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Abstract—We generalize the Gel’fand-Pinsker model to encom-
pass the setup of a memoryless multiple-access channel (MAC). Ac-
cording to this setup, only one of the encoders knows the state of
the channel (noncausally), which is also unknown to the receiver.
Two independent messages are transmitted: a common message
and a message transmitted by the informed encoder. We find ex-
plicit characterizations of the capacity region with both noncausal
and causal state information. Further, we study the noise-free bi-
nary case, and we also apply the general formula to the Gaussian
case with noncausal channel state information, under an individual
power constraint as well as a sum power constraint. In this case,
the capacity region is achievable by a generalized writing-on-dirty-
paper scheme.

Index Terms—Binning, causal side information, channel
capacity, channel coding, cooperation, decoding, dirty-paper
channel, Gel’fand-Pinsker channel, multiuser channels, non-
causal side information.

1. INTRODUCTION

HE capacity of state-dependent channels has become
T a widely investigated research area. The framework
of channel states available at the transmitter dates back to
Shannon [1], who characterized the capacity of a state-de-
pendent memoryless channel whose states are independent
and identically distributed (i.i.d.) and available causally to
the transmitter. In their celebrated paper [2], Gel’fand and
Pinsker established a single-letter formula for the capacity
of the same channel under the conceptually different setup
where the transmitter observes the channel states noncausally
(see also [3]). The main tool in proving achievability in this
setup is the binning encoding principle [2]. Costa [4] applied
Gel’fand and Pinsker’s (GP) result to the Gaussian case, where
there are two additive Gaussian noise sources, one of which,
the interference, takes the role of the channel state. Costa
originated the term “writing on dirty paper” which stands for
an application of GP’s binning encoding scheme that adapts
the transmitted signal to the channel state sequence rather than
attempting to cancel it. This results in a surprising conclusion:

Manuscript received January 18, 2007; revised March 29, 2008. Current ver-
sion published September 17, 2008. This work was supported by a Marie Curie
International Fellowship within the 6th European Community Framework Pro-
gramme. The work of S. Shamai (Shitz) and S. Verdu has also been supported
by the Binational US-Israel Scientific Foundation under Grant 2004140.

A. Somekh-Baruch and S. Verdd are with the Department of Electrical
Engineering, Princeton University, Princeton, NJ 08544 USA (E-mail:
anelia@princeton.edu; verdu@princeton.edu).

S. Shamai (Shitz) is with the Department of Electrical Engineering, Tech-
nion—Israel Institute of Technology, Technion City, Haifa 32000, Israel (e-mail:
sshlomo @ee.technion.ac.il).

Communicated by G. Kramer, Associate Editor for Shannon Theory.

Color version of Figure 2 in this paper is available online at http://ieeexplore.
ieee.org.

Digital Object Identifier 10.1109/TIT.2008.928977

the capacity of the channel without interference can be attained
even though the interference is not known to the receiver. It
was shown in [5], [6], that this principle continues to hold even
if the interference is not Gaussian. Extensions of these channel
models to the multiuser case were performed by Gel’fand and
Pinsker in [7] who showed that interference cancellation is also
possible in the Gaussian broadcast channel, and the Gaussian
multiple-access channel (MAC). Kim et al. [8] showed that
a similar thing happens for the physically degraded Gaussian
relay channel. Steinberg and Shamai [9] provided achievable
rates for the broadcast channel with states known noncausally
at the transmitter. Another multiuser extension, where the
channel state information (CSI) is causally available at the
transmitters [1], was made by Steinberg [10] for the capacity
region of the degraded broadcast channel. In [11], the capacity
of the physically degraded relay channel with causal CSI was
found. For other related work see [12]-[15].

Much research has been devoted to applications of these
channel models, for example, watermarking [16]-[20], mul-
tiple-input multiple-output (MIMO) broadcast channels [21],
where dirty-paper coding happens to be a central ingredient in
achieving the capacity region, and cooperative networks [22].

In [23] and [24], the problem of a two-user GP MAC with
CSI known noncausally to only one of the encoders, and each
encoder transmitting a separate message, is addressed. While
the symmetric (interference known to all the encoders) Gaussian
setup of [7] enables interference cancellation and the capacity
region is characterized fully, here, only inner and outer bounds
on the capacity region of the additive white Gaussian MAC as
well as the general discrete channel are derived. In the asym-
metric case, even in the Gaussian model the capacity region, yet
unknown, is degraded in general as compared to the no-inter-
ference case. The inner bound on the capacity region is attained
by a generalized dirty paper coding (DPC) scheme used by the
informed encoder, that allows arbitrary correlation between the
codeword and the known CSI. Another paper in which asym-
metric CSI at the transmitters is studied is [25], where full CSI
at the decoder is assumed.

In this paper, which generalizes a former conference version
[26], we consider the GP memoryless two-user MAC, with CSI
available noncausally to one of the encoders but not to the other
encoder nor to the receiver. The problem considered here is that
of two users transmitting a common message, and the informed
encoder transmitting a private message. We refer to this channel
asaGeneralized GP (GGP) channel. We characterize the capacity
region for the general finite-alphabet case with a single-letter ex-
pression. Thisisenabled by a generalized binning coding scheme.
Itisargued thatthe single-letter characterization remains the same
evenif one allows feedback at the informed encoder, but not at the
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uninformed encoder (similarly to the single-user GP channel set-
ting [27]). While feedback does not increase the ultimate rate, it
simplifies considerably the signaling technique which is capable
of approaching capacity [27]. We specialize the expression of the
capacity region tothe case where itis only acommon message that
is being transmitted. Transmission of a single common message
source can be regarded as a single-user channel, in the sense that
there is one message source and one destination. The capacity in
this case is referred to as a common message capacity. We also
generalize [1] by providing a single-letter expression for the same
setup considered in the GGP channel with the exception that the
CSI is available causally to one encoder only. The channel, in
this case, is referred to as an asymmetric causal state-dependent
channel. Further, we consider the Gaussian channel with non-
causal CSI under both an individual power constraint and a sum
power constraint. Incontrastto Costa’s setup and to the symmetric
Gaussian MAC [8], where the very trivial operative upper bound
of achannel having no interference is achievable, in our setup one
cannot hope for complete interference cancellation. This renders
the converse part of the theorem a more ambitious task. We define
therefore an equivalent notion of interference cancellation that is
adequate to our setup. We present an operative outer bound on
the achievable rate-pairs and point out the loss due to the asym-
metric side information. The resulting outer bound is shown to be
achievable in the Gaussian case, yielding a closed-form expres-
sion for the capacity region. We further specialize the results to the
common message capacity case, and we characterize the optimal
strategy of the informed encoder balancing the tradeoff between
enhancing the signal of the uninformed encoder, decreasing the
interference, and transmitting additional information about the
message that is not transmitted by the uninformed encoder. We
pointoutthe optimal power allocation between the twousers when
the sum power constraint is concerned. Another interesting in-
sight derived from the proof is the capacity region of a class of
finite alphabetand Gaussian parallel channels withnoncausal side
information at the transmitter.

A cognitive radio (see, [28]-[34] and references therein) is a
device, added to an existing system having licensed users, that
is capable of sensing its environment and making use of that
knowledge to increase the spectral efficiency of the system. A
useful model for the cognitive radio is as a transmitter with side
information about the primary (licensed) transmission. An as-
sumption made in the models considered in [28], [33] is that the
cognitive radio has noncausal knowledge of the codeword of the
primary user. In our setup, the informed encoder can be thought
of as a cognitive radio, which identifies the channel states (that
can stand for other interfering signals) helps the licensed user to
transmit the message, exploiting its side information, and trans-
mits an additional message. The model applies also to coopera-
tive transmission in the realm of the cognitive paradigm (that is,
one of the nodes is cognizant of the channel state which stands
for information transmitted in the system). Another application
of our results is to watermarking, where two encoders are jointly
embedding the watermark. The first performs the embedding in
a generic way, i.e., independently of the actual covertext, and the
second embeds information in a covertext-dependent method.
Our work accounts also for other scenarios of cooperative com-
munication used to increase performance [22], [35].
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The rest of this paper is organized as follows. In Section II,
we state the problem more explicitly and define some notation
that will be used throughout the paper. Section III is devoted
to establishing a single-letter expression for the GGP channel
capacity region in the discrete case, an outer bound on the
capacity region, and the capacity region of a special class of
GGP channels, referred to as degenerate parallel channels.
The causal case is treated in Section IV, where we provide the
capacity region formula for the asymmetric causal state-de-
pendent channel. Section V discussed the binary case, and in
Section VI, we apply the single-letter expression of the GGP
channel to the Gaussian channel with noncausal CSI, and
establish an explicit closed-form expression for the capacity
region. Section VII concludes with a summary of the main
contributions of this paper.

II. NOTATION AND PROBLEM SETUP

Throughout the paper, random variables will be denoted
by capital letters, while deterministic realizations thereof
will be denoted by lower case letters. We shall use the
shorthand notation z; to abbreviate (x;,%it1,...,2;), and
2" = (z1,...,%,). For convenience, the n-vector z™ will
occasionally be denoted by the boldface notation x as well. The
probability law of a random variable X will be denoted by Px,
and the conditional probability distribution of Y given X will
be denoted by Py-|x . The alphabet of a scalar random variable
(RV) X will be designated by the corresponding caligraphic
letter X'. The set of probability distributions defined on an
alphabet X, will be denoted by P(X'). The cardinality of a set
A will be denoted by |.A.

A stationary memoryless state-dependent MAC is defined by
a distribution Qs on the set S and the channel conditional prob-
ability distribution Wy s x, x, from & x &1 x X5 to V. Let
X{l = ()(1,17 . 7X17”) anng‘ = (Xg,l, . ,X2,n) designate
the inputs of transmitters 1 and 2 to the channel, respectively.
The output of the channel is denoted by Y ™. The stationarity
and memorylessness assumptions imply that

n
Pyujsn xr xp(y"[s",z",2") :HWY|S,X1,X2 (yilsi,zi, @)

i=1

The symbols S;, X1, X2, and Y; represent the channel state,
the channel inputs produced by two distinct encoders, and the
channel output, at time index i, respectively. We assume that
the channel states S™ are i.i.d., each distributed according to
Qs. As can be seen in Fig. 1, the setup we consider is asym-
metric in the sense that only encoder 2 is informed of the channel
states, while neither the other encoder nor the decoder know the
channel states. Unlike the ordinary MAC, with partially known
state information, we allow a common message source fed to
both encoders, and an independent message that is to be trans-
mitted by the informed encoder. When encoder 2 observes the
CSI noncausally, we shall refer to this channel as a generalized
Gel’ fand-Pinsker (GGP) channel, when encoder 2 observes the
states causally, the channel will be referred to as an asymmetric
causal state-dependent channel.
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Fig. 1. Asymmetric state-dependent MAC with a common message.

