For small3 and lowsnr, the
improvement byL antenna diversity for either matched filter ;|
or MMSE is very slight unless the fading distribution has ver
large kurtosis. Conversely, for largkand any%, the spectral
efficiency is multiplied by a factor of for both receivers.

With enough antennas nonlinear processing does not impr¢
performance appreciably for Ioﬁf. Onthe otherhand, atmod- 1}
erately Iarge% and largeg, each additional antenna (beyonc

two) buys 1 b/s/Hz.

5 10 15 20 25

APPENDIX A 6

PARTIALLY KNOWN FADING ) . . . . .
Fig. 20. Power control policy with partially known fading (linear scale).

We now derive the optimum power control law for the sce-

nario of partially known fading at the transmitter. The role ofg check inequality (215), note that by concavity/of
|A[]|?snR is now taken by

cR2[i]6[]p(O1i])

wherec is a normalization constank?[] are unit-mean expo-
nential random variables unknown to the transmitter &fjdire 2V(z) AoV (z) (217)
the magnitude squared of the slowly-varying fading coefficienis _ . S

which are trackable at the transmitter and have an arbitrary 2 which (215) follows upon multiplying and dividing its left

tribution with nonzero variance. The objective is to maximizaIde by)\._ I . .
the expectation If the distribution ofé is unbounded, then grows without

bound assnr | 0. Therefore, according to (215), no matter
E [log, (14 cR*0p(0))] how small £, reliable communication is possible. Note that
this conclusion holds regardless of the relative strengths of the
known and unknown fading components.
E[p(6)] = snr. (208) Fig. 20 shows the functiorp(#) for 6 following the
log-normal distribution withr,, = 10 dB andsnr = 1. As the

Using the Lagrange multipliek chosen to satisfy (208), therelative power of the unknown Rayleigh fading component

zA(z) < Alz) (216)

which is equivalent (taking’(») = =) to

with respect to the nonnegative functigntghat satisfy

solution is given by the power control law decreases (lowet) the threshold of the power control law
1 A increases. The curve far = 1 corresponds to a Rayleigh
p(0) = P <g> (209) component 11.5 dB below the known log-normal component.

whereV (z) = 0if « > 1, and forz < 1, it is equal to(A) 1, APPENDIX B

the inverse function of the confluent hypergeometric function Proof of Theorem I11.1: To show (109), which was proven

Al — <t —t g 210 in [1] in the special case of the unfaded channel, note that to
(@) = o 1+t ¢ (210) achieve capacity with f—g thesnr must go tad as
- A=) E, C
=z (211) SNR = No B (218)

with A defined in (36). Denoting the composition of the funcsg according to (97)

tionsA andV by A o V, the capacity as a function afchosen 1

to satisfy (208) is equal to n= W +o(ph). (219)
C(snr) = E [A oV <%>} ’ (212) The first term in the Taylor series of (99) together with (89)
As a function of), we have yields
% _ % (213) C™™ = (1—1n) 1o'g2 .e—i- o(f7h). | (220)
Then (109) follows upon substitution of (219) into (220).
E[5V (3)] 14

S E[AoV ()] APPENDIX C

Proof of Theorem I11.2:If 8 < 1, thenSZ:™* is maximized

< (215)  py choosingP[|A| > 0] = 1 (cf. (106)). Once that choice is

> =
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made, the asymptotic penalff"™ is minimized by lettingA| a bit more work. For example, consider a family of curves pa-
be deterministic (107). rametrized by3 such that the asymptotic slopelifor any value

If 3> 1, to show that deterministid\| is the least favorable of /3, but such that the maximum ovgrhas a finite slope. So,
fading distribution, let us assume that the we are operating in tingorinciple, we have not ruled out that we could do better than
regionSP[|A| > 0] > 1. If we are not, then (107) tells us that(114). To verify that indeed (114) is the answer, it is enough to
the capacity grows without bound Wi% which is not the case note that for any > 0 and all sufficiently largesnr
for the unfaded channel. Dend#| restricted tal{|A| > 0} by e < Blogy(1+ ) + flogy (SNR)

Z. Then
g +A3E[log, |A]?] + Blog,(1 — ). (230)
: mmse b
g € </3’ M) This leads to
No c
5 —Ellos. 1AI%]
1 E, p2s "
- _ . —— > 231
PE [k’g? <a|A|2+1>} (221) %92 Graa—ax (231)
1 for all sufficiently largeC. But (231) is also minimized by (227),
= —BP[|A] > 0] {108‘2 <7aZ n 1)} (222) * and since: is arbitrarily small, the optimized lower bound co-
incides with (114).
> —p3P[|A| > 0]log <E{ D 223
[IAI> Olog, aZ +1 (223) APPENDIX E
BP[A| > 0] Proof of Theorem 111.4: To show the desired result, note
= BP[|A] > 0]logy | =—=+—+—" 224 '
APIAL> Ollog, </3P[|A| >0]-1 (224) that we can tell whether the optimupis finite or not for a
3 given f—g by examining the behavior of the spectral efficiency
> fSlog, </3j> (225) asp — oo, while swr is adjusted to comply with the giveg:.