A subclass of GGP channels that will be of special interest
is the following. A memoryless parallel channel with non-
causal asymmetric side information is a GGP channel with
Y = (Yl,YQ) and

Wy, vy 15,51, x. = Wy x,,sWy x.,s- (D
In words, this is a GGP channel with two outputs Y7 1,...,Y7 5,
and Y5 1,...,Ys, that are both observed by the receiver. If, in

addition, one has

Wy, 1x.,5 = Wyy x, 2

we shall say that the parallel channel is degenerate.

The common message W,, and the private message s, are
independent random variables uniformly distributed over the
sets {1,..., M.} and {1,..., Ms}, respectively, where M, =
le"Be | and My = |e"2|. An (ef-, e2 n)-code for the GGP
channel consists of two encoders gog), @%2) and a decoder ,,:

the first encoder, unaware of the CSI is defined by a mapping
oM {1, MY — A (3)

The second encoder, observes the CSI noncausally, and is de-
fined by a mapping
O {1, M x {1, My} x ST = XY (4)

’

The decoder is a mapping
Y V" = {1, M.} x {1,..., Ms}. 5)

An (efe ef2 n)-code for the asymmetric causal state-depen-
dent channel is defined similarly to that of the GGP channel,
with the exception that the second encoder is defined by a se-
quence of mappings

P {1l MY x {1, M} x ST = X i=1,....n
(6)
and at time index 4, the channel input is given by X,; =
PUWe W, 8.

An (e,n,R., Ry)-code for the GGP channel is a code
(907(11)&,(12), ») having average probability of error not ex-

ceeding ¢, i.e.,
Pr (We, W) # 0 (YT")) <. 7

A rate-pair (R., R2) is said to be achievable if there exists a
sequence of (€, n, R., Ry)-codes with lim,,_,, €, = 0. The
capacity region of the GGP channel is defined as the closure of

the set of achievable (R.., R2) rate-pairs. The definitions of an
(e,n, R., Ro)-code, an achievable rate-pair, and the capacity re-
gion of the asymmetric causal state-dependent channel are sim-
ilar.

III. CAPACITY REGION: FINITE-INPUT ALPHABET
GGP CHANNEL

The following theorem provides a single-letter expression for
the capacity region of the finite-input alphabet GGP channel,
that is, when the alphabets S, X7, X are finite.

Theorem 1: The capacity region of the finite input alphabet
GGP channel C is the closure of the union of all rate-pairs
(R., Ry), satisfying

Ry <I(U;Y|X1) = I(U; S| Xy)
R.+ Ry <I(U,X1;Y) — I(U, X1; S) ®)
for some joint measure Ps x, v,x,,y on S X X1 X U X Xy x Y
having the form

Psx,vx,y = QsPx, Pux,sx, Wy|s,.xi,x. (9
where
U < |S]- | ] - | Xl (10)

Theorem 1 continues to hold if in (9) we replace Px,|s x, v
by Px,|s,u with slightly larger |/|. The proof of Theorem 1,
which appears in Appendix A, is an immediate extension of
Theorem 1 in [26]. In particular, the achievability part analyzes
the error probability of a coding scheme describe below (after
Corollary 2).

It is noted that Theorem 1 remains intact if we allow for feed-
back to the informed encoder, i.e., if, before producing the ¢th
channel input symbol, the informed encoder observes the pre-
vious channel outputs Yi~1 that is, while the uninformed en-
coder is a mapping of the form (3), the informed encoder is ac-

tually a sequence of mappings @%2) = {(pg’i) 1 with

@D {1, M} x {1, My} x 8" x V' — Ay, (11)

It is easily verified that for the case of a channel which does
not depend on the states, i.e., Wy s x, x, = Wy x, x,, the
expression for the capacity region reduces to the closure of the
union of rate-pairs (R., R2) satisfying

R2 S I(XQ, Y|X17 Z)

R. + Ry <I(X1,X2Y) 12)

for some

Pz x, x, v = PzPx,|zPx,zWy|x, x,-
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This expression coincides with that of [36], which studies a
MAC with two private messages W, W, and a common mes-
sage [36], degenerated to the case of no message W, (R; = 0).
We now specialize Theorem 1 to the important case where only
the common message is transmitted.

Corollary 1: The common message capacity of the finite
input alphabet GGP channel is given by
C =max[I(U,X1;Y) — I(U, X1;S)] (13)

where the maximum is over all the joint measures Ps x, v, x,,v
onS x X1 x U x Xy x Y having the form

Ps x, vx, vy = QsPx, Py x,15,x, Wy|s,x,,x» (14)

where [U| < |S| - |Xy| - | Xyl

Corollary 1 follows from Theorem 1 by relaxing the con-
straint on Ry in (8). Also, there exists a maximizing measure
with X that is equal to a deterministic function of (S, X1, U).
The following corollary provides an alternative expression
for C.

Corollary 2: The common message capacity of the finite
input alphabet GGP channel is given by

C =max[I(Z;Y) - 1(Z;5)] (15)

where the maximum is over all the joint measures Ps x, z x,,v
onS x A1 X Z X Xy x Y having the form

Ps x, zx,v = QsPx, Pz x5, x, Wy|s,x,,X» (16)

and X7 is a deterministic function of Z. The alphabet cardinality
of Z satisfies | Z| < |S]| - |X1| - |Xe| + 1.

‘We note that the condition that X is a deterministic function
of Z can be replaced by X; <« Z < S. The proof appears in
Appendix B.

The achievability part of Theorem 1 is based on a random
coding scheme that is based on the following principle:
For a measure Ps x, v,x, satisfying (9), the uninformed
user transmits at rate Ry = I(X;;Y). Now the informed
user can transmit using a Gel’fand-Pinsker-like scheme, at rate
Ry = I(U;Y,. X1) - I(U; S, X1)= I(U; Y| X1) - I(U; S| X1),
and that is by treating X; as part of the state, and accounting
for the fact that X is available at the decoder already as the
information sent by the uninformed encoder has been decoded
first. Now the information sent by the informed encoder at rate
R/, can be shared between the private message W, and the
common message W..

Encoding: Fix a measure Ps x, v, x,,v satisfying (9). The
following generalized binning coding scheme, which is depicted
in Fig. 2, is used to show (see Appendix A2) that the rate-pair

R; =I(U;Y|X1) — I(U; S| X1)
RY =I1(X1;Y) = I(X1;8) = I(X1;Y) a7

is achievable.
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Fig. 2. A generalized binning coding scheme.
Denote
]\41 _ en[I(Xl;Y)—e]
My = e UY X)) =T (U3S]X1)—e]
J = (US| X1)+2¢] (18)

The random encoders operate as follows: The uninformed en-
coder draws M i.i.d. vectors, {:w}é‘ill, each with i.i.d. compo-
nents drawn subject to Px, . The ordered collection of the drawn
vectors constitutes the codebook used by the uninformed en-
coder.

For each codeword, ., the informed encoder draws My X
J auxiliary vectors, denoted {w¢ ;j}. k = 1,..., Mz, j =
1,...,J, independently and with i.i.d. components given ;.
Hence, each codeword in the uninformed user codebook is as-
sociated with a codebook of auxiliary codewords.

To transmit /¢, the uninformed encoder transmits the vector
x,. Transmission of & is done by the informed encoder who
searches for the lowest jo € {1,...,J} such that u j, is
jointly typical with (., 8). Denote this j by j(8, £, k). If such
jo 1s not found, or if the observed state sequence 8 is nontypical,
an error is declared and j(8, /4, k) is set to j = 1.

Finally, the output of the second (informed) encoder
is a vector x that is drawn ii.d. conditionally given
(8% i j(s,e.k), ) (using conditional measure that is the
appropriate marginal of Qs Px, Py x,|x,,s)-

Decoding: Upon observing y, the decoder searches for an
index / such that x;,y are jointly typical. Having found such A
it searches for indices (k, 7), such that u; ;, ; is jointly typical
with (z;,y) and outputs (¢, k). If there is no such pair, or it is
not unique, an error is declared.
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The analysis of the probability of error of this scheme is per-
formed in Appendix A2 establishing the achievability of the
rate-pair (R3, R) (17). As mentioned earlier, the proof of the
converse part of Theorem 1 can be found in Appendix Al.

The following claim completes the proof of the direct part of
Theorem 1.

Claim 1: If (Ry, R.) is achievable, then so is (0, R. + R»).
Proof: Bits that are attributed to W, can instead be at-
tributed to W.. O

This proves that also (0, R3 + R*) is achievable and thus the
entire trapezoid (8) is an achievable region.

It should be noted, that when the common message capacity
is concerned, the above encoding scheme can be applied by at-
tributing the bits assigned to Vs in the above described scheme,
to the common message V.. The output of decoder is the pair
m = (L, k).

We now state a theorem that provides an outer bound on the
capacity region of the GGP channel. It is a generalization of the
trivial bound maxp,,, I(X;YS) on the capacity of the ordi-
nary single-user GP channel. This theorem is useful in the proof
of the converse part of the coding theorem for the Gaussian GGP
channel, since this upper bound is achievable in the Gaussian
case.

Theorem 2: The closure of the convex hull of the set of rate-
paBs satisfying

R2 SI(XQ,Y|S Xl)
Re + Ry <I(Xy1,X5;Y[S) — I(S; X41Y) 19)
for some measure
Ps x, x,,v = Qs Px, Px,15,x, Wy|s,x,,x,

is an outer bound on the capacity region of the GGP channel.
Proof: Recall that the capacity region of the finite input
alphabet GGP channel is given by (8). Now

I(U,X;Y) = I(U, X1; S)
= I(U,X1;Y|S) — I(U, X1; S|Y)
< 1(X,, X2, Y]S) — 1(U, Xy; S]Y)
= I(X1, X2;Y[S) = I(S; X1 |Y) = I(U; S| X1, Y)
< I(Xy, X9 Y[S) — I(S; X4]Y)

(20)

2y

?

where the first inequality holds since U « (X3,X;,5) < Y
is a Markov chain.

Further
I(U;Y[X1) = I(U; 5| X1)
< I(X2;Y]S, X1) (22)
which concludes the proof of Theorem 2. O

In the following theorem, we find the capacity region of the
degenerate parallel GGP channel, for which we establish the fact
that the CSI does not help.
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Theorem 3: The capacity region of the degenerate parallel
GGP channel is equal to the capacity region obtained without
transmitter CSI, i.e.,

Ry, <0y

R.+ Ry <C1 + O (23)
where € is the capacity of the channel Wy, x, s obtained
without transmitter CSI, and C is the capacity of the channel

Wy, |x,-

The proof of Theorem 3 appears in Appendix C. We note
that Theorem 3 implies that for the second encoder, sending
information about the common message, is always better than
sending information about the channel states.

An important observation is in order: Consider an ordinary
Gaussian single-user channel Y; = X; + N; with ideal Shannon
feedback, that is, Y~! is known to the transmitter prior to
transmitting X;. Now, one can divide the transmission into two
blocks, and interpret the transmitted and received signals of
the first and second blocks as X7, Y7 and X», Ys, respectively.
The noise at the first block can be interpreted as the state
information which is known before the transmission of the
second block. This modified channel is a degenerate parallel
channel. What Theorem 3 proves is that the knowledge of the
side information, i.e., feedback, does not help (at least when
using a simplified scheme of transmission in blocks), which
is consistent with the well-known fact that feedback cannot
increase the capacity of a single-user memoryless channel.

IV. THE CAUSAL ASYMMETRIC STATE-DEPENDENT CHANNEL

In many practical applications, the state sequence is not
known in advance, but rather in causal manner. In this section,
we consider the causal asymmetric state-dependent channel

(see (6)).

Theorem 4: The capacity region of the finite input alphabet
causal asymmetric state-dependent channel is given by the clo-
sure of the set of rate-pairs (R2, R.) satisfying

Ry, <I(U;Y|X1)
R.+ Ry <I(U,X1;Y) (24)
for some joint measure Ps x, v,x,,y on S X X1 XU X Xy x Y
having the form

Ps x, vx,v = QsPx, uPx,15,x,uWy|s,x,,x.  (25)

where |U] satisfies

| < [S[- | X |- |Xa] + 1. (26)

The proof can be found in Appendix D.

The expression for the capacity region of Theorem 4 can be
interpreted as a special case of Theorem 1, where U is inde-
pendent of S. This is similar to the relation between the expres-
sion for the capacity of state-dependent channel with causal CSI
introduced by Shannon [1], and its noncausal counterpart, the
Gel’fand—Pinsker [2] channel [37].
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Specializing Theorem 4 to the case where there is only a
transmission of a common message, we get the following.

Corollary 3: The common message capacity of the finite
input alphabet causal asymmetric state-dependent channel is
given by

max I(U;Y) 27
where the maximum is over all the joint measures Ps x|, v, x,,v
onS x X1 x U x Xy x Y having the form

Ps x, vx,y = QsPuPx,juPx,s,u,x, Wy|s,x,, x. (28)
where X is a deterministic function of U, and [U| < |S|-| X1 |-
|Xa| + 2.

We note that an alternative expression for the capacity holds
with I(U, X1;Y") replacing I(U;Y') in (27), and where X does
not have to be deterministic given U with [U| < |S| - |Xy] -
|X2| + 1. The proof is similar to that of Theorem 4 and thus
is omitted. As a side note, we mention that if the CSI is avail-
able to both of the encoders, the single-letter expression for the
common message capacity is deduced as a direct application of
the formula derived by Shannon [1] for a channel with input al-
phabet X7 x Xs.

V. A BINARY GGP CHANNEL

Consider the following binary channel:

Yi=X1i+Xoi + 5+ N; (29)
where all the RVs are binary {0, 1}, and the addition is modulo
2. As before, the message V. is available to both encoders and
only the second encoder knows the realization of the interfer-
ence S™ (noncausally), and the message W, to be transmitted.
The interference process S;, ¢ > 1, and the noise process N;,
i > 1, are assumed to be independent i.i.d. Bernoulli (Ps) and
Bernoulli (P, ) processes, respectively. We consider the power
constraint

1 — 1 —
— X1(2 — Xo(2) < Ps.
n;} 1(1) n; 2(1) < Py

Here, the capacity region is given by the closure of the union
of all rate-pairs, (R., Ry), satisfying (8) for some joint mea-
sure Pgs x, v, x,,v having the form (9) with E(X;) < P; and
E(X;3) < P,.

Next, consider the noise-free case in which P,, = 0, its ca-
pacity region can be expressed in a simpler form which does not
involve an auxiliary random variable.

< Py, (30)

Theorem 5: The capacity region of the noise-free binary GGP
channel is given by the convex hull of the union of the set of
rata-pairs (R, R2) which satisfy

Ry, < H(X2|X4,S)

Re+ Ry <I(X1;Y) + H(X2|Xy, S) (3D
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for some joint measure Ps x, x, v = QsPx, Px,|s,x, with
E(X;) < Pyand E(X2) < Py,and where Y = X; + Xo + S.

Proof: We can upper-bound the right-hand side (RHS) of
the inequalities in (8) as follows:

I(U;Y|Xy) = I(U; S| Xy) < I(U;Y[X1, 5)
H(X2|X175)
Y)+I(U;Y[Xy,S)
)+ H(X2] X1, S).

(32)

<

<
I(U,X1;Y) = I(U, X1; 5) <I(Xy

SI(Xh

It is easy to verify that the optimal U is X5 + S, since it meets
the above upper bounds with equality. It remains to consider all
the possible joint laws Qs Px, Px,|x,,s- O

In Fig. 3, the capacity region is plotted for P; = P, = 0.2,

P,, = 0, and several values of Pi.

VI. THE GAUSSIAN GGP CHANNEL

In this section, we analyze the additive Gaussian GGP
channel. In Section VI-A, we present the channel model, and
the power constraints that we analyze (individual and sum
power constraints). Based on the results obtained in Section III,
we derive a closed-form formula for the capacity region under
individual power constraints in Section VI-B, and discuss it.
The results are then specialized in Section VI-C to the common
message capacity under individual power constraints, where
we also provide several numerical results. We conclude with
Section VI-D, where sum power constraints are addressed.

A. Channel Model
The Gaussian GGP channel is given by

Yi=X1,+ X2, + S5+ N;. (33)

Here, the noise processes S;, 2 > 1 and N;, ¢ > 1, are as-
sumed to be zero-mean Gaussian i.i.d. with E (5?) = Q and
E (Nf) = N. The process Ni,...,N, is independent of
(X7, X3, S™). Several power constraints can be considered.

a) Individual power constraint:

—ZXl <P, ZXZ ) < P (34)
b) Sum power constraint:
1o I
=) X{(@)+-—» X3(i)<P 35
n; 1(Z)+n; 2 (i) < (35)
c) Total received power constraint:
1 n
~Y (Xt X2 <P (36)

i=1

where here it is evident that all the power should be assigned
to the informed encoder, and the problem degenerates to the or-
dinary “dirty paper” Costa setup [4], where the informed trans-
mitter can assign bits of the transmitted information to either
W, or W, that is, the capacity region in this case is a triangle
whose vertex (R., R») points are (0,0), (0, 3 log(1+ £)), and
(3log (1+ %) .0).
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Fig. 3. The capacity region of the noise-free binary GGP channel for P, = P, = 0.2.

We are interested in finding the capacity regions for the
individual power constraint and the sum power constraint. To
this end, using standard techniques [38], an application of the
single-letter expression derived for the finite alphabet case to
the Gaussian GGP channel )

A —(y—s—xz—x')?/2N
WY|S,X1,X2(:‘/|37'277$ ) \/me
with the individual power constraint gives the capacity re-
gion C(Py, P>, @, N) as the closure of the union of rate-pairs
(R., R2) satisfying (8) where the allowed joint distribution of
S, X1, U, Xo, Y satisfies (9) and

E(X}) < P E(X3) < P, (37)

When the sum power constraint is considered, the expression for
the capacity region, denoted C( P, ), N), remains the same with
the exception that (37) is replaced with E (X7) + E (X3) < P.

B. Capacity Region Under Individual Power Constraints

Before establishing the capacity region of the GGP channel
under individual power constraints, we provide an outer bound
which takes on a very simple form. Then, we establish the tight-
ness of this bound for a certain range of rates. In order to present
the outer bound, we need the following definition of a special
case of a degenerate parallel channel (see (1)-(2)).

Definition 1: A Gaussian degenerate parallel channel with
noncausal asymmetric CSI is a GGP channel whose :th output
is giVCIl by Y, = (Yl,i; YQ,,;) with

Yii=X1,+5;

Yy, =X5; +N; (38)

where S1,¢ > 1 and N;, ¢ > 1 are i.i.d. Gaussian independent
noise processes.

Theorem 6: The capacity region of the Gaussian degen-
erate parallel channel with noncausal asymmetric CSI under
individual power constraints is given by the set of rate-pairs
(R, R9) satisfying

1 P.
Ry < 5 log <1 + —2> (39)

N

1 Py 1 Py
R.+ Ry <=1 14+ — =1 1+—=1]. 0
+ 2_20g<+Q>+20g<+N> (40)
Proof: This is an immediate consequence of Theorem 3
applied to the Gaussian case. ]

The capacity region of this degenerate parallel channel con-
tains that of the GGP channel, as the decoder has more informa-
tion, (Y1 ,,Y> ;) rather than Y (i) = Y7 ; + Y5, and yields the
following outer bound to C(Py, P>, Q, N).

Corollary 4: C(Py, Py, Q, N) is contained in the set of rate-
pairs (R., R») satisfying (39) and (40).

The following theorem provides an explicit characterization
for the capacity region of this channel for the individual power
constraints.

Theorem 7: The capacity region C(Py, Py, Q,N) of the
Gaussian GGP channel under individual power constraints
is given by the union of the rate-pairs satisfying (41), given
at the bottom of the following page, for some p12 € [0,1],
p2s € [—1,0] such that

pis + p3, < 1. (42)

We note that the expression for the capacity region can be
simplified for certain ranges of rates, this will be done in the
sequel (see Proposition 1), moreover, in Corollary 5 to follow,
we specify the (p12, p2s)-pairs that yield vertex points which
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lie on the border of the capacity region. The proof of Theorem 7
appears in Appendix E.