To that end, we fix an arbitrang = 3snr, and we investigate
where (94) results in (221), Jensen’s inequality led to (223he value ofd for which the derivative of the spectral efficiency
(224) is obtained from (93), and (225) is a consequence of twth respect tal /3, or equivalentlysnr, become® atsng = 0
monotonicity ofxlog(x/(z — 1)), « > 1. Both inequalities d

(223) and (225) become tight if and only|&| = 1, i.e., in the —F [logy (14 sNRIAP(SNR))]|qyrep = 0-  (232)

absence of fading OSNR SNR
. After some algebra, it can be shown that (232) requires that

APPENDIX D 7(0) = 1n?(0)E[|A[*] (233)

Proof of Theorem I1.3: According to the results in Sec-\ynhere the functiom(snr) is analyzed for fixed3sng in (98).

tion lll, the high< behavior of both the decorrelator and thgjgjng the values 0 (0) and+(0) found therein, (233) leads to
MMSE capacities if3 < 1 is given by
d=1. (234)

E, c
10log; FO(C) = 3 10log; 2 — 101log;, (C)

+ <10g2 11—3/3 — Ellog, |A|2]> 10logy 24 o(1). (226)

Now, recall (Theorem IIl.1) that a8 — oo, the spectral effi-
ciency goes t@ = log, ¢ — g—g Therefore,

1=0snr=C % (235)
Since, asymptotically, the functiof: (C) can only be higher _ 0
with 3 > 1, we restrict attention t¢ < 1 and, thus, (226). The results in
value of3 that minimizes the right side of (226) is b
— =2log, 2. (236)
oo C (227) o
pr= logye+C’ O
Substituting (227) into (226) we get
9 (227) (226) g APPENDIX F
101og;, % (C) = (C — log,(log, ¢) OUTAGE PROBABILITES
0

Because of the infinite-user model considered, the phenom-
(228)  enon of “user-ergodization” is a form of statistical multiplexing

=10log,y — that ensures convergence to the deterministic total capacity even

0 min if the fading processes affecting individual users are not er-

+ (C — Elog, |A]]) 10log,, 2+ 0(1).  godic. However, from the viewpoint of the rate achievable by

(229) every individual user, the presence of nonergodic, or even er-

godic but slow, fading variations, leads to the consideration of

To rigorously justify that (228) is indeed the asymptotic besutage probability [37]. This can be characterized by the prob-
havior achievable with optimur, it is actually necessary to do ability that a particular user can convey a reliable rate equal to

— Eflog, |A]*]) 101logyo 2+ o(1)
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a fractionr of its average rate (ergodic capacity). That probavith p(|A|?) given by (164). Then, the solution to (244) admits
bility can be written in terms of the fading cumulative distribua particularly simple expression
tion function. In the single-user channel [37], the result follows

by interpreting the rate per user 1

_—. 24
1+ Bgsnr (245)

ﬁ:

R(sNR) = log (1 + snr|A[?) (237) o . ' '
To verify this, substitute (164), (245) in the left side of (244)

as arandom variable (which is a function of the random variable

2 2
|A]2). Then p(|A[P)IAI"n
n+ pE
P(AP)IAP7 +1
P[R(snR) < rE[R(sNR)]| [ (1A +
21‘Elog2(l+SNR|A|2) -1 1 — -1
=P A2 < . (238 -~ {BE J 246
Al o (238) T a7or " <| B 1>+ 1 (246)
—_— = +
Using the results presented in this appendix, it is easy to ob- L\ g
tain the capacity versus outage function for the three linear de- _ 1 +BE 9 " (247)
tectors considered. As in (238), this is again given in terms of T 14 BgsaR |A|2
the probability distribution function of the fading powpg|?. 1 /3§_st
The expressions in (57), (76), and (99) result in the following = — + - (248)
L 14 Bgsnr 14 BgsnR
expressions: -1 (249)

P Rsumf 3 < ,ERsumf 3
[ (B, swR) < 7 (8, sww)] where (248) follows from (165). Thus, (245) is confirmed.