The following corollary provides a more explicit character-
ization of the capacity region, it follows from Theorem 7, by
substituting A = 1 — p2, — p3, and p = pas.

Corollary 5: Let

Py (P, + N)?
Apin = min {0, 1-— u}
PQ(PL+ Q)
and let

R(A)= max_ —log

pE[-VI-A,0] 2
2
(\/E+ \/1—A—p2\/ﬁ2)
PA+ (V@ +pVP2)* + N

C(Py, Py, Q, N) is equal to the union over A € [A i, 1] of the
rate pairs satisfying

Ry < Slog (1 + PZA)

2 N
PA
N ) + R(A)
where if Ay, > 0, R(Anyin) is achieved by
Py (P, + N)
VQP (P + Q)
and for A > Ay, it is achieved with a real root of ga (p) that
satisfies p € [—v/1 — A, 0], where
ga(p) = — Po(P14+Q)p*—2\/QP2(Pa+Q+ N+ Py)p®
+ [P (1-2)(P1—2Q)— (P +Q+N)* - P,Q] p?
+2y/ PQ(1=A) [P —(P2+Q+N)]p
+(1-A)Q [P —Py(1-A)].

1
R.+ Ry < 3 log (1 + (43)

(44)

The proof of Corollary 5 appears in Appendix F.

In Costa’s channel model [4], the GP capacity formula for
the Gaussian channel was calculated explicitly. The proof re-
lies on a capacity-achieving binning scheme which is shown to
achieve the same reliably transmitted rate as if the interference
S™ were not there. Hence, Costa’s problem, as well as its mul-
tiuser counterpart [2], were special in that the trivial operative
upper bound is achievable. The upper bound of Theorem 2 plays
the role of the operative bound and constitutes the core of the
converse part. So, in fact, the generalization of interference can-
cellation to the GGP channel asymmetric setup is that the upper
bound of Theorem 2 is achievable, a phenomenon that happens
in the Gaussian GGP channel. Recalling (19), this implies that
the subtracted term, 1(.S; X1|Y'), can be interpreted as the in-
evitable rate loss incurred due to the fact that S is known only
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to the second transmitter (and not to both). Indeed, any infor-
mation that X; conveys to Y about S is an inevitable waste of
resources in terms of rate.

The proof is based on showing that for the Gaussian channel
in (8), one can restrict attention to jointly Gaussian (.S, X1, X5)
without loss of generality, and an optimal choice for U is

U= Xo+ aoptS 45)
with
PQPlQ - ny%s - PlNUgs - J%ZQ
Bopt = PO+ NG = Pro?. — %0 O
241 1 109¢ 12

where different values of 015 = E(X; X5) and 025 = F(X5S)
are chosen to achieve different points that lie in (or, on the
border of) the capacity region. Let V' stand for a zero-mean
Gaussian RV with variance /N. The allowable values for the co-
variances 012 and o9 are such that the resulting covariance ma-

trix AXl,Xg,S,V of (X17X2,S, V)

P1 g12 0 0
P s 0

Ax, x,,5v = 0(1)2 022 05 0 47
0 0 0 N

satisfies the nonnegative-definiteness condition

det (AXl,Xz,S,V) = P1 (PQQN — O'%SN) — J%QQN Z 0

i.e., (48)
Pio3, + Qoty < PLPQ (49)
or, in terms of correlation coefficients
012 02s
P12 = (=, pP12= (50)
VPP VP20
Pro+ps < 1. (51)

For reasons that will become clear in the sequel, we introduce
the following terminology.

Definition 2: The set of parameters P;, P>, ), N such that
P (P2 =+ N)2
P +Q

will be referred to as the silent regime and its complement will
be referred to as the active regime.

> PQ (52)

Since @, P1, P>, N take only nonnegative values, the active
regime is equivalent to

P,Q?
P <
'S (P N2 = PQ
P Pi(PiP> + 4(N + P,)?
<:>QZ__1+\/1(12-1-( + P,)?)
2 2/ Ps

o N < | P2Q(P + Q) P
Py

(53)

1 Py(1—p2, — p3
R2§§10g<1—|— 2( P12 P2s)>

N

N

1 Py(1 - p2, — p2 1
RC+R2§§10g<1+ 2 ( P12 pzS))+§log(1+

(\/?1-1-012\/?’2)2 ) (1)
Py(1—p2,—p3,)+ (V@ + st\/g)z +N




4456

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 54, NO. 10, OCTOBER 2008

0.4 outer bound

i capacity region

0 0.05 0.1 0.15 0.2

Fig. 4. Capacity region for P, = %, P,=N=1,Q=2

$0, in a sense, in the silent regime the interference predominates,
and in the active regime the noise predominates.

The following proposition simplifies the capacity region ex-
pression for certain ranges of rates, by setting values of vertex
points. It indicates a certain range of rates for which the outer
bound given in Theorem 6 is tight.

Proposition 1:

1. For any Py, P>, @, N, the segment connecting the fol-
lowing points (a) and (b) in the R. — R» plane lies on the
boundary of C(Py, P>, Q, N)

a R., Ry) = 0,%10‘ 1+ £
Eb)) ((RRQ)) (0, 3 log (1+ %))

1 P Py
:(51°g< Q+P2+N> 1°g< +W)>'

2.If P, P», Q, N lie in the active regime, the segment con-
necting the following points (¢) and (d) also lie on the boundary
OfC(P17P27Q7N)

Pi+Q)”
(¢) Re=3log (Q(P1+(Q)1—P1(P2+N)))
_ ([ (PAN)(Q(P4Q)— Py (P4 N
Ry = %log (P2+N)( ((P11+Q))]VQ1( 2+N))
(d) (Re,Ra) = (Slog (14 %) + log (1+ &) ,0)

Proof: 1t is easily verified that the line segment connecting
(a) and (b) (first segment) and the one connecting (¢) and (d)
(second segment) both lie on the boundary of the outer bound
specified in Corollary 4. It therefore remains to show that the
points (a), (b) stand for achievable rate-pairs, and the points
(¢), (d) are also achievable provided that Py, P, Q, N lie in the
active regime. To establish this claim, it suffices to substitute in
(41), appropriate values of pj2, p2s that will yield the desired
segments. This is done by taking p12 = p2s = 0 to get the first
segment, and

Py(Py + N) . Py(Py + N)

P12 = —/—P1P2(P1 1 Q) Pas = _—/—QPQ(PI + Q) (54)

0.25 0.3 0.35 0.4 0.45 0.5

R

c

, 1), and outer bound.

(which is a legitimate choice only when p122 + p5.2 < 1, as
stated in (42) or in other words, % < PQ) to get the
second segment. O

The capacity region for the parameters (P, Py, Q,N) =
(3,1,3,1) which lies in the active regime C(3, 1, 3,1), as well
as the points (a), (b), (¢), and (d) discussed in Proposition 1, and
the outer bound of Corollary 4, are plotted in Fig. 4. Each dotted
trapezoid expresses achievable region attained by choosing a
specific A value in (43). The segment connecting (c¢) and (d)
meets the R, axis at —45°, because it lies on the boundary of
the outer bound of Theorem 6.

The points (a) and (b) discussed in Proposition 1 as well
as the capacity region C(%./ 1, %7 1) can be seen in Fig. 5 for
P = %, P,=N=1Q = % which lie in the silent regime.
The figures also show the corresponding outer bounds of Corol-
lary 4.

Extreme Case Analysis: Table I summarizes the behavior of
the capacity region C(P;, P>, Q, N) that can be deduced from
Corollary 5 in several extreme cases. As expected, for infinite
Q, the common message capacity degenerates to that of Costa’s
channel, that is, when the uninformed user is not present. The
capacity region is triangular because the amount of information
that can be reliably transmitted by the uninformed user becomes
negligible. A similar phenomenon happens when P; = 0.

For ) = 0, the only noise present is V;, ¢ > 1 and thus there
is no side information. The informed encoder therefore can de-
cide which portion of its power, A P;, to devote to transmission
of its own message, and the remaining power, (1 — A) P, is al-
located to coherent transmission (with the uninformed encoder)
of the common message.

If the power of the informed encoder P is zero, then it cannot
transmit information, nor help the uninformed user by partially
canceling the interference and thus the common message ca-
pacity is as though the effective noise is S; + N;, ¢ > 1 and the
power used for transmission is P .
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-=outer bound

Fig. 5. Capacity region for P, = £, P, = N =1,Q = £,C(%,1, 2,1), and the outer bound.

TABLE I
EXTREME CASE ANALYSIS
Behavior of C(P1, P2,Q, N)

stélog(l-i-%),
Re+ Ry < blog (1+52)
32g§10g(1+’—,’vz),
Ro+ Ry < Jlog (14 %2)
Ry < Llog (1+ B2,
Re+ Ry < }log 1+—(‘/IT”‘/§§*W)2)

[ regime |

Q— o0

+110g (1+ 222)

Ry =0, R < l10g(1+1\,‘t_;}Q)

C. The Common Message Capacity With Individual Power
Constraints

This subsection is devoted to specializing the results per-
taining to the Gaussian channel to the case where it is only
a common message that is transmitted. The application of
the tight upper bound of Theorem 2 (whose tightness in the
Gaussian case was established in Theorem 7) to the common
message capacity, yields that the common message capacity

where (X7, X5, S) are jointly Gaussian with E(X?) = P
i=1,2.

Theorem 8: The common message capacity of the Gaussian
GGP channel under individual power constraints is given by
formula (56) shown at the bottom of the page, where, in fact, the
maximization over p can be limited to either p = —1, p = 0,
or a real root p of the fourth-order polynomial go(p) (see (44))
that satisfies p € [—1,0].

The proof of Theorem 8 appears in Appendix G.

The rest of this subsection is devoted to a discussion on the
common message capacity results, comments on the capacity
achieving scheme, and numerical results.

1) Discussion: In the sequel, we separate the discussion on
the common message capacity formula to the two complemen-
tary regimes of parameters ( Py, Py, ), N), the silent regime and
the active regime (see Definition 2).