Elo snR|A|? ; . . }
_plAP< (21E1 25 (1+1+SNR,8) B 1) <i N /3>] |0Vl\j§gl?;;§i§i)£;he power control law in (164) achieves the fol

(239)  ¢o<(3, snr) = BE[logy(1 + p(|A12)|A]7)]
P [R*°(8, snr) < rER™°(8, snr)]

1
- +logy = + (7 — 1) log 250
grElog, (14snr(1-8)|A%) _ 082 7 (7 )log, ¢ (250)
=P|AP < - ., p<i1 Ay
I SNR(1 — f3) =fE <10g2 T) + log, (1 + BgsnR)
(240) g
PR™™(3, snR) < rER™™(3, sng)] S L, (251)
[ ) grElog, (1+SNRIA|?n(SNR)) _ | 1+ 3gsnr
=P|A* <L 241
_| = SNR7)(SNR) (241) To conclude the proof we show that (251), the capacity

achieved by (164), is an upper bound to the capacity achievable
wheren(snr) is specified in (89). with any power control law. To that end, we use the unexpected
Numerical evaluations of (241) are given in [38], [29]. property of (126) stated in (167). To check (167), one can just
verify that the derivative with respect to of the function in
APPENDIX G the right side is

Proof of Theorem IV.2:Define the monotone continuous
function BE {

f(gw:efE[(;-#y

First, we show that for ansnr > 0, the claimed solutiog to

sNR|A|? 1
— | ——+1 252
SNR|A[2z + 1} x + (252)

(242) divided bylog, ¢. Upon comparison with (89) we see that (252)
vanishes at = 7. Furthermore, letting

SNR|A|2z

SNR - snR|A]Zz 41
=— 243
19 = T3 Gosr (243)

(253)

the derivative of (252) with respect tg evaluated at the sta-
does exist. To see this, note first that for laggehe right side tionary pointz = 7, is

of (243) behaves ak/(3g), and, thus, lies above the left side

which satisfiesf(g) = o(g'_l). Qn the other hand, as — 0, 1 ) 1 E[Y?]
f(g) — oo, whereas the right side convergeste. g (1-BEY?])==51-(1-n) BY] (254)
Let 77 be the positive solution to the equation K
>0 (255)

I [p p(IAI»)IAPn } _ (244)

(IAD|APP + 1 where the inequality follows from the fact that 1andY” < 1.
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Using (167), we see that finding the optimum power contr@ince the random variabld| is unbounded, it can be checked

is @ maximin problem in (165) that with this choice afvr, § — o0 asg — oo.
max 1<nh<11 BE [10g2(1 +p(|A|2)|A|2x)] Thus, as — oo, the lower bound in (263) also goes to

: infinity. Moreover, this is achieved with vanishin%
E[p(|A]")]=snr
1 Er p
+log, =+ (xz—1)log, ¢ L SR
x

No C
< min max BE [10g2(1 +p(|A|2)|A|2x)] _ 6
T ER(AP)]=sw ¢ s
1
v, = — o e 265
+ log, ot (x — 1) log, e. (256) ~ log,(1 +69) (265)
Affecting only the first term therein, the maximization in theand the proof is complete.
right side of (256) is immediate to accomplish for any
max BE [logy(1 +p(|A|2)|A|2x)] APPENDIX |
E[p(IA]*)]=snr Proof of (55): Use (48) and (50) to write
A2\ T E, , SNR
= ) — =1 2
BE <10g,2 o) (257) Nows ~ A2 Gisvm) (266)
achieved by > [l/\lz% B H
1] 1 117 =—lim (267)
pOAP) =3 |2 - (258) b B o8 (AR — ) — Lo (0]
v Lg@@) A . 7
ith the Lagrange multiplie chosen so as to satis T =
" grange multiplies(z) sty 0 AR (AR, — ) 085 (1 )
f(g(x)) = snR. (259) (268)
It is possible to further upper-bound (256) by fixing a given _ log, 2 269
value ofz. Let us choose (cf. (245)) AR, (269)
1

_ S (260) where the expectation in (267) is with respect to the random
1+ fgshr variabled which is|A|? restricted to the intervalA|? ... — =,

Then, according to (243)(x) = g and the upper bound to the|A|? . ].

right side of (256) becomes

1
BB [logy(1+ pAP)IAP2)] +1og, =+ (x = 1)log, e

r=mn
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