Silent Regime: It is shown that in the silent regime, the op-
timal values of 019 and o9, as far as the common message ca-
pacity is concerned, are such that the condition (49) is met with
equality, i.e.,

C(Py, Py,Q,N) of the Gaussian GGP channel under indi- Pyo3, + Qoty = PLPQ (57
vidual power constraints is given by or equivalently
max [1(X;, X5;Y]S) ~ 1(X;:S]Y)]. (55) Pl + 3 = 1. (58)
1 Py 1 Py . P (P, + N)?
—1 14+ — —1 1+—, f——-—~ <P
20g<+Q>+20g<+N), it 10 < PQ
2
C(P17P27Q7N): 1 (\/P1+\/P2\/1—p2) (56)
max — log 5 0.W.
peLo] 2 (V@+VP-p) +N
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This is also equivalent to
o 2
E%Xyn@%Xhﬁ):o (59)

where X12(X . S) is the optimal linear estimator (in the min-
imum mean-square error (MMSE) sense) of X, given X; and S
02s

Q

Equation (59) implies that in the silent regime

Xn(Xy, ) = B2X +
1

S. (60)

A - a J92g
Xo = X" (X1,5) = ,%fxl + 5&

S (61)

and thus

012 025
Y=X[1+—== Sl
1(4_1)1)-’_ <+Q

where V' ~ N(0, N), calculating the optimal value of « (46)
while accounting for (57), yields

>+V (62)

silent __ 92s
opt T Q
Us;)ltcnt :X2 _ 0(2255 = 0'?112)(1 (63)

and hence, in the silent regime of parameters, the common mes-
sage capacity (56) formula is equal to

max I(U, X1;Y) - I(U, Xl;S)|U:%X1
1

012,025

012 02s
= T X X |14+ —= S(1 \%4
012.02. <17 1<+P1>+ <+Q>+ )
(64)

with 012, 025 satisfying (58). Inspecting (64), it is easy to verify
that a simpler selection of U

silent __
Upt =0

(65)

yields the same achievable rate and hence is also optimal.

The fact that in the silent regime the common message ca-
pacity is equal to (64), suggests that in this regime, in order to
achieve capacity, the informed encoder can devote all its power
to decreasing the interference and enhancing the signal of the
uninformed encoder. No power is devoted to transmission of ad-
ditional information, and hence, we refer to this region as silent.

A useful geometrical interpretation to the common message
capacity formula in the silent regime can be attained by substi-
tuting cos ¢ = p in (56), this yields

.2
max 1 log (1 + (\/?1 + VP - sln;f)) ) 66)
¢ 2 (VQ+ VP -cosp)” + N

where it is obvious that one should maximize over ¢ € [1/2, 7]
to obtain a nonnegative sine and a nonpositive cosine. The larger
¢ is in [r/2, ], the larger portion of user 2’s power is de-
voted to reducing the interference and less to enhancing X7,
and achieving the capacity in the silent regime amounts to opti-
mizing over ¢ (or p in (56)).

The maximizing p of the common message capacity formula
in the silent regime (see (56)) is either 0, —1, or a real root
of the fourth-order polynomial go(p)(44). For example, when
P, =P, =P >0and N = @ > 0, the parameters lie in the
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silent regime, and finding the roots of go(p)(44) degenerates to
finding the roots of a third- order polynomial. It turns out that
the optimal value of p corresponding to the real root of go(p) is
given by

4 -5y 1
=(AVP 4y —— 1 _4) — 67
’ ( farmey am
with

™ — 4n? + 16 P

Active Regime: In the active regime, the informed encoder
balances the tradeoff among three goals: decreasing the interfer-
ence, enhancing the signal of the uninformed encoder, and trans-
mitting additional information (as opposed to the silent regime
where no additional information is transmitted). Therefore, this
regime of parameters is referred to as active. Keeping the other
parameters fixed; with an increase of the interference (), the por-
tion of the power that the informed user allocates to the addi-
tional information becomes larger at the expense of interference
reduction and enhancement of the uninformed user’s signal. In
this regime too, the maximizing (X4, X2, .5) is Gaussian, but
with

active active Py (P + N
Ve = —osstve = 411()12_1_ 0 ) (69)
i.e., equal to
pactivc _ Pl(P2 + N) pactivc — Pl(P2 + N)
Y VRR(P+Q)T T VQP:(P1+ Q)
(70)

The resulting ooy, (see (46)) when using the correlations (69)
is given b
£ g active __ P 2
opt - P2 + N
which is equal to the optimal « in Costa’s setup [4] when the un-
informed user is not present. As mentioned earlier, the choice of
correlations (69) results in a surprising phenomenon which hap-
pens only in the active regime. The highest achievable common
message rate is 3 log(1+ 25) + 3 log(1+ £2), the same as that
of a decoder that observesbothY; = X1 +Sand Yy = Xo+V
rather than Y = X; + X5 + S + V. In other words, the upper
bound of the Gaussian degenerate parallel channel with asym-
metric noncausal CSI (see Theorem 3) can actually be achieved,
even if the decoder is constrained to see only the sum of the
channel outputs.

2) Comments on the Capacity Achieving Scheme: Next, we
elaborate on the common message capacity achieving scheme
for the Gaussian GGP channel resulting (using standard tech-
niques [38]) from that of the finite alphabet GGP channel.

Silent Regime: Due to (61) and (65), here, no binning is
needed, or in other words, this is a degenerate binning scheme
with bin size 1. The uninformed encoder generates a random
codebook consisting of

M = |exp{n(C(P1,P2,Q,N) —€)}|

codewords {z,,}M_, with iid. symbols, each dis-
tributed according to N(0, P1). Given a message m to be

(71)
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Fig. 6. Common message capacity as a function of the interference power ().

transmitted, which corresponds to the codeword z,,
(2m(1),2m(2),...,2m(n)), and a state sequence 8, the
informed encoder simply transmits the n-vector £ whose ith
symbol is given by

012 02s
Tr; = 1

= 2 (7) 2 S 0
where o925 = /P>Q - p, with p being the maximizer in (56)
and p12 = /1 — p2,. Either an ordinary maximum-likelihood
(ML) decoder or a typicality decoder can be used to achieve the
common message capacity.

Active Regime: As stated earlier, in this regime the informed
encoder spends energy to interference reduction and enhance-
ment of the uninformed user’s signal as well as transmission of
additional information. So as opposed to the silent regime, the
binning scheme is not void. The random scheme is as described
in Section III, with Gaussian Ps x, x, with the covariance ma-
trix

(72)

tiv
Q 0 o
0 f)1 U?gtlve
active active
O2s 012 Py
where o5tve, g5tive are defined in (69), and
tive
U= X, +aji™s (73)
(see (71)).

3) Numerical Results: In Fig. 6, the common message ca-
pacity is plotted as a function of @ for fixed values of P, P,
N which, in turn, were chosen in two groups (the first group
consists of (P = 2,P, = N =1), (L =4,P, = N = 2),
and (P, = 6, P, = N = 3) and the second has (P = 5, P, =
2,N = 1), (Pl = 10,P2 = 4,N = 2),and (Pl = QO,PQ =
8, N = 4)). The common message capacity values for both
@ = 0 and for Q — oo are equal for all the members of each

of these groups. The transition points between the silent regime
and the active regime

Q= —i+ V/Pi(PLPy + 4(N + P»)?)
2 2/,

(see (53)) are indicated with diamonds.

In Fig. 7, the common message capacity and the optimal
values of pos and p1o (the correlation coefficients between X5
and S, and X5 and X1, respectively) are depicted as a function
of (). Again, the transition points of the capacity curves from the
silent regime to the active regime are indicated with diamonds.
In the silent regime, ps; is, in fact, the maximizer of (56) and
p12 = +/1— p%s. In the active regime, the optimal p12, pos are
given in (70). While p;5 is a monotonically decreasing function
of Q, |pa2s| is increasing in the silent regime and decreasing in
the active regime.

In Fig. 8, the common message capacity is plotted as a func-
tion of P; for fixed values of P, ), N. The diamonds indicate
the points at which there are transiti20ns from the active regime
to silent regime, i.e., P; = m (see (53)). The upper
thick solid line stands for the plotof @ = N = % and P, = 1,
for which the transition occurs at P; = 16, a point which does
not appear within the range depicted in this figure. The curves
that meet at P; = 0 correspond to equal £2 ratios, because the
common message capacity is 3 log(1 + £2) for P, = 0.

In Fig. 9, the common message capacity is plotted as a func-
tion of P, for fixed values of P, @), N. The diamonds signify
the points at which there are transitions from the active regime
to silent regime, i.e.,

Q(P1+Q)—2PIN+/(Q(Pi+Q)—2PN)>— 4PFN?

2P, )
For the parameters Q = 1, P, = 62, N = 3, the entire curve is
in the silent regime.

Py=
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D. The Capacity Region and the Common Capacity Under
Sum Power Constraints

Next, we state a closed-form characterization of the capacity
region under a sum power constraint (35). We denote by ( the
portion of the power that is used by the informed user.

Theorem 9: The capacity region of the Gaussian GGP
channel under sum power constraints, C(P, @, N), is given by

C(PQaN) = UCG[O,I]C((I - C)P CP, QvN)
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Proof: The theorem follows trivially by recalling the proof
of Theorem 7 which implies (among other things) that the users
had better exploit all the allowable power levels. Therefore,
the border of C(Py, P2, Q, N) is, in fact, the set of rate-pairs
achievable whenever the uninformed user and the informed user
transmit with powers P; and P», respectively. O

The following theorem (whose proof appears in Appendix H),
gives the common message capacity under sum power con-
straints.

Theorem 10: The common message capacity of the Gaussian
GGP channel under a sum power constraint, C(P,Q, N), is
given by the following formula:

C(P,Q,N) =

slog (1+ %), ifN+P<Q

Llog (@HPAN) Qo< Q<N+ P (74)

maxo<c<1 R((,P,Q,N), otherwise
where

QW:gN—H+§Jﬁﬁj§:?5
and
R((,P,Q,N) =
I (w/(l —OP +/P /1 _—pz)z
pE[=1,0] 2 (%@+wﬁ7-@2+N

The power allocation that achieves the common message ca-
pacity is

Copt(PvaN) =
1, ifN+P<Q
Bo-N ifQo<Q<N+P

argmaxg<.<11(C, P, Q, N), otherwise.
(75)

Since the line that meets the R, axis (in the R. — Ry plane)
at —45° at the point R, = C'(P, Q, N), is an outer bound on the
capacity region (being a collection of trapezoids), Theorem 10
enables to simplify the expression for C(P, Q, N) as follows.

* Whenever Q > N + P, the optimal ( is 1, and
C(P,Q, N) is the triangle whose vertices are (R., R2) =
(0,0), (3 log(1 + £),0), and (0,1log(1 + £)). This
means that as long as Q > N + P, the capacity region
is not affected by (), since the best strategy is to let the
informed user use all the power, and this degenerates to a
single-user Costa channel, where the transmitted informa-
tion bits can be divided between YW, and W..

Whenever

1 2
5(N—P)+g N2+ NP+P2<Q@Q<N+P

the border of C(P,Q, N) contains the line segment be-
tween the points

p_ Ly (PTQ+N
cT 9% \30-P_-N
1, [((3Q-P—-N)(P+Q+N)
R2_§bg< AQN >
and
~ ((P+Q+N)?
(Rm RZ) - (4@7]\[7 0>

(this follows by substituting P, = (1—¢)P, P, = (P, and
¢ = w in the points (¢) and (d) of Proposition 1).
In Fig. 10, the borders of the sum power constraint capacity
regions for P = 3, N = 1, and three values of @) (0.5,2.5,5)
are plotted. One can see the triangle shape for @ = 5. In Fig. 11,
the common message capacity under sum power constraints are
plotted for N = 1 and five values of ) (0.2,0.5,1,2,5).
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VII. CONCLUSION

In this work, we analyze a setup of cooperative communica-
tion over the GP MAC, referred to as the GGP channel, where
the channel states are noncausally available to one user only.
We assume that the users transmit a common message, and that
the user that is informed of the CSI transmits a private message
as well. We characterize the capacity region of this channel for
the general finite input-alphabet two-encoder case. Key to the
characterization of the capacity is a generalized binning coding
scheme. The common message is split into two parts A and B.
The uninformed encoder encodes part A of the message, and the

informed encoder creates a codebook of auxiliary codewords
for each codeword of the uninformed encoder using a binning
scheme, and uses it to transmit part B of the message a well as
its private message. The results are then specialized to the case
where it is only the common message that is being transmitted,
and in this case the capacity is referred to as a common message
capacity. Further, we establish two useful results for the general
finite-input alphabet case. The first is a useful outer bound on
the capacity region of the GGP channel, referred to as an oper-
ative bound. This bound is the equivalent of a genie-aided de-
coder observing the state information in the ordinary single-user
GP channel. The second result relates to the special case of a
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GGP channel, a degenerate parallel GGP channel. We demon-
strate that the knowledge of the CSI at the informed transmitter
does not help in the degenerate parallel case, and derive the ca-
pacity region formula of this channel as a special case of the gen-
eral GGP channel capacity region formula. We also characterize
the capacity region of an asymmetric causal state-dependent
channel which is the same channel as the GGP channel, with the
exception that the CSI is available causally. Further, we apply
and simplify the general formula to the noise-free binary GGP
channel. Additionally, we focus on the two-encoder Gaussian
GGP channel case, modeling the CSI as an additive Gaussian in-
terference. We investigate two power constraints, the first being
a constraint on each of the power levels of the two encoders,
and the second being a constraint on the sum of powers used by
the transmitters. By proving that in the Gaussian case the opera-
tive bound is achievable, we establish a closed-form formula for
the capacity region of this channel for both power constraints.
Technically speaking, this outer bound enables proving that one
can consider only Gaussian distributions for the single-letter ex-
pression without loss of generality. Four parameters determine
the capacity region: the powers available to the two encoders,
the interference power, and the noise power. We partition the
four-dimensional space of all possible values of these parame-
ters into two regions, a silent regime and an active regime. The
common message capacity (which determines one of the ver-
tices of the capacity region) formula as a function of these four
parameters takes on two different forms depending on whether
the parameters lie in the active regime or the silent regime. To
achieve the common message capacity, in the silent regime the
informed encoder allocates a portion of its power to interference
cancellation and the remaining power to coherently enhancing
the uninformed user’s signal. In the active regime, the encoder
has the additional task of transmitting a part of the message that
is not transmitted by the uninformed encoder. Surprisingly, we
show that in the active regime, the common message capacity is
equal to that of a channel whose decoder observes two outputs
(the first being the sum of the uninformed user’s signal and the
interference and the second being the sum of the informed user’s
signal and the noise). We also determine the optimal power allo-
cation for the common message capacity under sum power con-
straints. Finally, we note that the results are extendable to a gen-
eral multiuser setup under the common message regime [39].

APPENDIX
A. Proof of Theorem 1

1) Converse Part of Theorem 1: Let an (e,,,n, R., Ry)-code
be given. Thus, we have using Fano’s inequality

n(Re,+R2) = HW:, W)
<TWeWo3; Y1) + 1+ n(R. + Ra)en.  (76)
Further
I, W2§ YY"

<Z We, Wo, Y SP 11 Y7)
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_I(WC7W27Yi7 :l-l,-las’t)]
= Z [I(Wc7X17i7W27Y’i7S;L+1;Y;)
=1
—I(We, X135, Wo, Y', 82380 (TD)

where the inequality follows exactly as in the derivation of the
converse part of the proof of the capacity formula for the ordi-
nary GP channel [2] by replacing W with (W,, W), and the
last equality holds since X ; is a function of W..

Similarly, since W, and W, are independent

nRy = H(W2 W)
< I(W2; Y'W.) + 14 nRae,
< E (Wa, Y7, 87,15 Yi|We)
—I(Wa,Y", 8P 15 SiiWe)] + 1+ nhae,
= Z Wa, Y, 8213 Vil We, X140)

—IOWs, Y, S 15 SilWe, X1,5)] + 1 + nRaey

3

< [TWe, Wo, Y7, 87413 Vi X1 )
=1

(W WQ,Y SZ+1,S|X11)] + 1+ nRse,
(78)

where the last inequality follows since S; and (W,, X ;) are

independent. Therefore, defining U; = (WC,WQ,Y" 1 SZ"H)
one has

I, - ~
R+ Ry <= I(Ui, X1,5Y;) — I(Ui, X155 Si)
n =1

1
+ — 4+ (R. + Ra)e,

s S

1 _ _
R, < . ZI(Ui;Yi|X1,i) = I(Us; Si| X1,:)

.
=l
—

n

Now, we introduce a time-sharing random variable, 7', dis-
tributed uniformly over {1,...,n}, and denote the collection
of random variables

(S7X17U7X27Y) = (ST7X1,T7UT7X2,T7YT) (80)

to obtain

(Xl mUza S )

—ZIXM

I(Xl,T7UaY|T) I(X17,U; S|T
1T, X1, 0:Y) — I(T; ) I(T,X,,0:S) + I(T; S)
< (T, X1,0;Y) — I(T, X,,U; 5) 81)

v



4464

where the last step follows by the stationarity of S;. Substituting
U = (T,U) one gets

1
Rc+R2 < I(leU,Y) _I(XLU’S) + - +(R6+R2)En
n

Similarly (82)

I~ -

- > (Ui X14) = 105 Sil X1.)
i=1
= I(U;Y|X1,T) - I(U; S| X1,7,T)
=I(U,T;Y|Xy) = I(Y;T|X,) — I(U,T; S| X1)

<I(U,T;Y|Xy) — I(U,T; S| X1) (83)
and one gets
1
Ry SI(U§Y|X1)—I(U§S|X1)+E+R2€n- (34)

The above constitutes the proof that for every (e,,n, R)-
code, there exists a measure of the form (9) with essen-
tially R. + Re < I(X1,U;Y) — I(X1,U;S), and R. <
I(U;Y[X1) = I(U; S| Xy).

It remains to show that the alphabet of the random variables U
can be limited without loss of generality as stated in (10). This is
done by a standard application of the support lemma [40]. First,
fix a distribution p of (S, X1, U, X5,Y") on the Borel o-algebra
of P(S x X1 X U x Xy x )) that has the form (9). Note that

IM(X17 U7Y) - IH(X17 U7 S)
:I”

(U;Y|X1) — IH(U; S|X1) + IH(Xl;Y) (85)

and

Iu(Xh U§Y) - IM(X17U§ S)
= L,(U;Y) = I,(U; §) + (X 1; Y|U) = 1,(X1; S|U)
= Hu(Y) = Hu(S) = Hu(Y|X1,U) + H,,(S|X1,U)
=H,(Y) - H,(S) — Huy(X1,Y|U) + Hyu (X1, S|U).
(86)

Hence, it suffices to show that the following functionals of
/L(S, X17 U7X27Y>:

fsw,i(ﬂ) :.U'(s?m?j) (87)
folp) = /du(u) (H,(X1,S|u) — H,(X1,Y|u)) (88)

V(S,it,if) €S x Xl X XQ

can be preserved with another measure ' that has the form (9).
To satisfy this condition, according to the support lemma, since
there are A = |S|-| X} |- |X2| functionals,! the cardinality of the
alphabet of U/ can be taken to be A without loss of generality.

2) Direct Part of Theorem 1: Since the error probability anal-
ysis of the random coding scheme presented in Section III is a
rather straightforward extension of the proof of the GP direct,
we shall state it in brevity.

ITn (87), there are in fact only |S| - |X1] - |X2]| — 1 degrees of freedom.
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Error probability analysis: For a measure P, let T.(P)
stand for the set of e-typical sequences. Assume that the trans-
mitted common message is ¢ and the informed user message
is k, and that s is the state sequence. Let s and £ = z, stand
for the state sequence and the codeword of the uninformed
encoder, respectively. One has

>

(s,2")€T(Qs X Px,)

DD

(8" &' )ET(Qs X Px;)

Pr(error) = Pr(s',2")

Pr(s’, 2" )Pr(error|s’, z).

(89)

Due to the asymptotic equipartition property (AEP), the proba-
bility that (8, ) are not jointly typical vanishes exponentially in
the block length, thus, it is sufficient to upper-bound the second
term on the RHS of (89). The error event is contained in the
union of the following events:

Ei(s,z) ={}j st. (8,7, ;) € T.(Ps.x, )}
Ey ={(s,®,u0,5,%) £1(Psx,v,x,)}
Es(z) ={(z.y) £1(Px,y)}
Ey(8) ={(%, v j(s,e.0) Y) ETe(Px,uv)}

P AN
P st (@0, up ke j,y) € Te(Px,oy) |

One can easily realize as an immediate extension of [2] that
Pr (E1(s,z)) behaves essentially like

~ J
[1 _ 2—n,(I(S;U\4\1)+€)i| S eXp(2—n€).

Given that F(s,z) does not occur, we have that (8,z) are
jointly typical with WUp ki j(s,0,k)-

For jointly typical 8, %, %1 j(s,ck), the probability of the
event F/, vanishes with the block length n due to the AEP. For
the same reason, for jointly typical s, z, Uk j(s,0,k)s x, the
probabilities of the events Fs5(z), F4(8) vanish with the block
length n.

Further, using the union bound, it is easily argued that for all
0 > 0 there exists n sufficiently large such that

Pr (E5) S M1M2J2_"(I(X1:U§Y)+f) + § S 2—2n5 + 5.
Taking the limit of 6 — 0 yields the desired result.

B. Proof of Corollary 2

The corollary follows from (13), by substituting Z =
(U,X1). The alphabet cardinality bound is slightly larger
(relatively to Corollary 1) |Z] < |S] - |X1] - |X2| + 1, because
we have an additional functional H(X:|Z) whose zero value
should be preserved. O

C. Proof of Theorem 3

Since the region described in (23) is trivially achievable by
ignoring the CSI, we only need to show that this is, in fact, an
outer bound on the capacity region. Since the degenerate par-
allel channel is a special case of a GGP channel with output
(Y1,Y3), its capacity region can be calculated using Theorem 1
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by replacing Y with (Y7,Y53). To establish an outer bound on
the capacity region we note that

I(U Xl;Y17Y2> —I(Xl,U;S)
© (U, X0 Y1,Ya) - 1(U; S1X)
= I(Xl;YhYQ)—|—I(U;Y17Y2|X1)
:I(Xl;Yl,Y2)+I(U;Y1|X1)
+ I(U; Y2| X1, Y1) = I(U; S| X4)

- I(U; S|X1)

(;) I(X1;Y1,Ye) + I(U; Y2 X4, Y1)

=I[(X;; Y1)+ I(Xy; Y2 Y1) + [(U; Yo | X4, Y1)
=I1(X1; Y1)+ 1(X1,U; Ys| Y1)

<I(X4;Y9)+ 1(Xq, X,5,U,Y71;Y3)

91X V) + (X3 Ya) (90)
where (a) follows from I(X;;S) = 0, (b) holds since
I(U;v1|X1) < I(U;S, X1|X1) = I(U;S|X1) (because
U < (S,X1) < Y; is a Markov chain), and (c) is because
(Xl,S, U, Yl) > X2 s Yg. Further

I(U; Y1,Y2|Xy) — I(U; S| Xy)

:I(U-Y1 Ya|X1) — I(U; S|X1)
— I(U; Y2, Ya| X1, S) — I(U: S| X1, Y1, Ya)
< I(X9:Y1,Y2]X1, S)
< I(X2;Y2) ©On

where the first inequality is because U < (X;,X2,S5) <
(Y1,Y,) and the second inequality is because (X1, S,Y;) <
X2 s YQ.

This concludes the converse part, and the proof of the the-
orem. O

D. Proof of Theorem 4

The proof of the converse part follows similarly to the
proof of Theorem 1, with the exception that in the causal case
(We, Wo, Y7L, S7. 1) is independent of S;. Since the state
sequence is stationary and X ; is deterministic given W, this
means that the collection of random variables defined in (80)
in the causal case is such that I(U, X1;S) = 0. As for the
cardinality of ¢/, in addition to the functionals (88) one should
also preserve the values of I,,(U, X1;S) = 0. This can be done
by increasing |U/| by 1 (relatively to the noncausal case) since
(U, X1;S) = H(S) - H(Xy, S|U) + H(X,|U).

As for the direct part, since (X1,U) and S are independent,
the encoding scheme of the noncausal case degenerates to one
that does not include binning and hence, does not require non-
causal knowledge of S™ prior to transmission. O

E. Proof of Theorem 7

1) Proof of the Converse Part of Theorem 7: In light of the
comment preceding (37) and Theorem 2, we can provide an
outer bound for the capacity of the Gaussian GGP channel in
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terms of the closure of the convex hull of the set of the rate-pairs
(R, R2) satisfying

R2 SI(XQ/Y|S7X1) (92)
R.+ Ry <I(X2,X1;Y|S) — I(S; X1[Y) (93)
for some measure Psx, x, = QSPXIPX2| s,x, such that

E(X}) < P,E(X3) < Py,andY = X1+ Xo+ S+ V,
where V' ~ N(0, N). In the sequel, we shall show that in the
Gaussian channel case (33), the three inequalities (20) and (21)
and (22) can be met with equality simultaneously.

Now

I(X2, X1;Y[S) = I(S; Xu|Y)
=h(Y|S) — h(V) = h(S]Y) + h(S|X1,Y)
=h(Y)+ h(S|X1,Y) — h(S) — h(V) 94)
where h(Y|S) denotes the differential entropy of Y given S.
Obviously for fixed second moments
E(X})=P <P i=1,2
012 £ E(X2X1), 025 = E(X2S), E(X18) =0 (95)

the differential entropy h(Y") is maximized if Y is Gaussian, i.e.,

1 N -
h(Y) = Elog(Zwe)(Pg +P1 +20’12 +20’25 —|—Q+N) (96)

Similarly, the conditional differential entropy h(S|X1,Y) is
maximized if (S, X1,Y) are jointly Gaussian. Now, denote by
Sopt(X1,Y) = E(S|X1,Y) the MMSE estimator of S given
(X1,Y") and observe that

h(S|X1,Y)
= (8 = Sopt(X1,Y)|X1,Y)
< h(S — E(S]X1,Y))
h(S — E(S|X1,Xs 4+ S+V))

1

< 3 log [(2ﬂe)E (S — E(S| X1, Xo+ S + V))z}
1

< 3 log {(27re) mibnE (S—aX; —b(X24+ S+ V))Q]
1

=5 log [(271'6)E (S = aopt X1 — bopt (X2 + S + V))Z}

o7)

where in fact all the inequalities are attained with equality if
(S, X1,X>,Y) are jointly Gaussian, and

o12(02s + Q)

Aopt = — =—=
ot Py(Py + 202, +Q+ N) — 0},
ont P
bopt = — Gopt 11 (98)
012

Plugging (98) into (97) we get

h(S|X1,Y)
PPy + PINQ — 03, Py —
— log [ (2me) ~Q~2 1-|: 1 Q~ T2s71 Q0122 )
2 P2P1+2P10'25+P1Q+P1N—012
99)
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Recall the definition of the correlation coefficients (50).
Equation (94)—(99) yield for (S, X1, X5) jointly Gaussian

I(X27X1;Y|S) - I(S,X1|Y)

_ llog (Qﬁ2ﬁ1 + PINQ — 09, P) — Qo12%)Var(Y)
2 QN (P2P1 +2P1025+P1Q+P1N—0122)
(100)
- —\2
1 (VP1+P12VP2)

~ —\ 2
P13, =03)+ (VQ+p2VVP2) +N

1 Py(1 = p3, — pto)
+ 5 log (1 + N

= C(ﬁ%f)l:pl?asz)

(101)

which also depends on ) and N, but for the sake of brevity this
is omitted from the notation.
Combining (93)—-(101), we get that for fixed second moment,

R.+ Ry < C(Py, Py, p12, p2s)- (102)

As for (92), for fixed second moments as in (95),
I(X2;Y|S, Xy) = h(Xe + V]S, X1) — A(V) is obvi-
ously upper-bounded by (S, X1, X5) that are jointly Gaussian,
yielding

Ry < WXy + VIS, X1) — (V)

2
1 . 1
= log B (<X2—|—V— 259 2}(1) ) ~ 3 log N

Q Py

1 Py(1 - p3, — p}
——log(l—l— 2 Pas /’12))

N

2
2 O(Py, pas, p12)- (103)

The capacity region is therefore outer-bounded by the closure
of the convex hull of the rate-pairs (R.., Ry) satisfying

Ry < 9(1527 p2s, P12)

Rc+ Ry <C(Py, Py, p12, p2s) (104)

for some covariance matrix Ax, x, sv of (X1,X5,5,V)

Py oo 00
Ax, x5V = 062 Jf;i U(z)s 8 (105)
0 0 0 N
satisfying
PL<P, P<P (106)

and the nonnegative-definiteness condition

det (AX1 ,4\'2757v) = ]51 (PQQN — U%SN) — U%QQN >0
(107)
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ie,forall @ > 0

Prs + P2 < 1. (108)

It remains to prove that one can replace 1:’1 and 132 in (104)
by P; and P, respectively. This is equivalent to showing that
the users should exploit all their allowable power.

To realize this, inspecting C(f’Z, 151, P12, p2s) and
@(Pg, P12, P2s), it is evident that it suffices to consider
p12 € [0,1] and py, € [—1,0]. It is easy to verify that for fixed
PQ, P12 € [07 1], pP2s € [—1, 0], the function C(I)Q7 Pl, P12, pQS)
increases with P;. As @(1527 p2s, p12) is unaffected by Py, this
proves that one can replace P, by P;.

Now, a simple argument shows that also the informed encoder
should use its entire power. Let P, be the power used by the in-
formed encoder. Assume in negation that the informed encoder
does not use all its power (i.e., 152 < P5), and let an encoding
scheme be given. Now, consider an altered encoding scheme in
which the informed encoder operates as before but uses the extra
power that is not exploited, P’ = P, — P,, adding to its orig-
inal signal the uninformed encoder’s signal multiplied by v/P’.
This new scheme is equivalent to the original scheme in which
the uninformed encoder operates at power level P; + P’ rather
than P, . But, we have previously proved that the uninformed en-
coder had better use all its power,2 hence, this scheme improves
on the original one and contradicts the assumption that the in-
formed user does not use its entire power.

2) Proof of the Direct Part of Theorem 7: As for establishing
an inner bound on the capacity, choose in (8), S, X;, X2, Y
that are jointly Gaussian with second moments E (X?) = Py,
E (X3) = P», note that Y in (33) can be expanded as follows:
Y = (Xp — XP(X1,9)) + XE(X1,8) + X1+ S+ V,
where X1#(X, S) is the optimal linear estimator (in the MMSE
sense) of X5 given X; and S see (60). Denoting

X} =Xy — XJ7(Xy,9)

X =(1+22)x
1 <+P1 1

S = <1 + ”25> S (109)
Q
we get an alternative representation of Y’
Y=X{+X,+5+V. (110)

Since S, X1, X5, Y are jointly Gaussian, and X} is the error in
optimal estimation of X given (S, X ), we get that S’, X}, X7,
V are independent Gaussian random variables. Conditioning on
X7, this brings us back to Costa’s model, i.e.,

Y=Y-EY|X]))=X,+5+V (111)
and implies that Costa’s choice of auxiliary random variable
applied to our notation

U = Xé + @costaS’
E (X7)

B +N 4

dCosta =

2In fact, this argument holds only after we show that (104) is not merely an
outer bound on the capacity region but an achievable one too, but for the sake
of brevity we present this argument here rather than after establishing the direct
part in Appendix E.2.
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would be 0pt1mal in our original problem too. Substituting

E(X?) =P, — m - Ug into U’ we get
o12 025
U=X,——="-X| - -8
I R

2

P2 ‘712_%
+ P, . Q '<1+028)S

Py~ %2+ %+ N @
=X2—2 X1+ opt - S (113)
Py
where o is defined in (46). Define
U= X3+ apt - S; (114)

for simplicity we will choose U over U’ although they are both
optimal choices for the auxiliary random variable.

Now
I(X,,U;Y) - I(X1,U; S)
=I(X;Y) + I(U; Y|Xy) — I(U; S| X1)

because X; and S are independent. Further

(115)

I(X1;Y) = h(Y) = h(Y'|X1)
=h(Y)-h(X;+ 5 +V)
_L <E(X{2) + E(X?) + E(S"?) + N)
“2%® E(XP) + E(S?) + N
2
Pr(1+%2)

a>s) Q+N
(116)

because the differential entropy of a Gaussian random variable
A ~ N(0,0?) is 3 log(2meo?), and by definition of Y, U’,
X). By direct application of Costa’s calculation [4]

11 1+
=—-1lo
5 g

Po- % -+ (14

1 E(X?
I(U;Y|X,) - I(U; S| X1) = 3 log <1 + %)
P (7'2 0'2
1 - T 0
=1 14 - B
5os |+ N
(117)

Substituting (50) into (116), (117), this proves that for U =
Xo + aopt S we get

I(U;Y|Xy) = I(U; S| Xq)
1 PZ(l_P% _sz)
= -1 1 al
2 Og( * N
I(X1,U;Y) = I(X1,U; 8)
—llog (1+ (vP1+p12vP2)2 )
2 P2(1_P§S_P%2)+(\/Q+stvp2)2+N
L Po(1 = p3, — i)
+ 2log <1+ N (118)

which concludes the proof of the direct part of Theorem 7.

E. Proof of Corollary 5

Recall the expression for the capacity region (41), and substi-
tute A = 1 — pfy — p3, and p = pas.
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It remains to show that

(i) one can consider A € [Ain,
without loss of generality;

(i) if Apin > 0 the maximizing p corresponding to Ay, is

1] rather than A € [0, 1]

P (P+N) .
VQP:(Pi+Q)’
(iii) for A € (Ain, 1] the maximization over p can be limited
toeither p = —v/1 — A, p = O orareal root of ga (p) that

satisfies p € [—v1 — A, 0].

Let T(A, Py, Py,Q, N) be the trapezoid defined by the set
of nonnegative rate-pairs (R., R2) satisfying (43). To show (i)
and (ii), assume A;, > 0 and note that for A € [0, Ap;,], the
trapezoid T'(A, Py, Py, ), N) is contained in the upper bound
trapezoid (6), which in turn, can be attained by taking

_ P(P+N)
P VQPy(P + Q)
(which is a legitimate choice only when the condition p? + (1 —
A — p)? < 1is met, as stated in (42)). This condition can be
satisfied whenever A € [0, A pin].

To establish (iii), one needs to perform the maximization
over p in R(A) which appears in (43). Deriving with respect
to (w.r.t.) p yields the equation ga(p) = 0. Hence, the max-
imizing p is either a root of ga(p) or lies on the border, i.e.,

p=0orp=—v1-—A. O
G. Proof of Theorem 8

By specializing Theorem 7 to the case where Ry, = 0, we get

C(P17P27Q7N) = max O(P17P27p127p25)

P12,P2s

(119)

where C(Py, Pa, p12, p2s) is defined in (101), and the maxi-

mization is over pas € [—1,0], p12 € [0,1], such that p3, +

p3. < 1. It remains to prove that (56) and (119) are equivalent.
Recall the definition of p3,, p5.(see (54)).

Lemma 1: For fixed P;, P,, the function
C(P1, Py, p12, p2s) has no more than a single extremum point

at iy, p, yielding

1 P 1 P
C(P1, Py, pi, p5) = §1og <1 + 5) t3 log <1 + ﬁ)
(120)

The proof of this lemma appears in Appendix I.

Now, the RHS of (120) is obviously a global maximum of
our target function due to Theorem 6. Therefore, (p3,, p3;) in
(54) is the single maximal point of C(Ps, Py, p12, p2s), and the
RHS of (120) expresses the capacity whenever3 the nonnega-
tive-definiteness constraint (108) is not met with equality. Plug-
ging (pi,y, p5s) into (108) we get that the range of parameters
for which (120) is the capacity of the GGP channel is

Py(Py+ N)?
1 5 1= ————— < PQ. 121
P12 T P2s < PtQ = 2 Q (121)
P (P,+N)?
For the complementary range of parameters, i.e., S RO >

P>Q, for which the constraint in the optimization (108) is at-

3/}5 was shown in Lemma 1,

C(P2~,P17 O12,02:).

there is a single extremum to
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—2P1(pas + Q)Var(Y)(Qo12 — Pi(Pa+ N) + 025 + 024(012 — P1))

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 54, NO. 10, OCTOBER 2008

=0

QN(PyPy +2P109s + P1Q + PN — 03,)?

tained with equality, i.e., p3, + p3, = 1, we denote p = pas
and substitute this relation into C(Pa, Py, p12, p2s) yielding the
maximization

(VP A+ VPI— )
(V@+VPr-p)"+N

A simple derivative of the above function w.r.t. p shows that
either the maximizing p lies on the boundary p = O or p = —1,
or the real roots of the fourth-order polynomial go(p) in (44). O

max

1
pE[—1,0] 2 8

H. Proof of Theorem 10

Following the proof of Theorem 8§, one realizes that, in fact,
C(Py1,P5,Q,N) (see (56)) expresses the highest achievable
rate when the uninformed and informed users transmit using
power levels P, and P, respectively. Therefore, to obtain
the capacity formula for the sum power constraint, (35), one
can let ¢ € [0, 1] stand for the portion of the power P that is
devoted to the informed user, substitute P; = (1 — )P and
P, = (P in C(Py, P»,Q, N), and perform the maximization
over ¢ € [0,1], that is

C(P,QvN) = max C((l - C)PaCP»QN)

(122)
¢€l0,1]

For fixed (2, N denote

1 P 1 Py

Q
) (VP + VBI— )
fa(P1,Py) = max —log | 1+ 5
peo) 2 (V@+ Vo) + N
(123)

Thus, by (122) and by definition of C(Py, P2, @, N)(56) we
have

C(P,Q,N)

- {ﬁ (1= QP.CP), it UL’ <
Celo.1] | fo((1—C¢)P,(P), otherwise.
(124)

Lemma 1 and its proceeding comment yield that for all P;
and P,

J1(P1, P2) > fo(Pr, Py). (125)

Applying thisto P; = (1 —
over ¢ € [0,1], we get

¢)P and P, = (P, and maximizing

max f1 ((1—

¢€lo,1]

Now, for fixed P, the function f; ((1 — ()P, (P) is concave
w.r.t. ¢ with maximum at * = w. Hence, if (* € [0, 1]

and A=) PEN)? < (*Q, one has

(1-C¢*)P+Q
C(PaQN) = C((l - C)PaCP»Q7N)|<:<*
1. (Q+P+N)?

It is easy to Verlfy that the condition that ¢* € [0,1] and
(1-¢)(¢*P+N)?
(1-¢")P+Q

%(N—P)—F—

< ¢*Q is equivalent to
P2+ PN+N2<Q@<P+N.

If¢* > 1and % < (*Q, the concavity of

f1 (1 = ¢)P,¢P) w.r.t. ¢ implies that it is an increasing func-
tion of ¢ for ¢ € [0, 1], and (126) yields

C(P7Q,N) = C((l - C)P7 CP7Q7N)|<:1
1 P
=-=1 1+—. 12
2 0g< + N) (128)
It is easy to Verlfy that the condition that ¢(* > 1 and
% < (*Q isequivalentto @ > P+ N.
For all other cases, that is, whether (* < 0 or
% > (*Q, one gets from (124)
C(P,Q,N) = max_ f>((1—-¢)P,(P) (129)

¢elo,1]
which concludes the proof of Theorem 10.

1. Proof of Lemma 1

A necessary condition for (P12, p2.) to be an extremum point
of O(Pl, PQ, P12, pzs) is that

0 15]
P, P, ,P2s) —
<8012C( 2, 1,P12,P2.) ap

2s

C(P27P171112792s)> =0

at the point (p12, p2s) = (P12, p2s). This yields the equation
at the top of the page, i.e., for (p12,02s) to be an extremum
point, at least one of the following should be met: either

Gos = —Qor 612+ 025 = —3(P1+ P+ Q+ N) o
Gas = (512)" +Q”12 Py (P2+N) e shall next show that it is
only the latter that I met at an extremum point.

* 95 = —(@: no extremum point satisfies this, as

D?C(Py, P, .
( 1, 22,012702.) -0 (130)
0079 a0
* G192 + 0925 = ——(P1 + P+ Q@ + N): substituting this

relation into C'(P1 Py, 019, 095) and deriving w.r.t. oo,
yields the suspected extremum

(G12,525) = (Q —h ; 2= Nﬂ—Q)
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(Q&%Q — PP, — P2N + Fﬁ&ﬁ) (—Pz +P+Q- N)

C(P17P27&127&25) = -

_ (131)
QN (P — 512)?

and from (130) we have again that this cannot be a ex-
tremum.

~ 2 -~ = =
As for the third condition &q, = (712) +Q012—P1(4N),

: sub-

oL Pi—0612

stituting this relation into C(Py, Py, 012, 025), we get (131) at
the top of the page, deriving w.r.t. 012 yields the suspected max-
imum

PP+ N
oty = —0}, = hlp+ N) (132)
P +Q
substituting this point yields
S 1 Py 1 P
C(P17P270'1270'25):§10g 1+6 +§10g 1+N
O
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